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Asymptotic behavior
Blow up on the L2-spheres Ay = {u € H'(R?) : Jre lulPde = A}, where a,p > 0. Let
A= ||Q§ I3, and Q: is the unique (up to translations) positive radial solution of

f%’Au + pru — Ju|*’u = 0 in R® with p = % We prove that if A\ < a™ 2 \*, then
minimizers are relatively compact in Ay as p 7 % On the contrary, if A > a_gz\*,
by directly using asymptotic analysis, we prove that all minimizers must blow up

and give the detailed asymptotic behavior of minimizers.
© 2020 Elsevier Inc. All rights reserved.

1. Introduction and main results

Due to its importance in various physical frameworks: gravitation, plasma physics, semiconductor theory,
quantum chemistry and so on (see, e.g. [4,13,14] and the reference therein), the following X *-Schrédinger-
Poisson (X *-SP) model or Maxwell-Schrodinger-Poisson system has been studied extensively in recent years,
see [3-5,8,9,14,16,18] for instance. The wave function ¢ : R? x [0,T) — C satisfies

1% = A+ V(1) — i, D7,
— A,V = édnl||?, (1.1)

P(z,0) = ¢(x)
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with ¢ € L?(R3), and a,p > 0. The self-consistent Poisson potential V' can be rewritten explicitly in the
form of V(z,t) = e|tp(x,t)|? * |x| 7, where * refers to the convolution with respect to z on R? and e takes
the value +1 or —1, depending on whether the interaction between the particles is repulsive or attractive.
The system (1.1) can be therefore reduced to a single nonlinear and nonlocal Schrédinger-type equation

3¢ 2 -1 2
A +e x|z — alY|Py,
I8 = g+ (0 o]y — aly PPy )
U(x,0) = o().
Such a model appears in various frameworks, such as black holes in gravitation (e = —1, see [17]), one-

dimensional reduction of electron density in plasma physics (e = +1), as well as in semiconductor theory
(e = +1), as a correction to the Schrodinger-Poisson system (which is X*-SP with o = 0), see [4,13,14,16]
and the reference therein. The last term [ (z,t)|*P¢ is usually considered to be a correction to the nonlocal
term V4, for example, p = , which is called the Slater correction, or p = , which is named as Dirac
correction. The interested reader is recommended to find more backgrounds in the reference, see [5,18] and
the reference therein.

In the following, we will be concerned with the standing waves, that is, solutions to (1.2) of the form

U@, t) = e Hrtu(z)
with u, € R and u € H'(R?) solving
—Au+ e(u? * |z Hu — aful*Pu — pyu =0,

which is a special case of Schrédinger-Maxwell equations [8]. It is well known that, minimizers of the following
minimization problem solve the above equation with p, being some Lagrange multiplier:

= inf FE 1.
lp,X) = inf Byfu), A>0, (1.3

where the functional E,(-) is given by

/|Vu\ de + - // fu(z | ) |u d dy — +1/|u|2p+2da:
T—y

R3 R3

and

Ay ={ue HY(R3): /|u|2da: =}

In the repulsive case € = +1, many existence results have been known. In [11], a negative answer was given
to p = 0. In [6], a positive answer is given to p € (0,4) with A > 0 small. In [18], as part of its results,
a positive answer was obtained to the Slater correction case: p = % In [2], Bellazzini and Siciliano proved
that (1.3) admits at least one minimizer if p € (3, 2) and A > 0 is large enough. In [12], Jeanjean and Luo
showed the sharp nonexistence results for (1.3) with p € [3, %
that (l 3) has a minimizer if and only if A > A\;. When p = l or p= %, no minimizer exists for all A > 0.
For 2 £ < p <2, problem (1.3) does not work. It has been proved in [1] that there exists at least one critical
point of F(u) restricted to A with a minimax characterization.

For the attractive case e = —1, the existence of minimizer for (1.3) is quite well understood. Before
stating the result, we first recall from [19] the following Gagliardo-Nirenberg inequality

], i.e. for p € (2,3) there exists Ay > 0 such
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+1 7 35r
2 2
/u2p+2dx < %(/\Vuﬁdx) (/u%lx) , u€ HY(R?), (1.4)
P
R3

R3 R3

where A% = [|Qp|3 with Q,(x) = Qp(|z|) optimizing the above inequality and being the unique positive
radially symmetric solution of

2—p
2

f%Aqu u—|u/*u=0 in R3 where p € (0,2). (1.5)

It follows directly from Lemma 8.1.2 in [7] that @Q,(|z|) satisfies

1
2 _ 2 _ 2p+2
/|VQ,,\ dx = /dex - /Q;’ da. (1.6)
R3 RS R3

Moreover, a simple analysis shows that @, satisfies

2
Qp(z) — Q%(ac) strongly in H*(R®) and Ay = AT = ||Q%||§ as p 3

Similar to Theorem 1.1 in [21], the existence of the minimizer for (1.3) with ¢ = —1 is established by
making full use of the above @Q,(z) and the Gagliardo-Nirenberg inequality (1.4), and we omit the details
for simplicity.

Theorem 1.1. Let ), be the unique (up to translations) positive radial solution of (1.5). Then, we have the
followings:

(I). If 0 < p < 2, then there exists at least one minimizer of (1.3) for any A € (0, +00).
(II). If 2 < p <2, then there is no minimizer of (1.3) for any A € (0, +00).
(II). Ifp = 2, then we have:
(). fO<A<a 32X :=a 2 Q2 |3, there exists at least one minimizer for (1.3).
(ID)o. If X > a3 \*, there is no minimizer for (1.3).

We remark that there exists at least one minimizer w,, for (1.3) if p € (0, 2). In what follows, we investigate
the limit behavior of minimizers of (1.3) as p / 2. Firstly, if 0 < A < a2 \* is fixed, our result shows that
the minimizers of (1.3) are relatively compact in the space Ay as p % More precisely, we have

Theorem 1.2. For any given 0 < A < a_%)\*, and let u, be a nonnegative minimizer of (1.3) for each
p€(0,2). Then,

2
lim e(p,A) =e(=, A).
Jim (. ) = (5,
Moreover, for any sequence {py} with py %, there exists a subsequence, still denoted by {px} and a
sequence {yp, }, such that

k—o0

Up, (T + Yp, ) — > up € Ay with uy being a minimizer of e(<,\).

ga

On the contrary, if A > a’%/\*, the result is quit different and blow-up will happen in minimizers as
p N % Our main results in this direction can be stated as the following theorem.
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Theorem 1.3. Suppose that A > a”3\* and let up, be a nonnegative minimizer of (1.3) for each p € (0, %)
For any sequence {p} with py %, then up to subsequence, such that each u,, has a unique mazimum
point xy, and

. _3 1 1 x .
kl;rgo Spit Up, (T + Sp2x) = T %Q%<)\_%) strongly in H*(R®),
2—py 2=3pg
where s, = (?’g" ai‘;kﬁk > . Moreover,
lim sote(p,\) = 1.
it 3p 27

2. Asymptotic behavior of minimizers
In this section, we shall establish Theorem 1.2 and Theorem 1.3, which is focused on the asymptotic be-
havior of minimizers for e(p, \) as p % Under the assumptions of Theorem 1.1 (1), let u,, is a nonnegative
minimizers for (1.3), which satisfies the Euler-Lagrange equation
—Auy — (Jup|* * |2] My — alup|*Pu, — ppu, =0 in R, (2.1)
where i, € R is a suitable Lagrange multiplier associated to u,,.

2.1. Case of 0 < A < aTIAN

The aim of this subsection is to prove that when 0 < A < a~2\* is fixed, all minimizers of (1.3) are
relatively compact in the space Ay as p * %, which gives the proof of Theorem 1.2.

Lemma 2.1. For any given 0 < A < a 3N and p S %, {up} is bounded in Ay.

Nl=
wlw

Proof. For any \,t > 0, let Q'(x) = 224 Q%(taz), where Q% is the unique positive radial solution of (1.5)

A=3
with p = 2. Then Q'(z) € A, and

Q*(z aAPT1¢3p 2p+2
Ep(@) =2 - )\*2// Ix— vy - +1)\*p+1 Q3" dz,

which implies that

e(p,\) < tlg(f) E,(Q") <o0. (2.2)

We combine the Hardy-Littlewood-Sobolev inequality and the Sobolev inequality to yield that there exists
a positive constant C' such that

2 2
l//wdmy <CO\? /\Vu|2dx
2 |z =yl
R3 R3 3

§6/|Vu|2dx+06_1)\3
R3

2

(2.3)
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It follows from (1.4), (2.2) and (2.3) that
A2 »
/\vup|2dx<e/|vup| dr +C. + O‘A*p (/\vup|2)%.

We claim that

limsup/ |V, |2dz < +o0. (2.4)

2
P/g RS

On the contrary, suppose there exists a subsequence such that
lim /|Vup|2da: =00
p 3
]RS

which implies that

3par‘z
/\vup|2dx< (e+7pO‘A*p )/|Vup\2dx+06.
R3 R3
Noting that
3parT
lim — 1,
p 2 2 AP

then there exists € > 0, such that

@ a\ 2"
2 )\;;p

2
<lasp/‘§

This leads to a contradiction, thus (2.4) is obtained. From (2.4), we see that {u,} is bounded in A). O

It then follows from Lemma 2.1 that for any sequence {py} with p; %, there exist a subsequence, still
denoted by {px} and @ € Ay, such that u,, — @ in Ay as k — co. We next prove that

10
/ uppt P da — / upy dz 5 0. (2.5)

R3 R3

Choosing s > it follows from Hélder inequality that

10’

(2pr + 2)(3s — 10)
10(s — 2pg — 2)

gl 2o < Nlupe 155, 2l I o =

and

OPk
1—
||upk||2pk+2<”upk” ||up1cH Bk’ B :2pk+2.

Then,
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1 op—1

2 s
[[eplls [l s ™

< ||upk||2pk+2 <Az

g 1155
3

By Lemma 2.1, assuming that [|up,[| w0 LN [lup s £ b and [tpy || 2ps+2 £, ¢. Noting that o, Br - 1,
which implies that @ = ¢. (2.5) is therefore proved. From (2.5) we see that

kh—{[;o e(pr, A) = kli—>n<>lo By (up,) = klingo By

On the other hand, suppose that « is a minimizer of e(%, A), then

e(z,\)=F

N N> L
3 %(u) klggo By, (u) > klingo e(prs A),

which implies that

. 2
klig.loe(pkv )‘) - e(ga )‘)

Since the above argument holds for any sequence {p;} satisfying limg_, o pr = %, we thus have
lim c(p. N) = e, )
im e(p,\) =e(=, ).

p 2 3

Proof of Theorem 1.2. In view of above facts, {u,,} C Ay is a bounded minimizing sequence for e(%, A).
By the concentration-compactness principle, there exists a sequence {yx} such that wup, (- 4+ yx) is relatively
compact in LP(R3) for 2 < p < 6. Therefore, there exists a subsequence still denoted by {px} and ug € Ay
such that

klim p, (* + yx) = uo(x) strongly in LP(R?) for 2 <p < 6.
—00

Using the weak lower semicontinuity, we have

2 2
e(z,\) < FE i =

2 2
3 3 k—oo 3

This completes the proof of Theorem 1.2. 0O
2.2. Case of A > a3\

In the following, we intend to prove that all minimizers must blow up in Ay as p % Towards this
purpose, we introduce the following auxiliary minimization problem as:

é(p, ) = inf 4 By (u) : /|u|2dm:)\ , (2.6)
R3

where E,(u) is defined by

~ (6%
By (u) :/|Vu|2d:1:f m/wpﬂ’dm
R3 R3

Similar to Lemma 3.1 in [20], the exact value of the minimum energy of (2.6) as well as the precise form of
its minimizers are established, and we omit the details for simplicity.
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Lemma 2.2. Let p € (0, %) and @, s the unique positive radial solution of (1.5). Then

3p—2
é(p,\) = p—sp, where s, = <

2.7)

2
3p arZt\
3p ’

2 N7

and the unique (up to translations) positive minimizer of (2.6) must be of the form

~ A 2 3 1
Qp(z) = (/\*> t3 Qp(tpx), wheret, = (sf) )
p

Denote now u, to be a nonnegative minimizer of (1.3). In the following we shall derive refined estimates
on ||Vup|2.

Lemma 2.3. There exists a positive constant K, independent of p, such that

1

K§551/|Vup|2§?

R3

2
as p /5

where s, is defined in (2.7).

Proof. We first give the lower bound of [p, [Vu,|*dz. Using (1.4) and (2.3), we have

E,(u) > (176)/|Vu|2dx7 oA 7 /|Vu|2dx ~ O,
R3 )‘p 3
Set
oz/\ZTp 3p
f(5)=(1—€)3—7327
14

. o 1 V52—
then f(s) has a unique minima s, = (7=)2- s,,.

We claim that there exists v > 0 small such that for p * %,

PRl
——— ty<1l (2.8)

2

In fact, taking v > 0 sufficiently small such that —yInvy + 2y < %, then the conclusion follows by taking
the limit p * 2 in (2.8).
Let v > 0 be chosen as in the above claim. We then claim that

2
s;l / |Vup|? >, forp 2 3 (2.9)
R3
Otherwise, there exists a sequence {p;} with py * % as k — oo satisfying

/|Vupk|2dx < YSpy-
R3
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2
Choose ¢, = % > 0 small such that s, = (171%)273” Spr > VSp, for pi %, it then yields that

3pr — 2 . _
pgl;TSpk =é(pr, ) > e(pr,\) > f /|Vupk|2dx - Cekl)\?’
3
_ 2 3pg 2 — 3px _
= —Cq N = - — Cep N
>f(vsp,) — Cey, ( ) Tt v) spe — Cey,
Thus,
2—3pk (2—3}% 2 3P 2—3pk ) k
—CN < — — 2 oy — — —00,
3Pk 3Dk 3pr | 7 3 )

which leads to a contradiction.
To get the upper bound of fRS |Vup|?dz, we first deduce from the PohoZaev identity that

1 uZ(z)u(y) 3ap
2 [ |Vu,|*> = = o)y / 2, 2.10
Jrowk =g [ [ B 2 (210)
R3 R3 R3

Therefore, we combine (1.4), (2.3) and (2.10) to yield that

2/|Vup|2dx < 227 3‘””_ ([R/|vup| dv | +OA3 ({R/|Vup|2dﬂc

R3

Then, there exists constant A > 1, such that

2

. _ -5 2

_1/|Vup|2dx§ (1—0)\%7_%)\_ﬁ) 51 as p/‘g.
R3

This completes the proof of Lemma 2.3. O
In view of above facts, we next define the L?(R?)-normalized function
_3 _1
wy(z) := sp Tup(sp 2 + Tp), (2.11)

where z,, is a global maximum point of u,. It follows from Lemma 2.3 that

1 2
K < /|pr|2 < as p 3 (2.12)
R3

Before proving Theorem 1.3, we first establish the following lemma.

Lemma 2.4. There exists a positive constant n such that

lim inf / lwp|?dz > n > 0. (2.13)
p 2
B2(0)
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Proof. In view of (2.1), w,(x) defined in (2.11) satisfies the elliptic equation

3p—2
2p+1

_1 3p=2
—Awp(z) = sp % (W) * 2|~ Hw, — ozspp2 w, sy ppw, =0 in R (2.14)

We first claim that there exists a positive constant M, independent of p, such that

1 2
-M < szjlup < o p 3 (2.15)

In fact, using (2.10) we have
(5p— 1o 2
—Ap = 3/ |V, |* — Tl lup| P2 <3 [ |Vu,|* as p 3
R3 R3 R3

On the other hand, it follows from (2.2) and (2.10) that

2 2
_ 0 [y L[ [EOE0 2 g
My = —e(p, \) + —L_ iz - [ IS 2 gy, 2,
iy = =00 + 2 [z g [ [BEREE S 2 [,
R3 R3 R3 R3

Therefore, (2.15) holds by Lemma 2.3.

2
Denote ¢, (z) = fRi! Tip_(z)‘ dy. Tt follows from Hoélder inequality that there exists a constant C, indepen-
dent of p, such that

b (2) = / W) gy / wp(¥)

|z —y| |z —y|
|[z—y|<1 |z—y|>1
1 3 6 3 9
< ( mdy> ( wp(y)dy) + wy,(y)dy (2.16)
lo—y|<1 |[z—y|<1 |[z—y|>1

2
Sqmﬁ+A§Caspf§

3p—2

Note from (2.14)-(2.16) that —Aw, — ¢(z)w, < 0 in R3, where c¢(z) = as, °
4.1 in [10], we then have

wgp(x). By applying Theorem

1
<C 24z ) ° 217
max wp < ((/mlwpl x) ; (2.17)
B2(0)

where C' > 0 depends only on the upper bound of |c(x)| z2(B,(0)), i-e., the upper bound of |[wp|| LB, 0))-
Therefore, it then follows from (1.4) that the constant C' > 0 in (2.17) is bounded uniformly as p * 2.
Since wp () attains its local maximum at 2 = 0, we thus obtain from (2.14)-(2.16) that

3p—
2

_1 2 2
0< 5;1Mpwp(0) + sp éwap (0)wp(0) + asp wipH(O) < —Cup(0) + C/w§p+1(0) as p /" 3

which implies that w,(0) > C > 0asp % Then (2.13) holds, and this completes the proof of
Lemma 2.4. O
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Proof of Theorem 1.3. We are now ready to complete the proof of Theorem 1.3 by the following two steps.
Step 1: The detailed asymptotic behavior. For any given sequence {py} with py % as k — oo, we denote

_3 _1
wy(x) == wp, (x) = s, Tun, (:ck + 5, "’x) >0, and sj := sp, > 0, where sy, is defined by (2.7) and satisfies

sp — 00 as k — 0o. In view of (2.14), wy(x) satisfies the Euler-Lagrange equation

_ 1 3pl.72
—Awy(z) — 8, % (Wi * 2| "Hwy — as,, 2 wip’“ﬂ —sp 'upwy =0 in R, (2.18)

and note from (2.15), up to a subsequence, that there exists a positive constant 3, such that
sgluk — —fp as k — oo.

Therefore, by passing to a subsequence if necessary, we deduce from (2.12) that wy, — wo > 0 in H*(R?) for
some wo € H'(R?). Moreover, by passing to the weak limit of (2.18), the nonnegative function w, satisfies

—Awg(z) + Pwo(x) = <§) ’ wO% in R (2.19)

Furthermore, it follows from Lemma 2.4 that wy # 0, and thus wy > 0 by the strong maximum principle.
By a simple rescaling,

wo(@) = (1) (28) @3 (Gt —wl) - for some yo < B2 (2.20)

where Q2 is a positive radially symmetric solution of (1.5) with p = 2. Note that [, [wo(z)|?dz = X. By
the norm preservation we further conclude that

wi 2wy strongly in L*(R?).

Together with the boundness of H!(R?) norm for wy, this implies that
k . 2/ 3
wy, — wo strongly in L°(R”) for any 2 < p < 6.

Moreover, since wy and wy satisfy (2.18) and (2.19), respectively, a simple analysis shows that
5 ANE/3 N /3 o
Wy — wy = (F) (56) Q: ((56)2 |lx — y0|) strongly in H"(R?). (2.21)

Using the standard elliptic regular theory, one can further obtain that
wy, & wo in C2,(R?). (2.22)

We notice that the origin is a critical (local maximum) point of wy for all k& > 0, in view of (2.22) it is
also a critical point of wg. We therefore conclude that wq is spherically symmetric about the origin, i.e.
yo = (0,0,0) in (2.21) and

wo@) = () (28) @3 (Cp)hl). (2.23)

3

Since wy, decays uniformly to zero w.r.t. k as |x| — oo, all local maximum points of wy, stay in a finite ball
in R3. Tt then follows from (2.22) and Lemma 4.2 in [15] that for large k, wy has no critical points other
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than the origin. This gives the uniqueness of local maximum points for wy(z), which therefore implies that
Ty is the unique maximum point of wy.
Step 2: The exact value of 5 defined in (2.23). Using (2.10) we have

3pr, — 2 3 w?
e(pk, A) = pgk—sk/|vwk|2 — Pk // k‘x — |
Pk s Y

It follows from (2.21) that
. 3p 4 3
dm o %k P A) =38
On the other hand, by Lemma 2.2 we see that
. Pk 1 _
Jm s — 2% feA) =1

Note that

2
'U)
e(pr, A) < é(pr, A) < e(pr, A —k// wi(2)wi(y) ,
(b Y) < (s, ) L[ [t
R3 R3

which implies that

3Dk ,1 // w,C k
0< —— JA) —e(PrsA) < ————<5,. 2 50.

Thus,
2 . 3pk; -1
=— and lim ——— A)=1.
=gy and lim 225l Y
Since the above argument holds for any sequence {p;} satisfying limg_,o, pr = %, we thus have
lim sy le(p,A) = 1,
/3 3 3p—2 °r

and the proof is finished. 0O
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