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1. Introduction

We first introduce some notation that will be used throughout the paper. Let Q C R™ be a bounded
domain with a sufficiently smooth boundary T', Q@ = QUT, and I’y C T have a nonempty interior relative to
I'. The symbol t; € (0,00) stands for a final time and the dot notation () is used for the time derivative.
Boldface letters represent vectors, both variables and functions, e.g. x € Q, u, or ®. The ith component of
a vector u is denoted by u; and u” means the transpose of u. The following notation will be used for the
spaces of vector-valued functions: HY = L?(Q)", HE = L*(T")", and V" = H'(Q)",n € N, with the usual
norms. The subspace V' = H}(Q)" is equipped with the norm
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as is the subspace V' = {p € V" : <p’ro = 0}. The norm on L>(Q)" will be denoted by || - ||o,n. The
superscript and subscript n = 1 will be suppressed for notational simplicity, e.g. Ho = L2(Q), ||*[|oc = ||[/0c.1-
We denote by L?(a,b;X) the space of L*-integrable functions from [a,b] C R into a Hilbert space X with
the norm

b 1/2
fullzansy = | [ Tu(@Ra
a

Finally, the space L* (a, b; X) is the space of essentially bounded functions from [a, b] into X equipped with
the norm

||u||L°°(a,b;X) = eS[S sup [|u(t) | x
a

Let a(A) : V* x V" — R be a continuous and @ﬁ—coercive bilinear form depending on a parameter
X € L®(Q)*. Let B(b) : V§ :— Hy be a linear continuous operator depending on a parameter b € L>®(Q)™
such that, for every ¢ € HY and every ® € \7(?,

(. B(b)®)y,, = (e(b™), B(e)®)y,, (1)

where e is an m-dimensional unit vector such that all but one of its components are zero. Condition (1)
immediately implies the linearity of the operator B with respect to its parameter b. Let o € L? (0, ty; HE ®
H}) be an n x n second-order tensor such that 6 € L2(0,ts; HE @ Hp).

We consider the following class of coupled systems consisting of a parabolic equation, with boundary and
initial conditions, and an abstract elliptic equation in a variational form with time ¢ € (0,ts) as a parameter.

M(x)V = V- [A(x)VV] = —B(bo(x))1, in Qx (0,t5)
a(AX);u, ®) = (\77B(b1(x))¢')H$ + (o(x, t)n,@)HF, Ve c Vi

V(x,t) = Vg(x,t), onT x (0,t)

V(x,0) = V(x), inQ

Here M and A are m X m non-symmetric coefficient matrices, V is an m-vector, by and by are coupling
vectors such that by # Sb; for any scaling transformation S, and n is the outward unit normal vector on
the boundary.

Systems like (2)-(5) are motivated by the modeling of coupled diffusion and elastic deformation processes
in inhomogeneous porous media within the quasi-static assumption.

The objective of this paper is to develop existence-uniqueness-continuous dependence theory for a weak
solution of the coupled parabolic-elliptic system (2)-(5).

Many physical phenomena are modeled by various coupled parabolic-elliptic systems, and the problems
of existence, uniqueness, and continuous dependence, as well as regularity of solutions to such systems,
have attracted a great deal of attention in the literature. Focusing on the class of coupled parabolic-elliptic
systems under consideration, we mention the works of Showalter [12,13] and Malysheva and White [7,8].
In [12,13], based on the theory of linear degenerate evolution equations in Hilbert spaces, the existence-
uniqueness-regularity theory was developed for strong and weak solutions to the mixed parabolic-elliptic
system describing the classical quasi-static Biot consolidation models of poroelasticity and thermoelasticity.
It should be noted that, with slight modifications, these results can be extended to the special case of
the system (2)-(5) with symmetric coefficient matrices M and A and equal coupling vectors by and by.
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However, the arguments employed in [12,13] are not applicable to the general case of the system (2)-(5).
Well-posedness for a coupled parabolic-elliptic system constituting the general model of chemical thermo-
poroelasticity [3] that satisfies (2)-(5) with constant coefficients and B(b)® = b(V - ®), ® € V*, has been
treated in [7,8]. Sufficient conditions for Hadamard well-posedness in a weak sense for this system were
obtained in [7], and in [8], using the proposed pseudo-decoupling method, the full well-posedness theory was
derived for a weak solution of the system. Existence, uniqueness, and regularity results for other classes of
linear and nonlinear coupled parabolic-elliptic systems can be found, for example, in [1,2,5,9-11].

In this paper, we establish the global existence, uniqueness, and continuous dependence on initial and
boundary data of weak solutions to the class of coupled parabolic-elliptic systems of the form (2)-(5). We
show that far more general well-posedness results can be obtained by extending the idea of the pseudo-
decoupling technique introduced in [8].

The remainder of the paper is structured as follows. In Section 2 we describe the pseudo-decoupling
method that transforms the coupled parabolic-elliptic system (2)-(5) into an initial-boundary value problem
for a single implicit equation and discuss the decomposition of the obtained problem using the principle
of superposition. In Section 3 we prove the global existence, uniqueness, and continuous dependence on
initial and boundary data of weak solutions to subproblems resulting from the decomposition carried out
in Section 2. In Section 4 we develop global existence-uniqueness-continuous dependence theory for weak
solutions to the class of coupled parabolic-elliptic systems (2)-(5).

2. The pseudo-decoupling method

In this section we present the pseudo-decoupling method that allows one to transform the coupled
parabolic-elliptic system (2)-(5) into an initial-boundary value problem for a single implicit equation. Us-
ing the superposition principle, the obtained initial-boundary value problem is then decomposed into two
subproblems: first, for an autonomous parabolic equation and second, for an implicit equation with homo-
geneous boundary and initial conditions.

We shall be using the following assumption on the coefficient matrices M and A and the coupling vector
bo.

Assumption 1. We assume that the matrix A(x) can be expressed as the product of a symmetric matrix
Ap(x) and a constant diagonal matrix D,

A(x) = Ag(x)D,
where D is such that
Db = by (6)
Considering Assumption 1, we define the vector
Vp =DV (7)

The transformation (7) and the linearity of the operator B(-) lead to the following coupled system equivalent
to (2)-(5).

Mp(x)Vp =V - [A4g(x)VV ] + B(bo(x))a =0, in Q x (0,t) (8)

a(A(x);u,®) = (Vp, B(D™'bi(x)) @)y, + (o(x, )0, @)y, V@ € Vg (9)

Vp(x,t) = DVg(x,t), onT x (0,tf) (10)
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Vp(x,0) = DV(x), in$ (11)

where Mp(x) = M(x)D~! is a non-symmetric matrix.

Our next step is to incorporate the abstract elliptic equation (9) into the equation (8). According to the
Lax-Milgram theorem [14], the properties of continuity and @gl—coercivity of the bilinear form a(A; -, ) allow
us to define the linear operator Ep(b) : H} — Vg depending on the operator B(b) : V3 — H® and its
parameter b € L>(2)™ by

a(X Ep(b)3h,®) = (. B(b)®) ., ¥ € V7 (12
and the function ur = ur (o) € Vg by

a(Aup, @) = (on, @)y, VPe A/ (13)
r

Remark 1. The linearity of the operator B(b) with respect to its parameter b yields the linearity of Fp(b)
with respect to b. Moreover, the operator Ep is continuous. Indeed, since a(; -, -) is @(?-coercive, for every
P e Hy,

a(X; Ep(b)y, Ep(b)yp) = v(N)IIEp(b)% |5 (14)

where (X)) > 0 is the coercivity constant of a(X; -, -). From the above inequality, (1), (12), and the continuity
of the operator B(b) we have

YN EsB)3, < |a(X; Ep(b)ep, Ep(b))|
= (4. BO)Ea(b)w) | = |(e(b" ), B(e) Ep(b)) .

< D", 1 B(e) B (b)4
< b lm, | Be)[[1E5 (D)% 0.0

where || B(b)|| = sup{||B(b)v|lmy : v € V&, Ivllo.n = 1}. Therefore,

1 T
[E5(b)llon < SN 1B(e)[l[[b" |, (15)
and hence,
ym
[Es(b)¥llon < 6N [Iblloo,m | B(e)|[l|% |l mzg

Applying (12) and (13) to (9) gives, for all ® € V',
a(A(x);u, ®) = a(A(x); Eg(D™'b1(x)) Vp, ®) + a(A(x); ur, )
It follows that
u=FEp(D'bi(x))Vp +ur (16)
and hence,

B(0(x))i = [B(b0(x)) By (D~ (x)) ] Vo + B (b (x)) e a7)
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Substituting (17) into the parabolic equation (8), we obtain the implicit equation
|:MD(X) + B(bo(X))EB (D_lbl(x))} VD -V [Ao(X)va] + B(bo(X))uF =0

This equation supplemented with the boundary and initial conditions (10) and (11) yields the initial-
boundary value problem for a single implicit equation,

[MD(X) + B(bo(x))Es (D—lbl(x))}\?D — V- [Ao(x)VVp] + B(bo(x))ur =0, in Q x (0,t7)

Vb(x,t) = DVg(x,t), onT x (0,ts)

Vb (x,0) = DV;(x), in

which is equivalent to the coupled parabolic-elliptic system (2)-(5). In what follows we shall denote this
initial-boundary value problem by PO.

Using the superposition principle, the problem P0 can be decomposed into the following two subproblems:
the subproblem P1 for an autonomous parabolic equation,

Mp(x)W =V - [A4g(x)VW] =0, in Q x (0,t7)
W(x,t) = DVp(x,t), onT x (0,ts)

W(x,0) = DV(x), inQ

and the subproblem P2 for an implicit equation with homogeneous boundary and initial conditions,

|Mb(x) + B(bo(x)) B (D™'b1(x)) [V = V- [A(x)VV] = F(x, 1), in ©x (0,t), (18)
V(x,t) =0, onI x(0,t), (19)
V(x,0) =0, inQ, (20)

where the source term is given by
F‘(X7 t) = —B(bo(X))EB (D_lbl (X))W — B(bo(X))le, (21)

with W being the time derivative of the solution to the problem P1 and ur defined by (13). Then the
solution of the problem PO is the sum of the solutions to the subproblems P1 and P2:

Vp=W+V (22)
and from (7), (16), and (22), the solution (V,u) of the coupled parabolic-elliptic system (2)-(5) is given by

V=DYW+V) (23)

u=Ep(D 'by(x))(W+ V) +ur (24)

Remark 2. Equation (19) yields the auxiliary boundary condition for problem P2:

V(x,t) =0, onI x(0,ty) (25)
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3. Weak solutions to problem P1 and problem P2 with an arbitrary source term

We shall address the questions of existence, uniqueness, and continuous dependence on initial and bound-
ary data of weak solutions to the problem P1 and the problem P2 with an arbitrary nonhomogeneous source
term F(x,t). The following assumption will be made throughout the remainder of this paper.

Assumption 2. We assume the matrices Mp(x) = [m;;(x)]]"—; and Ag(x) = [a;;(x)]}";—; satisfy the follow-
ing conditions:

(i) Mij, 55 € LOO(Q), 1<, <m.
(i) There exist constants m; > 0 such that mg;(x) > m;, ¥x € Q, 1 <i < m.
(iii) There exists a constant ¢ € (0, 1) such that

2
0 < ([lmijlloe + [Imjillos)™ < emim;

forall1<i<m-1,14+1<j5<m.

(iv) The matrices %(MD + Mg) and Ag are positive definite.

3.1. Problem P1

Using the superposition principle, problem P1 can further be decomposed into the elliptic boundary value
problem, denoted by P1.1, with time ¢ € [0,¢/] as a parameter:

-V [Ao(X)VWQ] = O, in Q
Woy(x,t) = DVp(x,t), onT

where W satisfies

~V - [4)(x)VW,] =0, inQ (26)
WO(X, t) = DVB(Xa t), onl, (27)

and the parabolic initial-boundary value problem, denoted by P1.2:

Mp(x)W — V- [Ag(x) VW] = —Mp(x)Wo, in Q x (0,ty)
W(x,t) =0, onT x (0,tf)
W(x,0) = DV(x) — Wy(x,0), in

where Wy, is the solution to the boundary value problem (26) and (27). Then the solution to the problem
P1 is given by

W =W, +W (28)

The next two lemmas establish the global existence and uniqueness of weak solutions to the subproblems P1.1
and P1.2 and the continuous dependence of the solutions on the initial and boundary data. We omit their
proofs because they follow the standard Galerkin methods for elliptic and parabolic problems, respectively.
Henceforth, C' > 0 denotes a generic constant independent of functions to be estimated.
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Lemma 1. Given Vg € L?(0,t; HY/2(I')™) with Vi € L2 (0,t4; HY2(T)™), under Assumption 2 (i) and
(iv) on the matriz Ag, there exists a global unique weak solution Wq € L? (O,tf;Vm) to the problem P1.1
with Wy € L? (O,tf; Vm) and the following estimates hold

IN

IWoll2(0.5vemy < CIV B L2(0,6p:m1/2(0ym)

IWoll20.5vemy < CIV B L2(0,6p:m1/2(0ym)
Moreover, for each t € [0,tf],

HWO(t)”V’" < é|‘VB(t)‘|H1/2(F)7n
IWo(®)lvm < CIVEDImym

Lemma 2. Given Wq € L?(0,t5; V™), V; € V™, and W (0) € V™, under Assumption 2 (i) and (i), the
problem P1.2 admits a global unique weak solution W € L (O,tf; Vé"), with W € L2 (0, te; Hg), and the
solution depends continuously on the data; that is,

Wl Lo 0,65:vg) < CIIVillven + [Wo(0)lvm + [WollL2(0,¢,:vm))

W20, m) < CUIVilvm + [Wo(0)lvm + [WollL2(0.t,:vm))

As a direct consequence of Lemmas 1 and 2, and (28), we have the following global existence-uniqueness-
continuous dependence result for a weak solution to the problem P1.

Corollary 1. Given the boundary and initial data Vg € L? (O, ty; Hl/Q(F)m) with Vg € L2 (0, ty; Hl/z(I‘)m),
and Vi € V™ under Assumption 2 (i) and (iv), there exists a global unique weak solution

W € L2(0,t;; V™) with W € L2(0,t,; HEY) (29)

to the problem P1, and the solution depends continuously on the data in the sense that the following estimates
hold

W lL20,,vm) < C(IIVillvm + [VBO)] /2 rym
+IVllL20,t;;m1/2m)m) + ||VB||L2(O,tf;H1/2(F)m)) (30)
Wl L2(0.4,5m) < C(IIV1]

vm + VB (0)|| g2 mym + ||VB||L2(O,tf;H1/2(F)m)) (31)
3.2. Problem P2

We begin by obtaining formal a priori energy estimates for the problem P2. In real-world applications
elements of the matrices M and A and the coupling vectors by and by of the system (2)-(5) may differ by
more than 20 orders of magnitude (see [3,4]). The same obviously holds true for the coefficient matrices
and vectors of the problem P2. For this reason, we propose a refined approach to deriving a priori energy
estimates that is based on element-wise contributions of system parameters to energy norms.

We first formally multiply (18) by V7, integrate over , and split the first integral on the left-hand side
into the sum of two integrals:

/ VT Mp(x)VdQ + / VT B(by(x))Eg(D by (x))VdQ — / VIV - [4(x)VV]dQ = / VIFdQ  (32)
Q Q Q Q
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Table 1 X
Coefficients é for ||Vz||2
~J 1 2 3 E m—1 m
1 L 1
1 - & B Em-2 Sm=1
2 - o . 1
e €am—1 €2m-3
m —1 - B _ §
€ m—1)/2
Table 2 .
Coefficients ¢y, for || V]|
J
; 1 9 3 A m—1 m
1 . €1 £o ‘e Em—2 Em—1
2 _ _ Em cee €2m—4 €2m—3
I B o _ - Em(m—1)/2

We shall estimate each term of (32) separately. Under Assumption 2 (i), for the first term on the left-hand
side of (32) we have

m—1

m
1 .
| / VMRV =S ma) 720 £ 30 37 (il + lml) [ 201 a0
i=1 i=1 j=i+1 Q
m— m 1 1 . ]
Z 3 glmole + i) |l + eV, | (39

+

forevery e;; >0,1<i<m—-1,i+1<j<m.
We observe that there are m(m — 1) constants ¢;; in (33), and for the sake of convenience, we change
notation from double-indexed €;5, 1 <7 <m—1, i+1 < j < m, to single-indexed g, 1 <k < %m(m— 1), as
follows. The constants ;5, 1 <¢<m—1, i+ 1 < j < m, can be considered as the elements of a symmetric
matrix [aij]?’;:l located above the main diagonal. Using the row-major ordering method, the elements
€12,...,E1m are indexed as €1, ..., &, _1, the elements a3, .. ., €9, are indexed as ,,,...,E2m_3, and so on.
In general, the elements €; ;41,1 <i < m—1, become ei, with k = (m—1)+(m—2)+---+(m—(i—1))+1 =
m(i—1) — l'(i — 1) + 1, and the elements €;;, 1 <i <m—1, i+1 < j < m, are indexed as ¢, with
k=m(i—1)—i(i—1)+ (j—i)=j+m(i— 1) — 2i(i + 1). Thus, (33) can be written as
> 30

1 . .
(Imisllce + llmyill) QIIWII%QJrEkIIV}II%Q (34)
i=1 j=i+1

l\')l)—l

‘ / VT Mp(x)V — Em” W2dQ| <

’ m—1
i=1

where 1 < k < 1m(m—1) are given by k = j+m(i—1)— 3i(i+1). Tables 1 and 2 summarize the coefficients
é for |[V;||? and ey for ||V;||? in (34), respectively.
Under Assumption 2 (ii), from (34) we obtain

/ VIV = 3Vl ~ 550 Limut+ ) L1V,

=1 j= z+1
m—1

(lImijlloe + llmilloo ) enll Vi 1, (35)

ﬂMg
l\DlH

i=1j
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Table 3
Coefficients é and g; for ||V;]|%.
2 2 3 e om—1 m
- 1 1 1 1
1 €1 €2 Em—2 Em—1
2 _ 1 1 1
€1 Em €2m—a €2m—3
_ 1 1
3 €2 Em €3m—7 €3m—6
-1 .. - 1
m Em—2 €2m—4 €3m—7 Emm_1)/2
m Em—1 €2m—3 €3m—6 o Em(m—1)/2 -

with 1 <k < 2m(m — 1) given by k = j + m(i — 1) — 2i(i + 1). It is convenient to rewrite the last double
sum in (35) in terms of ||VlH]2HIQ To this end, we first observe that indices ¢ and j can be interchanged as
follows.

m—1 m m— m
1 . 1 .
> 5 Imilleo + llmgiloe)exll Vs, = Z Z g mille +lmsdec)e Vills, - (39
i=1 j=1i+1 j=1 i=j

where 1 <1 < %m(m —1)isgivenby l=i+m(j —1)— %j(j + 1). Changing the order of summation in the
double sum further implies

m—1 m m i—1

1 .
> (Imisloe + Imyilloc)erllVillfr, = YD~ 5 (Imislloe + llmyilloc )11 Vil (37)

=1 i=j+1 =2 j=1

N | =

with 1 <1< gm(m—1), L=i+m(j —1) = 3j(j +1).
Applying (37) to (35) gives

m
. . . 1. ..
VMoV > S Vi, - 3 3 Sl + o) SV,

Q =1 =1 j= z+1

m i—1 1

=Y S (mgloe + mslo)ealVil,
i=2 j=1

=3[ 30 Slmsle + i) =
=1 J=i+1
i—1 1 )

= X g (gl + sl 121, (59
j=1

where k= j+m(i —1) — fi(i+ 1), fori+1<j<m,and l=i+m(j—1) - 3j(j+ 1), for 1 <j <i—1.
Table 3 shows the coefficients ik and ¢; for ||V;||> depending on the index j in (38).

g
Before going further, for convenience, we introduce the following notation.

bp(x) = D7 (by(x) — bo(x))

Using (6), (12), and linearity of the operator Eg(b) with respect to its parameter b, the second term on
the left-hand side of (32) can be written as
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/ V7 B(bo(x))Eg (D~ by (x))VdQ = (V,B(bo(x))[EB(D*Ibl(x))V])Hm

a(X; Ep(bo)V, Eg(D™'b;)V)
a(X; Ep(bo)V, Eg(D ™ [bg + (b1 — bo)])V)
a()\; Ep (bo)V, Ep (bo)V) + CL(A; Ep (bo)V, Ep (bD)V) (39)

The coercivity property (14) of the bilinear form a(A;-, ) immediately yields
a(X; Ep(bo)V, Ep(bo)V) > v(X)|| Ep(bo)V|[3 . (40)
On the other hand, the continuity of a(A;-,-) and the Poincaré inequality imply
|a(X; Ep(bo)V, Eg(bp) V)| < a(A)[|Ep(bo) Vol Es(bp)Von

where a(A) > 0 is the continuity constant of a(A;-,-). From the last inequality and (15), we deduce that

. . 1 . 5 .
‘a()\;EB(bO)V,EB(bD)V)’ < a(A £||EB(bO)V||(2))n + §||EB(bD)V||(2)’n}

—

[1 . € .
< )| g 1B o) VI + 5 55 IBEIPIVEVIE,

1

(
[1 o e 1 S

< ()| LB VI + 5 =5 1B ZHbD 12 IVl

where € > 0, and therefore,

)

(

a(X; Ep(bo)V, Ep(bp)V) 2 —%a( N Esbo) V1[5, e)|” Z\Ibmll 1Villfa,, (41)

29%(

For the last term on the left-hand side of (32), using the divergence theorem and the auxiliary boundary
condition (25), we obtain

m

/VT [Ag(x)VV]dQ = /Zvv Zaw )VV; )de

_ / ZakVTAO(x)GkaQ (42)

o k=1

where Oy is the partial derivative with respect to xj.
Let us define the bilinear form a : V§* x Vi* — R by

. 8) = [ 3 0" A0 (43)

The symmetry of the matrix Ag(x), (42) and (43) imply

- / VTV - [Ap(x)VV]AQ = = Sa(V, V) (44)

d
dt

N | =
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Remark 3. The symmetric bilinear form a : V§* x V§* — R is coercive and continuous. Indeed, Assumption 2
(iv) on the matrix Ay guarantees that there exists & > 0 such that, for every ¢ € Vi,

a(, ) > a3 . (45)

On the other hand, for every 1, ¢ € V",

. 9) = | [ S o duxiangan)
Q k=1

max {llajlloc} Y D 10killmg |0k,

< n
tshis k=11,j=1

< s {lailoe} 2D 10tilling 32D 1046

i=1 k=1 j=1k=1
and the result follows.
The right-hand side of (32) is estimated as
T RS 12 1 2
VIFdQ < > millVillg, + — | Fillf, (46)
i=1 v

Q

where m;, 1 < i < m, are specified in Assumption 2 (ii).
Applying (38)-(41), (44), and (46) to (32), we have

= 2 e 4
j=i+1 7=1

Qi[mi_ 3 (il Imslee) 1§ |\m”||oo+||mﬂ||m)gl

_ € a(A) 2 2 112
272(}\)IIB(e)II 16, 156 | I1Villfrg,

+
[\

) = a0 1BV IR, + falv. V)

m . 1
<X [milVills, + o1 Fils,

which yields

m m 1—1
Z[mi— 3 (mislloe + Imsallo) 2 = 3 (Imelle + mlloc)e
1

j=i+1 j=1

a(A) .
BTSN 1B(e)l*[1bp, ||§o} Vil

1 : d_ 1
#2900 = 2| 1B VIR, + FaVV) < Y- IR,
i=1 "

where k= j+m(i—1)— 2i(i+ 1), fori+1<j<m,andl=i+m(j—1)—3j(j+1), for 1 <j<i—1
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Integrating the last inequality with respect to time from 0 to ¢ and applying (20) and (45) give, for every
t€[0,tf],

1
/memh+v/w%bwvab+wv mmsﬁjwmmms (47)
0
Here B = 121nm Bi with
m 1—1
1 a(A)
B=mi= 3 (sl +lImisle) = = 3 (Il + Imsdlc)et = 550 1B b Ies (48

j=i+1 Jj=1

1<i<m,k=j4+m(i—1)—%i(i+1),fori+1<j<m,andl=i+m(j—1)—3j(j+1),for 1 <j <i—1;

7 =27(A) — —a(A) (49)

0<p= 121<nm m; (50)

The values € > 0, g, > 0, and € > 0 must be chosen to guarantee that B >0 and 4 > 0.

The condition ,/3’ > 0 is equivalent to 5; > 0 for all 1 < i < m. From (48) we observe that the latter
condition holds true if, for 1 <1 < m, there exist constants p;; > 1, ¢ +1<j<m, q; > 1,1 <5 <i—1,
and r; > 1 such that

m i—1
1 11
—+y —+ =<1 (51)
j=it1 Pij =1 qij T
and
Imislloe + Imsilloc) = < —mi, (52)
€k DPij
fori+1<j<mandk=j+m(i—1)—3i(i+1);
1
(Imislloe + Imjilloc)er < —mi, (53)
ij
for1<j<i—landl=1i+m(j—1)—3j(j+1); and
a(A) 2 2 1
—||B . < —my 54
8720‘)” (e) : il (54)

Indeed, applying (51)-(54) to (48) we have, for every 1 <i < m,

m i—1
Bi > m; — Z imz_zimz_%mz
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Taking into account (36) and (37), condition (53) can be written as

1
(Imijlloe + lImyilloc)ex < —m; (55)
q
ji

where 1 <i<m-—1,i+1<j<m,and k= j+m(i—1)— 3i(i + 1). Putting together (52) and (55) yields

Pij (lmijll oo + lmyill) m;

m; = gii(llmizlloe + lmyilloc)”

(56)

where 1 <i<m-—1,i+1<j<m,and 1 <k < Im(m—1)is given by k = j +m(i — 1) — 2i(i + 1). The
existence of positive intervals (56) for e, 1 < k < gm(m — 1), is guaranteed by Assumption 2 (ii).

Next we find index values i and j that correspond to a specific value k, 1 < k < im(m — 1), in (56). To
this end, using the equation k = j +m(i — 1) — %z(z + 1) we express j as a function of 4,

() = k—m(i—1) + %i(i—i—l) (57)

It can be shown that j() is strictly decreasing for 1 < i < m — 1. Therefore, we seek the smallest integer
1 <7 <m —1 such that j < m. Setting

1
k—m(i—l)—&-?(i—i—l)ﬁm

and solving it with respect to ¢, with 1 < ¢ < m — 1, ultimately leads to

i = E(?ml (2m1)28k>-‘

where [-] denotes the ceiling function. The corresponding value of j then follows from (57).
Now we want to determine € > 0 that guarantees 4 > 0. From (49) and (54), we have

a(A)
27(A)

472()\) min M
a(N)[|B(e)||? 1<i<m r4([bp,

2
oo

<e< (58)

To ensure the existence of a positive interval (58) for &, we enforce the following assumption.

Assumption 3. We assume that the bilinear form a(A;-,-), the operator B(e), the matrix Mp(x) =

)
[mij(x)]7% 1, and the vector bp(x) satisfy the following condition. There exists a constant ¢ € (0,1)
such that

20 &
3 <c 2 2
2v3(A)  IB(e)[]*lbpll3,m

where a(A) and () are the continuity and coercivity constants of a(A; -, -), respectively, and f is given by
(50).

We have proved the following result.

Lemma 3. Suppose, for every 1 < i < m, constants p;; > 1, i+1<j<m, q; >1,1<j<i—-1, and
r; > 1 are such that
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m i—1

1 1 1

—+y —+—<1 (51)
Pij i Ti

j=i+1 Jj=1

Then under Assumptions 2 and 3, the a priori energy estimate (47) holds with B >0 and 4 > 0 if e,
1<k <im(m—1), and e satisfy the following conditions.

pij (Imijllse + lImyillso) . m;
m; =7 gi(llmasllee + llmyilloo)

(56)

where i = B (2m —1—+/(2m—1)2 - Sk)—‘ . [] denotes the ceiling function, and j = k—m(i—1)+3i(i+1);
and
a(A)
2v(N)

7*(A) . m;

aMN[B(e)212i2m 74, |12

<e< (58)

Remark 4. From the formal a priori energy estimate (47) we conclude that the weak solution to problem
P2 is expected to be

V e L>®(0,t5; V"), Ve L*0,t;HE)
provided F € L2(0,t;; HE).

The preceding remark suggests the weak formulation of the problem P2 as follows.
Given F € L%(0,t5; H), find V € L>(0,t5; V") with Ve L2(0,t¢; HZ') such that, for all ¢ € Vi™,

/ T Mp(x)VdAQ + / ! B(bo(x))Ep(D ™ 'by(x))VdQ
Q Q

- / PV - [Ay(x)VV]dQ = / YTFAQ (59)
Q Q

V(x,0)=0 (60)

By the same arguments as those used in (39), the second term on the left-hand side of (59) can be written
as

/wTB(bo(x))EB(D‘lbl(x))VdQ = a(X; Eg(bo)y, Ep(bo)V) + a(X; Ep(bo), Ep(bp)V) (61)

From the continuity of the bilinear form a(A;-,-) and the continuity the linear operator Ep, we observe that
%, ® — a(X; Eg(bo)y, Ep(bo)®) + a(A; Ep(bo)y, Es(bp)®)

is a bilinear continuous map from H{ x H{ to R. Therefore, we can define a continuous bilinear form
[ HE x HY — R by

(1, @) = /d’TMD(X)‘I’dQ +a(X; Ep(bo)w, Ep(bo)®) + a(X; Ep(bo)y, Ep(bp)®) (62)

Applying (61) and (62) to (59), the first two terms on the left-hand side of (59) take the form
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/ Y Mp(x)VdQ + / YT B(by(x))Ep(D ™ by (x))VAQ = I(3, V) (63)

Remark 5. The bilinear form [ : Hg x HE — R is coercive and hence nondegenerate.
Indeed, from (38), (40), and (41), we have, for every V € HZ

I(V,V) > Z {mi _ Z (Ilmijllo + llmjilloc) 1

i=1 j=i+1 2 €k
i—1
||mZJHOO + Hmﬂ”OO) e a(A)
-3 &g — - | B(e)|?| 2 Vil
= 292(A) “
1 )
+ - %aw] 15 (bo) VI,

: 1. . 1.
(mi + B)|Villfr, + 5 EB(bo) VI, > 52V

I
N | =

i=1

where §; > 0,1 <i<m,4 >0, and g > 0 are given by (48)-(50), respectively.

For the last term on the left-hand side of (59), using the same arguments as in the derivation of (42)
together with (43), we have

/ W7V - [Ag(x)VV]dQ = a(th, V) (64)

Substituting (63) and (64) into (59) yields the following abstract formulation of the problem P2 equivalent
to (59) and (60). Given F € L2(0,tz; H), find V € L>®(0,t5; V§") such that V € L2(0,t5; H) and, for all
e Vg,

V(x,0)=0 (60)

The next theorem summarizes results on a global weak solution to the problem P2.
Theorem 1. Given F € L?(0, tp HY), under Assumptions 2 and 3, there exists a global unique weak solution
V € L®(0,t5; Vi) with V€ L2(0,t5; HE) (66)

of the problem P2 in the sense of (65) and (60), and the solution depends continuously on the data F; that
is, the mapping

F—V,V
from L?(0,t7; HE) to L0, t5; V™) x L2(0,t5; HE') is continuous.
Proof. The continuity and coercivity of the bilinear forms ! and @, the symmetry of a, as well as energy

estimates arising from (47) ensure the existence and uniqueness of the weak solution to the problem P2.
The proof follows routinely from the standard Galerkin method, and we omit the details.
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To show that the weak solution depends continuously on F, we use the a priori energy estimate (47),
which yields

ty
1
VO[5 < F|/fnd
VO < 57 [ 1Pl ds
0
for every t € [0,ty], and hence,
[VIlize(o,5:vg) < CIF N L200,6,:1) (67)
On the other hand, taking ¢ = t; in (47), we obtain
IVIlL2(0,4,mp) < é|‘F|‘L2(O,tf;HS’§‘) (68)

This completes the proof.
4. A weak solution to the coupled parabolic-elliptic system: main result

In this section, we establish global existence, uniqueness, and continuous dependence on initial and
boundary data for a weak solution to the coupled parabolic-elliptic system (2)-(5). Our ultimate result is
given in the following theorem.

Theorem 2. Given the initial data Vi € V™, the boundary data Vp € L? (O,tf;H%(l")m) with Vg €
L? (0, ty; H (I‘)m), and o € L? (0, tpy HE ® H{l) with & € L? (07 tpy HE® HF), under Assumptions 1, 2, and
3, the coupled system (2)-(5) admits a global unique weak solution

(V,u) € L2(0,t5; V™) x L2(0,tg; V') (69)
with

(V) € L2(0, 45 HE) x L0, Vg) (70)
and this solution depends continuously on the data Vi, Vp(0), Vg, Vg, o, and &.

Proof. Existence and Uniqueness. The solution (V,u) of the coupled parabolic-elliptic system (2)-(5) in
terms of the solutions W and V to the problems P1 and P2 is given by (23) and (24). Corollary 1 and
Theorem 1, respectively, guarantee the global existence and uniqueness of weak solutions to the problems
P1, and P2 with an arbitrary source term F, provided F € L?(0, ty; HE).

Next, we show that the source term (21) corresponding to the system (2)-(5) satisfies the above condition.
The definition (13) of the function ur (o) € V', o € L?(0,ty; HE @ HP), and & € L?(0,t5; HR @ HP) give

ur € L?(0,t5; V§) (71)
ar € L2(0,tp; Vi) (72)

From Corollary 1, the definitions of the operators B(-) : V§ :— H® and Eg(:) : HY — Vg, and (72)
we infer that the source term F of the form (21) belongs to L?(0,¢s; H'). Thus, Theorem 1 holds for the
problem P2 associated with the system (2)-(5). The global existence and uniqueness of the weak solution
(V,u) satisfying (69) and (70) now follow immediately from (29), (66), (71), (72), and the definition of the
operator Eg applied to (23), (24), and their time derivatives.
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Continuous dependence on data. From (23), (30), (67), and (69) we have

IVilz2(o,,:vm) < C(IWllL2(0,65vm) + VLo 0,,:v50))
< C(IVillve + VO mr2@ym + VBl 200, m0720)m)
+ VBl memym) + IFlL20,,:85)) (73)

The time derivative of (23) together with (31), (68), and (70) give

\|V||L2(o,tf;Hg) < C'(HWHLZ(O,tf;Hg) + ||V||L2(o,tf;Hg))
< é(|‘vl‘ vm + [[VB(0) || g2 ym + ||VB||L2(0,tf;H1/2(F)m) + HFHLQ(O,tf;H?;)) (74)

To estimate the source term F on the right-hand side of (73) and (74), we apply the continuity of the
operators B and Ep and (31) to (21) and obtain

1|22 0.,03) < CUIW L2 (0,m) + 100l L20.4,92))
< C(IVilve + IVBO) | gr2ym + VBl 20,4, 1720)my + larll 2., 90))  (75)

Next, we estimate ur and its time derivative. To that end, we take ® = ur in (13) and use the XN’SL—
coercivity of the form a(A;-,-), as well as the trace theorem [6] and Poincaré-Friedrichs’ inequality [14].
Then, for every ¢ € [0, ],

YA lur ()15, < |a(A;ur(t), ur(t)| = |(o(t)n, ur(f))H?|
< Clloe()lapeng lur ()llon
From the above inequality, for every ¢ € [0, %],
[ur(@)llo,n < Cllo(t)|mpomp
and the integration over [0,ty] yields
||uF||L2(o,tf;\75L) < C||U||L2(0,tf;H;®H?) (76)
By the similar argument, differentiating (13) with respect to time and taking ® = ur, we eventually obtain
||uF||L2(O,tf;\~75”) < C||‘5'||L2(o,tf;H;®Hg) (77>

Substituting (77) into (75) and applying the result to (73) and (74) we respectively get

HVHL?(O,tf;Vm) < é(”VI”Vm + ||VB(O)||H1/2(F)m + ||VB||L2(O,tf;H1/2(F)m)
+ ||VBHL2(0,tf;H1/2(r)m) + H"THLZ(O,tf;Hg@H?)) (78)
and

IVIizz (0 p5vm) < CIVillvm + 11V B0l 1/2(rym

+ ||VBHL?(O,tf;Hl/?(F)m) + ||‘5'||L2(0,tf;H?®Hg)) (79)
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Our next step is to show that the u-component of the solution depends continuously on the initial and
boundary data. Applying (7) and the continuity of the operator Ep to (16) and combining the result with
(76) and (78) give

1l o gy < CUV v + 1V 5O 1720y

+ IVBll 20,4512 0ym) + ||VB||L2(07tf;H1/2(F)"‘)

+ loll 20,y mpemp) + 161|220, HpoHD) )

Finally, differentiating (7) and (16) with respect to time and applying the continuity of the operator Ep
together with (77) and (79), we have

1l 200,55 < CUVIIve + IVBO) /2wy + VBl L2012 @ym) + 1622008,z 0mp))

The proof of Theorem 2 is thus completed.
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