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Volterra integral equation

1. Introduction

We consider the numerical differentiation problem, where the derivatives of a function are approximated
by using values of the function and eventually other knowledge about the function itself.

The direct use of numerical differentiation methods can support applications where functions are known
only on discrete sets, such as in the context of sampling processes, or applications where the derivatives
computation involves too complex formulas. A usual situation where such applications require the compu-
tation of numerical differentiation is the solution of optimization problems by derivative-free methods, see
[4] for details.

A problem of slightly different nature is the solution of differential equations giving a relation between the
unknown function and its derivatives. For such problems the approximation of derivatives plays a central
role and allows the definition of algebraic equations for the corresponding numerical solution [6].

The simplest method for the numerical differentiation is given by the finite difference approximations.
Despite their popularity, finite difference methods for the evaluation of the derivative have low accuracy and
stability properties [7], [13]. Nevertheless, if the function is analytic on a neighborhood of the derivation
point and it can be evaluated for each point of this neighborhood, the problem is well-conditioned [11] and it

* Corresponding author.
E-mail addresses: nadaniela.egidi@unicam.it (N. Egidi), pierluigi.maponi@unicam.it (P. Maponi).

https://doi.org/10.1016/j.jmaa.2017.12.007
0022-247X/© 2017 Elsevier Inc. All rights reserved.

Please cite this article in press as: N. Egidi, P. Maponi, The singular value expansion of the Volterra integral equation
associated to a numerical differentiation problem, J. Math. Anal. Appl. (2018), https://doi.org/10.1016/j.jmaa.2017.12.007



https://doi.org/10.1016/j.jmaa.2017.12.007
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:nadaniela.egidi@unicam.it
mailto:pierluigi.maponi@unicam.it
https://doi.org/10.1016/j.jmaa.2017.12.007

Doctopic: Applied Mathematics YJMAA:21868

2 N. Egidi, P. Maponi / J. Math. Anal. Appl. ese (ssee) eee—ses

can be efficiently solved by numerical methods. So, in scientific literature, several numerical differentiation
algorithms of arbitrary analytic function are present.

For example, methods to approximate derivatives of real functions using complex variables have been
studied in [1], [2], [7], [15], [18]. In particular, the method proposed in [1] is based on numerical inversion of
a complex Laplace transform; the one proposed in [7] uses the Fast Fourier Transform.

Differential quadrature [22] is another well-known method where derivatives are approximated by
weighted sums of function values, and it has been applied extensively in various engineering problems
[17]. The weighting coefficients of the polynomial based, Fourier expansion based and exponential based
differential quadrature methods can be computed explicitly.

Numerical differentiation algorithms based on polynomial interpolation approximate the function deriva-
tive by the derivative of the interpolation polynomials. Some versions of this strategy have obtained good
results in terms of accuracy and stability; for example, [3] uses low-order Chebyshev interpolation polyno-
mials to compute the derivative of noisy functions, [10] and [12] use Neville algorithm for computing the
interpolating polynomial in order to compute stable approximation of function derivative. We note that
this algorithm is used in the routine DO4AAF of the NAG Library [14] to approximate the derivatives up
to order 14.

From standard arguments on Taylor series, the differentiation problem with one-side boundary conditions
can be reformulated as a Volterra integral equation of the first kind. Several authors have discussed the
use of such an integral equation for the numerical differentiation problem. For example, in [9] it is used to
compute the stepsize in the finite-difference methods, in [21] has been proposed a sparse discretization of
this integral equation, in [20] a fast multiscale solver has been proposed for the numerical solution of the
Tikhonov regularization equation.

In this paper we consider the problem of numerical differentiation reformulated as this Volterra integral
equation of the first kind. We present a method for the construction of the singular value expansion of the
kernel of such an integral equation; so that, it allows the definition of simple algorithms to solve this integral
equation and, in turn, to compute the numerical derivatives of a given function. A numerical experiment
is used to test the proposed method by comparing the corresponding results with the ones obtained by a
well-established scientific software.

In Section 2 the problem of numerical differentiation is described together with the corresponding Volterra
integral equation of the first kind, as well as its solution obtained by using the singular value expansion of
the corresponding integral kernel K. In Section 3, the characteristic equation for the singular values of K is
given together with the analytic expressions of the corresponding left-singular functions and right-singular
functions. In Section 4 some numerical examples are given. Section 5 describes some conclusions and future
developments.

2. The integral equation for the derivation problem

Let v > 1 be a given integer number, and let f : [0,1] — R be a continuously differentiable function up to
order v, and suppose that () (0),5=0,1,...,v—1, are known or already calculated, where fU) denotes the
jth derivative of f. Hence, from standard arguments on Taylor formula, we have that the integral equation
with unknown function v : [0,1] - R

v=1 1) .
ko) =50 - - 00, e,
§=0

where K is the integral operator having kernel K : [0,1] x [0,1] — R defined by
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(= e
K(t,s) — v—1)! > 0 <s<t< 1’ (1)
0, O S t S S S 17

has unique solution v = f) (see [21] for details).
Therefore v = f*) is the unique solution of the following Volterra integral equation of the first kind:

— 5 v—1
/ (t(y_)l)!v(s)ds =g(t), (2)
0

t, telo,1], (3)

has the properties that ¢©)(0) =0, 5 = 0,1,...,v — 1 and g (t) = f*)(¢), t € [0,1]. In particular, when g
is a continuously differentiable function up to order v such that g(j)(O) =0,7=0,1,...,v—1, then v = g

)

is the solution of

/K@gm@@:gw,temgy (4)

We note that the differentiation problem can be formulate by other different integral equations. The
theory of Green’s functions for ordinary differential equations [19] gives a very standard approach; for
example, in the case v = 2, the operator Lg = ¢(® with boundary conditions g(0) = 0 and ¢(1) = 0, has
the following Green’s function:

G(t,s) = t(s—1), 0<t<s<l1,
U s(t—1), 0<s<t<1,

so, the following Fredholm integral equation of first kind:

/G@@mngg@,temy
0

has solution v = ¢(?), see [5] and the references therein for details of such an integral formulation and its
numerical approach. We note that for the same derivation order ¥ = 2, but with initial conditions g(0) = 0
and ¢’(0) = 0 we have that v = ¢g(?) is the solution of the Volterra integral equation (2), or specifically:

/(t — s)u(s)ds = g(t).
0

In Section 2.1 we recall some general properties of the singular value expansion of compact operators; in
Section 2.2 we introduce some notations; in Section 2.3 we give some preliminar results.
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2.1. The singular value expansion

From standard arguments on integral operators with square integrable kernels, we have that there exists
a Singular Value Expansion (SVE) of the kernel (1), that is

K(t,s) = Zmul(t)vl(s), t,s €0,1],
=1

where puy > po > ... are the singular values of K, for [ = 1,2,..., gy > 0, moreover u; and v; are the
corresponding left-singular function and right-singular function, respectively, see [8] for details.
Let K* be the adjoint integral operator of IC, then its kernel is
K*(s,) = K(t,s), t,5€0,1],
and

Ko = wuy, Kfuy= v, 1=1,2,.... (5)

Moreover the solution of (4) is

wm:z@wmm (6)

= M

where (-, ) denotes the inner product on the space of real square integrable functions on [0, 1].
In the distribution sense, we have

dV
2K - _
p (t,s) =0(t — s),
K*(s,t) = (—1)"8(t —
DR (s1) = (~1)16(t — 5),
where § denotes the Dirac’s delta, and so for [ = 1,2,... we have
d¥ dr
u = (Ku) = sz, (7)
L, av L, dv
u = (1) 25 (Krw) = (=1)"m o (8)

2.2. Notations and properties

Let R™ be the n-dimensional real Euclidean space, ¢+ € C be the imaginary unit and C" be the
n-dimensional complex Hilbert space. Let x € C, we denote with T € C the conjugate complex of =z,
and with |z| its modulus. Let x = (21,22, ...,7,)T € C" be a column vector, where T denotes the transpo-
sition operator, we define: T = (771,73, ...,T,)L € C*, 2™ = (a7, 25, ...,2™)T € C", m € N. In particular
0,, € C™ is the null vector; 1,, € C™ is the vector having all the components equal to 1. We denote with C**"
the space of complex matrices having order n, O, € C™*™ denotes the null matrix, I,, € C"*" denotes the
identity matrix, J,, € C"*" denotes the anti-diagonal matrix having the anti-diagonal entries equal to 1.

Remark 1. Let Q € C"*™ n € N, n > 3, be a matrix having non null entries only on the diagonal and on
the anti-diagonal, that is Q; ; = 0 when i # j and i # n — j + 1. Let R € C(»=2)X("=2) he the submatrix of
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@ obtained by deleting the rows 1 and n and the columns 1 and n, then it is easy to prove the following
formula for the determinant of Q:

det (Q) = (Ql,lQn,n - Ql,nQn,l) det (R) . (9)

Let pg : Z — {0,1} be the modulo operation with divisor 2, so that ps(k) gives the reminder after the
division of k by 2, and let p5 (k) =1 — p2(k), k € Z. For k,q,j € Z, v € R, we define

0 — 2q+pa(v) ) IF, if v is even,
T T oy T Ben iy s odd,
cq = 080, 54 = sinfg, zg = e = ¢y + 15,
crq = cos ((k+1)8,), Skq =sin((k+1)6,),
4 = cos (1), 50 =sin(s,)
ng; 0s ((k+1)0; —vsq) = cx qc(V) + sk qs("*) (10)
=sin ((k + 1)8, — vsq) = sk qc( 7 — ¢ qsm (11)
= (e,
v— p2 v
n= vopl)
T
(gv;, ey, e m,
T
('v) Q) v
( )j7 ’ja 7sy—17j> GR 9
c. Zg(? ERY, s =§(3) €RY

Remark 2. We have the following relations:

YZq — ,VCqplYS (0) _ (0) _ .
eVt = eT%e N, 5 = Skiq, Cp g = Chyg

* Co,q = Cq5 S0,¢ = Sq>

® gu—pg(u)—k =T = ok; 917 = gv

e 0< by <bth < <Oy 1<0,=7%5<0p11<...0,_,,0) <m, where the first and the last inequality
hold as equalities only when v is even;

e 1>co>c1 > >cp1>¢;=0>cpp1 > ...Cpp,) = —1, where the first and the last inequality

hold as equalities only when v is even.

In particular the following four square matrices of order v are defined: when v = 1, T() = (s0), T 7@ =
(co), UV = (s63), U@ = (cf)): when v = 2, TW = (¢ 5,5.1), T® = (e pc.), UV = (s'7,P),
U = (2{7) (7)) when v > 3

71 — (Q.,y—pz(y)vg,w_pz(l,)_l o Gt S g S ,§_,V_1) , (12)
7@ — ((_:.,V_pz(y)&.,y_pZ(U)_l e G S k1S g2 ,§.7V_1) ; (13)
vt = ( (’L)fz )’ S(::));T(V)+1""—(Z7)’ e 2’~-"9%)>’ (14)
U@ _ (§F;);(V),§Fl>;(y)+l_.. S0 ) ) 1,.“,9'(78). 15)
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We note that matrix 70 differs from T(® only at column 1 4 1, while matrix U®") differs from U only
at column n + pa(v).

2.3. Preliminar results

The following lemma gives some relations between the determinants of matrices 7™ and 7).

Lemma 1. Let dV) = det (T(l)), and d? = det (T(Q)), the following relations hold

d® 4 1dD = (=1)"7 7 (14 py (v)) 227771 (16)
dVd? = py (v)(~1)"4" & a7
<d<2)>2 _ <d<1>>2 = pa(v)(=1)" 142, (18)
d= H (p2(v) +2p5 (v) (1 + ¢4)) 84(—cq) -
n+1<g<v-—1

[T (=l (19)

n+1<p<q<v—-1

where the product [ [ are equal to 1 when the corresponding set of indices is empty.
Proof. See Appendix A. O

We note that d is a positive real number, in fact, from Remark 2, it is the product of positive factors.
Moreover, when v is odd we have dMd® =0, (d(Q))2 — (d(l))2 = (=1)""147d? and its sign depends on n;
when v is even we have (d(2))2 — (d(l))2 =0,dMd? = (—1)74"=1d? and its sign depends on 7. In particular
when v = 1 we have dV) = 1 and d® = 0, when v = 2 we have d) = —1 and d® = 1.

Let us consider the following four square matrices of order v: when v = 1, W) = (0), W@ = (1),
DO = (), DO = (cf”); when v = 2, WO = (=5, +c.1,5.0), W = (5., — c.1,e.0), DY =

Diag(sg’”, s(()'Y))7 D® = Diag(cgﬂ, c(()'Y)); when v > 3

1) — (_ _ _
W= ( Copz () TCpr 1 TE -1
d® (pas. , +pyc.,) +dP (=pac , +p3s.,)
S.p—1s8. p—2y--- a§.’1;§.’0) (20)
(2) —
W= = (§-,p;(1/)’§-,p{(l/)+1""v§-,n—1a

d® (pac., — pys. ) +dY (p2s., +prc.,),

Q.,n717g.,77727" '79',172"0) (21)
DY = Diag (Sg)w S<p?(l/)+ﬁ e 87(71)17 sy, 55731’ S Séw) @2)
D® = Diag (el eV el el ) (23)

For the determinants of matrices W) and W2 we have the following result.
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Lemma 2. For matrices W) and W) defined in (20), (21), the following results hold
det (W(l)) =0, det (W(Q)) = po(¥)2%1d* — p; (V)22 # 0 (24)
where d is given by (19).

Proof. See Appendix B.
3. The singular value expansion of K

We describe the characteristic equation for the singular values p of K and we give the expression of the
left-singular function and the right-singular function associated to a given singular value p of K.

Theorem 1. Let y; > 0 be a singular value of the integral operator K defined by its kernel (1), and let
v = 1/ ¢/mi. Then, the singular functions corresponding to p; are

v—p2(v)

w(t)y= Y enert (qg“) cos(yispt) + S5 sin('ylspt)), te0,1], (25)

p=0

v—p2(v)
w(t)= > ene! (C;;J) cos(ispt) + S5 Sin(fylspt)), te0,1], (26)

p=0

where coefficients C,(,'), SZ(,') eER,p=0,1,...,v— pa(v), are defined by the following relations:

e ifv is odd
CiW = (-1)PHS, S0 = (—1)pC, (27)
v—1
(C},%w - S},’U)sk’p) =0, k=0,1,...,v— 1, (28)
p=0
v—1
> (S + CS) =0 k=01 v (29
p=0
o if v is even
S =85 = 8§ = 5 =0, (30)
i = (—1ref), S5 = (-1)Ps, (31)
> (Ceky = Sskp) =0, k=0,1,...v — 1, (32)
p=0
3 al (ng%m _ S;%Q;)) —0, k=01,....v—1. (33)
p=0

Proof. Let t € [0,1] and I be a positive integer. Let p; > 0 be the Ith singular value of X with singular
functions wu;(t) and wv;(t), then they satisfy (7) and (8). Let

o1(t) = w(t) — (=1)"0P2 () §(t) = w(t) + (=1)"1P2Puy(t), (34)
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then, from (7) and (8), o; and §; are solutions of the following differential equations:
4
Hi dtl’

ﬂl@él Lp2(u)($ (36)

o = —LPQ(V)O'l, (35)

In particular, the solution of equation (35) is supposed to have the form o;(t) = A!; then parameter A must
satisfy the following equation

ulog” A = — 2 ()
from which we have

A= p=0.1,.. . v—1,

where v, = \V/lm Hence, the v complex linearly independent solutions of (35) are
o1 p(t) = eFpen p=0,1,...,v—1. (37)

For equation (36) similar arguments hold, in particular the v complex linearly independent solutions of (36)
are

Sip(t)y =€ p=0,1,...,v— 1. (38)

We note that 01,(0) = 1, 01,,(1) = 7= = s () 4 a0, ), 01,(0) = 1, dy(1) = enor =
evic2p ( () +LS(’W) .

From (37) and (38), it is straightforward to prove that

TlLu—p—1(t) = p2(V)1 p(t) + p3 (V)1 (), p=0,1,...v—1,
gl,y,p,l(t) = pa(V)oip(t) + p3 (V)1 p+1(t), p=0,1,...v—1.

In particular, we have that both sets of the complex integrals of (35) and of (36) are generated by the
following 2v linearly independent real functions

o), (t) = Re(oy,,(t)) = et cos(tysapi1), P=0,...,m—1, (39)
o2 (1) = Im(01,(£) = e+ sin(tysapsr), p=0,...,7 -1, (40)
S () = Re(1,,(t) = e cos(tysay), p=0,...,n, (41)
515 (1) = Tm(3,p()) = €7 sin(tyi53,), p= g3 V), .1 = py (V). (42)

Hence from (34), we have that the set of the real integrals of (7), (8) is also generated by the above functions,
that is

n n—1
=3 (C8a) )+ 82 ®) + > (Chh o))+ 55,0 1), (43)
q=0 q=0
n
w(t) =3 (CE060) )+ SLe) 1) )+Z(02q+1 o1y () + Siaofa (1)) (44)

q=0
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where CI(,'), S](;) eR,p=0,1,...,2n, and S; (v) — S(u Sg:’l) = Séz) = 0 when v = 27, and so we have (25),

(26) and (30).
In Appendix C we prove that the solutions of (35) and (36) satisfy the following relations:

]C”l(z (t) = - Z ﬁckﬁp-ﬂ Mlal(lpﬂz(y))(t)a
k=0 ’
oo = 5 I sl
o200 = 3 g — Uty
e = 3 I g s
Ko (t) = — :;: ﬁck op + iy 2 (1),
g = 5 U0 ) Capafy
Koy (1) = > (v— 1:_’“1)1!%“ sk.2p + (=1) mdpy, (@),
k=0
K5 (1) = — DR D7 a0 4 s B0 0D .

(v —k— 1)y

From (43)—(52) we have

Ko(t) = Z (C(U)(;(l-i-m(v))( )+ (— l)uség)(;l(fl—pz(u))(t)) +

q=0
n—1
1+ v ) 2 v
1 Y (~Chaol ) — (-1 SG el ) +
q=0
-« vl S () ()
- (Cgv Ck.2q — Sy Sk,Zq) +
];O(y—k; 1)’ylk+1 <q—0 ! !
n—1
-5 (Clhonarn - honann) ).
q=0

mn
* v u > (v u 2—pa(v
Krun(t) = my_ (=17 C8)80 0 1) + 805N ) +
q=0

n—1
Y (0 Ch ol @) = i ol V) +
q=0

1_tuk 1

v— 1
o5 G (S o (s - st +

(45)

(46)

(47)

(48)
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+Ze»ylc2q+1 (Cé;‘+1 g‘/équl 52q+1 ](C’YZHI)) .

So that, from (5) we obtain relations (27), (31) and

v—1 = k—1 < n ) o
- 2 : E C. Y C - S v S +
k"rl ( 2q Ck,2q 2q k?,2q)
im0 (V= k= 1! a=0
+ g ( 2q+1ck 2g+1 — SéZl_lsk72q+1)> =0,
Vil Q-9 w) (W) _ o(w) (n)
ﬁ Zemq ( W) — si)s ,j;q) +
0

1
cagr (A ) W () _
+Y e (C2Z+1 i1 — S8 k7§q+1)> =0,

form which we have (28), (29) and (32), (33), this concludes the proof of the theorem. 0O

From the above theorem, we have that when p is a singular value of integral operator I, defined by its
kernel (1), and v = %ﬂ then the coefficients of the corresponding singular functions must satisfy: equations
(27)—(29) in the case v odd, and equations (30)—(33) in the case v even. These equations can be written as
the following linear system having 2v equations

S
M (6) =0y, (53)
where
T _ () @) () vty ()
c” = (cf,c,....c ) e R
T_ (o) W (v) vy ()
ST = (89, S0 ) o S ) € RO

and matrix M = (M. ,,M ,,...,M ,,) € R**2” has columns

_§-,i7p2(u)
M. P
' €0) ™)
CHI (P2( 1Ty — 2 s v>)
1=1,2 —p5 (V) (54)
2»71—1
M . _ =
= itv—py (V)
(’Y) (ﬂz( )s (,Z) 1+p (3’) 1)
i=12,...,v+p; (V). (55)
Definition 1. We define
hy () = det (M) (56)

where M is the matrix of order 2v whose columns are given by (54) and (55).
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When py, 1 =1,2,..., s a singular value of integral operator K defined by its kernel (1), then v; = 1/ ¢/

is a zero of h, and the coefficients of the singular functions associated with u; respect to the base functions
(39)—(42) are given by a non trivial solution of the corresponding linear system (53).

Hence, in order to compute the singular values of L we have to compute the positive zeros of h,. In the
following we give the expression of h, for v = 1,2, and we give the asymptotic behavior of h,, when v > 3.

Remark 3. When v = 1 we have that hy : RT = (0, +00) — R defined in (56) is
hi(y) = —cos(y), (57)

and for [ =1,2,... and t € [0, 1] the SVE is

g 1
m=5+ Im, = po w(t) =V2sin(yt), wv(t) = v2cos(nt).
l

Remark 4. When v = 2 we have that hs : RT — R defined in (56) is

ha(7) = =4 (1 — cos(7) cosh()) (58)

and for [ =1,2,... and t € [0, 1] the SVE is given by

e~y are the positive zeros of ho(7y) such that 0 <13 <y <73 < ...,

—

* M= 7,
o wl(t) ; C (Bie™t + (B + 1) cos(yt) + (B — 1) sin(yt) + e~ "t),
o u(t)=C (Biemt — (B + 1) cos(yt) — (B — 1) sin(yit) + e~ "t),

where C' is the same normalization constant and

cos(yy) +sin(y) + e
cos(yr) —sin(y) +en

B =

Theorem 2. When v > 3 we have that h, : RT — R defined in (56) satisfies the following asymptotic
relation:

hy () = (=1)"1d*227 1 (2p2(v) — p5 (v)) cos(7)e7E + gu(7), (59)

where g, () = O(e7%) when v — +o00, d > 0 is given by (19), and

n—1
§=2) ci—py (v)eo, (60)
i=0
n—2
fo=cn1+2Y ci—py (¥)eo. (61)
i=0
We note that when v > 3
eéo
S =¢ =0,y oo

Proof. Let v > 3, Py, is the set of permutations of {1,2,...,2v}, P%) i=1,2,3, is a given partition of Py,,
71 is the restriction of the bijection 7 € Py, to {1,2,...,v} and 73 is the restriction of the bijection 7 € P,
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to {v+1,v+2,...,2v}, see Appendix D for an extensive definition of these objects and their properties.
Let sign(7) be the signature of permutation 7 € Ps,,. From standard arguments on matrix determinant, and
the fact that {P®), i =1,2,3} is a partition of Py, we have

2v 2v
ho(7) =det(M) = > sign(r) [[ Miroy = Y sign(m) [[ Mi-) +
i=1

TEP2, i=1 rep)
2v

+ Z sign(r H M; iy + Z sign(r) H M; -y (62)
TeP(®2) TeP®) =1

Appendix D defines also four sets of bijections B(]), i,7 = 1,2 and two special permutations 70) ¢ PU),
j =1,2, such that for j = 1,2

rePD erneB? i=1,2, (63)

sign(7) = sign(r))sign) (71 )sign¥) (13), if 7 e PU), (64)

where, when 7 € PU), sign¥)(r;) = (=1)¥, and k is the number of inversions necessary to obtain 7; from
()
7.

From the definitions of 7y and 7o, and formulas (63), (64), with j = 1, we have

2v
Z sign (T HMz (@) = Z sign (T (HMZ T()> ( H Mi,‘r(i)) =

TepP®) rep®) i=v+1

= Z sign(r (1))Slgn(1)(7'1 s1gn (H M; 7 l)>

T1 EB{I) ,TzeBél)

2v
. < H Miﬂ(i)) :sign(r(l)) Z s1gn(1 (11 HMl 1.(9)

i=v—+1 7'1€B<1)

2v
Z Sign(l)(Tg) H Mi,‘l’z(i) . (65)

T EBél) 1=v+1

The second factor in the last formula is the determinant of the matrix obtained by removing the last v
rows and the last v columns from the matrix M, (), that is matrix M with columns permutated by (1), see
Appendix D for a precise definition. In particular, from the definition of matrix M given by (54) and (55),
the definition of 7(!) given in Appendix D

W =(@uow—1,...,20—n+1,

77+P2(V)a77+P2(V)+1;--->2V—77a
17—|—p2(1/)—1777+p2(y)—2’,,_’1)

and the definition of T() given by (12), we have

E 51gn T1 HMl ()
TlEBi)
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= det ((_3_,V7P2(V),Q_,V7p2(y)71 e ’g'ﬂH’l’ _ﬁ,’ny _§.’n+1 ey _§.,y71) =
= (—1)"""det (T<1>) . (66)

The third factor in (65) is the determinant of the matrix obtained from M_a) by removing the first v rows
and the first v columns, in particular, from the definition of matrix M given by (54) and (55), the definition
of 7™ and the definition of U®, i = 1,2, given by (14), (15), we have

2v
Z sign® (73) H M; ¢y | = p2(v)det (agﬁ)g%), agy)g_(:yl), e
726B§1> 1=v—+1

04577_)1&(37)_1, Oéﬁ,”)é‘(},), a;’y_)lg.(z)—1 ('y—)2c(ﬂ:7)—27 cee ('Y)(V)C(:Ll (V)) +

+ py (v)det (%‘Y)é}))v agﬂg_(:}) o a% )6(777)’

(67

(v) (v) () (v) (v) (v) _
Ap—15.n-1> a" 28 p-2000 7 pi(v)i,p;(w) -

n—1

= pg(v)agy) H (ozg7 ) det (U(1)>

=0
n—1

_ aaf? H( (v)) det( <2>)
= (1) (pz(V)det () = 95 ()det (U2)) (67)

in fact aﬁ,’Y) = (=1)7e¥%n = (—1)", and
(a0 0 T ()2
o) T (o) + 5 o [T (a8) = <.
i=1

=0

From (65), (66) and (67), we have

Z sign(t HMZ (i) = (—=1)"sign(r Wyerédet (T(l)) .

TeP@)

. (pg(u)det (U(1)> — py (v)det (U(Z))) . (68)

With a similar discussion but by using 7, defined in Appendix D, we have

2v
Z sign(r) HM'L.7T(7;) = (—1)""tsign(r?)e ¢ det ( 2))
i=1

TEP?2)
: (pg(l/)det (U<2>) + py (v)det (U<1>)) . (69)
On the other hand, for the last addendum in (62) we have:

2v
H M; )| <

1=v—+1

H Mi,‘rl (2)

i=1

)

2v
H M; 7, )

i=v+1

> s [0/ < 3 5
reP®) reP®) reP®)
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where the last inequality follows from the fact that when i < v, M, . is sine or cosine. In Appendix I the

following formula is proved:

2v
Z H Mi,'rg(i) = (’)(6750), (70)
reP®) |li=v+1
where £ is defined by (61). Hence we have
2v
> sign(n) [[ Mz = O(@%). (71)
TEP?3) i=1

From (62), (68), (69), (71), and from sign(t()) = —sign(7()) (see Appendix D), we have:

ho () = sign(r®))e? pa(v) (det (T(”) det (U(1>) + det (T(2)> det (U(Q))) +
+ sign(r@)e e p (v) (det (T)) det (U) — det (7@ ) det (UD) ) +
+ O(e¥%0), (72)

where matrices T, T?) UM U®? are defined in (12)-(15). From sign(7(?)) = (=1)"™" (see Appendix D),
formulas (10), (11), (72), and the multilinearity property of the determinant, we have:
ho() = (1)1 pa(v) (4D det (UD) +ddet (V) ) +
+ (=) e py (v) (d(l)det (U(2)) —d®det <U(1))) + O(e¥%0) =

— (1)1 ™) €0 ™)
_( 1) e’~det (§~,p;(u)7§-,p;(zj)+17.”7§'77_1’

4 (p2()s) + p3 (1)) +d® (p2(0)cy) = p7 (1))

Q.(;])ﬂag.(z,),g, e ,g%)) +O(e7%) =

= (1) det (WO D) + W DD) 4 O(e2), (73)

where W W@ DM D are given by (20)-(23). In Appendix B it is proved that there exist a,,
¢g=0,1,...,n—1,and by, p = p5 (v),p3 (v) +1,...,n — 1, such that

n—1 n—1
d? (pas., +prc.,) +dD (—pac , +p35.,) = D bps,+ > agc,. (74)

p=p5 (V) a=0

Let
T _
a= (an_l, Ap—2,. .. 7%;(1/)) e R7Pz (V) (75)
r n—py (V)

b= (850> Bps (ryp1s o sbu1) ERTTEC), (76)

from (74), we have
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0, b Jy
w® Qf 0 Qg =wm, when v is odd, (77)
—Jy a Oy
Onfl b J7771 anl
T T
w® Opr 0 Oy 0 =WW, when v is even. (78)
—Jn-—-1 a Onfl anl
937171 agp 9571 0

So W = W@ ¥ where J®*) is the matrix defined by relations (77), (78), and
det (W D@ + wHDW) = det (W) det (D + J*) D).
From (73) we have
b () = (~1)7 1 e7Edet (W) det (D) + J© DO + O(ee),

where det (D(Q) + J(”)D(l)) = cos(7), see Appendix F for a proof of this last relation, and from Lemma 2
we have (59). This concludes the proof of the theorem. O

4. Numerical examples

We propose a simple algorithm to compute the v-derivative of a function f(¢), ¢ € [0,1], by knowing
fu )(0), j=0,1,...,v—1. This algorithm is based on the singular value expansion presented in the previous
sections; so it has the following straight structure:

Algorithm 1. Given v, L € N, given f(t),t € [0,1] and fU)(0), j = 0,1,...,v—1, compute an approximation
@) of f0) by the following steps:

1. compute the first L singular values, u;, I = 1,2,...,L, of K in (1), by the L lowest zeros v, > 0,
1=1,2,...,L, of function h, defined in (56),

2. foreachl=1,2,..., L, compute the left-singular function u; and right-singular function v;, by (25)-(33),

3. compute the approximation f®) of f*) by formula (6), where the sum is truncated to index I = L and
g is given by (3).

This algorithm is tested by two numerical experiments. In the first experiment the following two functions

1
fl(ﬂf) = 1—|——J)27

fa(x) = cos ((1 + x)z) , (80)

(79)

are considered with respect to derivation order v = 1,2,10. Note that, for each one of these functions,
the corresponding right-hand side of integral equation (4) is computed by formal calculations. Moreover
an extension of the Neville algorithm [10], [12] is used to compare the results obtained with the proposed
method. In the second experiment we consider the numerical derivation of some singular functions of the
kernel (1) for the case v = 1,2.

Fig. 1 shows the first L singular values, p;, | = 1,2,..., L, when v = 1,2,10. Algorithm 1 is used to
compute the v-derivative of fi1, fo at 100 points uniformly distributed into the interval [0, 0.5] and the errors
on these approximations are evaluated by the explicit derivatives of f1, fo. Table 1 shows the results of this
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Fig. 1. The diagrams give the singular value p;, | = 1,2,..., L, of K as a function of [, for derivation orders v = 1,2,10 and

truncation parameters: L = 320 for v = 1; L = 160 for v = 2; L = 71 for v = 10.

numerical simulation. In particular, it reports the errors on the approximations computed by Algorithm 1,
and by the extension of Neville algorithm; moreover it reports also the difference between || K||? (the £2-norm
of K) and the norm of the singular integral operator obtained by the first L terms of the singular value
expansion of K. We note that different truncation parameters L are used for different differential orders v.
This is due to the different asymptotic behavior of the singular values p; when I — oo for different orders
v, see Fig. 1, as consequence of different regularity properties of K defined in (1). In particular, from the
last column of Table 1, we note that when v = 10 the truncation error for the kernel K is 1.6(—14) when
L = 30, instead when v = 2 is 3.2(—5) when L = 150 and when v = 1 is 1.8(—2) when L = 300. From
Table 1, we can observe that the extension of Neville algorithm is superior to Algorithm 1 for low derivation
orders; on the contrary the two algorithms has similar accuracy levels for v = 10, where the truncation
error is very small. We note that approximation methods based on integral equation (4) guarantee accurate
approximations in a neighborhood of zero, instead the numerical error for Algorithm 1 has been computed
on the interval [0,0.5].
The relevance of the second experiment is explained by the following remark.

Remark 5. The singular functions u; and v; corresponding to the singular value p; satisfy the following
relations

() = —u(t), (s1)

W = ED7
v (t) = m 1(t). (82)
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Table 1

The second and third column report the 2-norm relative er-
rors obtained, by applying the proposed Algorithm 1 and the
extension of Neville algorithm (NAG), in the computation
of the v-derivative of f;, i = 1,2; the errors are computed
by using 100 points uniformly distributed into the interval
[0,0.5]. The fourth columns reports the difference between
the £2-norm of K and the norm of the corresponding sin-
gular value expansion used in the proposed algorithm.

f1 f2 K[> =27, uf
v=1
L =100 5.2(—4) 1.9(—4) 3.2(—2)
L=200  1.9(—3) 2.2(—3) 2.2(—2)
L =300 6.6(—5) 2.4(—5) 1.8(—2)
NAG 1.2(—=14)  3.1(—15)
v=2
L =50 2.6(—3) 3.2(—2) 1.6(—4)
L=100 1.3(=3) 1.6(—2) 5.8(—5)
L=150 8.5(—4) 1.1(-2) 3.2(—5)
NAG 1.5(—13) 2.6(—13)
v =10
L=10 4.0(—3) 5.0(—1) 1.6(—14)
L =20 6.3(—4) 3.3(—1) 1.6(—14)
L =30 6.5(—4) 2.3(—1) 1.6(—14)
NAG 4.7(=3) 5.6(—2)

Table 2

The 2-norm relative errors, at 100 points uniformly distributed into the inter-
val [0,0.5], obtained by applying the proposed Algorithm 1, to compute the
v-derivative, v = 1,2 of w1, us, w10, v1, vs, vio, whose analytic solutions are
given by (81) and (82).

U1 Uus u1o0 V1 Vs V10

v=1

L =100 2.4(-13) 2.1(—-13) 9.1( ) 2.1(=3) 3.7(=3) 6.3(=3)
L =200 5.8(—13) 2.2(—13) 9.2(—13) 8.8(—4) 1.6(—3) 2.4(-3)
L =300 1.3(—-12) 2.6( .2(—13) 5.3(—4) 9.6(—4) 1.4(-3)

=2

Z =50 1.7(=9)  4.2(—11) 9.4(—12) 1.1(=3) 3.5(—=3) 6.5(—3)
L=100 21(—6) 57(—8)  1.3(—8)  2.8(—4) 9.8(—4) 2.1(-3)
L=150 24(-7) 57(—8)  1.3(—8)  1.3(—4) 4.6(—4) 1.0(—3)

These relations (see also formulas (7) and (8)) are used in the derivation of the characteristic equation
hy, () = 0 given by (56).

In particular, this experiment tests relation (81) and (82) for the cases v = 1,2 by considering the
derivation problem for the following singular functions i, us, w19, v1, s, v19- The numerical results are
obtained by applying the proposed Algorithm 1, these results are compared with the theoretical results,
i.e. (81) and (82). Table 2 reports the 2-norm relative errors, at 100 points uniformly distributed into the
interval [0,0.5]. This table confirms the theoretical results, in fact the approximations of the v derivatives
of vy, vs5,v19 have the same quality of those for general functions such as f; and fs reported in Table 1; on
the contrary, for the v derivatives of uq, us, u19 we have good approximations because their v derivatives
are in the finite dimensional space used for the representation of the solution, i.e. span(vy,ve,...,vy), that
is the space generated by the singular functions v;, see formula (6) for details.

These preliminar results serve to show the correctness of the proposed method; however, they also provide
an interesting outcome, in fact the simple Algorithm 1 proposed in this paper can be greatly improved by
different ways, such as the regularization of the inversion of singular value decomposition [16], or the joint
use of operator [ and its adjoint [C*; in particular, with this last choice we conjecture to obtain a better
approximation on all the interval [0, 1] by considering a self-adjoint operator.
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The numerical results shown in this section have been computed by a FORTRAN program running
in an Intel Pentium D CPU 36Hz with operative system Windows 7. In particular for the Neville algo-
rithm we have used the implementation provided by the routine DO4AAF of the NAG Numerical Library
[14].

5. Conclusions

The problem of numerical differentiation, reformulated by a Volterra integral equation of the first kind,
has been solved through the singular value expansion of the corresponding integral kernel. This singular
value expansion allows the definition of a simple algorithm to compute the numerical derivatives of a given
function. The numerical results obtained with this algorithm give a numerical evidence of the correctness
of the general approach proposed in the present paper. However these results can be improved by using
refined algorithms taking into account the regularization techniques to deal with ill-posedness of problem
(2). Another way to improve the results obtained by Algorithm 1 is the joint use of integral operator X and
of its adjoint K*. Finally, an interesting future study is also the application of the proposed method in the
solution of differential equations.

Appendix A
In the following Lemma 1 is proved.
When v =1, TM = (s¢) = (1) and T = (¢co) = (0), so dV) =1 and d? = 0.
When v = 2, T = (c.9,8.1) and 7@ = (c.9:€.1), 80, also in this case, it is immediate to verify that

dV = —1 and d® =1.
Let v > 3 and let

lhen
— —10 —1260 —0 T —10 —10 — —1)6.
( Lp’E L p,...) 2% p) Lp<17e Lp7...,2 L(V 1) p) .

From the multilinearity property of the determinant we have:

(2) (1) — _
d +ud = det, Q-,ufpz(u)’g-,upr(V)fh'"72-,T]+1’Q',77+L§'777’§"7l+17§'a77+2’""§',V*1 =
1 _ _ _
= det, 5 Co—pa(v)r Crv—pa(v) =11+ 1 Ent11 Eny Lon4 15 ey 05 - - -5 L, +
1/ _ _
+ B} (Qufm(u)’gufm(l/)*l’ w1y Epy e Ty _Lgufl) =

1 _ _ _
= det (5 (Qy—pg(y))gy—p2(y)—17 e 3§n+17g177 L§n+17 LQn-{—Q? st Lgy—l) (IV + J)) 9

where J = (Ji,j)lgi,jgu is a matrix having the following non null entries: when v is odd, J; , ;41 = —¢, for
i=1,2,...,v,i#n+1, and Jy11,941 = 1; when v is even, Ji1 =1, Jip—iy2 = —¢, for i = 2,3,...,v,
i #n+1, and Jyqi1 941 = 1.
Let
x = (eLoV*m(V) , eLeV*PQ(V)*l e €L9n+1 , eLan’ 67L0n+1 , e*L977+27 R e*Leu—l) c Cv.

Please cite this article in press as: N. Egidi, P. Maponi, The singular value expansion of the Volterra integral equation
associated to a numerical differentiation problem, J. Math. Anal. Appl. (2018), https://doi.org/10.1016/j.jmaa.2017.12.007




YIMAA:21868

Doctopic: Applied Mathematics
19

N. Egidi, P. Maponi / J. Math. Anal. Appl. ess (sees) see—see

When v is odd

T = (eLel,_17eL0,,_27 o €L0n+17€L6n7 87L0W+1 , e*ben_#g’ o efLal,_l) ;
—1 1 —
det (gvfpz(V)’Qprz(V)*l’ cr o Eng1s €y L1 gy - - s LQV—1> =
—1 -1 —1
det (gy—17§V—23 SR S PR PR N R MW, PR L_y—l) =
lT
v—1 -
e _ z
=1 gty H o= | det t2 ,
et -
-
moreover, from the definition of J and (9), we have
n
det (I, +J) =2 [ [ (1 = (=0)(—1)) = 27F1.
p=1
When v is even
T = (eLO,,’eLO,,,l’ . 6L0n+1 , 6L6",€7L0n+1,67L0T’+2, . e*b@,,fl) .
—1 1 —
det <§u—p2(u)7§u—pz(u)—lv w1 Epy L1y L ps - s ”§u—1> =
-1 -1 _
det (gy,gu_l, e 1 €y L 11 L o Lgl,fl) =
lT
v—1 -
B _ z
il 16L077 eLO,, H 8L9p€ 0y det £ ,
p=ni1 e
£V—l
moreover, from the definition of J and (9), we have
n—1
det (I, +.J) =4[] (1 = (=)(=1)) = 27+
p=1
So that, by noting that e*» = ; and when v is even ‘% = —1, we have
T
L
1\” z
_ 1 T
d® 4+ d® = <2> (1) det PUARIS
xufl
1 1%
n+1 v— v+1
(3) @ 0™ T -,
1<i<j<v

where we used the Vandermonde determinant with z; the ith entry of z.
We note that when ¢ # j, i, = 1,2,...,v then x; # z;, so that d® 4+ 1d™) #£ 0, moreover by using the
definition of x; and by analyzing separately the two sets of indices {(,7) : 1 <i<n+1, i <j <wv} and

{(4,7) : n+2<i<j<wv}, it is straightforward to prove that

I @i—=)=0"""(1+p; (v))d,

1<i<j<v
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and hence (16). Let ¢ € N, we have

—1)%2%d, v=4C+1, n=2(,
CQ2+1q v=4C+3, n=2¢+1,

(—1)

@ o0 ) (=D

AV =Y ) Z1)9%a  v—dC42 =20 +1,
(—1)

0 v=4¢+1, n=2¢,
g — ) (FD2Hd v =443, n=20+1,
(—1)¢22%¢q v=4C+2, n=2(+1,

)

)
(—1)6F122¢+ gy =4C+4, n=2C+2,
(-1)

—1)$2%¢q v=4C+1, n=2(

0 v=4C+3, n=2¢ +1,
(—-1)SH122%d v =4C+2, n=2(+1,
(—1)SH122¢+d » =4C+4, n=2(+2,

d =

from which we have (17) and (18). O
Appendix B

In the following Lemma 2 is proved. When v = 1 it is trivial. When v = 2 it follows from $.0 = 0y,
0=t <bh=5<bp=ms5,= (1,0)7, cq1=(0, 1)T. When v > 3, for p, k € Z, we have

(2v—2pg (v) —2p+pa(v))
= eWv—pa()—p — ¢t D S g etTe~t0p

B pa(v)—p =
k _ b=k
Fv—pa(v)—p = (=1) Zps
cos(kby,_p,()—p) = (— 1)* cos(kb,), (B.1)
sin(kf,_ p,(v)—p) = —(—1)" sin(k6,). (B.2)

For k =1,2,...,v and p € Z, cos(kf),) is the kth entry of vector c. , € R” and sin(kf),) is the kth entry of
vector s, € R”. By multiplying the 7+ p2(v) rows of the matrices TM and T® having odd indices by —1,
and by using (B.1), (B.2) and the multilinearity property of the determinant, we have

d —det( w=p2() Ev—pa(v)-1- —',n+1’§~,n’§-,n+1""§~,V71) =
_ (_1)77 p2(v) det( 0C 1"'"9,7}—1’_§',77’_§'7ﬁ—1""’_§~,p;(u)) =
= det (g 0 Copg 198y Sy ,§.7p2—(u)) ,
d? = det( w=p2()r € v—pa(v)— 1""’Q-7n7§-,n+1’§~7n+2"'7§-,v—1) =
_ (_1)77 p2(v) det( 0 C 17""g',TI’_§'7"7*1’_§'7"772"'"_§‘,p;(u)> =
= —det (g_)o,g_)l, cs G S 1S gy ,§.7p;(u)) .

When v is even S.0= 0, and so det(W(l)) = 0; when v is odd

det (W“)) =dMdet (—C g, —Cqre s —Copy Sy 18 90 28.0) +
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_77 17_ 7]7 S n— 17"'7§.,0)—
= — (=) dMd® 4 (—1)7d> g

+ d@det (—c.oo=C1rens

so that, from (17) det(W ™) = 0 also for v odd. In the same way we have

(2) (2)
det (W) = d®det (., )05 05 (1051
p2(1/)9-,n7p2_(1/) o En—15C - 23"'&Q~,0)+

1)
+d det (§"p;(u)7§.’p;(y)+17.'.7§‘777—1’

’02(1/)§',77+p2_( ) 177 = 17 - 2,...,Q‘70) =
= pa(v) (*(—1)"d(2)d(2) + (*1)”d(1)d(1)) i

+p5 (V) (f(—l)”d@)d(l) _ (—1)"d(1)d(2>) :

from which by using Lemma 1 we have (24) and in particular det(WW(?)) is positive when v is odd and
negative otherwise. This concludes the proof of Lemma 2. Moreover from Lemma 1 we have

det( Py (V)’_vpz (V)+1""’§-,77717
A2 (p2(V)s.y + P2 W)e. ) +dV (=pa(V)e., + 0z (V)s.,,)
’Q-,n717g-,nf2a e ’Q~,O) =

= po(v) <(_1)nd(2)d(1) I (_1)nd(1)d(2)) n

+ 5 () (—(=1)7a@d® + (~1)7aMdV) =0,

hence, because detW (?) # 0 there exist a,, ¢ =0,1,...,m7— 1, and by, p = p; (v),p5 () +1,...,n7— 1, such
that

d® (pa(v)s.,, + py W)e.,) +dD (=pe(v)e., + oy (v Z bys. +Zaq_ o

p=p5 (v)

Appendix C
In the following formulas (45)—(52) are proved. Let
fa:[0,00) = C, folt) =€ t>0, a€C,
by applying iteratively integration by parts we have that

v—1 = k—1

(K fa) ( Z a” D o fo (1),
P (v—k-1)!
V71 t)l/*kfl
(K" fa) ( e“Z oo DT ).
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Moreover, by using the notations introduced in Theorem 1, we have

Ul,p(t) = 67122p+1t f71z2p+1 (t)

5l,p(t) = et = f’nzzp (t),

(mzg) " = em D%
q 'Ylk—H ’
—u(2g+ v))/2
(’leq)_” = M = (=1)%e Lp2(l/)’n'/2’

Re( —up2(v) 7r/2 (1+p2('/)) )7

—tp2 V)7r/2 pg(u (2 1)2(’/))( )

i

Im (e—tr2 1/)77/25

#0) =

Im (e #0) =
Re< —tp2(v) 7r/251 ) (1+PQ(V (t),

(¢ ) =

Pz(V 1(21) P2(V))(t),

and by using the above formulas we have

Koil(t) = (K (Re (01,))) (1) = Re (Kor,) (1)) =
v—1 v—k—1
t
S Re (e tk+1)0pi1) 4
2 i ( )
I (_1)2p+1mRe (e_m?(”)”mal)p(t)) =
v—1 tl/—k—l

(I+p2(v))
= — C 0_ |
kZ:O (v—Fk— 1)!,ylk+1 k,2p+1 — M0 (t)

that gives formula (45). Instead

1 V71 _ t)l/ k—1
( ) Z 1/ - _1 ' k+1 Re (6’Yl22p+167L(k+1)62p+1)) +
k=0

(=) Re (e 2007 20y, (1) =

v

1 Yk
_ (-D)F(1 -tk 167102p+1 (W) + (= 1)V+1Ml0(1+p2(y))(t)

(v—Fk—1)! ,ykJrl ,2p+1 l,p

=~
I

0

that is formula (46). The remaining formulas (47)—(52) arise in a similar way.
Appendix D

In the following we introduce some notations and properties of permutations, required in the proof of
Theorem 2.

For n,m € Z, n < m, let I, ,, = {n,n+1,...,m}, B(H,K) be the set of bijective functions from
H C Z to K C Z and P,, be the set of permutations of I1 ,,, that is P,, = B (I1,m,I1,m). We can denote a
permutation 7 € P,,, m > 1, also in the following way

7= (W), 7Q2),...,m(m)),  7(i) € im, @ € Tim.
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We consider the following disjoint sets of bijections

BP B (It Iyt po () o () =1 Y Dugenpa () 41,20 » (D.1)
BF) B (I Ity ()4 1,.04p2 () =1 Y Tt pa(0).20) (D.2)
BYY = B (Iys1,20 Tint par) -1 U Lot pa(o) vt pa(w) ) » (D.3)
Béz) =B (IV+1 205 L1 tpa () U Lo po () w4 (v) — 1) ) (D.4)

)

bijections in B(J , 7 = 1,2, have the same domain [; , and different codomains, instead bijections in B(] )

j = 1,2, have the same domain I, ;2, and different codomains. Let 7 € P, we define 7 = ’/"|]1‘U,
T2 = T|1,41.0,, it is easy to see that P pR) pB) « p,, such that

repP® o EB(I) & To EBél),

) )

TEP(2)<=>T1€B( <:>72€B(

P® = p\ ( PO p(2))
is a particular partition of Ps,,, moreover
reP® o ¢ Bil) U B§2) &1y ¢ Bél) U 352). (D.5)

Let 70) € PU) j = 1,2, be the following two particular permutations in P,

() = i+ pa(v) — 1, n+1<i<v+n+1,
2v—i+1, otherwise,
J - <i<

7-(2)(2'): Z+/02'(V) 1, 77"‘2_.2_1/—}-777
v—i+1, otherwise.

We note that: 7 (i) = 73 (i) when i ¢ {n + L,v+n+ 1} 7O (n+1) = 7@ (v4+n+1) = 5+ pa(v);
T W4+n4+1) =7 (n+1) = v+n+p2(v) = 2v —1n; sign(rM) = —sign(7?) = — (=1)""", where sign(-)
denotes the signature of the permutation.

When 7 € PU), j = 1,2, from the definition of PU) we have that

(), 71(2),- @) and (71,77 @),.., 7 w))
are permutations of the same v distinct elements that depends on j, and also
(ro(v + 1), 7o(v +2), ..., m(2v)) and (72@( +1), 7w +2),... 7T§j><2u))

are permutations of the same v distinct elements that depends on j, so the following quantities are well
defined:

sign)(1;) = (=1)*, re PV j=1,2,

(4)

where k is the number of inversions necessary to obtain 7; from 7,”/, and it is easy to prove the following

sign(7) = sign(r))sign) (11 )sign?) (13), if e PU), j=1,2.
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Let 7 € Py, we define A, the matrix obtained from A = (v;,v,,...,v,5,) € C?**? by permuting its
columns by 7, that is

AT*A( (1) 7—(2)""397—(2y))'
Appendix E

In this appendix relation (70) is proved. Let 7 € P®) and let M be the matrix defined by (54), (55); for
i=v+1,v+2,...,2v, we have

(v) ()
()= pa(v) (PZ(”) O ma—pa ~ P2 )8 p2<v>)

(i) < v —py (v),
M 7,6) = 2

o (p2)s, 1+ p3 ()l 1])
J=m12(8) = p2(v) — v, m2(i) > v —p;y (v),

and so

2v 2v

2v
(v ()
ST Mime| < D2 II | (6= pa ()] 11 1) =2 ()
Tep® li=v+l Tep® i=v+1 i=v+1
m2(i) < v —py (V) T2(i) > v — py (V)
2v 2v
— Z H eYCra(i)—p2(v) H eYCra(i)—pa(v)—v _ Z 6’y(a(‘r)+b(‘r))’
TEPE i=v+1 i=v+1 TEPE
(i) < v = py () (i) > v = p3 (v)
where
2v
a(r) = > Cra(i)—pa ()
i=v+1
( ) <v—py ( )
2v
b(r) = > Cra(i)—pa () —v
i=v+1

(i) > v —p; (v)

So, relation (70) is proved if a(r) + b(t) < & when 7 € P®) and & is defined by (61). From Remark 2
we have 1 > co > ¢; > ciy1 > —1,0=1,2,...,v—pa(v) = 1, ¢; = —Cv—p,(u)—i> Cni = —Cn—iy & € Z, and
¢y = 0. The value a(7) is the sum of distinct terms chosen into {¢1_p, (), C2—p, (), - - - Cv—1}; the value b(7)
is the sum of distinct terms chosen into {co,c1,...,¢y—p, ) }; a(7) +b(7) is the sum of v terms chosen into
{eo,c1,- o eu_py}s each ¢;, @ = 1,2,...,v — 1, can appear at most two times into a(7) 4 b(7); co can
appear at most 1 + pa(v) times into a(7) 4+ b(7). So that, from (60) we have

a(T) + <cn+226Z (14 p2(v))co = €.

Please cite this article in press as: N. Egidi, P. Maponi, The smgular value expansion of the Volterra integral equation
associated to a numerical differentiation problem, J. Math. Anal. Appl. (2018), https://doi.org/10.1016/j.jmaa.2017.12.007




Doctopic: Applied Mathematics YJMAA:21868

N. Egidi, P. Maponi / J. Math. Anal. Appl. ess (sees) see—see 25

If 7 € PO from (D.5) 75 ¢ Bél) U Béz) and so from (D.3) and (D.4) there exist i, j € 412, such that

72(1) & T ptpav)—1 Y Lt pa(0) wtpa(0) 40
T2 (]) ¢ Il,n+02(u) U Iu+92(u),u+n+pz(u)fl-

If i = j then 7(i) € Lt oo () 41,0492 (1) =1 Y Tyt po () 41,20 and a(7) + b(7) contains a term lesser than c,
that is

n—1
a(r) +b(r) < epa1 +2) e+ (L4 pa(v))eo = &o.
i=1

If i # j then a(7) + b(7) contains two terms lesser than ¢,_; that is

n—2

a(t) +0(r) <cp+cp+cpor + 22@ + (1+ p2(¥))eo = &.
i=1

This concludes the proof of (70).
Appendix F

We prove that det(D(Q) + J(”)D(l)) = cos(y) that is required for the proof of Theorem 2, so in the
following we use the notation introduced in this theorem. In particular D) are defined by (22), (23), and
JW) is defined by (77) and (78). When v is odd, from (22), (23), (77), (78), (74), (75) and (76) we have

o, b Jy
det (D@ + 7 DM) =det | DA+ | oF 0 0 | DV | =
—Jy, a O,
0 L0 bos’ 0 ... 0 s{
0 7 0 biss) 0 s o
0 0 o D bysy) s o000
—det| 0 0 ... 0 e 0 ... 0 0 =
Sy Gp—1S ()
0 557) 0 alsgy) 0, CY) 0
sév) 0 0 aosgﬂ) 0 0
0 0 0 0 s
0o 0 0 s 0
e | O 0 st 0 0 _
n 0 —557_)1 057_)1 0
o s .. o 0o ... &7 o
- 0 .0 0 ... 0

= i) = cos(a),

where we have used (9).
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When v is even

On—l b Jn—l 077—1
T T
dot <D<2)+ J<u>D<1>):det p@ | L1 0 Oy O ey
—Jp—1 a Op1 0, ,
95_1 ag 95_1 0
Ao L 0 bs 0 ... 0 s 0
0 0 bys 0 s 0 o
0 0 0... & by S0 0 0 0
=det| o 0 .. 0 ey 0 ... 0 0 0
0 0 ... = asy) &Y 00 000
- o 0 ais? 0 o & o
0 0 0 apst” 0 0o 0

and so by (9) we have
det (D(2) + J(”)D(l)) = c%’*) : c(()v) = cos(7).
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