J. Math. Anal. Appl. 480 (2019) 123405

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Multiple solutions for a class of singular quasilinear problems n

Check for
updates

Gelson dos Santos ™', Giovany M. Figueiredo ", Uberlandio B. Severo “**

& Universidade Federal do Pard, Faculdade de Matemdtica, CEP: 66.075-110, Belém-PA, Brazil

> Universidade de Brasilia, Departamento de Matemdtica, CEP: 70910-900, Brasilia-DF, Brazil

¢ Universidade Federal da Paraiba, Departamento de Matemdtica, CEP 58051-900, Jodo Pessoa-PB,
Brazil

ARTICLE INFO ABSTRACT
Article history: In this paper we use sub-supersolution and minimax methods to show the existence
Received 31 May 2019 and multiplicity of solutions for the following class of singular quasilinear problems:

Available online 12 August 2019

Submitted by V. Radulescu

—Au— Aw?)u = a(z)u=? + h(z,u) in Q,
Keywords: u>0 in Q,

Quasilinear operator _ 90
Sub-supersolution method u=0 on ,

Singular problem

where © is a bounded smooth domain of RY (N > 3), the function a(z) is
nonnegative, 8 > 0 is a constant and the nonlinearity h(z,u) is continuous. In our
first result, the nonlinearity h has an arbitrary polynomial growth and we obtain the
existence of a solution for the problem via sub-supersolution method. For the second
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1. Introduction

Nonlinear singular boundary value problems arise in certain physical situations, for example, in fluid me-
chanics, pseudoplastic flow, chemical heterogeneous catalysts, non-Newtonian fluids and biological pattern
formation, see [4,5,16] and the references therein.

* Corresponding author.
E-mail addresses: gelsonsantos@ufpa.br (G. dos Santos), giovany@unb.br (G.M. Figueiredo), uberlandio@mat.ufpb.br
(U.B. Severo).
! Research partially supported by CNPq grant Casadinho/Procad 552.464/2011-2.
2 Research partially supported by CNPq, CAPES 001 and FAP-DF.
3 Research partially supported by CAPES 001 and CNPq grant 308735/2016-1.

https://doi.org/10.1016/j.jmaa.2019.123405
0022-247X/© 2019 Published by Elsevier Inc.


https://doi.org/10.1016/j.jmaa.2019.123405
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:gelsonsantos@ufpa.br
mailto:giovany@unb.br
mailto:uberlandio@mat.ufpb.br
https://doi.org/10.1016/j.jmaa.2019.123405
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2019.123405&domain=pdf

2 G. dos Santos et al. / J. Math. Anal. Appl. 480 (2019) 123405

There is a rich literature in nonlinear analysis related to the following problem with singular nonlinearity:

1.1
u=0 on 01, (1)

{ —Au=a(x)u? + \f(z,u) in Q,
see for example [1,7,8,10-13,17,21,22,28-31] and references therein.

In [28], it was used the sub-supersolution method for proving that problems like (1.1) has a unique
positive solution u € C2(2) N C(Q).

In [22], Perera and Silva have showed the existence and multiplicity of positive solutions for (1.1), by con-
sidering the p-Laplacian operator instead of —A in (1.1) and moreover they have assumed A > 0 sufficiently
small and appropriate hypotheses on a(z) and f(z,u).

In [10,11], the authors used a theorem due to Rabinowitz (see [24]) in order to study the following
generalization of (1.1):

—div[a(|VuP)|VulP2Vu] = p(z)u™" + h(z)u? in Q, (12)
1.2
u=0 on 01,
where 0 < ¢ < 1, € (0,1) and p(x), h(x) are continuous functions.
In another context, the study of quasilinear equations involving the operator Lu := —Au — A(u?)u arises

in various branches of mathematical physics. It is well-known that nonlinear Schrédinger equations of the
form

0 = A + V(2) — A([0*)p — h([*)e, (1.3)

where ¢ : R x Q — C, V = V(z) is a given potential and h is a real function, have been studied in relation
with some mathematical models in physics (see for instance [23]). It was shown that a system describing
the self-trapped electron on a lattice can be reduced in the continuum limit to (1.3) and numerical results
on this equation are obtained in [3]. In [18], motivated by the nanotubes and fullerene related structures,
it was proposed and shown that a discrete system describing the interaction of a 2-dimensional hexagonal
lattice with an excitation caused by an excess electron can be reduced to (1.3) and numerical results have
been done on domains of disc type, cylinder type and sphere type.
Setting (¢, z) = exp(—iFt)u(z), F € R, into the equation (1.3), we obtain the stationary equation

—Au— A(w*)u = g(u) = V(z)u in € (1.4)

where we have renamed V(z) — F to be V(x) and g(u) = h(u?)u.

When © = R¥ | the quasilinear equation (1.4) has received special attention in the past several years, see
for instance [9,14,19,23] and references therein. In these papers the authors obtain the existence of solution
by perform a change of variable, which transform the quasilinear equation into a new semilinear equation,
and they used variational approach. When 2 is a bounded domain, we can cite the papers [6,15], where the
authors study the existence, uniqueness and multiplicity of positive solutions for (1.4). They use mainly the
sub-supersolution method, bifurcation and variational arguments to obtain their results. However, they do
not lead with singular nonlinearities.

For problems involving the quasilinear operator Lu := —Au — A(u?)u and singular nonlinearities in
bounded domain, as far as we know in the literature there are only the papers [13,20,30]. In [13], do O and
Moameni studied the problem
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~Au—-Awu= ?—-u—u? in Q
u>0 in £,
u=0 on 09,

where Q is a ball in RV centered at the origin, A > 0 is a positive parameter and 0 < S < 1. The
authors establish the existence of solutions for the above quasilinear problem when A\ belongs to a certain
neighborhood of the first eigenvalue A\; of the following nonlinear eigenvalue problem with homogeneous
Dirichlet boundary condition:

—Au — %A(uz)u =X\? in Q.

In [20], the authors obtain the same results as in [13] considering a more general class of equations. More
recently, in [30], by using minimax methods and some analysis techniques, the author showed the existence
and uniqueness of solutions to the problem

—Au—A(w?)u=g@)u™? —uP~! in Q,
u>0 in
u=0 on 01,

where 8 € (0,1), g € L%(Q) with g(z) > 0 for almost every z € Q and 2* = 2N/(N — 2) is the critical
Sobolev exponent and p € [2,2.2%].

Motivated by these papers and by the increasing interest on problems with singular nonlinearities, our
main purpose in this paper is to investigate the existence and multiplicity of solutions for the following
singular quasilinear problem:

—Au— A(wu = a(x)u™? + h(z,u) in Q,
w>0 in Q (1.5)
u=0 on 0,

where Q is a bounded smooth domain of RY (N > 3), a(x) is nonnegative function, 3 > 0 is a constant
and the nonlinearity h : 0 x R — R is continuous and satisfies some conditions.

We say that a function u : @ — R is a weak solution for problem (1.5) if u € Hg(2) N L>(Q), u > 0
almost everywhere in €2 and it holds

/(1 + 2u?)VuVe + 2/ |Vul>up = /a(m)u‘ﬂgo —l—/h(;mu)tp, Ve C°(Q). (1.6)
Q Q Q Q

As observed in [9], when we are leading with problems of the type

{ —AU—A(U )u:g(x,u) in Q’ (17)

u=0 on 09,

in dimension N > 2, there are some technical difficulties in order to apply directly variational methods to
the formal functional associated to (1.5) given by

() :%/(1+2u2)|VU|2 —/G(x,u),

Q Q
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where G(z,1) fo x,8)ds. The main point is that J is not well defined in H{(£2), because we can not
guarantee that [u|?|Vul? € L}(Q) if u € H}(Q). To overcome this difficulty, we use the arguments developed
n [9,19]. More precisely, we make the change of variables v = f~1(u), where f is defined by

1

"ty = ———— 0
ft) = —f(=1) on  (—o0,0].
Therefore, by using this change of variables, the functional J can be rewritten in the following way:
1
I0) = J(f@) = 5 [ 19 = [ Gla ) (1.9)
Q Q

which can be well defined in H}(2) under convenient hypotheses on G(z,t). Moreover, I(v) is the Euler-
Lagrange functional associated to the semilinear equation

—Av = g($, f(v))f’(v) in Qa
u=0 on ONQ.

In [9,26], it was shown that if v € HJ () is a solution of this semilinear problem then u = f(v) is a
solution of (1.7). By the properties of the function f(t) (see the next section), we have f(¢) > 0 for ¢ > 0.
Thus, by using the change of variables (1.8), problem (1.5) can be transformed in the singular problem

—Av = a(z) f(v) P f'(v) + h(z, f(v) f'(v) in Q,
v>0 in £, (1.10)
v=0 on OJN.

A weak solution for (1.10) is a function v € H}(Q) verifying v > 0 almost everywhere in { and it holds

/ VoV - / o) f(0) P ' (0)) — / (. f) ()6 =0 ¥ € HY(Q). (111)

Q Q Q

Thus, if v is a weak solution of (1.10) then u = f(v) is a weak solution of (1.5) and therefore our goal is
reduced to showing that problem (1.10) has a solution.
Now, we establish the hypothesis on the function a(x):

(ag) There exists o € CL(Q), po > 0 and ¢ > N such that ap,” € LI(€).

Notice that from this integrability condition, we must have [{z € Q : pg(x) = 0}| = 0, where |A| denotes
the Lebesgue measure of a set A in R,

Remark 1.1. Note that by (ag) we have

J1alt = [ laes?efiodo < ol [ lags ™17 < .
Q Q Q

that is, a € L1(Q).

For the our first result, the hypotheses on the function h will be the following:
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(h1) There exist constants 6, k > 0 such that
—ka(z) < h(z,t), YVt €[0,d] and a.e. in x € Q.
(ha) There exist C > 0, r > 1 and b € L>*(£2), b > 0 almost everywhere in €2, such that
|h(2,t)] < C(1+b(z)|t|""), YVt €R and a.e. in z € Q.
The first main result of this paper is stated as follows:

Theorem 1.2. Assume that conditions (ag), (h1) and (ha) hold. Then, there exists eg > 0 such that problem
(1.5) has a weak solution provided that ||b]|s < €o.

In order to establish the existence of a second solution for problem (1.5), let us assume that h : QxR — R
satisfies the additional assumption

(hg) There exist to > 0 and 6 > 2 such that
0 < 20H (z,t) < th(z,t), ¥Vt € [ty,00) and a.e. in z € Q.
Our multiplicity result is stated below.

Theorem 1.3. Assume that conditions (ag) and (h1) — (hs) hold and r < 2.2* = AN/(N — 2). Then, there
exists €1 > 0 such that problem (1.5) has two distinct weak solutions provided that ||b|leo < 1.

We would like to highlight that our theorems can be applied for the model nonlinearity
h(z,t) = b(x)|t|" "t — a(z)k + C,

where k>0, C >0, r € (4,2.2%), a(x), b(z) are nonnegative functions and belong to L>(£).

In order to prove Theorem 1.2 and Theorem 1.3, we adapt some arguments from the papers [9,22,26].
In the first result, we used the sub-supersolution method, which allowed us to consider the growth of A for
all » > 1. We also observe that if h(z,t) <0 for all t € R and almost everywhere in Q, then Theorem 1.2
is valid only under condition (h1). To apply minimax methods in the study of (1.10), inspired by [22] we
perform a truncation in the singular term, see (3.1) and (4.1) for more details. But, since we are leading
with the operator Lu = —Au — A(u?)u, some estimates are more delicate and we need to prove others
properties of the change of variables f(¢) involving the exponent 3 (see Lemma 2.2).

We emphasize that our results improve the works [13,30] in the sense that we consider the singular term
u~? for all B > 0 while in [13,30] the authors only treat the case 3 € (0,1). In others directions, our paper
complements the works [9,22,26].

Throughout, H} () denotes the Sobolev space endowed with the inner product

(u,v) = /Vqu, u,v € HY(Q),
Q

and the associated norm is represented by || - |. We use || - ||, to denote the norm of the Lebesgue space
LP(Q2), 1 < p < oo and the symbols C;, i = 0,1,2,--- will denote various constants.

This paper is organized as follows. Some preliminary results and technical lemmas are obtained in Sec-
tion 2. In order to lead with the singular term, in the Section 3, we consider an auxiliary problem and we



6 G. dos Santos et al. / J. Math. Anal. Appl. 480 (2019) 123405

prove Theorem 1.2 by using a minimization argument combined with the sub-supersolution technique. In
Section 4, we consider a truncated problem and we apply Mountain Pass Theorem to prove Theorem 1.3,
obtaining a second solution for problem (1.5).

2. Preliminary results

In this section we will establish some preliminaries which will be important for the understanding of the
work. In what follows, we present the main properties of the function f: R — R.

Lemma 2.1 (see [9,26]). The function [ and its derivative enjoy the following properties:

) f is uniquely defined, C? and invertible;
) 1f'(#)| <1 forallt € R;

(7i2) |f(t)] < |¢| for allt € R;

(iv) fit)/t =1 ast—0;
)
)
)
)

(ii

|f ()] < 2Y4t[Y/2 for all t € R;

(vi) f(t)/2 <tf'(t) < f(t) for allt > 0, and the reverse inequalities hold for t < 0;
(vii) f(t)/Vt—a >0 ast— +oo;
(viii) there exists a constant C' > 0 such that
Clt, ) <1
TOER
Clel2, =1

(ix) f2(ts) > tf%(s) for allt > 1 and s > 0;
(2) 1)) < 1/V/3 for all t € R.

The next result will be very important in our arguments.
Lemma 2.2. The function t — f(t)"5f'(t), t > 0 satisfies the following properties:

(i) f(t)7Pf'(t) is decreasing on (0, 00);
(i1) limy o+ f(£)"7f(t) = +o00;
(4ii) There exists a constant C; > 0 such that 0 < f(t)"Pf'(t) < Cy, for allt > 1.

Proof. Using the definition (1.8), it follows that the function t — f(¢) is increasing for ¢ > 0 and the
function ¢ — f’(t) is decreasing on (0,00) Thus, t — f~A(t) is decreasing for ¢ > 0 and since f'(t) > 0 for
t > 0 we have proved (7).

Since 8> 0and f(t) — 0T ast — 01, f'(t) = 1ast — 0T, item (i7) is proved. Item (ii7) is an immediate
consequence of (ii) and (viii) of Lemma 2.1. O

Next, we say that v is a subsolution and v is a supersolution for problem (1.10), if v, € HJ ()N L>(2)
and it holds

(@) 0 <v(z) <o(z)a.e. in z €
(b) for each ¢ € H}(Q), with ¢ > 0, one has

[vewos [awiw rwes [ b e wo

Q Q Q
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and

/ VoVé > / a(2)f ()P ' (D)6 + / W, £(T) £ (@),
Q Q Q

The following lemma establishes the existence of a subsolution and supersolution for the problem (1.10):

Lemma 2.3. Assume that (a), (h1) and (ha) hold. Then, there exists £g > 0 such that, for ||bl|e < €0, we
obtain v,v € L () satisfying:

(i) af(v)™Pf (v) € LI(Q) and ||v|s < /2, where § > 0 is given in (hy);
(ii) 0 < w(z) <v(x) a.e. inx €Q;
(iii) v is a subsolution and T is a supersolution of (1.10).

Proof. Let w € H{(Q) be the unique weak solution of the problem

{ —Aw=qa(z) in 9, 2.1)

w=0 on 9.

By Remark 1.1, we know that a € L9(Q) for some ¢ > N. By the regularity theory, w € W249(Q2) and since
q > N it follows by Sobolev embedding that w € Cé 7 (2). Moreover, by the Strong Maximum Principle
and Hopf’s Lemma, we get w > 0 in Q and dw/0v > 0 on 0N, where v is the interior unit normal on 9.
Hence, considering ¢q given by (ag) we have infqo(w/pg) > 0 and therefore aw =" € L(9). Now, we take
0 < ¢ < 1 sufficiently small so that v := ew € C}(Q) satisfies 0 < v(z) < min{§/2, 5y, 1}, with § > 0 given
by (h1) and, by (i) of Lemma 2.2, §o > 0 is such that

FOTP () = k+1, Vte(0,6),

where k is the constant of (h;). Using item (iii) of Lemma 2.1, we have af(v) ™" f'(v) € LY(Q) and ||v]|c <
§/2, which shows item (i). Now, analogously we consider z € C}(Q) the unique solution of the problem

~Az=a(@)f) ) +20 i Q, )
z=0 on Of), '
where C' is the constant of (hs). By the choice of §g > 0, we have
f@) P (v(z) >k+1 ae inzeq. (2.3)
Moreover, considering ¥ = z, for all ¢ € H}(Q) with ¢ > 0, we have
[vovoz [a@rw?rwe
¢ “ (2.4)
> /a($)¢ > S/a(ac)qS:e/VquzS: /VQVQS.
Q Q Q Q

Hence, by the Weak Comparison Principle we conclude that v < v almost everywhere in 2, which proves
item (7).
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Now, we are going to prove item (iii). First, note that by construction v,v € H ()N L () and using
(741) of Lemma 2.1 we have f(v) € [0,6]. In view of (2.3), (h1) and (i4) of Lemma 2.1, we obtain

/ww¢ / 0)~ ' (0)6 - /hxf @< [a@le+ k- )P rls <o

which shows that v is a subsolution of (1.10). Next, by the definition of ¥ and since a(z)f(v) ™ f'(v) € L1(Q)
for some ¢ > N, by the elliptic regularity theory it follows that ¥ € W?24(Q2) and moreover there exists
Cy > 0 (independent of T) such that

[Bllwza < Cilla(z) f(0) " () +2C],
As g > N by Sobolev embedding we have T € Cé () and therefore
[Tl < Colla(a) f(v)~" f'(v) +2C|lq =: Co (2.5)

and Cy is independent of ¥ and b(x), because v depends only on a(z). Since f'(v) € (0,1) and v < T almost
everywhere in , using item (i) of Lemma 2.2 and (hg) we reach

/ww/ v) P f(0)p — /hwf )f (D)9

> /a(ff) [f@) 7 f () *f@)’ﬁf’(?)]¢+/[207h(x,f(ﬁ))]f'(ﬁ)é

Q Q

z/PC—h@JWMﬁ@M
Q
zc/u—mmﬂm“wf@w.

At this point, taking g = 1/Cj~ > 0, where Cy is the constant in (2.5), we have that if ||b]|o < &0 then

1 1 1 1
b(a) € == < i=n1 < T < = , Vzeq,
Co~ '~ llsst — fAPlloo) =t = f(0(2)) !
that is, 1 — b(z) f(v)"~! > 0 in Q. Thus, according to (2.6), T is a supersolution of (1.10) and the proof is
finished. O

3. Proof of Theorem 1.2

In this section, we present the proof of our first main result. More precisely, we show that Problem (1.10)
has a weak solution v € Hg () satisfying

0<wv(z)<wv(z) <7(z)ae inze

For this, we consider the function g : 0 x R — R defined by

a(@) f(v(@)) 7 f' (v(@)) + bz, f (o)) f (), ¢ <wv(2),
g(w,t) =  a(@) (&)~ f/(t) + h(z, f(1) [ (1), v(z) <t <T(2), (3.1)
a(z)f(@(x))=7 f'(@(x)) + h(z, f(@())) ' (@), t>7(z)
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and the following auxiliary problem:

—Av=g(z,v) in Q,
v=20 on Of.

The energy functional ® : H}(Q) — R associated to (3.2) is given by
1 2
O(v) = 3 Vo|* = | G(z,v), (3.3)
Q Q

where G(z,t) = fgg(x, s)ds.

Finalizing the Proof of Theorem 1.2: By the definition of g(z,t), (i) of Lemma 2.2 and |f'(t)] < 1, we
obtain

lg(z, )| < a(x)f() P f (v) + My, Vt€R and aeinz €, (3.4)

y [R(2,t)|. Next, using (3.3), (3.4), the fact that a(x)f(v)~Pf(v) € LY(Q) for
q > N, Holder inequality and Sobolev embedding, we reach

where My = sup(, pyeax (o,

Iloo

1 1
®(v) > §Hv||2 — Ciljo]l 2y = Calvfly = §||U||2 - Cslvll,
for all v € H&(Q) and for some constants Cy,Cy, C3 > 0. Notice that the set
M:={ve H}(Q) :v(z) <v(z) <T(x) ae in z€ Q}

is closed and convex in HJ(2) and therefore it is weakly closed.
Now, let v, — v in H}(Q). By using (3.4), Sobolev embedding and Lebesgue Dominated Convergence
Theorem, it follows that

/G(a:,vn) %/G(x,v).
Q Q

Thus, ® is (sequentially) weakly lower semi-continuous on M with respect to H}(2). Moreover, since HE(Q)
is a reflexive Banach space and ® is coercive, by [27, Theorem 1.2], the restriction <I>‘ v attains its infimum
at a point v; € M. Using the same arguments as in the proof of [27, Theorem 2.4], we infer that ®'(v;)=0.
Therefore, v is a weak solution of (3.2). Since g(z,t) = a(z)f(t) P f'(t)+h(z, f(t))f(t) for t € [v(z)),v(z)],
then v; is a weak solution of (1.10) and the proof is finished. O

Remark 3.1. The arguments used in the proof of Lemma 2.3 show that if h(z,t) < 0 almost everywhere in
x € Q and for all ¢ € R, then only the hypothesis (h) is sufficient to prove Lemma 2.3.

4. Proof of Theorem 1.3
In this section, under an additional restriction on r, namely r < 2.2*, we shall prove that problem (1.5)

has a second solution. For this, consider v € C3(Q) obtained by Lemma 2.3, a Carathéodory function g
defined on 2 x R by



10 G. dos Santos et al. / J. Math. Anal. Appl. 480 (2019) 123405

o {a(x)f( (@)~ f (w(@) + bz, fu(@)f (@), t<uv)
g(z,t) = ) (4.1)

a(@) f()~ ' (t) + h(z, F(0)) (1), t>v(),

and the following singular elliptic problem:
{ —Av =g(z,v) in £, (42)
v=0 on Of.
The energy functional ® : H} () — R associated to (4.2) is given by
B) = 3ol - [ Gla.o) (13)
Q

where G(z, 1) fo x, s)ds. By the defintion of g(x,t), (v) of Lemma 2.1, (i) of Lemma 2.2 and (hz), one
has

G(x,t)| < a(x)f(v) P f'(v) + My +C(1 + bz )|t|%), VteRand aeinx € Q,
and hence
Gz, t)| <y (x)t + C1b(x)|t|?, V€ R and a.c in z € Q, (4.4)

where I = a(z)f(v) P f'(v ) + M; + C which belongs to L?(€) for some constant Cy > 0. Therefore, it is
not difficult to verify that ® € C? (H} (), R). Furthermore, any critical point of d is a weak solution of
(4.2).

Lemma 4.1. The functional > satisfies the Palais-Smale condition at any level c € R.

Proof. Let (v,) C HE () be a sequence such that ®(v,) — ¢ and ' (v,) — 0. By definition of §(z,t), a
straightforward computation shows that
Gz, )t — 6G(w,t) = (1= 0)t [a(2) f(u(x)) P ' (v(2)) + h(z, f(0(2)) ' (v(2))]

(4.5)
> (1 - 0)t [a(@) f(u(@) " f'(v(x)) + Mi],
for t < v(x). Now, we are going to consider three cases: 5 <1, > 1and 8 = 1.

Case 1: 5 < 1;
First, without lost de generality, we can suppose that ¢ty > 0, given in (h3), satisfies ¢y > f(||v||o0). Thus,
setting Mo = SUP (4 )cax (0,t0) [7(2, )] and Ma = sup(, yycax(o,t0) [ H (z, )], we reach

G, )t — 0G(x,t) > —Moto — 0t [a(x) f(v(z)) 7 ' (u(x)) + M) ]

0 1—
= a0~ B (. £(1) + OH (£ (u(2)) (16)
> ~Mato 00zt — (3= ) Galie)F(u(a)) ' ule))t ~ 20

for v(x) <t < f~1(tg), where we have used that 2f/(t)t > f(t) for t > 0 and item (i) of Lemma 2.2. Now,
for t > f~=1(to), by (h3) we obtain
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a0t = 6G(a,t) = ~001t — (120 ) o) f(u(o)) 1 (o))t - M (47)

Combining the estimates (4.5), (4.6), (4.7) and since a(x)f(v) =7 f'(v) € LY(Q), we can write
gz, t)t — Hé(ar,t) > —Cy — Cow(x)t, for all t € R and a.e. in z € Q.
Hence,

0

o+ Calal| = 68(0,) = (wn)n = (§ = 1) ol + [ 960, 00)0, — 6,00
Q

which implies that
4 2
Co + Gl + Calwllgllvnll + Csllvall = { 5 =1 ) lloall%,

for some constants Cy,Ca, C3,Cy > 0. This shows that (v,) is bounded in H{ (€2). Therefore, up to subse-
quence, we have

v, — v in H (),
v, — v in L°(Q), 1 <s < 2% (4.8)
vp(z) = v(z) a.e. in x € Q.

By using (hy) and the Lebesgue Dominated Convergence Theorem we can see that ||v, — v||*> — 0 and
therefore the Palais-Smale condition is proved in this case.

Case 2: 5 > 1;
We can treat this case similarly to the Case 1 and we omit it.

Case 3: 0 = 1;
Assume that v(z) <t < f~1(to). Using (i) of Lemma 2.2, items (i) and (i) of Lemma 2.1, we have

v(x) t
Gyt — 08 (x.1) > alz) f(s0) £/ (so)u — Mot — 0 / 3z, 5)ds + / G, 5)ds| .
0 v(x)

where so = f~1(tg). Then, from definition of § and since a(x)f(so) ' f'(s0)v > 0, we get
G, 1)t — 08(2,8) > —0a(x) f () ' ()t + 0H (z, f(2)) — Mot — OM>. (49)
Now, for t > f~=1(tg), using 2f'(¢)t > f(t), (hs) and a(z)f(t)"Lf'(t) > 0, we have

gla,t)t — 0G(x,t) > a(z) f(O) 7L/ (t)o + [h(x, f(1) f' ()t — 0H (z, f(t))]
= 0n(z, f(v)f (©)v+ 0H (z, f(v) — alz) f(v) " f (v)t (4.10)
0[H(z, f(v)) — h(z, f(v) [ (v)v]—0a(z) f ()" f (v)t.

Combining (4.5), (4.9), (4.10), we can write

Gz, t)t — 0G(z,t) > —Crwy(z)t — Cq, YVt €R and a.e in x €
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where wy € L1(Q) and C1,Cy > 0 are constants. Therefore, we obtain constants Cy, Cy, Co, C3,Cy > 0 such
that

0

Co + Cullvn|| = 0D (v,) — ¥ (vy).vp = (5-1)wnn +l/t(x1m)n;—eéﬁuvnﬂ
Q

0
> (5 1) lanl? = Calalllo | - Cale,

which implies that (v,,) is bounded in Hg (). The same arguments used in the case 3 < 1 show that, up to
subsequence, v, — v in Hg(Q) for some v € H}(Q). O

Next, we show that the functional  satisfies the geometric conditions of the Mountain Pass Theorem [2].
Lemma 4.2. Assume that (he) — (h3) are satisfied. The following statements are valid:
i) There exist e1 >0, R > 0 and p > 0 such that if ||b||cc < €1 then

inf  d(v) > p;
nggR(O) W) 2 p;

i) There exists e € HL(Q) \ Br(0) such that ®(e) < 0.

Proof. By virtue of (4.4), if v € H}(Q) then

[ 6@0) < Il 2, + CPpllclol .

Hence, by the Sobolev embedding
iw)Z;WW—CNhMMH—GﬂWWWW-
Now, we fix ||v|]| = R > 0 so that o := R?/2 — C1||l1]|4R > 0. Thus, for ||v|]| = R we get
®(v) 2 0 — Cob| R

and choosing €; > 0 such that o — Coe; R2 := p > 0, the proof of item (i) follows.
To prove item (i), first we observe that by (hs) and (h3) there exists K € L'(Q) such that

H(z,t) > ———=t* — K(z), Vt>0andae. inz € Q. (4.11)

Moreover, it is easy to see that for ¢ > ||v||o one has
G(z,t) > G(z,v(x)) + H(z, f(t)) — H(z, f(u(x))), Vt>0anda.c. inz €.

Thus, by using (iz) of Lemma 2.1, for ¢ > max{1, ||v||cc} We obtain

=~ t HlL’tO
() < ol - / )

2 0 Hzto
Sl - t/ el
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which implies that </Is(ty) — —oo as t — oo. Taking e := tv with ¢ > 0 large we have proved the lemma. O

Finalizing the Proof of Theorem 1.3: According to Lemmas 4.1 and 4.2 and by using Mountain Pass The-
orem, see [25], the functional ® has a critical point vy € H}(Q) satisfying B(vy) > p > 0 and vy is a weak
solution of problem (4.2). We claim that v < vy almost everywhere in 2. Indeed, take ¢ = (v — v2)™" as a
test function in the definition of weak solution of (4.2), we get

/VUQV(Q —wg)T = / g(z,v2) (v —v2)*

{va<w}

= [ @)@ 1w+ e S W) )

{va<v}

> /VQV(E— )™,
Q

which implies that ||(v — v2)||=0 and therefore (v — v2)™ = 0, that is, v < vy almost everywhere in .

Hence, vq is a weak solution of (1.10). On the other hand, as v is a subsolution of (1.10) and by definition

Glz,v) = a(2)f(0) 77 f'(v) + h(@, f)) ' (v)v, we have
D(vy) < D(v) = B(v) < 0 < B(vy)
and the proof of Theorem 1.3 is finished. O

Remark 4.3. By the same arguments used in the proof of Theorem 1.3 and replacing v by v; in (4.1), we
can conclude that v; < vy almost everywhere in ).
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