J. Math. Anal. Appl. 452 (2017) 926-940

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Gradient estimates via the Wolft potentials for a class of @ CossMark
quasilinear elliptic equations

Fengping Yao *, Min Zheng

Department of Mathematics, Shanghai University, Shanghai 200444, China

ARTICLE INFO ABSTRACT

Article history: In this paper we obtain the pointwise gradient estimates via the nonlinear Wolff
Received 12 October 2016 potentials for weak solutions of a class of non-homogeneous quasilinear elliptic
Availa-ble online 22 March 2017 equations with measure data.

Submitted by G. Chen © 2017 Elsevier Inc. All rights reserved.

Keywords:
Pointwise
Gradient
Divergence
Measure data
‘Wolff

Elliptic

1. Introduction

In this paper we are mainly concerned with the pointwise gradient estimates for weak solutions of a class
of non-homogeneous quasilinear elliptic equations with measure data

div (a (|Du|) Du) = p in £, (1.1)
where p is a Borel measure with finite mass and a : (0,00) — (0,00) € C (0, 0) satisfies

ta'(t
< sup ta'(t) =15, < 00. (1.2)

We define

g(t) = ta(t) (1.3)
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and

t

G(t) = /g(r) dr = /7’&(7’) dr for ¢t > 0. (1.4)
0

0

From (1.2) we observe that

g(t) is strictly increasing and continuous over [0, +00), (1.5)
and then
G(t) is increasing over [0, +00) and strictly convex with G(0) = 0. (1.6)
For example we see that
G(t)=t" and G(t)=t"log(1+t) foranyp>2 (1.7)

satisfy the condition (1.2). Especially when a(t) = t*=2 (and then G(t) = t?/p), (1.1) is reduced to the
p-Laplacian equation

div (\Du\p_Q Du) =pu forp>2.

Many authors [7-9,13,14,18,19,22,28,30,32] have extensively studied regularity estimates for p-Laplacian
elliptic equation and the general case. Moreover, Cianchi and Maz’ya [10,11] proved global Lipschitz regu-
larity for the Dirichlet and Neumann elliptic boundary value problems of

div (a (|Dul) Du) = § (1.8)

with the condition (1.2). Furthermore, Cianchi and Maz’ya [12] obtained a sharp estimate for the decreasing
rearrangement of the length of the gradient for the Dirichlet and Neumann elliptic boundary value problems
of (1.8) with (1.2) and

Ctr~! <ta(t) < C{HP~' +1) foranyt>0and p € [2,n).

The pointwise estimates of the weak solution v via the Wolff potential Wg p(x, R) for nonlinear elliptic
equations with right-hand side measure are developed by [20,21,31]. We recall that the classical non-linear

Wolff potential is defined by
[ (1l (Bl,0)\ 77 d
H P=tdo n
— for B e (0, —} .
O/ < o ﬁ” ) 0 P

Furthermore, the classical case of general p-Laplacian equations (even with coefficients a(x, -) depending on
the space variable x) was treated before by Mingione [29] in the case that p = 2, and Duzaar and Mingione
[15,17] in the case that p # 2. In the singular subquadratic case that p < 2 even a linear gradient potential
estimate was established by Duzaar and Mingione [16], i.e. the nonlinear Wolff-potential is replaced by
1"(2,2R) 77, where

IW\ /|“| — and |p|(B(z,0)) = / |1l dy.
B(z,0)
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Later, Korte, Kuusi and Mingione [23,26] extended these results in different directions. Recently, Baroni [2]
proved the following pointwise gradient estimates via the linear Riesz potential I {” ! (z,2R) for weak solution
of (1.1)

g(|Du(z)|) < Cg ][ |Duldz | + CIM (2, 2R).

B(z,R)

Furthermore, based on the original Duzaar and Mingione’s paper [15], many authors [3-6,24,25,27] have
studied a number of results concerning regularity theory for degenerate parabolic equations with measure
data. The main challenge here is the inhomogeneous nature of the nonlinear parabolic equations, which
leads to the lack of scaling. We mention here that, because of the approach we will use, it appears possible
to extend this present result to the parabolic case. The implementation of this project will be our next one
in the near future.

Definition 1.1. A function B : [0, 4+00) — [0, +00) is said to be a Young function if it is convex and B(0) = 0.
Moreover, a Young function B is called an N-function if 0 < B(t) < oo for ¢t > 0 and

. B() t
Jm = =l ey~ (1.9)
Definition 1.2. A Young function B is said to satisfy the global Ay condition, denoted by B € A,, if there
exists a positive constant C' such that for every ¢ > 0,

B(2t) < CB(t). (1.10)

Furthermore, a Young function B is said to satisfy the global V5 condition, denoted by B € Vs, if there
exists a number 6 > 1 such that for every ¢ > 0,

B(t) < =~ (1.11)

Lemma 1.3 (see [10], Proposition 2.9). If a(t) satisfies (1.2) and G(t) is defined in (1.4), then we have
G(t) € As.

B(6Y)
2

Lemma 1.4. Assume that a(t) satisfies (1.2) and G(t) is defined in (1.4). Then we have

(1) For any t > 0 we find that
G(0t)

o < < e e < < 25 > 1. 1.12
9 < o0 <40 and 0 =G0 <40 for any 6 > ( )
(2) G(t) € Va.
Proof. (1) From (1.2) we find that
iq _ d'(0t) s,
— < < = A .
o = alon) = o or any 6,t >0

By integrating the above inequality over [1,6] for any 8 > 1, we have
0

/e.t‘”g/a cL/((gtt))deS/

1

<
e
S

de,

>
e
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which implies that
a(t)f' < a(t) < a(t)f*e.

Moreover, (1.2) implies that

Then we have

which implies that

Therefore, we obtain
(log G(t))" > (2 + i) (logt).
By integrating the above inequality over [¢, 8t] for any ¢ > 0, we conclude that
G(0t) > 0*T=G(t).
Similarly, we have
G(0t) < 6*T*=G(t),

which implies that (1) is true.
(2) Especially when 0 = 279 > 1, from (1.13) we have

G(0t) > 62T G(t) = 20G (1),

which implies that G € V5. This finishes our proof. O

Definition 1.5. The Orlicz class K% (Q) is the set of all measurable functions u :  — R satisfying

/G(|u\) dz < 0.

Q

The Orlicz space LY(€2) is the linear hull of K¢ (). Furthermore, we define W1%(Q) as

Whe(Q) = {ue L9Q)|Due L (Q)}.

The space Wy () is the closure of C§°(€2) in WG ().

929

(1.13)
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In general, K¢ C LE. If G € A; N V3, then K¢ = LY and C§° is dense in LY (see [1]). Moreover, from
Lemma 1.4 we have

L*Ta(Q) C LY(Q) C L*T'(Q) C L'(Q).
As usual, the solutions of (1.1) are taken in a weak sense. We now state the definition of weak solutions.

Definition 1.6. A function u € W,>() is a local weak solution of (1.1) if for any ¢ € Wy () N L>(Q)

loc
we have

/a(|Du|)Du~Dcpdx: /cpdu.
Q Q

Now let us state the main result of this work.

Theorem 1.7. If u € W14 (Q) is a local weak solution of (1.1) with u € L*(Y) and (1.2), then there exists

loc

a constant C' = C(n,iq,54) > 1 such that
|Du(zo)| < C ][ |Duldz + CW}! (x0,2R), (1.14)
B(Io,R)

where B(xg,2R) C Q and

R 1 d
TTig
x()v / <|M| x07 ))> —Q
o
0

Remark 1.8. From (1.3) we find that the condition (1.2) is equivalent to the condition (1.6) in [2]. Moreover,
Baroni [2] posed an additional degeneracy hypothesis

lim a(t) =0 and lim a(t) = co. (1.15)

t—0+ t—o0

Actually, from (1.12) in Lemma 1.4 we can know that the condition (1.2) can cover this hypothesis (1.15).
In a sense, this paper is just a comment on Baroni’s paper [2]. Baroni [2] proved the following pointwise
gradient estimates via the linear Riesz potential I{“ ‘(a:, 2R) for weak solution of (1.1)

g(|Du(z)]) < Cyg ][ | Du|dx —|—CI{MI(£,2R).

B(z,R)

One of the natural examples of functions g is g(t) = tP~!log(1 +t) for p > 2. In this paper we use the
strategy of the original Duzaar and Mingione’s paper [15]. Although we employ the non-linear Wolff type
potential, we obtain the homogeneous linear pointwise gradient estimates if we focus on the first two terms.

2. Proof of the main result

In this section we will finish the proof of Theorem 1.7. We first give the following result.

Lemma 2.1. Assume that a(t) satisfies (1.2) and G(t) is defined in (1./). Then there exists C =
C(n,iq,84) > 0 we have
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[€a (&) = na(In))] - (€ —n) = CG(|€ —nl) for any §;n € R™. (2.1)
Especially, we have

a(lEhe-&=CG([E])  for any & € R™. (2.2)

Proof. We first find that

1
€a (€)= na () = (€~ n) [‘a(lsé+ (1~ 9D
0

1
a’ (|s€ + (1 —s)n|)
+/ ST sy eTAmsm)lse+ =gl (€ —m)ds

which implies that

[€a (€]) = na (jn))] - (€ —n)

1 1
@/ (|s€ + (1= s)n)) 2
—n* [ a(ls¢+ (1 —s)ml)ds + |[s€ + (1= s)n) - (€ = )| ds

5§+ (1= s)n|

1 2
a(\5§+(1*S)U\)d5+ia/a(|s§+(178)77') 5 +|s(§1+_<?71} §>(v£7|_n) “
0

> ¢ -

> (& —n* [ a(s¢+ (1 - s)nl)ds (2.3)

0/

1
0/
in view of (1.2). Without loss of generality we may as well assume that || > || > 0. Then we have |s{ +
(1 —s)n| < €| for any 0 < s < 1. Therefore, from (1.12) we find that

a(js-+ (1= sl ds > / so(Be)asz (3 ate, @

3
1

/a(\ss+ (1 s)nl)ds >
0

wlw
—

since

<s<1

>~ w

ls€ + (1 —s)n| = slg] = (1 = s)In = (25 = 1[¢] = %Iil for any [¢] > [n[ > 0 and

and

gy alsE s lse+ (sl a(5lD3lE 1 (1
a(|s§+ (1 —s)nl) = se+ (1— )] T I (2|§>

in view of (1.5). Therefore, from (2.3) and (2.4) we conclude that

1 Sqa+3 )
galleh —na bl (€~ m = (5)  allehle=nf* for Il = bl >o.
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which implies that

[€—mn]
(NE—UD:(/fdﬂﬁ
<a(e—nlle—n? <232 E =M e ()~ pa () € —n) (2.5)

a(l¢])

in view of (1.5). Since |£ — n| < [€] + |n] < 2|¢] for €] > |n| > 0, from (1.12) we have

a(l€=n) a(E—n)a@) ... (lE=n\"_ ...
o(€)  aE) a(e) = (2&) =2

which finishes the proof by using (2.5). O
Similarly to the proof of Theorem 3.1 in [15], we can obtain the following lemma.
Lemma 2.2. Ifu € Wl{nG(Q) is a local weak solution of
div (a (|Dv|) Dv) =0 in Q (2.6)
under the assumptions (1.2), then there exist constants 8 € (0,1] and Cy = Cy(n,i4,84) > 1 such that
Y
][‘DU — (D’U)Bg‘diﬂ < Cy (E> ][ |Dv — (DU)BR’ dx,
B, Br
where B, C Br C Q and Br = B(z, R).
Furthermore, we shall prove the following important result.

Lemma 2.3. Assume that u € W,2(Q) is a local weak solution of (1.1) with Bag C Q, p € LY(Q) and (1.2).

loc

If v e Wy©(BRg) is the weak solution of

{ div (a(|[Dv|)Dv) =0 in Bp, (2.7)

v=1u on 0Bg,

then there exists a constant C1 = C1(n,iq,Sq) > 1 such that

IMI(BR)} T
Rn—1 :

][|DU—DU|dZL’§01|:

Br

Proof. Without loss of generality we may as well assume that R = 1 by defining
a(z) = R 'u(Rx), o(r) =R 'v(Rr) and ji(z)= Ru(Rx).
For k > 1 we define the following truncation operators (see [26,30])

Tk (s) := max{—k,min{k,s}} and P(s):=Ti(s—Tk(s)), s€R.
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Since u and v are weak solutions of (1.1) and (2.7) respectively, then we have

/[a(|Du|)Du—a(|Dv|)Dv]-Dgodcvz/gpd,u
B By

for any ¢ € L°°(By) N W% (B;). We divide into two cases.

933

(2.8)

Case 1: |u|(B;) < 1. If 2 + 4, > n (recall that u — v € Wy'?(By) and then u — v € Wy*™"(By)), then
from Sobolev’s inequality we have u — v € L*°(By). By selecting ¢ = u —v € L*(B1) N Wol’G(Bl), from

Lemma 2.1 and Sobolev’s inequality we find that

/ G (Du— Dv)|di < Cllu — vl ey |l (Br) < Ol Dt — Dol 210 1.

B

Then from (1.12) we have

L2+ia (B

Du — Dv|*% = Du — Dv|*T dx < C [ |G (Du— Dv)| + ldz < C||Du — Dv L2+ia(g) + C,
) (B1)

B1 Bl

which implies that

Du — Dv||p2+ia(g,y < C and then Du — Dv|dx < C
(B1)

B,

by using Holder’s inequality. Therefore, we may as well assume that 2 4+ i, < n. Then by selecting the test

function ¢ = Ty (u —v) € L*(B1) N WOI‘G(Bl), from (2.8) and Lemma 2.1 we have
[ 16 (D= Do)z < CRpl(B) <
Dy,
where Dy, := {z € By : |u(z) — v(x)| < k}, which implies that
/ |Du — Do*™" da < / |G (Du — Dv)| + 1dz < Ck
Dy Dy,
and then

/|Du—Dv|dax < Ck

Dy,

(2.9)

by using Young’s inequality. Moreover, testing (2.8) again with ¢ = &y (u —v) € L®(By) N Wol’G(Bl) and

using Lemma 2.1, we find that

/|G(Du — Dv)|dx < C/ lpldz < C,
Ck Bl
where Cy, :={z € By : k < |u(z) — v(z)| < k + 1}, which implies that

/ |Du — Dv)*""* da < /|G(Du — Dv)| +1dz < C.

(2.10)
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From (1.12), Holder’s inequality, (2.9), (2.10) and the definition of C}, we find that

1
Ck &
s

_ 1 C _n__
el (o hakiri Qu———— lu — v| 7T da ,
k a 2+ia)

n—1

C
which implies that

/|Duva|das: / |Duva|d:c+Z /\Duva|dx
Bl Dkg

k=ko Ch

. 1
et (I=5577)

oo
< —
<Cho+C Y P /|Du Dul dx
k=ko o
fe 17 = a2 (1= o)
<Ch+C|> | (X [ 1Du- Dl
Lk=ko K~ "7 k=ko ¢5,
I (- agsy)
_k?:k?(] n—1 i Bl

in view of Sobolev’s inequality. Considering the fact that

n(l+1,) n 1
MiT) 51 and 1- <1
n_1 ™ n—l( 2+ia)_

in view of 2 + i, < n and then choosing k¢ € N large enough such that

-
) 1 Tig 1
c [Z n<1+>] <3

k=ko k n-1

we obtain

/|Du7DU|dx <C.

B,

Case 2: |u|(B1) > 1. Let

and
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where
1
A= (|p|(By)) ™ > 1. (2.11)
Then it is easy to check that

Al(By) = 1.

Moreover, a (t) satisfies (1.2) and a(x) € Wllocc(Q) is a local weak solution of

div (a (|Da|) D) =

If 24 i, > n (recall that u —v € W;%(B;) and then @ — & € W) >T(By)), then from Sobolev’s inequality
we have & — 0 € L. Moreover, testing (2.8) again with ¢ = @ — & € L®(By) N Wy(By), and using
Lemma 2.1 and Sobolev’s inequality, we find that

A2 / |G (Du — Dv)|dz < C|la — f]HL"C(Bl)‘ﬁKBl) < C||Da — D5||L2+ia(31). (2.12)
By
Then from (1.2), (1.12), (2.11) and (2.12) we have
1Da = Dot gy, = [ D3~ Do da
B1

< A2 / G (Du — Dv)| + 1dz < C||Dii — Di| gz++u (s, + C,
B,

which implies that
|Dii — Di|| 2400 3y < C and then /|Da ~ Dildz < C
B,

by using Holder’s inequality. Therefore, we may as well assume that 2 4+ i, < n. Furthermore, similarly to
Case 1 we find that

/|Dﬂ—D6|dm <C,

B,

which finishes our proof. O

Define

E(Du, B) := 4 |Du — (Du)g| dy.
/

Therefore, it is easy to check that

E(Du,B) < 2][ |Du —~|dy for any v € R". (2.13)
B
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Moreover, we consider
B := B(zg,r;) and 7; =01R,

where ¢ > 0 is integer and B(zg, 2R) C Q. Fix a positive constant d; such that

5 < 1\ 1 1
1=\ T8¢, 1050, ) 4 (-

Moreover, we consider the related comparison solution v; € u + VVO1 ’G(Bi) satisfying

div (a (|Dv;|) Dv;) =0 in B,
v, = U on OB!

in weak sense. Furthermore, from Lemma 2.3 we find that

. 1
Bt Ttiq
][\Du—Dvi|dx§Cl {%} :
r
Bt

(3

which implies that

|Du — Dv;| dx
Bi+1
1
Bi)] Bi—1 1tia
< 5;"][ |Du — Dv;| da < C167" ['”Lﬁl)} < Cop I ~ )
L Ti—1

Bt

(2.14)

(2.15)

(2.16)

Lemma 2.4. Assume that u € WllocG(Q) is a local weak solution of (1.1) with Bap C Q, u € L*(Q) and (1.2).

Then we have

E(Du, Bi+1)

E(Du, B'*?) < T

+ 46730y

Proof. If v; € Wol’G(BR) is the weak solution of (2.15), then from Lemma 2.2 we have

E(Dv;, B"™?) = ][ |Duv; — (Dv;) give| dy < Co6? ][ |Dv; — (Dv;) gora | dy <

Bi+2 Bi+1
Therefore, from (2.13) we obtain
E(Du, B'*?) = ][ |Du — (Du) gi+2| dy
Bi+2

<2 { |Du- (Du)pisldy

Bi+2

< 2E(Dv;, B*?) 42 ][ |Du — Dv;| dy,

Bit+2

E(Dw;, Bi*1)
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which implies that

E(Dv;, B)

E(Du, B"?) < 5%

+267" ][ |Du — Dv;| dy
Bi+1l

E(Du. B!
<L+45f" ][ |Du — Dv;| dy

< 51
Bit+1
1
E(Du, B™t! B’ | e
< (uQ,4 )+451_3n01 Iul( ) 7
L 1

in view of (2.16). Thus, we finish the proof. O

For simplicity we denote

A; = E(Du,B") and a; :][|Du| dy.

Bi
Then we define the composite quantity

M; = Z ][\Du\dy—i—d "E(Du, B") Z a; + 67" A,

j=i—2Bj Jj=i—2

for every inter ¢ > 2 and

1+1ia d
A= Hl ][ |Du|dy+H /(M) 0 H100+H2W (’I(),R),

n
B(JZo,R)

where
Hy :=10%67%" and Hy:=108%6; #™"2 | >3

Then from (2.18) and (2.19) we find that

A
M; < 567" ][ |Du| dy = 567°" ][ |Du|dy§1—07 for i =2,3.

B(zo,R) B(zo,R)

Moreover, we know that

2R

—Z / (Iul (@0. 0 >>> d—j . /<|u|<i£a_cg,g>>>lfw_;

T1+1 R

. _1 7 1 2R
> (|M|(Bv'+l)) e / do (|M|(B(»T0,R))> e [ do
= 2 T?fl 0 (2R)"—1 J 0

Tit1

937

(2.17)

(2.18)

(2.19)

(2.20)
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ool 1Y o= [ |p|(BitY) | w|(B(zo, R =
() e ()

i=0 Tit1
i m
> Z (5” 2‘“' (BY) ) . (2.21)

Here without loss of generality we may as well assume that the above inequality holds by choosing §; > 0
small enough. Therefore, from (2.18), (2.19) and (2.21) we have

. 1
g (lel(B)
10557 S ( s <A (2.22)
1=0 g
and
B TTig
1085, 4 <|“|75 1)> <\ foranyi> 0. (2.23)

In view of (2.20), without loss of generality we may as well assume that there exists i, > 3 such that

A A
M;, < 100 and M; > 100 for any j > .. (2.24)

If not, we deduce that M;, < A/100 for every ¢ € N and an increasing subsequence {j;}, and then for a
Lebesgue point zg of Du

A
D <1l Du|dy < —
Du(eo)] < Jim f |Duldy < 55,
Bi
which implies that the desired result is true.

Now we are ready to finish the proof of the main result, Theorem 1.7.

Proof. From (2.17) and (2.24) we have

Te A
> aj 46" A = My, < (2.25)
i 100°

We prove it by induction. We shall prove that
a; + A; <X for any j > ie. (2.26)

From (2.25) we can know that (2.26) is true for j = i.. Now we assume by induction that (2.26) is true for
le < j <. From Lemma 2.4 we obtain

n—1
rj—l

1 Bi—h)\
Ajyo < ZAj+1 + 4673y <M> . (2.27)

From (2.23), (2.26) and (2.27) we find that

1 Bi-2)\
Am§1&+%ma<w< 0

72

A

IA

IN
w| >

(2.28)

] =
—
[en]
o
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Furthermore, by summing up (2.27) for j = i, — 1,4, ...,4 — 1 we find that

1
it+1 i oo i\ TTia
1 ~3n ul(B7) )
ZAj 3A¢G+ZZAJ-+451 C’lz T : (2.29)
j=ie j=ic §=0 J
which implies that
1
i+1 o) 1 I+iq
BJ
D A; <24 +857°Ch Y % . (2.30)
=i j=o \ "
Therefore, we deduce that
Air1 — @i, < Z (aj+1 — aj) < Z ][ |Du — (Du)Bj|dy = 6;” Z E(D’LL,BJ> = 5;” Z Aj,
J=te J=te Bi+1 J=te J=te
which implies that
aiy1 < ai, + 267" A;, +8674"C iM <oM, 4+ <2
1+1 > Wo 1 Te 1 1 ’I“"-l_l = Te 100 = 37

j=0 'J

in view of (2.22) and (2.25). This inequality together with (2.28) implies that a;11 + A;41 < A. Therefore,
(2.26) holds for any i > i.. Finally, since z is a Lebesgue point of Du, we have

|Du(zo)| = lim a; < A.
1— 00
Thus, we complete the proof. O
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