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SPECTRALITY OF CERTAIN MORAN MEASURES WITH
THREE-ELEMENT DIGIT SETS

ZHI-YONG WANG, XIN-HAN DONG*, AND ZONG-SHENG LIU

AssTrACT. Let D, = {0, a,, b,} = {0,1,2}(mod 3), p, € 3Z*, n > 1, satisfy sup,,,, W
< oo. Itis well-known that there exists a unique Borel probability measure 1, ) (p,) gen-

erated by the following infinite convolution product

Hip D) = Opipy * Opy o)1y ¥ o

in the weak convergence. In this paper, we give some conditions to ensure that there
exists a discrete set A such that the exponential function system {e27%) A forms an
orthonormal basis for L(u, ) (0,))-
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1. Introduction

Let u be a probability measure with compact support on R". We call it a spectral
measure if there exists a discrete set A € R” such that E, := {*™¢? : 1 € A} forms an
orthonormal basis for L*(u). The set A is then called a spectrum for u. The existence of
spectrum for u was initiated by Fuglede in his seminal paper [11]. The first example of
a singular, non-atomic, spectral measure was constructed by Jorgensen and Pedersen in
[14]. This surprising discovery received a lot of attention. The spectral property of fractal
measures becomes an active research area, and more spectral fractal measures were found
in [15,19] and [1-3,5,9,12,13,17]. The spectral property, Fourier transform [16,21,22]
and Cauchy transform [6-8, 18] of fractal measure form the main topics in the analysis on
fractals.

Date: November 9, 2017.

2010 Mathematics Subject Classification. Primary 28 A80; Secondary 42C05, 46C05.

Key words and phrases. Moran measures; Spectral measure; Spectrum; Fourier transform.
The research is supported in part by the NNSF of China (No. 11571099, 11401053).

*Corresponding author.
1



In [19] and [1,4, 13], the authors constructed some classes of Moran spectral measures.
Motivated by their work, we focus on certain Moran measures with three-element digit
sets. Before the statement of the main results, we first give some definitions and notations.
Let

D, ={0,a,,b,} ={0,1,2}(mod 3) and p, € 3Z" (1.1

be a digit set in Z with |a,| < |b,| and an integer for all n > 1, respectively. In this paper,

we always assume that

¢ := limsup M < 00, d :=limsup 2] < 00, (1.2)

n—00 Pn n—oo pn
Write P, = pi1p>--- p,. Under the assumptions of (1.1) and (1.2), then associated to the
sequence {p,, D,}, there exists a Borel probability measure y,, (p,;,» which is defined by
the following infinite convolutions of finite measures:

Hipa)D,) = Oprip, * Oprip, * - (1.3)

in the weak convergence, where * is the convolution sign, 6 = # >, 0., #E 1is the car-
ecE

dinality of a set E and ¢, is the Dirac measure at the point e € R. It is known that the
support of y,,.y(p,) 1 the Moran set:

T(pa)AD) = D | P,'D,.

n=1

Strichartz [19] first studied the spectrality of yg,)(5; where expanding matrices {R;}7
and digit sets {Bj}‘;f;1 satisfy #{R|,R,,- -}, #{B1,B,, -} < oco. In [5], Ding considered
the case p, and D, defined by (1.1) such that D, c N, #{a,,b, : n > 1} < oo and
ged(ay, by,) = 1 for n > 1. In this paper, we will study the spectrality of y;,,p,; defined

by (1.3) without the boundedness assumptions : #{a,, b, : n > 1} < oco.

Theorem 1.1. Let p,, )0, be defined by (1.3) where p, and D, satisfy (1.1)-(1.2). Sup-
pose that one of the following conditions holds:

(@) liminf % < min{3, 2};
(b)y 1<a,<b,foralln>1, and liminff)—" < min{1, %}.

n—oo

Then ), is a spectral measure with spectrum A = U~ ( Xiz; Pi{0,u;/3,v;/3}) for
some choice {u;},{v;} satisfying u;,v; € Z \ 3Z and u; # v;(mod 3) for all i, where P; =
HZ:I Dk

From Theorem 1.1, we have the following corollary.

Corollary 1.2. Let p, 0, be defined by (1.3) where p, and D, satisfy (1.1)-(1.2). If

c<2/3(ord<1land]l < a, <b, ), then yy,, p,, is a spectral measure.
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Remark 1.3. Ding [5] proved that y,,p,) is a spectral measure if p,, D, are defined
by (1.1) with a,, b, > 1, gcd(a,, b,) = 1 for n > 1, and sup,,., max{a,, b,} < oco. Its proof
is divided into two cases: (i) #{p, : n > 1} < oo; (ii) #{p, : n > 1} = oo. In case (i), it
follows from [19, Theorem 2.8] that p,,, 0, is a spectral measure; for case (ii), we have
linm_> glf “— = 0 as {a,} is bounded, which is a special case of Theorem 1.1(a), and hence

Hipio,y 18 a spectral measure. Obviously, our theorem allows sup,, max{a,, b,} = oo
and gcd(a,, b,) # 1 forn > 1.

In the following, we construct an example to illustrate that the conditions (a) and (b) in
Theorem 1.1 are not redundant.

Remark 1.4. Let Z)l =1{0,1,2}, D,, = {0,2,4} for m > 2, and let p, = 3 forn > 1.
Then ¢ = lim “— = = and d = lim 2 o= ‘3—‘. Hence {p,} and {D,} satisfy (1.1)-(1.2), but

do not satisfy the condmon (a) or (b) in Theorem 1.1. However, i, p,) is not a spectral
measure. This follows from [10, Corollary1.4] and

Hipion = 0310, % S L2731 = S Lhoassonarm + Ly
3
as 63-2p, * 03-3p, * -+ = §£|[0,2/3]-
The organization of the paper is as follows. In the next section, we summarize some of

the definitions and preliminary results on Fourier transform of y, (p,;. In Section 3, we

prove Theorem 1.1.

2. Preliminaries

Let u be a probability measure with compact support on R. The Fourier transform of u
is defined by (&) = f e 2"¢xdu(x). Then for our case, we have

Aipaion(€) = l_[ Mo, 5,(P, €), 2.1
n=1
where
1 . .
Ma,, &) = 3(1+ ¢ e 4 g7y (2.2)

is known as the mask polynomial of D,. We use Z,, := {£ : h(¢) = 0} to denote the zero
set of the function A. It is easy to see from {a,, b,} = {1, 2}(mod 3) and (2.1)-(2.2) that

(Z\3Z) and Zp, ., =| )= (Z\32). (23

ZMaivbi = P 3 gcd( l’b)

3 ged(ay, b;)
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We say that A is an orthogonal set for y if E, is an orthonormal family for L2(u). It
is easy to show that A is an orthogonal set for u if and only if i(4; — A;) = 0 for any
Ai # Aj € A, which is equivalent to

(A—MN)\ {0} C Zs. (2.4)

Let OQp(€) = X jea (€ + D). Using the Parseval identity, we have the following basic
criterion for orthogonality of E, in L*(u).

Proposition 2.1. [14] Let u be a probability measure in R" with compact support, and
let A C R" be a countable subset. Then

(i) A is an orthonormal set for u if and only if QA(&) < 1 for & € R"; and

(ii) A is a spectrum for p if and only if Qa(€) = 1 for &€ € R"

In this paper, we write

M}’l = 6PIIZ)1 koeee 3k 6[);12)’1 and /l>n = 6P;i12)n+l k 61)71 DrH—Z koeeo (25)

n+2
Then iy, 10,0 = M * Psn. We say u € (Z\ 32)Y ifu = {u;}2, with all u; € Z \ 3Z. For any
u,v € (Z\ 32)" with all u; # v(mod 3), we write

(&9

Ap' = > Pl0w/3,vi/3) and A= | J AR 2.6)

i=1 n=1

The following lemma is used to illustrate that A*” is an orthogonal set for yy,, (p,}-

Lemma 2.2. Let p, and D, be defined by (1.1). Then the set A;"" is a spectrum for i,
and A" is an orthogonal set for ,, p,, for any u,v € (Z \ 3Z)" with u; # vi(mod 3) for
all i.

Proof. From (2.3) and (2.4), it is easy to check that A,‘:’V and A" are orthogonal sets for
px and g, 310, Tespectively. Moreover, A} is a spectrum for x4 because the dimension
of the space L*(1) is 3%, which is the cardinality of the set A", O

3. Proof of Theorem 1.1

We first state a proposition, which is weaker than Theorem 1.1. Indeed, we only use
“sup ” instead of “lim sup ” in the hypotheses of Theorem 1.1.

Proposition 3.1. Let y,,, (p,, be defined by (1.3) where p, and D, satisfy (1.1) and ¢ :=

Sup,5 'Z—' <d:= Sup,5 'ﬁ—z' < oo. In addition, suppose that one of the following conditions
holds: (i) lim inf 'p—' <min{3, £}; (ii) 0 < a, < by foralln > 1 and lim inf % < min{1, £}.

Then 0, is a spectral measure.
4



To prove Proposition 3.1, we need the following lemmas. Noting that p, € 3Z", we
have P, = p1p,--- p, = 3", which will be used many times in the rest of this paper. We
use the notation [x] to denote the minimum integer greater than or equal to x € R, i.e.,
[x]:=min{n € Z : n > x}, and define a positive integer

=3 +10g(max{1,c?})/10g3]. 3.1)

Lemma 3.2. With the hypotheses of Proposition 3.1(i), let u, be defined by (2.5) for
n>1andu = —v = {1}2,. Then there exist an increasing positive integer sequence
{mebie, with g — ng_y > Ny, and a constant a > 0 such that

(i) |asn(E+ D= aforallAe A, k>1and|é] < 1;

(ii) |fLon (€ + DI 2 exp (=9N+1=1) for all 1 € Ayy! ., k> 1and €] < 1.

Proof. For fixed r € (liminf '“"', min{Z, 2}), we choose a positive integer [ such that

n—oo

30 4+2 . 1 1
3r’ 3¢r

We can find an increasing sequence {n;};., such that

3 (3.2)

|al‘lk+1|
ne > 1, nge—ng = Ny, <r, Vik>1. (3.3)

pnk+1

For convenience, we write
1 A p-1,, o ip-lp
JHE +A) 1= 1My (P (€ + V)| = §|1+-eszfW@*“4-e2“Pf%@+”|

and

o bi(€+ A
%ﬂ’ Nj2 =2+ ) = D, 34

J Pj

ni=njE+A)=-

It follows from (2.5) that |, (£ + )| = ] J;(€ + ). Now, we estimate J;(§ + A) for
j:nk+l
j = n; + 1. For

Ae A = Z P{0,1/3,-1/3} (see (2.6) with u = —v = {1}72)), (3.5)
i=1
we can find {¢;}!_, € {0,1,-1}" such that A = 373" ¢;P;, and hence 4] < 37! 3% P,
Noting that p, € 3Z* and £ = (Hj,':l.+1 pe)~t <37t fori < j, we have

€+ Il Z"f
<2pEEl o 3}1/ + Z

A€ A'” <1 3.6
P St e €1 (3.6)

l\)l'—*

1
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Combining (3.3) and (3.6),

_ laniljgra) (L 1)
|nnk+l,l(é‘: + /l)| |_| fa”k“ (é:'_’ﬁ)l <r 31P+ 2/ (3 7)
_ lajl 1an+1 1 ni+1 ~ 1 1 1 . :
|77],1(§ + /l)l - Dj Pnk+l |ank+l| Pj—l S Cr(31 + 2) 3j—nk—2’ .] Z nk o 2’

where sup,,, 0 = . Pute = § - (5 + §) max{er, r}, (3.2) implies & € (0, §). By (3.7),
11
;1€ + 0,2+ D) €[5 + €, 3 = €l XR = Uiez(Q + (0, ) (3.8)

for £l <1, 1€ A" and j > my + 1, where Q := [ + &, 3 — £] X [0, 1]. We consider the

continuous function
1 27ix 27 t 2
fx,y) = §|1+e +e”™, (x,y) eR.

It is easy to see that f(1,1,17;2) = Ji(¢é+A) and Zy = {(m,2m+k)/3 : m € Z\3Z,k € 3Z},
where Z; is the zero set of f. Since dist(€2, Z¢) > 0 (see Figure 1), it follows from (3.8)
and the integer-periodicity of f that

min  Ji(+A) > min f(x,y):=>0, j>mn+1.
|€1<1, /IEA,‘;: (x, y)EQ

| |
| 1+ |
| |
| |
| |
| |
,,,,,,, +,,,,J,,,,_,,,,,*,,,,,,,,,,,,
I |
| |
| |
| |
************ - T AT T e
| |
| |
| |
| |
I I X
I I ]
- . - 1
| 7 7
| |
| |
,,,,,,, [ e R
| |
| |
|
———————————— - - - ——— — ——
i
|
1k

FiGure 1. The zero set Zy of f.

Thus for integer p > 1,

ng+p

]_[ JE+D 2B >0, <1, 1eAr. (3.9)

j:nk+l
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(o)

In the following, we estimate the lower bound of [  J;(£ + A) where Ny is given
j=nk+N0+1

in (3.1). It is easy to check that 34 < 1 where d = SUP,» -, 1By

| Similar to (3.7), we have
bl 1€+ A Py, <3’+2 d 1 <31+2 1

P_j P, Pi, 2 30 3No-2 3j+l-m—No — 9.3l 3j+1-m—No

for j > n+ No+ 1, 1€l < 1 and A € A}, Together with (3.2) and (3.7), it yields

2+ D] =

2771 (€ + DI, 27np(€ + D < 3TN s e+ No+ 1, €< 1, A€ ALY (3.10)

Hence J;(¢ + 4) > 3|1 + cosnjy + cosnjal > $(1 +2cos 377#+N0r ) for j > my + Ny + 1.
Applyingcosx > 1 — %xz, we obtain that

(o) (o) (o)

1
[ se+rnz [] 30+2c0s sy n —55) 3.11)

J=nk+No+1 J=ng+No+1
for [£] < 1 and A € A", This together with (3.9) gives |it,, (6 + V)| = [T, J(€ + ) >
1[31\’0 =aforlé] <1, 1€ A" and k > 1, and (i) follows.
In the following, we prove (ii). Let A € A;Y , k> 1 and |¢] < 1. By (3.3), j > n; + 1
implies j > n;_; + Ny + 1; hence (3.10) becomes

2l (€ + Dl 2 o€ + D < 3TN sy 41, (3.12)

Similar to (3.11), we have

1
|1u>nk §+/l)| > l—[(l - 59]+nk —Nj—1— N()) = eXp(Zlog(l h §9]+’lk k-1~ NO))

-1
eXP(Z 307 )2 eXP (G o 1)

where the second 1nequa11ty follows from log(1 — x) > —=5x (0 < x < 4/5). The proof of
(i1) is complete. O

Lemma 3.3. Under the conditions of Proposition 3.1(ii), then there exist an increasing
positive integer sequence {n};. | satisfying ny — n_y = No where Ny is given in (3.1), two
sequences u,v € (Z\ 3Z)", and a constant 8 > 0 such that

(i) |sn &+ )| =B forallAe A, k> 1and & €0,1];

(ii) |fsp, (€ + )| > exp (-9NoF 1=ty forall A € Ay, k> 1 and & € [0, 1].

Proof. Note that liminf Z” < min{l, } and 0 < a, < b, (n > 1). For fixed r €

n—oo n

(liminf Z—", min{1, J}), we can find a integer [ > N, such that

341 1 1
1 <m1n{3 g} (3.13)

7




It is obvious that there exists an increasing positive integer sequence {n;},>, with ;. —
n; > [ and n; > [ such that

n by, 1 . 1
Gnel Pl o < omingl, =) < min{l, =), k> 1. (3.14)
P+l P+l d c
Define 6 = {0;}2, € {-1, 1} such that §; = 1 fori € {n; : k > 1} and §; = —1 otherwise.

Letu=2v = {251},':1- For

Ae AL =" 5:P{0,1/3,2/3} (see (2.6)),

i=1

we can find {c;}?_, € {0, 1,2}" such that A = 3! >, cio;P;. Hence

Pl N IP 2”k_11 1
I|>| Zazp S§Z§<§’ AeN” ), k=1 (3.15)
Nk ng

We further claim that

AENT\A |, k=1, (3.16)

ng—1° =

In fact, 1 € Ay \ AZ;"_I implies ¢, € {1,2} and ¢,, = 1, and hence

ny n—1 1

_ZC5P _an ".k—l%(gi(l_lpj)_lzl_zz?)nk_iﬂ > 0.

On the other hand,

Cn; P, iPi - 2P, 2 Lo 2.3l
_Z3Pnk \ Z §PnkSZ§PnkS§Z3nk—ni<31_1’

I<i<nm—1,i#n;

where the last inequality follows from n;, — n; = ';;,.1 (nj.1 —n;) > (k—1)l. Hence, (3.16)
holds.

We now prove Lemma 3.3 (i). For 1 € A" = A”’V " UG AZ;{V_I), we divide it into
two situations for discussion: 1 € A" | and A € A, \ AL

Casel: 1 € A”V ,and € € [0, 1]. Then (3.15) implies =5 M < 3, + < ” . Using this
instead of (3.6), and applying a similar argument as in Lemma 3. 2(1) we can prove that
there exists ¢y > 0 such that |, (£ + )| > ¢y for 1 € AZ;V_l, £e0,1].

CaseIl: 1€ Ay \ A”V ", and £ € [0, 1]. By (3.14) and (3.16), we have

max{dp +1, bng+1} 41 1 2.30-1 3l 1+1
— Ry o i » ) <205, a
Xaj, b + np+ g -1y *
0< p; Pnk+1 P/kl 2dr 1 3m2e ] >n+2, k>1.
Lete:=2%— 2rmax{1 01}3 1 Then € € (0, 2) by (3.13). This together with (3.17) gives

(77];1,77],2) € [- § + 60 = D for j > ny, where n;;,7;, are in (3.4). Similar to (3.9), we
8



have

ng+3
]_[ JiE+ D)z (min f(x,y)) =& >0, AeAF\AY , £€[0,1].  (3.18)
et (xy)eD
It is easy to see, by (3.13) and (3.17), that 27l |, 2nlnjal < dnitlodes < L for
Jj=n+4 Hence [] Ji(E+2A)> % (a similar argument as in (3.11)). This and (3.18)
j=ng+4
give |, (€ + )| > 1 for A € ApY\ Ay € €10,1].

The above two cases tell us that (i) holds for 8 := min{c, %K3}.
The proof of (ii) is similar to that of Lemma 3.2(ii); we only need to use 27n(n;l,

3141 dr 1 . uy
T e < 3o for j > n + 1 and 4 € Ay, instead of (3.12). There-

2rlnja| < 4m
fore,

|iton, (€ + )| > exp (—94_""*'""*1) > exp (_9N0+1_nk+nk—1)’

where the last inequality follows from Ny > 3 (see (3.1)). O

Proof of Proposition 3.1. (i) Let A*" = ;> A", where A" is given in (3.5). Define

0@ = ) MtppioaE+ VP and  Onw(@ = D" |y o + DP.
/IE/\,MV;V /leAll,V
Let {n;},>, be given in Lemma 3.2. It follows from fi,,, (p,) = flnf>n, and Lemma 3.2 (1)
that |yp,),10,1(€ + DI 2 |2, (€ + D for 1 € A" and [¢] < 1. By Fjeprr 12, (6 + VP =
1(see Lemma 2.2), we have

0n@ =0 O+ D ity €+ P

U\ AUV
AEAR\AY

> 0, @ +a(1= D lmE+P), <1 (3.19)

AeAy)
If Qpur(€) £ 1(€ € R), then by Proposition 2.1 and the uniqueness theorem of analytic
function, we can find |&| < 1 such that Q. (&) < 1. Let 179 satisfy max{Qaw (&), €72} <
no < 1. Further, by selecting subsequences, we can assume that ng,; —n, > Nyo + 1 —

logy Inn, 2 for k > 1, where N is given in (3.1). It follows from Lemma 3.2(ii) that

|t (&0 + )| = exp(=9N0F! Tty > (o> 0, A e AL

Nj—1"

Since |fip, 10,1 (€ + VP = |, (o + DPIisn & + DI > noli, (&0 + D)I?, summing with

u,v

respectto A € A;;” |, we have

. 1 X I
D G+ P <= > lpm + P < — &) < 1.
o

u,v 0 u,v
/leA,,k_1 /leA,lk_]

9



This and (3.19) give Q,, (&) = Qu,_, (&) + @ (1 = 7' Qnes(&)) . By recursion,

12 Q) 2 Qulé0) = Ony + (k= 1a? (1 =15 Qaulé)) = +o0 s k — +oo.

This contradiction shows Qaw (&) = 1(€ € R), and the proof of Proposition 3.1(i) is
complete by Proposition 2.1.

The proof of Proposition 3.1(ii) is similar to that of Proposition 3.1(i), we only need to
use Lemma 3.3 instead of Lemma 3.2. O

Proof of Theorem 1.1. For any positive integer N, we let ¢ = ¢y = sup,.y '1‘;—”' and
d=dy = SUpP,.s bul Tt is easy to see & > ¢, d > d (see (1.2)). By the assumptions
of Theorem 1.1(a) and (b), we can find a sufficiently large N such that (i) lim inf ';—" <

Pn -
n—o0

. 2 2 . 2 2 .. . . b, . 1 . 1 .
min{3, ﬂ} < min{3, 3=}, (i1) hnm_)glf o< min{1, E} < min{1, ;} under the assumption of
1<a, <bh,.

Let IJN = 61)1_12)1 ook 6PX/IDN and /’lN+ = 6PNP1_VI+IDN+1 * 6PNP1_VI+2DN+2 e Then l’l{pn}s{-@n} =

iy * (ns © Py) and fip ) 0, &) = an@)fins(PRE). Let Ay = ¥V, Pi{0,1/3,-1/3}. Tt
follows from Lemma 2.2 that Ay is spectrum for . On the other hand, by the proof of
Proposition 3.1, it is clear that there exists a spectrum Ay, C Z for uy,. Now we show
that Ay + PyAn, is a spectrum for yy,, (p,; by Proposition 2.1.

Note that fiy(€) = TTY, My, (P7 &), where M, (&) = (1 + e 4 ¢=27b€) Since
PyP;' (i < N) is an integer and M, ,,(¢) has integer-periodicity, we can conclude that
An(€ + Pyn) = fin(§) for any n € Z, so

A N ~ _ 2
D o EFOP = DT €+ A+ Py)Plan (Py € + Ay + Pyy))|

AeAN+PNAN+ A1EAN,A2EANS
N N _ 2
= D lavE+ P D | (P E+ )+ ) = 1.
A1EAN AEANS

Hence, we complete the proof. O
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