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deformation smoothly evolving in time). The main tool we introduce is a suitable
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finally, we obtain a regularity result for our original problem.
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1. Introduction

The goal of this paper is to study the regularity of the following parabolic-elliptic initial-boundary value
problem: find a function A = A(t, z) such that

0%—pAA:f in (
A=0 on (
A(0,-) = A° in 0,

) x 99, (1.1)

where () is a bounded domain of R™ with Lipschitz boundary, Q CC Q a subdomain with smooth enough
boundary, T > 0 a given number, p > 0 is a constant and o > 0 is defined through a motion X :
[0,7] x © — R™ in such a way that {z € Q;o(t,z) > 0} = €, where Q, = X(t,-)(Q). (For n = 3, X
represents a deformation of the body 0 evolving smoothly with time and €2; is the region occupied by the
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body at instant t.) We assume that f(¢,x) vanishes for = ¢ Qg, where Qs C  is open and Qg N Q; = () for
all t € [0, T]. The detailed description of the problem is given in Section 2.

Our main goal is to find a condition on A and f ensuring that ‘?;tf € L*(Q), where

Q:={(t,2) eR"™ t € (0,T),z € Q}. (1.2)

A motivation for this study comes from an eddy current model with moving conductors considered in [3]
and [4] in the context of Electromagnetic Forming (EMF). This model allows to compute the electromagnetic
field produced by a coil in a cylindrical metallic moving workpiece under axisymmetric assumptions. To
reduce the problem to a bounded domain, the authors introduce a three-dimensional cylinder Q containing
the coil and the workpiece, with its boundary sufficiently far from them at all times ¢ € [0, T]. Because of the
cylindrical symmetry, the problem is posed in Q@ = {(r,2);0 < r < R,0 < z < L}, which is a meridian section
of Q. Under suitable axisymmetry assumptions on the motion, this one is determined by its description X
in this meridian section, with X : [0,7] x Qs Q, where Q C Q is a reference configuration. The meridian
section of the workpiece at time will be ; = X (¢, )((AZ) To ensure cylindrical symmetry, the coil is modeled
by several concentric rings with toroidal geometry. The open set (g is the union of the meridian sections
of the rings. The assumption Qg N = 0 for all ¢ € [0, 7] means that the workpiece never touches the coil.
Let I'y denote the intersection between  and the axis r = 0, and I'p := 9Q \ T'g.

The density current in the coil Jg := Js(t,7, 2) & is taken as a data. Then, under suitable axisymmetry
assumptions on the data (see [3], [1] and [2]) there exists a divergence-free magnetic vector potential A of
the form

—

A(t,z,y, 2) = Acyi(t, 1, 2) €9, (1.3)
and A satisfies
A 1 L ~
U%_t + m rot(rot A) = Jg in (0,7) x Q, (1.4)

where p is the magnetic permeability and o is the electric conductivity, which vanishes outside the workpiece.
Function o is taken such that

o(t,r,2) =5(72),  with (75) € Q: (r,2) = X(t,7,2),

where o is the conductivity in the reference domain 0. Equation (1.4) can be rewritten in cylindrical
coordinates as

2
Ay 10 F 8(rAcyz>} LA o 0, x . (1.5)

ot wor |r  Or uo 022

This parabolic-elliptic equation is complemented with the initial condition
Acyi(0,) = A, in Q

and homogeneous Dirichlet boundary conditions for Ay on (0,T) x I'p (see [3] for details).

For the model above, some results of existence, uniqueness and regularity were obtained in [3], and a
fully discrete Euler implicit/continuous piecewise linear discretization for problem (1.5) was described and
analyzed in [4]. Convergence of the solution of the discrete problem to the solution of the continuous one
was obtained by assuming A.,; € H2(0,T; L%(12))), where
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L3(Q) := { Z : Q — R measurable ;HZ||%%(Q) = / |Z|? rdrdz < 0o
Q

However, the above regularity for A., has not been previously obtained.

We notice that (1.1) and (1.5) have analogous structure. The weak formulation of the latter involves
weighted Sobolev spaces, whereas the weak formulation of the former involves standard (unweighted) Sobolev
spaces. Moreover, equation (1.3), div A = 0 and the identity

AA = V(div A) — rot(rot A)

imply that A satisfies (1.4) if and only if its Cartesian coordinates A; satisfy the partial differential equation
(PDE) in (1.1) with p = 2~ ! and right-hand side (J5);. Hence it can be expected to obtain regularity results
for (1.5) from the regularity results for (1.1).

For both problems, the fact that the PDE is parabolic only in the time-dependent set €2; makes difficult
to study the regularity by using the approach of [3], which is based in the Eulerian coordinates z. For this
reason, we develop in this paper an alternative approach, which is based on the Lagrangian coordinate p (z

is the position of the material point p at instant ¢). As the motion is only defined in [0, T] x ﬁ, we construct
a suitable extension X of the motion X to the entire [0, 7] x Q. This enables us to reduce problem (1.1) to
a parabolic-elliptic problem with variable coefficients (for the function A(t,p) = A(t, X (t,p))) whose region
of parabolicity is ﬁ, hence independent of time. This problem can be seen as a Lagrangian formulation of
our original problem. We obtain regularity results for a class of parabolic-elliptic problems with variable
coefficients and fixed parabolicity region. Since the Lagrangian formulation fits into this class, we obtain
a regularity result for A. Finally, we obtain regularity results for the solution of our original problem by
changing Lagrangian coordinates back to Eulerian coordinates.

Firstly, let us comment on previous related work. Some authors deal with parabolic-elliptic problems
whose structure is similar to problem (1.1). In [8], results of existence, uniqueness and regularity for some
degenerate linear evolution equations are obtained. Degenerate parabolic equations are considered in Sec-
tion 6 of [8], but its regularity results are not applicable to problem (1.1) because our coefficient o (¢, z) does
not have the regularity required in [8]. Besides, in the present case o(0,z) vanishes outside Q and hence
equation (6.4) of [8] does not hold true.

Article [13] includes existence, uniqueness and regularity results for an abstract differential equation of
the form

Bu' + Au = f,

where B can be a non-invertible linear operator and A can be a non-linear operator, both independent of
time. So they are not applicable to problem (1.1).
Existence and uniqueness results for degenerate evolutionary equations of the form

L (B(tyu(t)) + AWyu(t) = £(t),

dt
where B(t) can be a non-invertible linear operator are obtained in [20] and [21, Chapter III] (for linear A(t)),
and in [12], [14] and [17] (where A(t) can be non-linear). Among the last five cited references, regularity is
only addressed in [17], where a result related to the first order time derivative is obtained.
Moreover, Pluschke [18] studies an initial boundary-value problem for parabolic-elliptic equations of the
form
—div(a(z,t)Vu) + ao(z, t)u = f(z,t,u),

ou
g(xu ty U)E
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where a(z,t) is matrix-valued, g = g(x,t,u) is nonnegative and it is allowed to vanish for certain values of
(x,t,u). The author obtains existence, uniqueness and some regularity results. It is assumed that the region
of parabolicity is independent of ¢. So problem (1.1) does not fit into his framework.

In [19], the authors prove the existence of a weak local solution to a parabolic-elliptic problem where
the time derivative is multiplied by a coefficient which may vanish on time-dependent spatial subdomains.
Problem (1.1) does not satisfy the assumptions about the parabolic region made in [19].

Consequently, none of the aforementioned articles can be applied to prove the regularity that we propose
to undertake in the present article.

The article is organized as follows: in Section 2 we formulate the problem and comment about the
results which can be obtained with an Eulerian approach by an easy adaptation of those of [3]. Section 3
is dedicated to the motion extension. In Section 4 we reduce our original parabolic-elliptic problem to a
parabolic-elliptic problem with fixed region of parabolicity, Q. In Section 5 we obtain existence, uniqueness
and regularity results for a class of parabolic-elliptic problems with fixed region of parabolicity by using
parabolic regularization. The regularity results involve compatibility conditions between the initial condition
and the initial value of the source term. In Section 6 we apply to the reduced problem a regularity result
obtained in Section 5 and we derive the corresponding result for our original problem. Section 7 contains
two examples. The first one concerns the spatial regularity of A and the second one illustrates the main
features considered in this paper.

2. Statement of the problem

Let ©Q be a bounded domain of R™ with Lipschitz boundary, Q cC Q a subdomain with Lipschitz
boundary, T € R, T > 0 the (given) final time and X : [0, T] x Qs R™ be a given mapping such that:
(i) X ecH([o, T]; [cH()]"™); _
det(D,X)(t,p) > 0 for all (t,p) € [0,T] x
t,) is mJectlve YVt € [0,T]; (& X(t,-): Qe Q is bijective, where € := X (t,)());
JT)) x Q) C Q (In fact CC holds true);

)

ii)
(111)

iv) X([

) 0,p) = p for all p € Q.

X(t,
X(
X(

Our notations are standard. In assumption (i) and thereafter, for any bounded open set G C R™, we
denote by C!(G) the set of functions in C(G) N C*(G) such that all its first-order partial derivatives have
continuous extensions to G. Moreover, as it is usually done in the theory of time-dependent PDEs, we identify
a function having independent variables (¢, ) (resp. (¢,p)) with a function of the time variable ¢ taking values
in a suitable function space of variable x (resp. p). For instance, if g : (¢,p) € [0,T] x O+ R is a continuous
mapping, we identify it to the function t € [0,T] — g(t) € C(Q), where g(t)(p) = g(t, p). Sometimes we will
use the notation g(t, -) instead of g(). In particular, we make the identifications C([0, T] xQ) = ¢([0, T); C(Q))
and L2((0,T) x ) = L2(0,T; L2(Q)).

If n = 3, X is essentially a motion ([11]) of a body , Q = Q is the region occupied by the body at ¢ = 0,
which is taken as the reference configuration.

Let & € L>(Q) be such that

We define
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G(p) if x = X(t,p) with p € Q,
o(t,z) = o(p) ifx (t,p) with p (2.2)
0 otherwise.

Finally, we are given an initial data A° € H'(Q) and a right-hand side f € H'(0,T; L*({)g)), where the
open set s C Q and QsNQy = O for all t € [0, T (i.e.,X ([0, 7] x 6) NQs = 0). We extend f by zero outside
[0,T] x 2g and still denote this extension by f.

Let ¥ : [0,T] x Qo [0,T] x © be defined by ¥(t,p) = (t,X(t,p)). We recall that @ denotes the
noncylindrical open subset of (0,7") x € defined in (1.2) and we notice that @ = ¥((0,T) x Q). Moreover,
the inverse ¥~': Q ~— [0,T] x Q has the form

\I/il(t,ét) = (t,P(t,$)) ’

where P is the reference map, that is, for all t € [0,T], P(t,-) : Q; ~ Q is the inverse of X (£, -). In other
words, p = P(t,z) is the material point occupying the position = at time t.

Problem (1.1) is parabolic only in the subdomain @. For each ¢ € (0,T), we have an elliptic PDE in
0\,

The initial condition is only given in Q¢ = (AL not in the entire 2.

The weak formulation of problem (1.1) is:

Find A € L2(0,T; H}(Q)), with 2} € L2(Q) such that
Ja, o%zdr+p [, VA Vzdr = Jo, fzdx Vz€ Hg(Q) ae.te(0,T), (2.3)
A(0) =A% in Q.

2.1. Results that can be obtained through an Fulerian approach

In [3] some results of existence, uniqueness and regularity were obtained for (1.5) by using an Eulerian
approach (strictly speaking, the approach was based in the cylindrical coordinates (r, z) associated to x).
Thus, before developing the Lagrangian approach for problem (2.3), it seems natural to state the results
obtained for this problem through the Eulerian approach. It is easy to adapt the results of [3] to the analysis
of problem (2.3). This amounts essentially to replace the weighted Sobolev spaces used in [3] by standard
(unweighted) Sobolev spaces.

The following theorem summarizes the analogues to results [3, Theorems 4.2, 4.3 and 5.1].

Theorem 2.1. Assume that A € H'(Q) and f € H'(0,T;L*(Qg)). There exists a unique solution to
Problem (2.3). Furthermore, it satisfies A € L>(0,T; H3(Q)), Vto,A € L*(0,T; H}(Q)) and xoVt0,A €
L>(0,T; L?(Q)).

Here and in the sequel yg will stand for the characteristic function of a measurable set S and 9; will be
often used to denote the derivative with respect to time. -

The solution A : [0,T] — Hg () is weakly continuous at ¢ = 0. Indeed, the values of A(0) in Q°:=Q\ Q
are completely determined by the initial data of (2.3), A° (= A(0)|g), and the initial value of the right hand
side, f(0). Indeed, let T}, := 99Q° N 9. We notice that, since Qcc Q, we have: T, = 00 and 99Q° =T, Jon
(disjoint union). Let A® € H(Q°) be the (unique) weak solution of

—pAA° = f(0) in Q°,
Afy = A, (2.4)
Afpa =0,
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and A° € H}(Q) be the extension of A° to the entire , defined by

- A% in Q
0. )
A= {Ae in Q°.

The analogue to [3, Theorem 5.3]) reads as follows:
Theorem 2.2. Under the assumptions of Theorem 2.1, A(t) — A® weakly in HYQ) ast — 0.

Remark 2.1. Concerning space regularity, on the grounds of elliptic regularity ([10, Theorems 3.2.1.2 and
2.2.2.3]), we have the analogue to [3, Remark 5.1]: if Q is convex or it has a boundary of class C*! then
A€ L*0,T; H3(Q)) and A € L> (¢, T; H*()) for € > 0.

The following regularity result is the analogue to [3, Theorems 5.4 and 5.5].

Theorem 2.3. Under the assumptions of Theorem 2.1:

(1) If Ac HY(0,T; H}(Q)) N L>(0,T; H*()), then A° € H?(Q).
(i) If
~ 9AY  DAc
0,72 ga v
AAY € L(Q) and ey 5 " Ie, (2.5)
then A € HY(0,T; H}(Q)) and 0% € L>(0,T; L*(Q)). If, further, Q is convez or it has a boundary of
class Ctt, then A € L*(0,T; H*(Q)).

Remark 2.2. Condition A° € H?(Q) always implies condition (2.5). The converse holds true when Q is
convex or it has a boundary of class C'!. Note that equation (2.5) includes a regularity requirement on A°
a non-trivial compatibility condition between A° and the initial value of the right hand side, f(0).

The last implication in part (ii) of Theorem 2.3 and the converse implication in this remark make use of
elliptic regularity ([10, Theorems 3.2.1.2 and 2.2.2.3]).
We point out that we cannot obtain further regularity through the Eulerian framework because obtaining
2A

energy estimates for || %T” 12(Q) does not work. This is why we develop a Lagrangian approach.

3. Extension theorems

The aim of this section is to build a suitable extension of mapping X (defined in [0, T x ﬁ) to the entire
[0, 7] x Q.

In the sequel, we consider that the spaces R™ and R™*! are equipped with the Euclidean norm. The
distance between two subsets of this spaces must be understood according to this.

Theorem 3.1. We assume the hypothesis about €2, Q and the mapping X stated in Section 2. We assume
further that Q has a boundary of class C'. Let K be a compact subset of Q such that X([0,T) x QN K =0
and let €, 0 < e < dist(X ([0, T] x ﬁ),K). Then, there exists a mapping X : [0,T] x Q+ R™ such that:

(a) X is an extension of X.
(b) X ec'([0.T];[C* (™). B
(c) det(D,X)(t,p) > 0 for all (¢,p) € [0,T] x Q.
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(d) For allt € [0,T], X(t,-): Q> Q is an homeomorphism.

(e) X(0,p) =p, VpeQ

(f) X(t,p) =p, ¥p € 0Q, Vt € [0,T].

(8) X(t,p) =p, Vp € Ne(K), ¥t € [0, T], where Ne(K) = {p € Q; dist(p, K) < ¢}.

Proof. 1st step: Extension in space and time.

Let K be a compact set such that Q C int(K1) € K1 C Q and let C (€2) be the space of functions
in C*(€2) having support contained in K. Cj (€2) is a Banach space which can be identified to Cj. (R")
(analogous notation). Since Q has a C? boundary and Qcc Q, in virtue of [9, Lemma 6.37] and its proof,

there exists a linear bounded extension operator E : [C1(Q)]" — [Cl, ()] Because of assumption (i), the
displacement field w(t,p) := X (t,p) — p belongs to C*([0,T]; [C}(Q)]"). We define @ by @(t) = E(u(t)).
Since E is linear and bounded, @ € C'([0,T]; [Cj (2)]"). By using an standard procedure, we construct
an extension of @, denoted @, which belongs to C'([=T,2T7; [Cj (2)]"). Next, we define the mapping

X i [-T,27] x R™ — R™ by
X(t,p) =p+a(t)p) Vte|-T,2T] VpeR".
Mapping X is an extension of X. From assumption (v), we have
X(0,p)=p VpeR" (3.1)

2nd step: From the inclusion Qcc 2, assumptions (ii) and (iv), and uniform continuity arguments we
deduce that 3d; > 0 such that N, (2)) C €,

X([=61, T+ 61] x N, (Q)) € Q (3.2)

and

det(D,X)(t,p) > 0 for all (t,p) € [—61,T + 61] x N, (Q)). (3.3)

Here and in the sequel notation N has the meaning explained in item (g).
3rd step: Now we claim that there exists da, 0 < d3 < &1 such that for all ¢ € [—da, T + 2], the mapping

X(t, )+ N, (Q) — R™ is injective. We argue by contradiction. Let us assume that the claim is not true.
Then, for all integer m > 1/8; there exists t,, € [, T + =] and py,, pm € Nl/m(ﬁ), Dm # Dm such that

A

X (timspm) = X (tms Pm) - (3.4)

After extracting subsequences, we have

DPrn —>ﬁe]\/};1(§), Prm —>1§€N51(§), tm — T €[=01,T + 1] .

Since dist(pm, (AZ) < 1/m for all m, we have p € Q. In the same manner, p € Qand? € [0, T7]. Besides, from
(3.4) and the continuity of X, we have

X(,p) = X(4,p) = X(1.0) = X(T.5).

If p # p, this contradicts assumption (iii). Now we address the case p = p. Let ¥ be the mapping defined by
W(t,p) := (t, X (t,p)). Owing to (3.3) and the inverse function theorem, ¥ is locally injective at (Z,7). But,
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on the other hand, both sequences (tm, Pm), (tm,DPm) converge to the same point (£,D), (tm, Pm) # (tm, Dm)
for all m and (3.4) implies that W (t,,, pm) = ¥ (tm, Prm). This contradicts the local injectivity of ¥ at (Z,7).
Hence, the claim holds true.

4th step: mapping W : [~ 82, T + 03] x N, () — R is injective and continuous, so it is an homeomor-

phism between the compact set [—d, T + 5] x N, (Q) and its image. In the sequel, for any 0 < § < dy, we
will use the notation Qs := W((—d,T + 6) x N5(Q)). Note that, because of (3.2) and 5 < 81, we have

(t,x) € Qs =z €. (3.5)

We have W([—8,, T + 6] x N, (Q (A)) Qs, and, from (3.3) and the inverse function theorem, the set Qs, is
open, W : (=65, T + 65) x N5, (Q) — Qs, is a diffeomorphism and W b e [C1(Qs,)]" L. Moreover, function

& has the form ¥ 1(t,x) (t, P(t,z)), where P : Qs, > Ngz( ) is an extension of P.
5th step: We define the velocity field v : Qs, — R™ by

o(t,z) = %—f(t,ﬁ(t,x)) (: %—f(ﬁfl(t,x))> . (3.6)

From the regularity of X and 9" we deduce that v € [C(Qs,)]", Dyv exists in Qs, and

A A

vy, . " 82Xk a—1 aP

50 Dyv € C(Qsy; Miyxn(R)). B

6th step: Since Q = ¥ ([0, T]XQ) and 0 < e < dist(X ([0, T]xQ), K), we have dist(Q, N.([0,T] x K)) > 0.
Because of the uniform continuity ¥, we can pick ds, 0 < d3 < 8y, such that Q5, NN ([0, T] x K) = 0.

Moreover, since Qs, is an open neighborhood of the compact set @Q, there exists d4, 0 < &, < d3 such that
we can construct a cut-off function ¢ € C°(R™ 1) with supp ¢ C Qs, satisfying ¢ = 1 in Qs,. Note that ¢
vanishes in NV ([0, 7] x K) and on [0,T] x 9 (this set is disjoint from @Qs, because of (3.5)).

Let w : Qs, — R™ be defined by w(t, z) := ¢(t, x)v(t, x). Since w has compact support contained in Qg,,
its extension by zero to the entire R™*!, still denoted w, is continuous and D,w exists and is continuous

and bounded in R™*!. Hence w is globally Lipschitz-continuous with respect to 2 uniformly in ¢.
7th step: Let X be the (unique) solution of the initial value problem

dX _
dat w(t, X), (3.8)
X(O,p) =p-

The function X is defined in fact in the entire R™*!. Now we check that X fulfills all the assertions (a)-(g).
From (3.6), the fact that w = v in Qs, = W((—6s, T + 64) X N5, (Q)) and (3.1), we deduce that X satisfies

A

{ 36_);((7571)) = U(t?X(tap)) = w(t,X(t,p)) V(t,p) € (_64aT+54) X N&;(ﬁ)a
X(0.p)=p Vpe N ()

Now, by the uniqueness of the solution of problem (3.8), we have
X(t.p) = X(t,p) V(t.p) € (=02, T +64) x No, ().

This, together with the fact that X is an extension of X, proves assertion (a).
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Statement (b) is a consequence of classical results about the differentiability of the solution of an ODE
with respect to initial conditions ([6]). Jacobi’s formula yields to

det(D,X)(t,p) = exp /Zawl (1, X (r,p))dr | >0 V¥(t,p) € R,

so we have statement (c).

Assertion (e) is obvious. The fact that w vanishes on [0, 7] x 9Q and in N.([0,T] x K) D [0,T] x Nc(K)
together with (e) and the uniqueness of the solution of (3.8) imply assertions (f) and (g).

From classical results, X (t,-) : R” — R™ is a diffeomorphism. If p € Q, then the orbit {X(t,p),t € R}
cannot traverse 9§ (again by an uniqueness argument). This, together with (e) implies that X (¢,-)(Q) C €.
Given a time 7 € [0,7] and point T € Q, we consider the solution ¥ of the ODE in (3.8) with initial
condition Y () = Z. In the same manner, the orbit {Y (¢),t € R} C €, in particular Y (0) € Q and we have
X (£, Y(0)) =7, 50 X(t,-) : Q+ Q is onto and therefore a bijection. Then assertion (d) holds true. 0

Remark 3.1. Let ¥ be the extension of ¥ defined by

U(t,p) = (t, X(t,p)) -

W is a homeomorphism from [0, T] x € onto itself and a diffeomorphism from (0, T') x € onto itself. Besides,
the mapping \il_l has the form

(o) = (t,P(t ), (3.9)
where P(t,-) = X(t,-)~" for all t € [0,T], and the mapping P is an extension of P.

Theorem 3.2. We make the assumptions of Theorem 3.1. If we have further that X € C*([0,T); [02(6]”) and
Q has a boundary of class C2, then we can build a mapping X satisfying all properties (a)-(g) in Theorem 3.1
and also X € C*([0,T7; [C*(Q™).

Proof. The proof is a modification of the proof of Theorem 3.1. In the first step, we take now a C? extension
operator E, so that we obtain X e C([—T,2T7; [C2(G)]™) for all open bounded set G C R™. Recalling that

A

P(t,-) = (X(t,-))~1, the inverse function theorem gives the formula

-1

D, P(t,z) = (DpX'(t,P(t,x)))_l - (DPX(@_l(t,x))> V(t,z) € Qs,.

Using this, it can be inferred that D, P € C*(Qs,). From this, the regularity of X and (3.7), we deduce that
D2y exists and is continuous in Qs, and then D2w exists and is continuous and bounded in R™*1. Now, by
applying classical results about the differentiability of the solution of an ODE with respect to parameters
and initial conditions ([6]), we readily obtain that X € C'([0,T];[C*(?"). D

Theorem 3.3. We make the assumptions of Theorem 3.1. Let us further assume that X € C*([0, T}; [Cz(ﬁ]”)ﬂ
C2([0,TY; [Cl(ﬁ]") and Q0 has a boundary of class C2. Then we can build a mapping X satisfying all properties
(a)-(g) in Theorem 3.1 and also X € C1([0,T]; [C>(Q]™) N C3([0, TT; [C1 (™).

Proof. Now, we take an operator E € £([CH(Q)]", [k, (2)])NL([C2(Q)]", [C%, (©)]") and use a C? extension
operator in the time variable, so that we obtain X e C'([—T,2T; [C2(G)]") N C2([-T, 2T); [C*(G)]™) for all
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A1
open bounded set G C R™. Now we have ¥ € C?(Qs,) and we deduce that the partial derivatives 2%

ot
621%5 621%5 : : 3 1 1
9i02; Du; 0t exist and are continuous in @Q)s,. Hence, the analogous property hold true for w in the entire

R™*L. This regularity, the continuity of D2w (see Theorem 3.2), and classical results on ODEs imply that
X ecX(o,Ti[Cc'Q"). o

4. Reduction to a parabolic-elliptic problem with fixed parabolic spatial subdomain 9}

In this section we assume the hypothesis about €2, Q and mapping X stated in Section 2. We also assume
that Q has a C! boundary, adopt the assumptions of Theorem 2.1 regarding the data A° and f, and take
for simplicity p = 1.

The aim of this section is to make a change of variables which transforms problem (2.3) into a parabolic-
elliptic problem with fixed parabolic spatial domain Q.

We apply extension Theorem 3.1 (or 3.3 when we have enough regularity of Qand X ) taking K = Qg,
and we consider the mapping X given by the applied theorem.

Let A be the solution of problem (2.3). We introduce the function A defined by

A(t,p) = A(t, X (t,p)), te[0,T],peQ. (4.1)

Note that variable p can be considered as a Lagrangian coordinate so that the field A can be considered as
a material description of spatial field A. (We follow here the terminology of [11].)

Lemma 4.1. Let A € L2(0,T; L*(Q)) = L((0,T) x Q) and let A be defined by (4.1). Then A € L2((0,T)x Q).
Besides,

(i) If Ae L*(0,T; H (), then A € L2(0,T; H ().
(i) If A e L2(0,T; H () and 22 € L*(Q), then A € L2(0,T; H*(Q)) N H' (0, T; L*(Q)) = H'((0,T) x Q).

This lemma can be easily proved by using [5, Proposition IX.6] and the properties of the mapping X. The
strong measurability A : (0,T) — HA(Q) of item (i) follows because A € L2(0,T; L*(Q)) and A(t) € HL(Q)
a.e. t € [0,T] (see also Proposition A.1.) Moreover, under the assumptions of the third assertion, using again
[5, Proposition IX.6] we obtain

Vo A(t,x) = [D, X (t,p)] TV, A(t,p)  with z = X(t,p), (4.2)
and
O (1) = 920p) — VA, 2)- (1) = o 0,0) — (DX (1)) o () VAl p). (43)

Remark 4.1. For all ¢ € [0, 7], the mapping z € H}(Q) — 2=z 0 X (t,-) € H}() is an isomorphism.

We denote J(t,p) = det(D,X)(t,p) and J = j‘

not its extension.

(0.7]x3 (= det(D,X)). Note that J only involves X but

Using Lemma 4.1, Remark 4.1, and equations (4.2), (4.3) and (2.2), and taking into account property (g)
of Theorem 3.1 and the fact that supp f C [0,T] x Qg = [0,T] x K, we deduce that function A is a solution
of the following problem:
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Find A € L2(0,T; H} () with 22 € L2(0,T; L2(Q))  s.t.

Jo67% 2dp — [36J(D,X)~ 185 -V, A2dp+ [, J(D,X) TV,A- (D,X)"TV,2dp
= st fzdp VzZe€ H () ae.te(0,7T),

A(0)=4° inQ.

This is the weak formulation of the parabolic-elliptic PDE

_OA _
Jo 5 = Jo(D, X))t

88—): VpA — div, (J(t) (D, X (1)) "D, X (t))"TV,A) = fin (0,T) xQ,  (4.5)

where & has been extended by zero outside Q and the product 3%—‘? is understood to be zero outside
(0,T) x Q. This PDE has variable coefficients, but now the parabolicity domain is fixed. Note also that the

first term of the left hand side involves now the function &, which depends only on p. This PDE holds in
the sense of D'(Q2) a.e. t € [0,T].

5. Parabolic-elliptic problems with variable coefficients and fixed parabolicity domain (0, T) X O

In this section we consider parabolic-elliptic problems of the following form:
Find a function u = u(t, p) such that:

we 10,7 HYQ), 00 e 1207 12(@)), (5.1
Ea% — div,(BVpu) + 5b - Vyu+ cau = F in (0,T) x Q, (5.2)
w(©0) =u® in . (5.3)

Here € is a bounded domain of R™ with Lipschitz boundary, Q cC Q a subdomain with Lipschitz boundary,
B = B(t,p) is a matrix-valued function defined in [0,7] x Q, B = (Bij)1<ij<n, b= I;(t,p) is vector valued,
b = (bi)i<i<n and a = a(t,p) and a = a(t,p) are scalar valued. Functions b, a and a are defined only
in [0,T] x Q and & has the same meaning as above. In particular, the terms containing & as a factor are
understood to be zero outside [0, 7] x €.

Throughout this section, V = V,, and div = div,. We make the following assumptions on the given
coefficients: the matrix B(t,p) is symmetric for all (£,p) € [0,T] x Q, o € C'([0,T];C(Q)), the Bij €
CH([0, T} C(%)), the bi € C((0, T} C(6)), a € C([0, T} C(9),

ap = min _ a(t,p) >0, (5.4)
(t,p)€[0,T]xQ

and there exists a constant v > 0 such that

Ve <303 Byt pes; VEER™ W(t,p) € [0,T] x O (5.5)

i=1 j=1
We denote

1/2 1/2

M = max 5 (t,p)|? , My = max 0¢Bi; (t, p)|? . 5.6
- ) 9 DIE IS IR T ) 9 DL EACE)] (5:6)

i=1j=1 i=1j=1
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Poincaré inequality and (5.5) imply that there is a constant v > 0 such that

" < 0z 0z
Nl ) < / E E Bij(tap)_apv s dp Vze Hg(Q) vtelo,T] (5.7)
' i

o i=1j=1

Let us assume for the moment F € L2(0,T; H~1(Q)) and u® € L2(Q). The weak form of problem (5.1),
(5.2), (5.3) is given by

/ Fa(t)du(t)z dp + / BEVu(t) - Vz dp + / G [B(t) - Vu(t) + a(t)u(t)} 2 dp
Q Q Q

=< F(t),z> VYz€ H}(Q) ae tc]0,T] (58)
together with (5.1) and (5.3). (In this section < -, - >=< -+ >y 1) gi(q)-) From now on, in any inequality,
C will denote a strictly positive constant not necessarily the same at each occurrence, depending only on
the functions &, «, 3, b, a, the final time T and domains Q and © but independent of F and u°. Later we
will deal with problems depending on a small parameter €. Constants denoted by C will be also independent
of e.

Theorem 5.1. We make the above assumptions on «, 3, 5, a, F and u®. Problem (5.1), (5.8), (5.3) has at
most one solution u and the following a priori estimate holds

1/2

sup, / Sl dp|  + lullzzozm @) < C (1800l gaay + IFllizomm-rap ) - (5.9)
telo,

The proof follows essentially the same lines of the obtention of inequality (6.3) of [15]. We just point out
that the integral [ b(t) - Vu(t) u(t) dp is bounded by using a Young inequality.
Now we derive an existence result for problem (5.1), (5.8), (5.3).

Theorem 5.2. We make the assumptions of Theorem 5.1 and also

uw’ e HY(Q), (5.10)
i)F € HY(0,T; H-Y(Q)) or i) F € L*(0,T; L*(Q2)) and supp(F) C [0,T] x Q. (5.11)

Then problem (5.1), (5.8), (5.3) has a unique solution u. Besides u € L>(0,T; H} () and satisfies the
estimate

||U||L°°(0,T;H3(Q)) + Hatu”m(o,T;m(Q)) <C (HUOHHl(Q) + |HF|||) ) (5.12)
where |||F||| stands for ||F| g1 o,r;1-1(q)) in case i) of assumption (5.11) and ||F||L2(0 T.12(0)) N case ).

Proof. Let @ € H{(£2) be an extension of u® to the whole Q. We choose @ so that ||@°(| g1 (o) < C’||u0HH1(Q).
We introduce the following regularized problem, where € > 0 is a small parameter: Find u® such that

u® € L*(0,T; H} (Q)) N HY(0,T; L*(2)), (5.13)
(exqe +0a) aaut — div(BVu) +6b - Vu© +Gau® = F in (0,T) x Q, (5.14)

uw (0) =a" in Q. (5.15)
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We recall that Q¢ = Q\ Q. of course, a weak form of this problem can be written just by adding the term
€ [o. Opu® zdp in the left-hand side of (5.8). This regularized problem is a special case of the diffraction
problem formed by equations (13.10), (13.2)-(13.4) and (13.11) of ([15, Chapter III]).

In order to pass to the limit as € — 0™ we need to obtain estimates on u¢ independent of €. To do this,
we introduce the Galerkin approximation of the regularized problem. Let {¢,}n,en a “basis” of H}(Q) in
the following sense: {¢,, }en is a set of linear independent elements of H{ (2) whose linear span is dense in
H} (). We consider the subspaces Vy :=< {¢1,--- ,¢n} >. We take uQ; € Viy such that u®, — @° strongly
in Hj(Q) and [[ul]|gi) < C|l@°| (o). The Galerkin approximation of the regularized problem reads:
Find a function of the form w5 (¢,p) = Zf;l usn (t)$;(p) such that

/ (exar +Fa(t)0usy(£) b dp + / B(t) V(1) - Vi dp + / 5b(t) - Vusy (t)6: dp

Q Q o

+ /5a(t)u§v(t)¢i dp =< F(t),¢; > i=1,....,.N ae. te€[0,7T], (5.16)

Q
uiy (0) = uly in Q (5.17)

This problem has a unique solution in H'(0,7; Vy). To obtain a priori estimates, we multiply (5.16) by
Owusy () and sum up from ¢ = 1 to N. This yields an equation (like (5.16) itself with ¢; replaced by d,u, (%)),
which can be rewritten as

/(exge +oal(t))|Orugy (t) |2 dp—l— 57 /ﬁ ) - Vui(t) dp =< F(t), 0wufy (t) > +
Q

3 [ O8OV - Vui@) dp— [ 7 [6(0): Vus(®) + al)ui ()] i (0 dp.
Q Q
We integrate in time from 0 to 7 (0 < 7 < T'). By using the inequality

~7’ € € al e |2 L. R N2 e |2
55 W ] < D105+ 15 ] 1 e 1y 91

handling the term ga(t)u$ (t)0us, (t) in a similar way and using (5.4), (5.6) and (5.7), we arrive to

« ~
[ [P dpar+ S [ [ @00 ao der ol o
0 Qe 08

T

M g f 1>
< 3\\u9v||%{1(m +/ < F(t), 0pusy (t) > dt+0/||uN(t)||i,1(Q) dt. (5.18)
0 0

In case i) of assumption (5.11), we integrate by parts in time and apply a Young inequality to get the bound

|/<F Oy (0) > di] < 5 /uN Wi dt+ 5 /u Olfy-s(e

1 1
+ ZHU?v(T)llfm(g) + ;HF(T)lliz—l(Q) + §||U9v||§{1(g) + §HF(0)||§1—1(Q)~ (5.19)
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By inserting this in (5.18), applying Gronwall’s lemma and recalling the bound of ||ul| g1 (o), we arrive to
the estimate

a7
//@MrW@WH"—//ﬂWW)P@ﬁ+—MMNMW)

0 Qe
C (120 + 1F I3 o.zim-2ap) Y7 € [0,T). (5.20)
In case ii) of assumption (5.11), we have

T

/<F()8tuN ) > dt = //F )OSy (t) dp dt
A

0
T 1 T
< a—//8|8tu§\,(t)|2 dp dt + —//|F(t)|2 dp dt. (5.21)
4 oo
J )

0 8

2

The same steps as above yield to an analogous estimate to (5.20) but with HF||L2 0.T:L2(6) a1/4 and /2
instead of || F|| g1 (0,7;5-1(0)), @1/2 and 7/4.
Thus, we have proved the following a priori estimates:

o uS is bounded in L*°(0,T; H}(Q ))7
e dyus, is bounded in L2(0,T; L%(Q)),
o /2 0w is bounded in L?(0,T; L?(02°)).

Therefore, for fixed e, there exists u® € L>(0,T; Hj(Q)) N H*(0,T; L*(Q)) and a subsequence {uf, } such
that ug, ~— u® weakly-star in L>(0,T; Hg(2)) and dug, — dyu® weakly in L?(0,T; L*(2)). We take
any fixed i € N, so that for N, > i, ¢; € Vy, . We multiply (5.16) by an arbitrary function in D((0,T)),
integrate in time, and pass to the limit as m — oo. This allows to show that u® satisfies an equation like (5.16)
but with u5; replaced by w®. This equation holds for all ¢ € N a.e. [0,T]. Since the linear combinations
of functions ¢; are dense in H}(Q), we deduce that u® is a weak solution of (5.14). Besides, the above
convergences imply ug; (0) — u®(0) weakly in L?(Q). From this, (5.17) and the fact that u}, — @ strongly
in H} (), we get u(0) = @°. Therefore u° is the weak solution of the regularized problem (5.13)-(5.15).
Besides, it is also possible to pass to the limit in estimate (5.20) (or in its analogue in case ii) of assumption
(5.11)) (see, for instance, [5, Prop. IIL.5 & II1.12]) to obtain

//@WF@ﬁ+—//}@mF@ﬁ+—m<mmm

0 Qe

< C (1o + IFNZ) vrel0,T]. (5.22)

From the above estimate, we conclude that there exists u € L>(0,T; HL(€)) with d,u € L2(0, T; L%(Q))
and a sequence {&;, }men converging to 0 such that

um — u weakly-star in L°°(0,T; Hy(Q)), (5.23)
dput™ — dyu weakly in L*(0,T; L*(Q)), (5.24)
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VEm Opuf™ — 0 weakly in L?(0, T; L*(Q°)). (5.25)

This allows to pass to the limit in the weak form of (5.14) to obtain that w satisfies (5.8). Besides, the

above convergences imply u*™(0) — «(0) weakly in L2(§). From this and (5.15) we deduce that u(0) = u°

in Q. Therefore u is a solution of problem (5.1), (5.8), (5.3). Finally, passing to the limit as ,, — 0 in
estimate (5.22), we obtain (5.12). O

Now we derive a regularity result for the problem (5.1), (5.8), (5.3). (We restrict ourselves to the case
a = 0 because it will be sufficient for our goal.) Let us assume (5.10) and

F e HY0,T; L*(Q)) with supp(F) C [0,T] x Qe. (5.26)
Let u® € H(Q°) be the unique weak solution of

—div(B0)Vus) = F(0)  in Q°,
uf, = UL, (5.27)

e —
Ufpg = 0,

and 7% € HJ(Q2) be the extension of u° to the entire 2, defined by

0 0 Q)
0 w’ in €,
= 5.28
Y { u® in Q€. ( )
The condition
div(B(0)Vu®) € L*(Q) and B(0)Vu’ - v = B(0)Vu’ - v on T, (5.29)

imposes not only a regularity requirement on u° but also a compatibility condition between u° and F(0).
Provided that the £;;(0) € C1(f2), condition @° € H?(Q) implies (5.29) and the converse holds true if, in
addition, 2 is convex or it has a boundary of class C*! ([10, Theorems 3.2.1.2 and 2.2.2.3]).

Theorem 5.3. We make the assumptions of Theorem 5.1. We further assume: a = 0, b; € C*([0, T];C(ﬁ)), 1<
i <n, (5.10), (5.26) and (5.29). Then uw € HY(0,T; H}(Q)) with Opu € L>=(0,T; L*(Q)). Besides, dyu sat-
isfies

% / Ga(t)dyu(t)z dp + / B()(VOu)(#) - V= dp
Q Q
=<g(t),z > Vz € H}(Q) in D'((0,T)), (5.30)
(Gadu)(0) = ga(0)w’ in H-H(Q), (5.31)
where
g(t) == O, F(t) + div(3,B(t)Vu(t)) — 5b(t) - (VOu)(t) — 5Ob(t) - Vul(t), (5.32)
w® = ;div(ﬂ(O)VuO) - LE(O) vl in Q. (5.33)

5a/(0) a(0)
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Proof. We keep on using notation and partial results from the proof of Theorem 5.2. But we apply now the
Galerkin method with a “basis” {¢,, tnen of H} () such that ¢y = @°. This allows us to take u%; = @° for all
N € N, since @° € H () is an extension of u°. Note that the initial condition (5.17) of the “approximate”
regularized problem reduces to u%;(0) = @’; hence, it is exact and independent of both, N and e.

The time regularity of the coefficients and F implies that uS, € H?(0,T;Vy). Thus (5.16) holds for all
t € [0,T]. Besides, we are allowed to differentiate with respect to time, which leads to

/ (exae +0a(t)druyy (t)¢: dp + / G0ra(t) ey (t)di dp + / B)(VOuy)(t) - Vi dp
Q

Q Q
+ [us(Vu (o) Vo dp+ [ 3 [B0)- (Vo) 0) + 05(0) - Vui ()] 05 dp =< G (001 > (531)
o a

We multiply (5.34) by dyusy (t) and sum up from ¢ = 1 to N. This yields an equation (like (5.34) itself with
¢; replaced by dyu5 (t)) which can be rewritten as

53 | Exar +Ga)ousOF dp-+ [ BOToR)0) - (Vu5)(0) do
Q Q
—< S 0.005)(0) > —5 [ 0a@Iouk©F do- [ 050V (Vous) ) dp
o Q

—/ Gb(t) - (VOuiy)(t) Dpuiy(t) dp — /Eatg(t) Vuy(t) Ouy(t)dp=Th =To=Ts = Ta = Ts
Q Q

with evident notations. Using (5.7) and the bounds

¥ dF
i < Do Olfn + | 0|

H-1(9)
1 ~ €
7l < 31010 o 1150y [ F1O O d,
Q

gl M7
175 < L 10uiy O o) + Tlllﬁv(t)llipm),

ol 1, .. - ~
|T4] < ZHatu?V(t)”%l(Q) + ;HU”LOO(Q)” 10| ||2oo((0’T)X§)) /0|5t’u§\r(f)|2 dp,

1 1 o
ITal < 5l (s + 5150yl 1028 ||2w((O,T)Xm 10 (D)]? dp.

\{O

and integrating in [0, 7] we obtain

1 oy g f g 1 - g
5 [(exar + 30l )IBR (P do+ T [ IOl @it < 5 [ (exar +Fa0)l0msy O dp
0 Q

Q
1 [ldF . |2
—/Hd—“>
y t
0

dt +C //(?If?tu?v(t)l2 dp dt+/|\u§v(t)llﬁl(m dt
) 0 9 0
Q
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Now, taking into account (5.20) and (5.4), we obtain

€ € « € ’Y g
5 [10asF dp+ S [10as ()P dp ] [ a0 o
Qe 8 0

€ c 1 [ c _
<5 [ 1ok ) do+ 5 [ 5a0)i0i OF do+ € (18 By + I1F i rimriay) ¥7 € 0.7)

Qe Q
(5.35)

A key point of the proof is to obtain a priori estimates for the first two terms of the right-hand side. To
do this, we use the same argument as in [3, Theorem 5.5]. Taking ¢t = 0 in equation (5.16), recalling that
u5 (0) = 4% and using (5.26)-(5.29), we obtain

/(sxge +0a(0))0ufy (0)¢p; dp = / (div(ﬂ(O)VuO) —5b(0) - Vuo) ¢; dp. (5.36)
Q2 Q
Multiplying this equation by 0yu$y (0) and summing up from ¢ =1 to N yields
c / 105, (0)]2 dp + / 5009y (0)2 dp = / (div(B(0)V0) ~ 55(0) - Vu°) D (0) dp,  (5.37)
QC

Q Q
from which we easily deduce
~ c 1 , 7
g/ |0susy (0)|* dp + /aa(o)|8tuN(0)|2 dp < E||dw(ﬁ(0)w°) —ob(0) - VU0||i2(Q). (5.38)
Qe a -

This, together with (5.35), implies

\/g||atu§V||Lw(O,T;L2(Sle)) + ||atu§V||Lm(O,T;L2(§)) + |‘atu§VHL2(O,T;H1(Sl))

< O (Il @) + Idiv(BOVU’) = G50) - Vi | gy + IF i o1 ) -
For fixed ¢ > 0, we can extract from {uf } a subsequence, still denoted {uj }, such that dyuy ——
Ouf weakly in L?(0,T; H}(2)) and weakly-star in L>(0,7;L?(2)). Hence u® € HY(0,T;H()) N

W1o°(0,T; L2()). Moreover, dyuf is bounded in L2(0,T; HL()) and in L>(0,T;L3(Q)). Hence u €
HY(0,T; H} () with d;u € L>(0,T; L?(Q2)) and we have

dyut™ — dyu weakly in L2(0,T; HE(R)) and weakly-star in L™ (0, T; L*(Q)). (5.39)

Let (-,-)e denote the scalar product in L?(2) defined by

(v,2) = /(EXQe +ca(0))vzdp v,z € L*(Q).
Q

Note that \/(v,v)c is a norm in L?(), equivalent to the standard norm (but one of the equivalence constants
depends on €.) Let Pg : L?(Q) — Vi be the orthogonal projection with respect to (-, -).. Since dyusy (0) € Vy
and satisfies (5.36), we have that dyu%; (0) = P5w(, where
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0 0
0 w in Q,
— 5.40
0 { 0 in Q°. ( )
Hence, for fixed € > 0, dyus;(0) — wf strongly in L?(2) as N — oo.
Now we will obtain an equation, in weak form, which is satisfied by d,u¢. We first note that the sum of
the first two terms of the left-hand side of equation (5.34) is equal to

T (exae +0a(t))Owusy (t)¢: dp
Q

and we rewrite (5.34) accordingly to this. We define
ge(t) := B F(t) + div(9,8(t)Vus () — ob(t) - (VOuus)(t) — 50,b(t) - Vu (t).

Note that g. € L*(0,T; H~*(£2)). Using that u§, — u® weakly in H*(0,T; Hj(Q)) as m — oo and the
above convergence of dyu5, (0) together with standard techniques (see, for instance, [7, Chapter XVIII]), we
can pass to the limit as m — oo to obtain that equation

T T

— //(EXQe + oa)0u Oy dp dt + //BV(@tuE) -Vn dp dt
Q Q

0 0

T
= / < ge(t),n(t) > dt + /(5)(9@ +5a(0))wdn(0) dp (5.41)
0 Q

holds for all functions  which are finite sums of the form n(¢,p) = . 1;(t)¢; (p) with the ¢; € C*([0,T]) such
that 1;(T') = 0. The set of such functions is dense in the space {n € L?(0,T; Hi (2))NH*(0,T; L?(Q)); n(T) =
0} ([15, Chapter IT, Lemma 4.12]. Hence equation (5.41) holds for all 7 in this space. (In fact, this equation
is a weak formulation which contains the PDE obtained by deriving (5.14) (in which a = 0) respect to time
and the initial condition 9;u®(0) = w].)

We are allowed to pass to the limit as €,, — 0 in equation (5.41) by using the convergences (5.23)-(5.25)
and (5.39). We thus obtain that d;u € L?(0,T; H(f2)) satisfies

T T T
- //Eaatuam dp dt + //ﬁV(@tu) -Vndp dt = / < g(t),n(t) > dt
04 0 Q 0

Q

+ /aa(O)w%(O) dp Vn€ L*(0,T; Hy(Q) N H*0,T; L*(Q)) with n(T) = 0. (5.42)
5

This equation fits into the framework of linear degenerate parabolic equations described in [21, Section
II1.3]. Owing to the equivalence stated at the beginning of page 115 of this reference, we deduce that dyu
satisfies (5.30)-(5.31). O

Theorem 5.4. We make the assumptions of Theorem 5.5. We further assume the ;; € C*([0,T];C(%)),

F e H?(0,T; L*()) and w® € H'(Q). Then 2% € L2(0,T; L*(Q)) and u € W (0, T; H}(2)).

Proof. Let us consider g and w® as given data. We introduce the problem

w e L*0,T; Hy (Q)), (5.43)
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jt ca(t)w(t)zdp + /B(t)Vw(t) -Vzdp=

Q
<g(t),z> Vze€ Hy(Q)in D'((0,7)), (5.44)
(Gaw)(0) = Ga(0)w’ in H (). (5.45)

Owing to [21, Propositions I11.3.2, I11.3.3], this problem has a unique solution. Since d;u € L?(0,T; H}(Q))
and satisfies (5.30) and (5.31), we have d;u = w. Let us recall equation (5.32). The terms b - (V;u) and
GOyb - Vu are in L2(0,T; L2(Q)) and vanish outside [0, 7] x €, and, because of the smoothness of 3 and F,
the terms ‘é—f and div(9;8Vu) belong to H(0,T; H=*(Q)). In virtue of Theorem 5.2 the problem

@ € L2(0,T; H(Q)), with 0y € L2(0,T; L*(Q)), (5.46)
/aa(t)atw(t)zdp+ /Eata(t)u?(t)zdp—l— /ﬂ(t)vw(t) -Vpz dp
Q 0 Q
=<g(t),z> Vze H}Q) in D'((0,T)), (5.47)
@(0) =w’ in (5.48)

has a unique solution @ and, besides, 1w € L*(0,T; H}(Q)). Clearly @ is also a solution of problem (5.43),
(5.44), (5.45). Hence w = w and since we still have % = w, we obtain the desired result. O

6. Regularity results obtained through the Lagrangian approach

Problem (4.4) fits into the framework of Section 5, with:
a=J b=—J(D,X)" 12X g = J(D,X)" ' (D,X) ", a= =f,u = . 0 and u = A. Note that
D, X (0) = I (the identity matrix) so «(0) = J(0) = 1, B( ) I Hence @° = A and the compatibility
5 (0

condition (5.29) is exactly (2.5). Besides w® = 1A, A% + 2%(0) . v, A°.

Lemma 6.1. We make the hypothesis about €2, Q and the mappzng X stated in Section 2. We assume

further that Q has a boundary of class C2, X e ¢2([0,T); [C()]™) n cL(]o, T); [CQ( N, p=1, f €
H2(0,T; L2(Q)), A° € HY(Q), and that both compatibility conditions (2.5) and

0X

fA A+
ot

Z2(0)- v,A% € H'(Q) (6.1)
hold true. Then we have
AeWbh(0,T; H:(Q)) and A € H*(0,T; L*(9)). (6.2)

Proof. We construct the extension X of X given by Theorem 3.3, so X e CY([0,T];[C*(Q") N
C2([0,T];[C* (™). The result follows from Theorem 5.4 by noting that the coefficient functions appear-
ing in (4.4) have the required smoothness, the compatibility condition (5.29) holds true and assumption
(6.1) is in fact w® € HY(Q). O

By reversing the change of variables (4.1) and recalling equation (3.9), we can write

A(t,z) = A(® ' (t,2)) = A(t, P(t,z)), te[0,T],z €. (6.3)

Theorem 6.1. We make the assumptions of Lemma 6.1. If Q is convex or its boundary is of class C*', then

A€ H?*Q).
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Proof. The regularity of X implies that ¥ € [C%([0,T] x ©)]"*! due to Theorem 3.3. From Theorem 2.3
and Remark 2.2, we have A(t) € H?(Q) for all ¢ € [0, T]. Recalling equation (4.1) and applying (for each t)
the formula of change of variables (|5, Proposition IX.6]), we deduce that A(t) € H2(Q) and HA(t)||H2(Q) <
Cl|A(®) || g2(qy for all t € [0,T]. This, together with Proposition A.1, gives A e L*(0,T; H*(Q)). This
regularity, together with (6.2) imply that A € H2((0,T) x (AZ) Now, applying (in both space and time)
the formula of change of variables in equation (6.3) and using that =1 € [C%(Q)]"!, we deduce that
A€ H*Q). O

7. Two examples

Let us notice that H3(f2) regularity in space cannot be obtained because of the discontinuity of o across
0Q.

In fact, we have the following counterexample in 1D. Let 2 = (0,1), Q = (a,b) where 0 < a < b < 1,
X (t,p) = p (hence Q; = Q for all ¢ € [0,T]),6 =11in Q, p=1and f=0. Problem (1.1) reduces to

2
xa%f%:o in (0,7) x Q,
A(t,0) = A(t, 1) = te (0,7), (7.1)
A(0,z) = () a<x<b.

We can find the explicit expression of A(t,x) in the elliptic regions in terms of A(t,a) or A(t,b). Next, from
the continuity of A(t,-) and %—’;‘(u -) at = a and z = b, we obtain Robin boundary conditions at z = a
and x = b. Hence the restriction of A to (0,7) x (a,b) is the unique solution of the following problem

Gt-Ga=0 in (0,7) x (a,0),

—aar( a)+ A(t,a) =0, te(0,7), (72)
(1—b)24(t,b) + A(t,b) =0, te (0,7),

A(0,2) = A%(x2), a<x<b.

Let us take b=1—a with 0 < a < % and consider the eigenvalue problem

2
—GE =) in (a,b),

—ag(a) +¢(a )
aZs (b) + ¢(b) =

The results given in [16, Appendix B.1] motivate the choice a = %4_4. For this value, we have that

o(x) = Sin(ﬂ+4x— 1) +cos(ﬁ+4m -1

is an eigenfunction, with associate eigenvalue A = (Z£%)? and ¢(a) = ¢(b) = 1. Thus, for the initial condition
A(z) = ¢(x), a<x<b,

the solution of problem (7.2) is A(t,z) = e *¢(x) and that of problem (7.1) is
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1
—e Mg for0<z<a,
a

Alt,z) = § e Mo(x) for a <z < b,

le=M1—2) forb<az<1.

It is easy to see that the equation appearing in compatibility condition (2.5) reduces to the above Robin
boundary conditions written for A°. Hence (2.5) is fulfilled. Condition (6.1) is also satisfied and we also
have that ! 88‘42 = —A¢, which is the restriction of an entire function. On the other hand, ‘327’;‘@, )) is
discontinuous across * = a and = = b, hence A(t,-) ¢ H3(Q2) for all t € (0, 7).

The following example illustrates the main features considered in this paper. Let 0 < a<a<b< f <1
be given, Q = (0,1), Q= (a,b), X(t,p) = P, T = X(a,(a+b)/2) T 2X((a+b)/2),p) (for instance), p = 1 and
flt,x) = f(t)(x(o’a) (w) + x(8,1)) (), where f:10,T] — R is given. Problem (1.1) reduces to

2 A
5 2~ T8 = [0 (v @) + X (@) i (0.7) <,
A(t,0) = A(t,1) =0, te (0,7), (7.3)
A(0,z) = A%(x), a<x<b.

Proceeding as in the previous example, we find that the restriction of A to (0,7) x (a,b) is the unique
solution of the problem

0A 0%A .

O'({E)E i 0 in (0,7) x (a,b), (7.4)

0A R
70“%(@ a) + A(t’ CL) 5 f( ) te (Ov T)a (75)
(1- b)g—j(t, b)+ At b) = %(1 _B82f(),  te(0,T), (7.6)
A(0,2) = A%x),a <z <b. (7.7)

Let us consider also the PDE

%(a(x)A) — 3713 =0 in (0,7) x (a,b). (7.8)

If A° € L%(a,b) and f € L2(0,T), the problem (7.8), (7.5)-(7.7) has a unique solution in L2(0,T; H'(a, b)) N
C([0,T]; L?(a,b)). In fact, the solution can be written as a series in terms of the eigenfunctions of the problem

2

= \o(x)o in (a,b),
(a) +¢(a) =0,
(1=0)3 () +(b) =0,

The eigenvalues A,, are real and strictly positive, they can be arranged in an increasing sequence such
that lim,, oo A, = 400, and there exists a Hilbert basis of L2( b), {pm }55_, formed by eigenfunctions.
Here L?(a,b) is endowed with the scalar product (v, z)s = f o(z)v(z)z(z) dx. Besides, {)\ml/2¢>m}m:1 is
a Hilbert basis of H*(a,b) for the scalar product a(v,z) = f "(2)7 (%) + Lv(a)z(a) + T5v(b)2(b), which
induced norm is equivalent to the norm of H!(a,b). We have the expansion

d’¢

T dx?

g4
x

)
dé
dx

A(t,p) = Ar(tp) + As(t,0) = D (D dm(2) + D V(B (@) (7.9)
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with pi,,(t) = (A%, ¢)s et and v, (¢) the solution of

d A

% F A = F() < €, bm >, v (0) =0, (7.10)
where ¢ € (H'(a,b)) is defined by < £,z >= l(— (a) + (1 ﬁ) 2(b)). Due to the above properties of the
Gm, we have Y A < €,y > 2 < CHEH(Hl(a,b))’ Well- known estimates imply that the first series of
(7.9) converges in L?(0,T; H'(a,b)) N C([0,T]; L?(a,b)). It is also known that

2 2
e i (1) < < ol < o> | /| S ds, (7.11)
T
/|ym(t)|2 it < S | <l > |2/\ (s)]2 ds. (7.12)
0

This estimates imply that the second series converges in L?(0,T; H'(a,b)) N C([0,T]; L*(a, b)), too.

Assume now A° € H'(a,b) and f € H'(0,T). Let ¥(z) := Wf(())x+ 0‘72]6(0) The transformation
AY  AY — W, f « f— f(0) allows us to assume f(0) = 0. Assumption A° € H'(a,b) is equivalent to
oo (A% ¢35 ]2 Am < o0 and (since 3(1 — e M7T) < Ay, fOT e mt dt < 1) this in turn is equivalent to
0y A1 € L*(0,T;L?(a,b)). On the other hand, function v/, satisfies a differential equation like (7.10) but
with right-hand side f'(t) < ¢, ¢, >. Besides, f(0) = 0 and v,,,(0) = 0 imply +/,(0) = 0. Thus we have for
v/, analogous estimates to (7.11) and (7.12) with f’ in lieu of f. Hence we have ;45 = 3.°°_, v/ (1) (),
where the series converges in L?(0,T; H'(a,b)) N C([0,T); L?(a,b)). Therefore 9;A € L*(0,T; L*(a,b)) and
A is the solution of problem (7.4) -(7.7).

Now we further assume A° € H?(a,b) and the compatibility condition (2.5). This reduces to the Robin
boundary conditions (7.5) and (7.6) written for A°. Since f(0) = 0, we have

92 A0
(2 S Omds = (A%, ) = An(A°, D)o, (7.13)

s0 > 1 [(A% ¢m)5|* A2, < co. This implies that 9, A1 = Y oo_; ph, (£)dm (), where the series converges in
L2(0,T; H(a,b)) N C([0,T); L?(a,b)). Derivation with respect to time of the weak formulation of problem
(7.8), (7.5)-(7.7) is allowed. Besides

" 0 , 0 0 19240
0= 1 (06m == D" Mt 09 = = Y A4’ bm)s9m = =55
m=1 m=1 m=1

Thus, w = 22 is the unique weak solution of the problem analogous to (7.8), (7.5)-(7.7) with f" instead of

f and initial condition w(0) = %6;;;0-

Therefore, if we further assume f € H?(0,T) and %% € HYa,b), we will have %th €
L?(0,T; L*(a,b)) = L*((0,T) x (a,b)). All the considerations developed in this example agree with the

results of the paper.
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Appendix A. An auxiliary result

Proposition A.1. Let X be a reflexive and separable Banach space and let V' be a Banach space such that
X C V with continuous and dense injection. If f : (0,T) — V is measurable and f(t) € X for a.e. t € [0,T],
then f:(0,T) — X (defined a.e.) is measurable.

Proof. Due to Pettis theorem and the separability of X, it is enough to prove that f: (0,7) — X is weakly
measurable. We have V' € X’ with continuous injection. The reflexivity of X implies that V' is dense in
X'. Thus, given £ € X', there exists a sequence {¢,,} C V' converging to ¢ in X’-strong. Since real-valued
functions < £, f(+) >v+.v=< ln, f(-) >x/ x are measurable and converge a.e. to function < ¢, f(-) >x' x,
this will be measurable. O
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