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Abstract

Controllability properties of a thermoelastic plate with a curved middle surface are studied. By
the Riemannian geometry approach and the multiplier technique, we obtain simultaneously exact
controllability of the displacement of the plate and approximate controllability of the tempera-
ture, through three boundary controls under verifiable assumptions on the geometry of the middle

surface.
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1. Introduction and Main Results

Vibrations of beams, membranes, plates and shells and their controls are an active field of
research in engineering, applied science and mathematics. The pioneering work of Timoshenko
[25, 26] has established major models of structural elements as the foundations of structural dy-
namics for technological applications. For these models, modern distributed parameter control
theory has found fertile applications. Among them, the multidimensional PDE models of plates
and shells are particularly interesting. They require challenging techniques for estimation and con-
trol as the PDEs are universally of higher order and often also constitute coupled systems. There
is also the added complexity of thermal effects as heat conduction in the material of the structure
can affect structural behavior and performance.

There is a sizable amount of literature on thermoelastic beams, plates and shells. It would be

arduous for anyone to give a comprehensive review of this subject. However, for the literature
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closely related to our present interest in this paper, namely, controllability and observability of
thermoelastic plates, we may cite the work in [2-5, 9-11, 13, 14, 17-19, 23], and the references
therein. In particular, Lagnese [18] showed that if the coupling parameter (@) is small enough
and the boundary of the domain is star shaped, a thermoelastic plate is exactly controllable with
respect to the mechanical variables. Lasiecka and Triggiani [19] derived the null controllability of
a thermoelastic plate. Eller et al. [13, 14] studied the exact-approximate boundary controllability
of thermoelastic plates with a variable thermal coefficient and with constant coefficient principal
parts. Moreover, Chai, et al. [9, 10] studied stabilization where some decay rates of the energy
of thermoelastic plates of the Euler-Bernoulli type with variable coefficients were obtained by a
Riemannian geometric approach. For the Riemannian geometrical approach on some PDEs with
variable coefficients, we refer to [6-8, 22, 27, 28] and the references therein.

If the plate is flat, namely, if the manifold of the plate under study is M = R? with the Euclidean
metric, then the thermoelastic plate PDE model is derived by Lagnese and Lions in [17] and the
results of the exact-approximate controllability have been obtained by Avalos and Lasiecka [2].

Here, we will consider a “curved plate” whose middle surface € is part of a surface M as the
underlying geometric manifold. We assume that the extension effects along the tangential direction
are small and the strain tensor of the middle surface ¥({) = 0. By the Principle of Virtual Work,
we are able to derive a bending model of plate (as in (1.1) below). For the details, see Appendix
at the end of the present paper. When one of the parameters (i.e., ) is 0, the elasticity mechanical
portion of the model has been studied by Guo and Yao in [15]. Our objective here is to study the
exact-approximate controlabllity of the thermoelastic plate system, by extending and generalizing
the work of Avalos and Lasiecka [2] and Yao [29], to the case when the middle-surface of the plate
is curved.

The “curvedness”of the plate makes a new model that is significantly more difficult to treat than
the ordinary flat plate model. Sophiticated differential geometric techniques in combination with
advanced PDE estimates must be developed in order to make the curved thermoelastic plate model
mathematically tractable. Indeed, this is the main thrust of this paper.

We now proceed to describe the mathematical model.

Let M be a surface in R® with the induced metric g from the Euclidean metric of R®. Let Q ¢ M
be an open, bounded set with a sufficiently smooth boundary I' = Ty U T’y and T, N T; = 0, where
both I'y and I'; are open and nonempty. Further, let I'; be any open and nonempty subset of . We

consider the following thermoelastic system on finite time (0, 7'):



Wy — YAw, + w + aAf =0
on (0,7) x Q,
BO, —nA0 + 00 — aAw, =0
0
W:—Wzo OH(O,T)XFO,
ov
Aw + (1 —)Byw + af = uy
(9A_W+(1_ )Byw — 8W1t+a,@_u on (0,7) XTIy, (1.1)
v HBW =y 5y L
00 u3 on (0,7T) x T,
0_ + A0 =
’ 0 on (0, T) x I'\I'y,
w(0) = wo, w,(0) = wy, 6(0) = 6, on Q.

with three controls u;, u, and us, where
dw = A*w + (1 — p)div (kDw),

B, and B, are boundary operators, defined by

Byw = —D*w(t,7) and Bow = Q(DZW(T, v)) + ké?_w’

or ov
respectively. w and 8 denote the vertical deflection and the temperature of the plate, respectively.
The constant 7y is proportional to the thickness of the plate and assumed to be small. 8, n and o
are positive constants, @ > 0 is the coupling parameter, 0 < u < 1/2 is the Poisson ratio, and A is
a nonnegative constant. A, div and D are the Laplace operator, the divergence and the Levi-Civita
connection in the metric g, respectively. k is the Gaussian curvature of the surface M and D*w is
the hessian of w. v is the outside normal along I' in the metric g, 7 is a unit tangential vector field
on I" such that v, 7 form an orthonormal basis of (M, g(x)) for each x € T'.

We recall that a vector field H on Q is said to be an escape vector field for plate if there exists

a positive function b(x) on Q such that
DH(X,X) = b(x)|X]? VYXeM,xeQ, (1.2)

Here we may assume 1;1616151 b(x) > 1.

Escape vector field for plate was introduced by Yao [29] as a verifiable assumption for control
of the plate with variable coefficients. From [29, 30], an escape vector field as in (1.2) always
exists locally, but global existence of such vector fields depends on the Gaussian curvature of the

middle surface Q. For examples we refer to [29, 30].



We denote by p(x, ;) the distance between x and I'; in the induced metric g for x € Q. Set

8sup |H*y
T* = 2max {1 + )‘619  Vysup p(x,T2) b, Sor=(0,T) X Ty,
—M xeQ
Denote _
k k 8lf .
HFO(Q)Z fEH(Q):avi r0=0,f01”l:0,1"'k—1 s
where

I'n={xel|(H,v) <0}
Our main results are the following.

Theorem 1.1. Let H be an escape vector field for plate and let T > T be given. Then for any
initial data (wy, wy, 8y) and terminal data (wg i ob ) in the space Hf. (Q) x H[. () x L*(Q), and
arbitrary € > 0, one can find control functions (ul, i, u%) € LX0,T; L*(T)) x H'(I')) X C"(Za.7)
(r = 0) such that the corresponding solution (w*,w;,8%) to system (1.1) satisfies the following

steering property at terminal time T

' (1), wy(D) = (wg.wi ), [|6"(T) - 6| (1.3)

2(Q) < €.

As in [2], Theorem 1.1 can be derived from the following.

Theorem 1.2. Let H be an escape vector field for plate and let T > T* be given. Then for any
initial data (wy, wi, 6p) and terminal data (wg , wlr, Hg ) in the space H%O(Q) X H}O(Q) x L*(Q), there
exists a control triple (uy,uy,u3) € L*(0,T;L*(T;) x H'(['))) x H*(Zy7) (s > 0) such that the

corresponding solution (w, wy, 0) to system (1.1) satisfies (w(T),w/(T)) = (wg , WIT) .

The organization of our paper goes as follows. Our main approach is based on observability
inequality, given in Section 2. The technical details of the proof for Theorem 1.2 are given in
Section 3, and those for Theorem 1.1 are given in Section 4. Brief concluding remarks are given

Section 5. The modeling of system (1.1) is given in the appendix.

2. Observability Inequality

Without loss of generality, we assume that the initial data is zero in system (1.1).
We shall use fg -+ - dg to denote the surface integral with respect to the induced metric g.
For each x € M, we denote by T*(M,) the kth order tensor field space on M, with the following

inner product:

2
k
(@)= ) aile, e ale, - e), anameTM), xeM,

i, k=1



where { e;, 5 } is an orthonormal basis of M,.

Space H}O,y(Q) is equivalent to H}O(Q) with the inner product

(flafZ)H}W(Q) = (fi, L + YDfi, D)y, fi, L€ H%O(Q),

where (Df1, Df2)riq) = fg (Dfi, Df2>T; dg. Its dual space is denoted as Hfol’y(Q).

Denote the state space by H, = Hf (Q) x H}O’y(Q) x L*(Q), and the control space by U, =
L0, T; L2(T')) x H'(I'))) x H*((0, T) x I'y) for s > 0. We define the control-to-terminal-state map
P:D(P)cU; — H, as

P(uy, uz, uz) = W(T), w(T), BAT)),

where (w, 6) is a solution to system (1.1) and
D(P) = {(t1, 10, u3) € U, : Py, ua, uz) € Hy |

P is a closed, densely defined and unbounded operator. Its adjoint is P* : D(P*) ¢ ‘H, — U;
with D(P*) = { (9. 1. %0) € Hy : P*(g0, @1, 0) € Uz}, where U; = L0, T: LATy) x H'(T1) X
[H*((0,T) xTL)I".

According to the relation

((u1, ua, u3), P*(‘Po, @1, l//()»rusxfu; = (P(uy, uz, u3), (¢o, ¢1, l/’o))wy 5
we obtain the dual problem of system (1.1) as

O —YAQy + Ao + aAy =0
on (0,7) x Q,
B+ nAYy — oy — aAp; = 0
_ 9

p=—=0 on (0,7) x Iy,
ov

Ap+ (1 —-wBip+ay =0 (2.1)
0Ayp 0y o on (0,7) x I,

— + (1 —w)Byp — — =
g + (1 —wBsyp Yo, tas

oy

— + Ay =0 on (0,7T)xT,
ov

o(T) = o, e(T) = @1, Y(T) =y on Q.

0

The adjoint operator P* is found from the above to be

. 0
P'(po.01.00) = | Zr |ry e, ). 2.2)

where (¢, ) is the solution to problem (2.1).



We will first be concerned with obtaining the exact controllability of the displacement of the
plate only (without the thermal effect). To achieve this, we may consider system (2.1) with terminal
thermal data ¢y = O in what follows. Furthermore, we define the projection operator Il : H, —
H%O(Q) X H}W(Q) by

I(wo, wi, Bp) = (Wo, wr).
Then the asserted controllability result in Theorem 1.2 is equivalent to showing the surjectivity
of the operator IIP. In turn, by duality (see [12]), it is equivalent to establishing the following
inequality
1T (0. 90l 2 Crlleo- 00l oy 2.3)
where P*II* : D(P*II*) C H%O(Q) X H}W(Q) — U is a closed densely defined operator with
D(P'T) = {(¢o. 1) € HE (Q) X HY, () : (¢0.01.0) € D(P)).

We introduce the mechanical energy of system (2.1) as

— 2
2E,(1) = Blp. @) + lillys o

where
By = [ ateo)e. alf= (1= DDy 4w D f 0D (24
Q
Since I'y is non-empty, the bilinear form B( ., .) induces an equivalent norm of H%O(Q). Mean-

while, P (¢, ¢1) = P*(¢0,¢1,0) = (%2

(2.3) becomes
T
I

3. Proof of Theorem 1.2

I, ,—90z|r1,771ﬁ|r2). Thus, the observability inequality

dei|I

ov

+ il [ 42+ I oy = CrELT). (2.5)

L2(I'y)

We need to first define certain operators for the subsequent development.

Let A, Ap, Ay and Ay : L*(Q) — L*(Q) be given by

A=, D@A)={feHQNHL(Q): Af +(1 - @B flr, =0 and

0A
W A (I =B flr, =0},
v

Ap=-A, D(@Ap)={feHQ: flr=0],

0
Au=-A, D(Ay) = {f e H@) - flr, = L] = o},
and

Ap=-A+ 21 D(Ag) = {f € H (Q): o , Aflr = 0}’
n ov

6



respectively. It is easy to check that the above operators are all positive and self-adjoint on L*(Q).

Moreover, according to the interpolation results in [24], we have the following spaces for the

square-root operators:

D(A?) = H2,(Q) and D(A}) = H'(),

1
where the inner product for the space D(A}) is

(fs h)D(Al = (Afgf’ A,ih) | = A(f, W2y + (fs Do) + %(ﬂ h)2q)-

) 12(Q

Further, we define the elliptic operators D, G| and G, as

Az=0 in Q,
Df=zo
Ar = f,
d7=0 in Q,
0
= Z—0 on I,

Gif=z0 ov
Az+ (1 —wBz=f

aA Onrl,
O (1= Bz =0
ov

and
Az7=0 in Q,
0
7= (')_Z =0 on Iy,
sz =7 4
Az+ (1 =u)B1z=0
I.
aAZ OIl 1
Y (1 -wByz=f
4
respectively.

(3.1)

(3.2)

(3.3)

(34)

It is easy to show that for all w € D(A%) , 1 = 1,2, operators G;A € OZ(D (A%) s Hi‘%(l“))

satisfy, respectively,

0
v on I,
GiAw={ 0V
0 on [y;
. -w on I,
GAw =
0 on IYy.

Denote by vy, y; the classical Sobolev trace operators:

9 _
Yol = flo, nf =i, for feCo@),

(3.5)

(3.6)



Finally, we define a positive and self-adjoint operator P, : D(P,) C L*(Q) — LX(Q) by
Py =1+ ’)/AM

Then D (Pz) = H!, (). Further, we find that P, = I-y(A+AGay)) € 2 (H},_(Q), H7! (@), with
(nyl,ﬁ)H;é,y(Q)xH}M(Q) = (fl,fg)H%OQV(Q), for fi, f» € H}W(Q). It follows from the Lax-Milgram
theorem that P, is bounded and invertible.

The operator % : H,, > D(#) — H,, for the coupled system (2.1) now can be defined as

I 0o olfo . | 0
#=0 P;' 0|lA 0 —a(Ar = £ = AGyy + AAGay) |-
0 0 I)10 %AD(I - D')/()) —%AR

where
D(B) = {(%, @1, 0) €D (A%) x D (A%) x D(Ag) such that Agy + @AG oo € Hp (Q) } .

Then, for terminal data (¢, 1, %) € H,, the coupled system (2.1) can be rewritten as

J @(1) @(1) o(T) %o
2| e |=Z] o | o) |=] ¢ |- (3.7
(1) W(t) w(T) Yo

From [2], we have the following.

Proposition 3.1. Let (¢y, ¢, 0) € D(%?) be given. Then there is a unique solution (¢, ¢, ) to
problem (2.1) in C*([0, T; H,) N CY([0,T]; D(AB)) N C([0,TT; D(%?%)) with the following regular-
ities:

¢ € C(10, T H(Q), ¢, € C([0, T1; H(Q), ¢ € C([0,T]; D (A?)),

Y € C([0,T]; D(AR)), ¢ — yGory1¢u + aGryoy — adGyryoy € C([0,T]; D(A)).

We also need several multiplier identities. We can perform similar computations as in [15,

Lemma 3.1, Lemma 3.2] and obtain the following two lemmas:

Lemma 3.1. Let the boundary T be a closed curve. Then for f,h € H*(Q), we have

OAf

oh
B(f,h) = (A f,h) + f[Af+ (1 —,U)Blf]—a dr' - f[— + (1 = @By f | hdl'. (3.8)
r 4 r 61/



Lemma 3.2. Let H be a vector field on Q. Then there is a C > 0 such that

1
f ale, Hg)dg < 5 f a(e, ) (H,vydl + C f ID*¢l*dg + L(¢), (3.9)
Q I Q

where L(¢) denotes some lower order terms relative to ¢ in the norm of H*(Q). Moreover, if H is

the escape vector field for plate in (1.2), then the following identity holds true
[ ate.ttondss = 5 [atwprtnar+ [ bwaene . G0
Quite frequently, we will utilize the following formula derived from [30, Lemma 2.2].
Lemma 3.3. Let f be a function on R" and let H be a vector field on R". Then
2(Df,D(H(f))) =2DH(Df,Df) + div (IDfIzH)— IDf|* div H, xeR" (3.11)
Next, we make the substitution:
(1) = e (), Po) = e Y (), (3.12)

where & = za%

Then (&, ¢;, ) solves the following system:

(§2¢ + 260 + Q) — ’yA(.fz(fD + 260+ Pu) + AP + CVA‘/A/ =0
on (0,7) x Q,
BEY + ) + nAY — o — AP+ @) =0
g?):a—ga:O on (0,7) x Ty,
ov
Ap+(1—wBi@+afy =0 (3.13)
" A 0, T)yxT
oA 9 9 on (0. 7)x I,
009 o (1~ 1)Bad — (2 + 26y + f) + L = 0
v ov ov
O y
—w+/hﬁ:O on (0,7T)xT,
v
AT) = e g, ¢(T) =~ oy + e o, J(T) =0 on Q.

It follows from the regularities provided by Proposition 3.1 that the above equations can be

rewritten abstractly as

(E + 260, + i)~y AE P + 26@, + Q) + AP ~ YAGY1(E2G + 26¢1 + Pu)

+ @AG Yo — adAGyolh + aAY = 0, (3.14)

BED + ) + 1A — o — AR + §) = 0, (3.15)



B(T) = e gy, pUT) =~ go + &1, Y(T) = 0. (3.16)
Multiplying the heat equation (3.15) by % and adding it to (3.14), we obtain

Gu = YOGy + A — YAGy1(E°Q + 26¢1 + §u) + AAG 1Yol — adAGayod

=coy + 1y, + 6‘2@ + c3¢t + C4A¢, (3.17)
— 053/3 ao _ o8 — ot _ _a — ot
where Co = T cp = rE Cy = TR C3 = ~m and Cq = v

Consequently, we have derived the following equation similar to a Kirchoff plate model:

Bu— YAy + F P = colf + el + 2P + ¢3P; + AP on (0,T) x Q,
o6
p=2_0 on (0, T) x T,
ov
A+ (1 - B = —aif (3.18)
N N A 0, T)xT
aA ~ 6 a N R a On ( b l’
932 L (1 - wBp -y =3 L (@4 + 260) -
y ov v 2%
Q(T) = ey, ¢AT) = —Ee oo+ e o1, Y(T) = 0 on Q.

In what follows, we denote by lof (¢, ) the lower order terms, that is, any sum of terms that

satisfy the following estimate for some constant Cr and 0 < a < 1/2:

[ + [l + [l

1 _1 1 ) .
Lo(0,T;:H27(Q) Lo(0,T;:H 2% (Q)) L2(0,T;H2*(Q))

(3.19)

lot (¢,4) < Cy (||<p||2

+
Lo(O0.T:H3 () e

The following is an estimate result with respect to energy E(?).

Lemma 3.4. For any € > 0 and terminal data in D(%?), the corresponding solution (gb, s, 1}) to
problem (3.13) satisfies the following estimate for all s and T € [0,T] :
2

dr
L2(Q)

T
+ Co [ DBt + o (2.3 (3.20)
0

T o
By < €(Eg(s) + Eo(0) + € fo [EQ(z) + A

Proof. We take the duality pairing of the abstract equation (3.17) with ¢, and integrate in time and

space to obtain
f |:<(;btt = YAQu — YAG2Y1@u, (;bt>Hlj(§.y(Q)lelo.y(Q) +(AQ, @t)[D(A%)]’XD(A%)] dr
= f [(?’AGﬂl((fz@ +2£0)) — aAG v + €dAGyyo, ¢’>[D(A5)]/xD(A5)] dr

+ f (cotb + 1y + 29 + €36, + 4G, &1) , - dt. (3.21)

L2(Q)

10



According to the properties of operators A, P,, vy, 1, G and G,, we have
LHS of (3.21) = T<P Bu 1) +(A20.A%,) , di
o VT D @xH] (@) ’ L2(Q)

= [ @utimg o+ @-00m @t = B0 (3.22)

RHS of (3.21) = - f {(ygza_‘f) + 275% + Y, (,?Jt) + a/(l/A/, %) ]dt
s dv I ) )iz

+ f (cob + c2p + e + st @) , ) di f (01, 8) A1 (3:23)

Multiplying (3.18) by —Cy—lAI‘)ltf/ and integrating in time and space gives

c (7. . . N N . R 1A
—;1 (tpn —yApy + AP — [cov,b + i+ @+ 3 + c4A(p] ’ADI‘/’)Lz(Q) dr = 0. (3.24)

The use of integration by parts, Green’s formula, the heat equation in system (3.13) and the
definition of the operator D yield

C1 T R N 1A
y ("0” B yA‘p”’ADl‘/’)LZ(m dr
N
.
Cl (A 1A R 1A
- [7 ("Dt’ADll//)LZ(Q) ta (D(,o,, DADI[//)TI(Q)]

+C1 fT (‘;bt’l/’}t)LZ(Q) dr

+ 2 (so (z - f)A;;J/ + 10Dy i - - Dyyp - La- Dm@,) dr
s ﬁ Lz(Q)

s

4 B B B
fT ( . ((r ) OALY  ndd-Dy)d afdd-Dy)p add- Dm@,)
+ ¢y On|l= — + = - — - — de.
p B ov B ov B ov B ov 20)
(3.25)
From the boundary conditions @ = g—f =0 onTIy, we find
. 09
Do = 1(o)T + EV =0 onI, (3.26)
and, D:D§ = T(@)Dr+ T(x(@)7 + 7(52) v+ D,y =0 on Ty. This gives
D*¢(t,7) = (D.;D§,7) =0, D*¢(,v) = D*¢(v,7) = (DD, v) = 0, (3.27)
further,
OH(p
# = WH ,D@) = D*G(H,v) = (H ,WD*¢(v,v) = (H ,¥)AG, onTy.  (3.28)
4

Applying Lemma 3.1 with the above relations (3.27) and the boundary conditions of problem
(3.18), we obtain

c HEA
—if(JZ/SD,ADIW)LZ(Q)dl

T . -rAaAfl"
=== | B(pApd)a- =2 (w, L4

T AATN
< (A¢, i

dr+ =L ) dr.  (3.29)
v )Lz(rl) Y W

11



Summing relations (3.22)-(3.25), and equality (3.29), we derive
2

Ey(0li=s =c1 B ("Aof’A;l&)LZ(Q) * (DSZ” DABI{Z/)TI(Q)] B C_yl f: (&”ABI‘Z)LZ(Q) dr

+ f (col} + 02 + C3Bs + C4AD, By — %A;@) d+ % f B (. Ap'p) drt

L2(Q)

Cq T . R R (oa 15 n ~
- =1 =D )—=-¢|A7g - =1-D d
+ v ) {(‘P /3( Yo)(ED + &) ( I 6) p ¥ B( 70)‘//)L2(Q)] t

- f [(752(;—('0 + 275% +ay, tfoz) + a(tf/, ?) ]dt
s v 14 L2(T)) V ]2y

e f [( a1 -Dy)Ep+ ) (g ~ )aA;;s@ Q- Dyo)&) ] dr
s LX)

4 B ov B ov B v
[ (. 0A7NY OATN
Ml {a (:,b, D ‘l’) - (A@, D ‘[') }dt. (3.30)
Y Js dv L2(T) d L(Tp)

Using the Cauchy-Schwarz inequality (or with €), the heat equation in system (3.13), Green’s
formula, trace theorem and the properties of operators Ap, D and y,, we estimate all the terms on

the right hand side of (3.30), respectively,

T

¢ B (s??t,A;)u/?)LZ(Q) + (D@t,DAz,ltZ/)T, (Q)] <€ (Ey(s) + Ey(0) + lot (¢.1) (3.31)

s

C% f‘r R 1n C% le((a )A _1/\) (T]A a n R A)
—- A dr=--" = —&|d.A - 0,
> a5 == | [ 5 - €)Y o), g perrend)
n.oa 51451@) ]
- = D, —2=] |d
+(ﬁw ﬁ(§¢+¢) ) t

<lot (p.0); (3.32)

S A c n c T N
f (colp + P+ 3 + C4AD, &y — —IABH//) dr + ;1 f B(&, Ap'd)dt
K L2(Q) K

ca (. « o o i -
+— (%, —(I=Dyo)(EP + &) — (— - f)ADW’ ~Ta- D)’o)l//) ]dt
s B B B 12(©Q)
g OALY (. OALNY
o o) e )
5 B dv 12(T)) Y Js % L2(Ty)
T
<e f Ey(t)dt + lot (¢.) (3.33)
0
—f [(7520—"0+27§%+M/7,@) +a(t/7, %) }dt
P ov ov 2 ov @)
.. f(¢, a_faa—wmg%_a%) o
N R v Bav Bov)yr,
T
<C f DG d + Lot () (3.34)
0
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fT (A ndDyyy «a 5D)’0¢z)
C1 oy = - = dr
s B v B v L))

= o t H2T)) ﬁ 61/ ﬁ ay Hi%(l"])

T T
<e Ex(0) + |A%$ ’ dr+C D@2, dt; (3.35)
= 0 @ R LZ(Q) € 0 t LZ(F]) ’

c T . aA—lJ/ T . o T A R
- (Ago, aD ) dr< C f 188l [|AD' 9,3 4 < € f 1Al d + Lot (£.1)
Y s v 12(Ty) s K

T
< € ( f E(t)dr + Ey(s) +E¢(T)) + lot (.4). (3.36)
0

Here, we need the trace result of Lemma 3.5 below to obtain the last inequality (3.36).

Combining relations (3.30)-(3.36), we obtain the desired inequality (3.20). |

Lemma 3.5. Let (@, Ors 1/7) be a solution to problem (3.13) with terminal data in D(98%). Then there

is a C > 0 such that the component { satisfies the following estimate for all s and T € [0,T] :
T T .
f 1AGI2 , dt < C( f Ey(0)dt + Ey(s) + EQ(T)) +lot (.0). (3.37)
s 0

Proof. We choose a vector field H on Q such that

v on I,
H = (3.38)

0 on Ij.

Multiplying the equation in (3.18) by H(¢) and integrating in time and space gives

f (@i — YAGy + o §, H@)) 12 At = f (colb + c1lhy + e + €3, + c4AG H(@)) ,  dt. (3.39)

LA()

First, integrating by parts, and then applying divergence theorem with the boundary conditions

of problem (3.18) and relation (3.38), we have

T R ~ R R . 1 T ~ )
f (son,H(w))Lz@)dt:(sot,H(so))Lz@)Iﬁz f f ¢; div Hdgdr. (3.40)
K K Q

Second, Green’s formula and an integration by parts, plus Lemma 3.3 with relations (3.38) and

(3.26) give

f (—y Ay H@)) gy di

SN s . ’ NSO TN
s Q

13



Then, using Lemma 3.1 with relation (3.38), relations (3.26) and (3.27), relation (3.28) with

H = v, relation (3.9) in Lemma 3.2, we obtain

f (A 6, HP))ry i = f fg a(@, H(@))dgdr - f f (AP drds
N K K Iy

< ff [a@z’@‘(A(’b)z]drd“foTf|D290|2dgdt+L(¢). (3.42)
K ) P o

Again, using relation (3.27), we have
a(@.¢) = (D*¢(v,v))* = (A¢)*  on Ty. (3.43)
From (3.39), integration by parts yields

RHS of (3.39) = ¢ [(w H(@))LZ(Q)]T - f T (- H@)) ., A1

N

+ f (cob + 26 + e + s H@P)) ) . (3.44)

By combining relations (3.39)-(3.44), we have

1 T
! f (A dgdr
2 N r()

< (@0 @D + ¥ DH@). DIy = (01 @) o | € [ [ 1D%eFagar
s Q

N

1 (7 T .
+§f L@?didegdt—)’f LDH(D¢z,D¢t)dgdt+%f L|D¢t|2diVHdgdt

+e f (0. H@) .. dF - f (o + 26+ c3r + cilp H@)) o dE+ L@ (3.45)

Majorizing the right side of the above inequality mainly by the Cauchy-Schwarz inequality, we

obtain the desired estimate (3.37). O
Next, we introduce an important boundary trace estimate result for the Kirchoff plate in [20].

Lemma 3.6. (/20]) Let u satisfies the following Kirchoff equation:

Uy —yAuy + Au=f on (0,T) x Q,
u=a—u:0 on (0,T) x Ty,
ov (3.46)
Ap+ (1 —wBiu=g
9Au O,y on (0, T)xTI}y,
. +(1 —#)Bzu—)’a— =&
4 4

where Q C R" is an open, bounded domain with smooth boundary ' = TyUT'y, and F_oﬂ F_l =0,

is possibly empty while I'y is nonempty. Let 0 < € < T and € > 0 be arbitrary. Then the following

14



inequality holds for the solution u:

f f IDPuf,drdr < cmf[ f (12,1, * Ml + P

+||ut||L2(F + |||Dut|”L2(r )) dt + ||g2||§1-1([0’T]X1~1)] . (347)
By virtue of the above result, we further have the following energy estimate.

Lemma 3.7. Let a vector field H be the escape vector field for plate. For arbitrary €, € [0,T),
€ > 0 and terminal data in D(98%), the corresponding solution (tfo, s, @) to problem (3.18) satisfies
the following estimate:
T-e T
L Ey(dt < C*(Ey(T - &) + Ey(&)) + Cr fo D@, dr

22 o 41+ Lot (¢.9), (3.48)

8sup |HI*y
xX€Q
IS

where the (time independent) constant C* > 1 +

Proof. Since H is the escape vector field for plate, it follows that
divH = trDH = DH(ey, e)) + DH(e,, e;) = 2b(x). (3.49)

We multiply the equation in (3.18) by H(®) — % and integrate in time and space to obtain

A

T—€y
N N N A A A N N N (2
f (go,l —YAQy + AP — [cozp + i, + 2 + 30, + c4Ag0] ,H(p) — E) dr=0. (3.50)
€ L2(Q)

Applying integration by parts and divergence theorem with the boundary conditions of problem

(3.18), Lemma 3.3 and relation (3.49), we have

T—GO ¢
f (% YAGy, H(Q) — 5) d
L2(Q)
N 0py T-&
_yf f (“H( )) oy =3 f f (@3 +YIDgPXH ,v)drdr
T-€ T—€o
_)/f fb(x)|D¢r|2dgdt+f f( +b(x)) (p[ +¥IDG| )dgdt

D €0
[(«,o,,H<go>—5) +7(D(H(90))— 2 Dsoz)
LA(Q)

= (3.51)

Tl(g)L
Using Lemma 3.1 with relations (3.26) and (3.27), the boundary conditions of problem (3.18),
equality (3.10) in Lemma 3.2 with relations (3.28), (3.43) and (3.49), we obtain
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T—€ @
[ [weno-8) a
€ 2 L@
T-a ¢ o ol ~
-/ [Vﬂ Yo+ 264 - aa—*”] (H@) - f) ardr
v 2
T—-€ 0H(<,0) 15@ 1 T—€o
— 55, |ddr+ > 2, @)(H ,v)dl
f f ( v 28v)d dr + 2f50 jr‘l alg, @XH , v)dldr
T-e T—€o 1
_Z f f (AQ)*(H ,vydI'dt + f f (b(x) - —) a(@p, p)dgdr + L(Q). (3.52)
2 @ To € Q 2

Integrating by parts and applying Green’s formula with the boundary conditions of problem
(3.18), Lemma 3.3 with relations (1.2),(3.26) and (3.49), we have

T—€o N
» » ~ ~ ~ ~ ("2
f (Colﬂ + ;s + 0@+ 3@ + 4 AD, H(Q) — —) dr
€ 2 L2(Q)

T—€o be (;b T-e
=f (Colﬂ + @+ 30, H(Q) — 5) dr + ¢ [(lﬂ, H(@) - 5) ]
€ L2(Q) LX) g,

T—€o R A T—€y A (9,\
— e f (w, H(@,) - %) dt + ¢4 f f (H(@) - g) 6—9”
€ 12(Q) € I v

C4 A2

D¢
> (3.53)
Combining equalities (3.50)-(3.53), we obtain
| AP
f f [ & +7ID@/?) + (b(x)— E)a(so, cp)} dgds
= f [(Cotl/ + 2@ + 3, H(Q) — 5) - (g?/, H(p,) - %) ]dt
€ L2(Q) L2(Q)
T—-€ 4 T-e
+f f(?|D¢J|2—b(x)(,?J )dgdt+ f f(A(p) (H ,v)dI'dt
€) Q
T—-€o A aH ~ T-e
-a f (w, a“”)) f f +YID@ ~ cyDPP)(H ,v)dTde
LTI )
. (@, AN
- a(p, )(H , v)dI'dr + Y +c|H@) -S|, —
r 2 2) ),
. . 9 W ¢
- (7—(5%0 +26¢) - a—w, H(p) - —) ]dt
ov ov 2) 2wy
b D¢
- [(90 — 1l H(@) - 5) + y(D(H(co)) E T,Dcfoz) ] +lot (p.0).  (3.54)
LX(Q) TH(Q)
Since WngI;l b(x) > 1, it follows that
XE.
T €)
LHS of (3.54) > f E(t)dr. (3.55)
€
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To estimate the terms on the right hand side of (3.54), we proceed by separating the work into
the following segments (i)-(vi).

(1) Application of Cauchy-Schwarz inequality gives

SN—"

T—E() 2
f (c0¢ + e+ C3n H@) — g) di < lot (§.9). (3.56)
& LX(Q)

(i1) Applying divergence theorem, Cauchy-Schwarz inequality, the fact that %Ir = —A@ and

trace theorem, we have

T—€o s o - T—ey R . ‘;bt
(5108 - beog?)dgar = | e (B H@) - 5]  ar
€ Q € L2(Q)
o[ la, ( 2\ 9 9 o ¢
¥ Ch+es[H@) - —),—) —(y—(§2¢+2§¢)—a—,H<¢)— —) ]dr
L l(z 2)70v) g, \T Y T oy 2)

T—E() T—e() T
soi [ [ adivimagar—c [ [ bt ararc [ NDGIE i + ot @.0)
€ €0 1

T
Sflf’
0

(ii1) Since (H ,v) <0onTy, (H,v) > 0onlI}, it follows that

L2 r R
AR 2+ € fo DGR, dt + Lot (.15). (3.57)

1 T—€o
- f f (AQ)X(H ,v)dTdt < 0, (3.58)
2 €) 1"0

1 T—€o . . R T . A
3 f fr | (7 +7ID@ > — cal DPP)(H ,v)dTdr < C fo DG e + lot (§,).  (3.59)

(iv) Note that

OH(p)
ov

= (D,H , D) + (H ,v)D*¢(v,v) + (H,7)D*¢(7,v) onT}, (3.60)

we use Cauchy-Schwarz inequality, trace theorem and Lemma 3.6 with problem (3.18) to obtain

T—ey . aH(A) T—ey R aH(A) 2
- af (w, 3 4 ) dr < Cf [Ilwllizm) + H—a Ld ]dt
) Vo liea) ) vl

T—-€ 2
T2 A2 2 A 2 A
< [+ 2DpE 420 [ (D000 + Do) ara

T—SO
<C [ Dl i + ot (2.0)

€0

T
~ ~ N N ) Ao 2
<
< Crpye [j; (||Col// o+ ep+edt C4A90||H_%+E(Q) + el + “"D”H%*E(g

2

)

A

. . 0 . . o o
I,y + DB ) Ao + (ly - (€6 + 26,) — a—> + lot ($,1))
v Vila-1q0.r1xry)
T
A 1112 T2 A T
< Cr [ (WDBE g+ hend? ., b (3.3). (3.61)
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Since (1) = e ¢"y(t), we have §, = —& + e ¢"yf,. This together with problem (2.1) gives

T A
[ et
0

T
2 A2 )
Pl A ([ S 2

T o n 2 A oA
<C “AQ + =t — ~ Ay dt + lot (p.1) < lot (&.9)). (3.62)
o IS B B llgieg
By combining (3.61) with (3.62), we obtain
T, OH@) g .
—a f (w, > )LZ(F)dISCT fo DG, dt + Lot (.4F). (3.63)
& 1

(v) Applying Lemma 3.6 with problem (3.18), we have

1 T—€y
L f f a(@. §)(H, v)dTds
2 €) F]

T—E()
<C f f |1+ 1) (1D P + 1D*@(x, D) + 2(1 = )| D*@(v, T)| T
€) Fl

T—E()

<C f fr 1+ ,u)|D2<fo|2T3dl"dt
0 . 1 )

<Cr [ DRI g1+ lot 0.0 (3.64)
0

(vi) The use of Cauchy-Schwarz inequality yields

~ ~ T-€
A 2~ A A D A
- [(% -y, H(Q) - g) + Y(D(H(‘,D)) - 7¢,D¢,) }
L2(Q) THQ) ¢

s{zy f [(DH(DG. e)))” + (DH(D@, )] + [(H.e)D*e(er, 1) + (H. e:)D*plen, )]
Q

2 T-e A
+[(H. e)D*@(e1. €2) + (H. e)D*@(er. e2)| dg + E(r)} +lot (¢,
€
8sug |H|*y
X€ A B
< |1+ =5 — (E¢(T — &) + Eplep)) + lot ((p, l//). (3.65)
Combining (3.54)-(3.65), we obtain the desired inequality (3.48). O

Lemma 3.8. Let (t,b, s, l/A/) be a solution to problem (3.18) with terminal data in D(%?). Then for
T > 2C*(see Lemma 3.7 for C*), there is a Cy > 0 such that

T T
Ey(T) + f Ey(Hdt + f |
0 0

Proof. For any ¢, € (0,T), we have

T €() T—E() T
f Ey(t)dt = f Eg(ndr + f Ey(n)dt + f Ey(r)dt. (3.67)
0 0 € T-€

18
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1y 4= Cr fo DG dt + lot (@,1). (3.66)
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According to Lemma 3.4, we have for all s and 7 € [0, T,
1+e€ € T
E@(T) SEEQ(S) + : jo‘ [E@(l) + 'Az

Using the above relation with 7 = ¢, s = T, and integrating in time twice from 0 to € and 7 — ¢,

2 T
2 2
e fo DRI, dt + ot (p.).

(3.68)

to T, respectively, then substituting them into equality (3.67), we obtain

T T—€ 2 1+ T
E,(Hdr < Exndt+ 22U p oy oec, [ DGR, - dt
, ¢ 1—e ¢ . 12Ty
€

26 T 1P
+1_6£ [E¢(t)+’A

|y [ 41+ (¢.4). (3.69)
Applying Lemma 3.7 with ¢ = IZTEE and relation (3.68) twice with s = T, 7 = T — ¢ and ¢,

respectively, we get

T-a 2(1 + €)C* T 2¢C* (T
Ey(ndt < ¥E¢(T) +Cer |||D¢>,|||iz di+ —— | Ey(ndt
1-€ I 1-€Jy

€

o, 40+ Lot (¢.4). (3.70)

S l-€

Combining the above two inequalities, we have

’ 26(1 + € + C*) % 26(60 + C*) T
f Fendt <1—f | L P B
2(ep + CH(1 + € T . o
L e : )i LB+ Cor f D@ dt + lot (.4). (3.71)
B 0

Let F(s,7) = Eg(s) — E4(7), then E4(f) = E4(T) + F(t,T). We integrate both sides of it in time

from O to 7 to obtain

T T
f Ey (t)dt = TEH(T) + f F(t, T)dr. (3.72)
0 0
Using Lemma 3.4 with 7 = ¢, s = T, and integrating both sides of it in time from 0 to 7', we
derive
f F(t,T)dt| < eTEHT) + (T + l)f Ey(t)dt + €T Rw L2(Q)
0
+Cep f DI, d + Lot (3, &). (3.73)
0

Relations (3.71) and (3.72) together with (3.73) give

kS * T
26 +C )(1 te, ET] Ex(T) + 6[@ (T + 1)] f Ey(dr
- 0

TELT) < ;

2(1+eo+C*
l—e

+ €

LA+ f D@y de + ot (6,),

(3.74)
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then if 77 > %};“), sufficiently large, or equivalently, T > 2C* for € and € small enough, we

obtain

1. T ~
A, |dr+car f DGR, e + ot (§.0).  (3.75)
0

2
L2(Q)

T
Ey(T) < eCy f [EQ(I)+’
0

where throughout C; will denote a constant independent of €.

Applying the above relation to inequality (3.71), we obtain

T oo 2e|(e +CHY1+Cr+ (1 +&+CH| T LR
fo Ey()dt <Cer fo D@, + — fo [z
2e(ey + CY) [(1 +eCr + 1] T R
+ f Ey(t)dt + lot (5.1)). (3.76)
1- € 0
Then for € > 0 small enough, we have
T 5 T 1 2 T N
fo Ey(ndt < eCr fo ‘A;w gy 41+ Cer fo D@, dt + lot (&.4). (3.77)

Summing inequalities (3.75) and (3.77), we derive the following preliminary inequality for the

mechanical energy

T T
Ey(T) + f Ey(0dt < eCy f |
0 0

Next, we need to estimate the thermal component .

1.
Al

2 T
iy 41+ Cer fo D@ dt + lot (2.0).  (3.78)

We multiply the heat equation in problem (3.13) by ¢ and integrate in time and space to obtain

T
f f (BED +00) + N — ) — b€ + §,).) dgdr = 0. (3.79)
0 Ja
Applying Green’s formula with the boundary conditions of problem (3.13) and relation (3.1),
we find
T T 1 2
AY — o, ) dgdt = — A2 3.80
fofg@w(rw)g nf0|Rz/fL2(Q) (3.80)

As a result of (3.79) and (3.80), we further use Green’s formula with the boundary conditions

of problem (3.13), Cauchy-Schwarz inequality (with &) and trace theorem to obtain

T %A 2 ﬁ a 2 t=T T . .
0 [ i) = 5l vl <€ [ 600t
T A
A ~ 0
+a/f {(DW, Do) riq) — ('ﬁ, %) }df
0 V)

T T T
scg( f D&, dt + f E¢(t)dt)+é f |
0 0 0

20
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Then for € > 0 small enough, we have

N

n-€

Combining (3.78) with (3.82), we obtain

1.
Al

2 T T
e 8 <€ ( fo 1D, dt + fo E¢(t)dt)+lot (2.1). (3.82)

where C| =

T T T
Ey(T) + f Ey(ndt < eCrCy f Ey(ndt + Cer f DG dt + lot (@,). (3.83)
0 0 0

Then for € > 0 small enough, we have

T T
E,T) + f Ep(dr < Cor f DGR, dt + Lot (.1F). (3.84)
0 0
Finally, combining (3.82) and (3.84) with 1 -C; > 0, we obtain the desired estimate (3.66). O
We are now in a position to prove the observability result (2.5).

Proof of Theorem 1.2. Since Iy N T'; = 0 and I is smooth, D(%) is dense in the graph topology
of D(P*). Accordingly, it suffices to show inequality (2.5) for solutions (¢, ¢;, ) to problem (2.1)
with terminal data in D(%?).

Using relation (3.12), Lemma 3.8 and the trace theorem, we have

T T
E,(T) + f E,(Hdt + f |
0 0
2

1
- [B (79T), T HT)) + | 6T) + £ (T, @]

2
dr
L2(Q)

Aly

1 2
Aieff 7
REY L2(Q)

1
+f0 E[B(ef’¢,e§’¢)+|’e§l¢t+§€§t¢||2;w<9) +|
T
SCTf H‘D(e‘ftgoz—fe—ffsl?)‘
0

T
<Cr [ DG g 1+ tot (.0 (3.85)
0

2
dt + lot (e, et
LZ(FI) ( (’0 '70)

By virtue of Lemma 3.9 below, the lower terms in the above inequality can be absorbed. There-

fore, we further obtain

T T
E/(T) + f E,(dr + f |
0 0

which immediately implies the observability inequality (2.5). Accordingly, we have completed the

1 2
A’ dr<C
Y . T

T
fo D@ A + W0y |+ (3-86)

proof of Theorem 1.2. O
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Lemma 3.9. For (¢g, 1) € D(P*I1") and T > T7, there exists a Cr > 0 such that the following

estimate holds true for the corresponding solution (¢, ¢, ) to system (2.1):

2 2 2
”"””Lw(mm ) I ) W) P b
(f |||D‘Pt|”Lz(1—1)dt+ ||l//||?H-Y(((),T)><1"2)]/)' (3.87)

Proof. We assume that inequality (3.87) does not hold. Then there exists a sequence {(908” , cp(l") )}n=

C D(P*IT*) such that the corresponding solutions {((,0("), o, w(”))}:;l to system (2.1) satisfy

T
()12 ()12 (n)(12 (n)|2 —
+ + dt=1 Vn,
llp ” (or;ﬁ*"(g)) +ligi ”Lw(o,T;H%*“(Q)) Iy ”Lw(o,T;H‘%*”(Q)) fo i ”H%*”(Q)

(3.88)
lim f DNy A+ 10 sy = O- (3.89)
Then relations (3.86), (3.88) and (3.89) imply that the sequence
(n) (n) (n) (n) 2,7,(n)
{ f 668 60 o, i+ f [|| o)., P g m)] }1
(3.90)

is bounded. Thus, there exists a subsequence, still denoted as {(gog"),go(l"))} e and (po, $y) €

HE (Q) x Hllm(Q), such that
" s @y in HA (Q " 3 in H. _(Q 3.91
@y — @oin Hp (Q), ¢ — ¢ in H (Q). (3.91)
Further, let (gb, i 1}) be the solution to system (2.1) with initial data (@, $1,0). Then
(™. 0", u™) > (@, 8, %) in L™(0, T;H,) weak star. (3.92)

Besides, {gof,")}:o:l is bounded in L*® (O, T: [D (A%P;l)]’), where D (A%P;,l) ={pe L*(Q): P;l(p
€ D(A?) ND(Ay)}. The reason is as follows: For terminal data (gog’), 90(1") , ) € D(%), we have

0" —yAQ" + Ap™ — yAGyy10" + @AG 1y ™ — @ dAGyyp™ + aAy™ = 0, (3.93)

B + nAy® — o™ — aAp™ = 0. (3.94)

Then for all w € L' (0,; D(A%P;l)), by (3.93), (3.5) and (3.6), Green’s formula and Cauchy-

Schwarz inequality with (3.90), we have
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f T (w28 o 4 = f ' (w. P! [~Ag™ = aAy®™ — @AG Y™ + adAGryo™)) . di
0 0

LX(Q)
r 1 1
_ _(alp1 L _ -1 )
—L [ (AZPy w,A2p )LZ(Q) a'(Py w, Ay )LZ(Q)

—a (GIAP, w.you™) , + o (G3AP W, dyou™) ]dt

L)

T
= — 3 p-1 () _ -1 (n)
— fo [ (AzPy w,A%@ )LZ(Q) a/(APy W, Y )Lz(g)]dz

T
SCJ(; ”W”D(A%P;l)(‘

Then, we obtain the boundedness of (,05;” after a standard density argument.

Similarly, for all w € L*(0,T; H %‘“(Q)), using (3.94), Green’s formula, (3.1), Cauchy-Schwarz

L2(T)

Azg™

(n) <
oy 0@y e < Wl o 7fu )

(3.95)

inequality, trace theorem and Sobolev embedding theorem, we have

T (M\2 T ) m)?
w, nA + aA dr
)2 I Jy (w-mAwy 1 )L2<Q>
”l//; ” _34a - Sup 2 =su 2 2
ROTH Q) W , W Bl 3
L2(0,T;H27(Q) L*(0,T;H27Y(Q))

a

-1 T 3_a 1 ,a 3 l,a

- 2 2 i3 3ty () 172 ity ()
=sup (P, ) f paitwartum)  a(arte b o)

w { L20.T:H3 () 0 N R L2(Q) k R )

() 2
o) ao ) d¢,
+ad (w, got") s (w, go,") Lo ta|w, —— dr
rn g L2(Q) Jy s

T
)12 ()2 (1)),2 ()12 (Omv
< + + + + ||| D dr
fo (||w I gy 18I g IR+ 16y + 11D |||Lz(m)
2
< lot (™. 0™) + D@ s o 7120 (3.96)

By (3.88), (3.89) and a standard density argument, we obtain that { 5”)}::1 is bounded in
L0, T; H™3*%(Q)).

Then, by Aubin’s compactness Theorem in [1], we derive
o™ — @ strongly in L*(0, T; H(Q)), ¢ — @, strongly in L*(0, T’; H(Q)),

Y™ — i strongly in L¥(0, T’; H’%“‘(Q)), W™ —  strongly in L*(0, T; H%“’(Q)).

Combining these convergences with (3.88), we obtain

T
~12 ~ 12 7112 ~2
+ + + dr = 1. 3.97
By HIBIE b TR fo 181 1 (3.97)
Furthermore, according to (2.2), (3.89) and (3.91), we have
T ~
fo D@ A + s ey = O- (3.98)
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Next, let y = @, z = ¥,. Then (y, z) solve the following problem

Vi = YAy + Ay +alz =0
on (0,7) x Q,
Bz +nAz—o0z—alAy; =0
0
y=22-0  on(,T)xT,,
ov
Ay+ (1 —wBiy+az=0 (3.99)
IA 9 9 on (0,7) x1IT7,
(- wBy -y 2t a2 =0
ov ov ov
0z
— +Az=0 on (0, 7)xT,
ov
z=0 on .

Using the uniqueness theorem of Isakov in [16], we have for T > 2 +fysup p(x,I’) that the
solution (y,z) to problem (3.99) is zero, which implies both @ and i are coflesgzants. Further, by
the boundary condition of system (2.1) on I'y, we obtain that @ = 0 in (0,7) X Q. Moreover,
the free boundary conditions of system (2.1) on I'; give that y = 0 in (0,T) x Q. Consequently,

(@,%) = (0,0), it contradicts (3.97). This concludes the proof of Lemma 3.9. O

4. Proof of Theorem 1.1

We proceed in four steps.
Step 1. We assert that the original system (1.1) is approximately controllable with the boundary

controls (uy,ur,u3) € U,y for T > T*. Indeed, given any (¢, @1, %) € ker(P*), we obtain

9o
v

by the uniqueness theorem of Isakov in [16], we have (¢, ¢;, ) = (0,0,0) in (0,7) x Q. Then

|1—1 = ¢/r, = YlIr, = 0, where (¢, ¢;, ¥) is the corresponding solution to system (2.1). Similarly,

necessarily (¢o, ©1, ¥0) = (0,0, 0).
Step 2. Based on (2.5), we have obtained the exact controllability of the mechanical component
of the original system (1.1)(i.e., without the thermal effects). Then proceeding as in Appendix B

of [21], we obtain that
ITPP*IT" is an isomorphism from D(P*IT") into [D(P*IT*)]’.

Therefore, IIPP*II*(ITPPIT*)"'T1 € & (Wy,H%O(Q) X H}w(Q)). What’s more, (I — IT*'IT)PP*
[I*(ITPP*IT*) 'l € £ (H,), where I : ‘H, — H, is the identity mapping.
For any € > 0 and terminal data (wg RN ) € H,, because the entire system is approximately

controllable in U, ., we can select a control triple it; = (u(ll), u(zl), u(;)) € D(P) c U,,,, such that
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the corresponding solution (w(”, wil, 9(1)) to system (1.1) satisfies

w0y =il Wy - i, pe T - e

Hy
€

< .
1+ [|(T = TFID) PPIT*(ITPPIT*) || (44,

4.1)

Step 3. Since the mechanical component of the original system (1.1) is exactly controllable,

we can select a control triple i, = (u(lz), u(zz), ugz)) € D(P) c U, to be the minimal norm steering

control with respect to the partial terminal data (wg —wi(T), wh - wﬁl)(T)), namely, i, satisfies
_ 1 1 - 112 . =112
NPty = (wg = w!(T), w] =wi" (D)) and sy, = min llly,,,,

where i steer (0,0) to (wg —-wi(T),wl - wgl)(T)).

By convex optimization theory, the minimizer i, can be given explicitly as
iy = PIT (PP IT) 1 (wh — w(T), wi = w{™(T). poy — poV(T)). (4.2)

Combining it with inequality (4.1) gives the following estimate

T - T IH PP I ATPPII) 'l 294, €
1 + (| = I PP (PP )l e,y

(I = IFID Pita] g, < (4.3)

Step 4. Set the control u* = iy + i», then
Pu' = Pity + Pity = (w(T), w!"(T),86(T)) + (w§ = w(T), w] = w{"(T),0) + (I - IT'T)Pay
= (g, wi.BOV(T)) + (L~ IT'T) Piy. (4.4)
Let (w*, w;, 6%) be the solution to system (1.1) with the chosen control u*, then
(W (1), wi(T) = (wh, wi); (4.5)
180°(T) - Bl < |[Pu = (w w]. 65 )|

<||(0.0.86 ) - g5 )|, + 1@~ I TD Py,
Y
< €
1+ |I( = T PP T (TIPPTT) | g4,

+ || = IT I Pita |,
<e. (4.6)

Consequently, the constructed control triple u* = (u’[, us, ug) € D(P) c U, satisfies the de-
sired exact-approximate controllability property (1.3). Further, u} € C"(X,7) owing to the Sobolev

embedding theorem. This concludes the proof of Theorem 1.1. |
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5. Concluding Remarks

Usually, mechanics researchers classify a flat two-dimensional structure as plate while a curved
structure as shell. Here in our work, we allow the plate to be curved. Thus, the model considered
here may be viewed either as a transition model (from plate to shell), or a hybrid plate/shell model.
The thermoelastic curved plate model and its generalizations are a potential candidate for the
tectonic plate model for the earth’s crust. The control theoretic results in this paper can have
potential applications for the analysis and data assimilation of earthquakes, for example. Such

applications will be ultimate objectives of our research in the future.

Appendix: Derivation of the Plate Model (1.1)

In this appendix we mainly show how to use the Principle of Virtual Work to derive the equa-
tions of motion for the vertical displacement w of the specific model of the plate under study in
this paper. Let a plate have a curved middle surface €, which is a part of a surface in R>. Then the
curved plate is given by

{(x+ti|xeQ, t€(=h/2,h/2)},

where 7 is the normal of Q and 4 > 0 is the thickness of the plate along its normal. We assume that
the external deformation along the normal of the middle surface is small, i.e., the strain tensor of

the middle surface satisfies W(¢) = 0. Then the strain energy of the bending of the plate is ([17])
D
V= 2 fa(w, w) + (1 + w)bAwdx,
Q

where D = 125% is called the modulus of flexural rigidity, £ and ¢ denote Young’s modulus and
1)

Poisson’s ratio, respectively. The kinetic energy of the plate is assumed to be

h
K= % fg (w? + y1Dw?) dx.

where y = p denotes mass density.

12’
Then, the Lagrangian for the plate L = fOT(K — V)dr. And the usual calculus of variations

(Principle of Virtual Work) for a stationary point of L yields

|
ohwy — phryAwy, + D A2w+(1—,u)div(ka)+%A9]=0 on (0,T) X Q,
w2 _o on (0,T) x T,
ov
|
Aw+ (1= wBw+-—Ho=0 @)
O,T)Xrl,
OAw 1+ udl owy on (
D| Y 1 (1 = wBw + —HEZ| _ ph )
[a +(I-pByw+ — a] Py
w(0) = wo, w,(0) = w, on Q.
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As in [17], by laws in thermodynamics (primarily the Fourier conduction law), we derive the

following equation for the temperature 6 of the plate:

1 12(. ha
0, - A0+ —[1+—L]9—anAw, =0 on(0,T)xQ,
K h? 2
0
% =0 on (0,7) x T, (2)
ov
6(0) = 6, on Q.

where k > 0,4; > 0,4, > 0, > 0, and i > 0 are various independent thermal parameters.

Combining (.1) with (.2) and making the change t — t\/th in the time scale, we derive the
bending model described as (1.1).
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