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1. Introduction

In this paper, in the spirit of duality between topology and operator algebras, we study some C*-algebras
associated to compact group actions on complex vector bundles £ — X endowed with a Hermitian metric.
By taking continuous sections of the bundle, we get a finitely generated projective Hilbert module T'(E) over
A =C(X), viewed as a C*-correspondence with the same left and right multiplications and the usual inner
product. The associated Cuntz-Pimsner algebra O¢(x)(I'(E)), also denoted O for short, is a continuous
field of Cuntz algebras, see Proposition 2 in [23].

An action of G on E by isometries induces an action of G on I'(F) and on Op, so one can study the
crossed product O x G. Using a theorem of Hao-Ng from [10], we have the isomorphism O x G =
Oc(x)yxc(I'(E) x G), so it is useful to understand the crossed product correspondence I'(E) x G as a kind of
noncommutative bundle over the crossed product C'(X) x G, which in some cases is Morita—Rieffel equivalent
to an abelian C*-algebra.

In particular, if the action of G is free and rank E = n, then we show that O x G is Morita—Rieffel
equivalent to a field of Cuntz algebras O,, over the orbit space X/G. If the action of G is fiberwise, then
we prove that O x G becomes a continuous field of crossed products O,, x G. For transitive actions, the
vector bundle F has a special form, and O x G is Morita—Rieffel equivalent to a graph C*-algebra.
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2. Group actions on vector bundles

We collect here some facts about G-vector bundles over G-spaces. For simplicity, in section 1.6 of [2], the
author considers only the finite group case, but assuming continuity of the maps, all the results generalize
to compact groups, see [22].

Let us fix a compact group G with identity e. A G-space is a topological space X together with a
continuous action G x X — X written (g,x) — g - = satisfying the usual conditions ¢ - (¢’ - ) = (g¢’) - =
and e -z = .

Definition 2.1. If X is a G-space, then a G-vector bundle on X is a (locally trivial) complex vector bundle
p: E — X such that E is a G-space, p is a G-map i.e. p(g-v) = ¢g-p(v), and the maps E,; — E,., between
fibers are linear.

Remark 2.2. Given a vector bundle p : E — X over a compact Hausdorff space X, the elements of the
automorphism group Aut(FE) are pairs (¢, ®) where ¢ : X — X is a homeomorphism, ® : E — F is a map
such that po ® = ¢ o p and if E, = p~!(z) is the fiber over x, then all restrictions ®, : E, — E ) are
linear isomorphisms. An action of a group G on E is understood as a homomorphism G — Aut(E). If G
acts trivially on X, then we say that the action on E is fiberwise. The set of fiberwise automorphisms is a
subgroup of Aut(E), denoted Autx (F).

Example 2.3. If X is a differentiable manifold and G is a group acting smoothly on X, then the complexified
tangent bundle £ = TX ® C and all the associated tensor bundles E®™ become G-vector bundles.

Example 2.4. If E is a complex vector bundle on X, then the k-fold tensor product E®* becomes an Sj-vector
bundle on X, where the symmetric group S fixes the points in X and permutes the tensor factors.

Remark 2.5. If X reduces to a point, then a G-vector bundle is just a finite dimensional representation of
G. If X is a trivial G-space, i.e. g-z =z for all g € G and = € X, then a G-vector bundle is a family of
representations of G varying continuously with x.

Recall that X is a free G-space if g # e implies g - © # . We denote by X/G the orbit space, and let
7m: X — X/G be the canonical map.

Remark 2.6. Given a G-vector bundle E over a free G-space X, then E is necessarily a free G-space, and
E/G has a natural vector bundle structure over X/G. In fact, E/G — X /G is locally isomorphic to E — X
and the action of G on E/G is trivial.
If X is a free G-space and p : F' — X /G is any vector bundle over X/G, then the pull back
7' F = {(z,v) € X X F | w(x) =pv)}
is a G-vector bundle over X with action g - (z,v) = (g - z,v).

In particular, we have

Proposition 2.7. There is a bijective correspondence between G-vector bundles over a free G-space X and
vector bundles over X/G.
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Assume now that the action on X is trivial, hence G acts on ' — X fiberwise. By averaging over G, we
get a projection

P:E — E°, P(v):/g-vdg,
G

where E¢ is the subbundle of fixed vectors and dg is the normalized Haar measure on G. In particular, if
E, F are G-bundles over X and the action on X is trivial, we have

Homg(E,F) = Hom(E, F)¢,
where Hom(E, F) is the vector bundle over X with fibers Hom(E,, F,) and Homg(E, F) is the set of
G-equivariant morphisms.
Denote by {V;};cr the set of irreducible representations of G, so that any representation V of G is

isomorphic to a direct sum ®i6 1 n;Vi, where n; are multiplicities. Take W; = X x V; to be the product
bundle with the natural G-action g - (x,v) = (z,g - v). If E is a G-bundle over X, then the bundle map

P w: © Homg(Wi,E) — E
7

is an isomorphism of G-bundles and the action on Homg(W;, E) is trivial. We conclude that

Proposition 2.8. For X a trivial G-space, every G-bundle E over X is isomorphic to a direct sum @, W;QFE;,
where W; = X x V; as above and E; = Homg(W;, E) are vector bundles with trivial G-action.

Suppose now that X is a transitive G-space and fix x € X with stabilizer group G,. Then there is a
natural continuous bijection of G-spaces

f:G/Gy — X, f(tGy) =t x.
If H C G is a subgroup and p : E — G/H is a G-vector bundle over the homogeneous space G/H = X,
then the stabilizer group H of the coset © = eH acts on the fiber E, as a group representation and FE,

becomes an H-module. Let G x g FE, denote the orbit space of G x E, under the action of H given by
h(g,v) = (gh~*, h-v). Then G x gz E, becomes a G-vector bundle over G/H via the map

q:GxygE, = G/H, q(g9,v) = gH
and the action ¢’ - (g,v) = (¢'g, v). Moreover, the map
¢:GxyE, —>FE, O(g,v)=g-v
is an isomorphism of G-bundles over G/H.
Conversely, to each representation V' of H, we can associate a vector bundle G x g V over G/H. Hence

we obtain

Proposition 2.9. Any G-vector bundle over the homogeneous space G/H is of the form G xg V for some
H-module V.



4 V. Deaconu / J. Math. Anal. Appl. 494 (2021) 124607

3. Group actions on C*-correspondences and crossed products

The dual notion of a G-space is a C*-dynamical system. This is a triple (A, G, a) consisting of a C*-
algebra A, a locally compact group G and a continuous homomorphism « : G — Aut(A). A covariant
representation of (A, G,«) is a pair (m,u) consisting of a representation 7 : A — L(H) and a unitary
representation u : G — U(H) on the same Hilbert space H such that

m(ag(a)) = ugm(a)u;

for all @ € A and g € G. The crossed product C*-algebra A x, G is a universal object for covariant
representations.

Recall that given C*-algebras A and B, a C*-correspondence H = 4Hp from A to B is a right Hilbert
B-module with a *-homomorphism ¢ : A — L(H) which gives the left multiplication. Here L(H) = Lp(H)
denotes the set of adjointable operators, which are automatically bounded and B-linear. We often write a&
for ¢p(a)é.

If the map ¢ is injective, then H is called faithful. If the span of ¢(A)H is dense in H, then H is called
essential or nondegenerate. If the inner products (£,n) generate B, then H is called full.

Definition 3.1. A representation of a C*-correspondence sHpg is a triple (w4, T, 7p) consisting of nonde-
generate representations w4 and g of A and B on Hilbert spaces H4 and Hp respectively, together with
a linear map 73y : H — L(Hp, Ha) such that

mr(a€) = ma(a)rn(E), Tr(ED) = TH(&)mB(D), mB((§,m) = T (§) T2 (n)

for all a € A, ¢,n € H and b € B. Here L(Hp, Ha) is the set of linear bounded operators between the
Hilbert spaces Hg and H 4.

Given a locally compact group G, an action on 4Hp is determined by a homomorphism p: G — L¢(H)

such that p, is a C-linear isomorphism and g — p4¢ is continuous for all £ € H, and by continuous actions
of G on A and B given by a: G — Aut(A), 5 : G — Aut(B) with compatibility relations

(pg(&): pg(m) = By (€M), pg(Eb) = pg(§)By(b), py(al) = agy(a)py(§),
where £&,n € H,a € A,b € B.
Definition 3.2. Suppose the locally compact group G acts on the C*-correspondence H from A to B via

maps p, o, 5 as above. The crossed product ‘H x, G is a C*-correspondence from A x, G to B xg G, and it
can be obtained as the completion of C.(G,H) using the operations

where &,1 € Co(G,H), f € Co(G, B), h € Co(G, A).
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Remark 3.3. The crossed product correspondence H x, G can also be obtained as H ®,, (B g G), where
¢ : B — L(Bx3G) is the embedding of B in the multiplier algebra of B x5 G, regarded as a Hilbert module
over itself.

The group G acts on H @, (B x5 G) by

9(E @ [) = pg(&) @ ugfuy?,

where f € B xg G and u : G — L(B xg G) is the unitary representation such that 3,(b) = ugbu,*. If we
define

Ug(§€®@ f) = pg(§) @ ugf,
then U, € L(H 1, G) with Uy = Uy-1 and
Ug(€® f)Ug1 = pg(€) ® ug fug’

The left and right multiplications on H ®,, (B x3 G) are given by convolution,
(h-(€® 1)) /h Nou(©Buf (s ))ds, (€@ f)-f =E® fFf

for h € C.(G, A) and f, f' € C.(G, B). The inner product formula could be expressed as

(@ fine ff)y=f&nf,

where £,n € H and f*(t) = A(t) Loy (f(t71)*), with A the modular function on G. The isomorphism with
the crossed product defined using a completion of C.(G,H) is induced by the function

D :H®C(G,B) = C(G,H), D€ f)g) =S (9g).

Definition 3.4. Suppose the locally compact group G acts on the C*-correspondence H from A to B via maps
p,a, B as above. If (m4,u) and (wp,v) are covariant representations of (A, G, «) and (B, G, 8) on Hilbert
spaces H4 and Hp respectively, then (74,73, 7p,u,v) is called a covariant representation of (H,G, p) in
L(Hp,Hy) if

T (pg(§)) = ugTa(§)vy
for all £ € H and g € G.

In this case, we can define the representation 7 x v of H x, G into L(Hp, Ha) by

(7 % 0)(n) = / T3(1(5))vsds

G

for n € C.(G,H). Then (14 X u, Ty X v, Tp X v) becomes a representation of the C*-correspondence H x, G
from A x, G to B xg G.

Example 3.5. (The reduced crossed product) Consider (w4, 7y, 7p) a representation of sHp such that
At A— L(Hy) and 7 : B — L(Hp) are faithful. If A is the left regular representation of G given by
s f)(t) = f(s1t) for f € L?(G,Ha) U L?(G, Hp), then we define
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(Ta(a))(t) = malaz-1(a)) f(t),  (TB(1)F)() = 7B (B-1(0))f(1).

We get a covariant representation (74, 7y, 75, A, A) of H by taking

(T (E))(E) = T (pr-1(£)) £ (t)

for f € L*(G, Hp) and (74 X A\, 73 X A, g X A) is a representation of H x, G into L(L*(G, Hg), L*(G, Hy)).
Its image (7 x A)(H %, G) is called the reduced crossed product, denoted H x,, G, which is a C*-
correspondence from A x4, G to B xg, G. If G is amenable, then H %, G = H x,, G.

Remark 3.6. The crossed product H x, G can be characterized as universal for covariant representations.

Consider the category C in which the objects are C*-algebras and in which the morphisms from A to B
are the isomorphism classes of full C*-correspondences from A to B. The composition of [H] : A — B with
[M]: B — C' is the isomorphism class of H ® 5 M as a correspondence from A to C. The isomorphisms in
C are given by imprimitivity bimodules, see [8].

Denote by A(G) the category in which the objects are C*-algebras with actions of G and in which
the morphisms from (A4, G, «a) to (B, G, 8) are equivariant isomorphism classes of full C*-correspondences
from A to B with compatible actions of G. The composition of [H,G,p] : (4,G,a) — (B,G,[) with
M,G,0]:(B,G,p) — (C,G,~) is the isomorphism class of the tensor product action (H®p M, G, pRpo).

Remark 3.7. There is a functor from the category A(G) to C taking a dynamical system (A, G, «) into
A x4 G and a C*-correspondence (H, G, p) into H x, G (see section 3 in [8]).

In particular, for G a compact group, 4 %, G can be identified with a subalgebra of A ® K(L?(Q)), see
Proposition 4.3 in [21] and H x, G with a subspace of H ® K(L?(Q)).

4. Group actions on Cuntz-Pimsner algebras and Morita—Rieffel equivalence

If A = B, a C*-correspondence H from A to A is called a C*-correspondence over A. An action p of G
on the C*-correspondence H over A determines an action on C(H) = K4(#H), the C*-algebra generated by
the finite rank operators 0 ,, where ¢ ,,(¢) = £(n,(). The action is given by g -0, = 0, (¢),p, () and it
follows that \ \

(9-T)(E) = pg(T(pg—1€))
for T € K(H). Moreover, there is an isomorphism
KH)xG=K(H~,G),

see [10]. Using the universal property, we get an action of G on the Cuntz—Pimsner algebra O 4(H) defined
n [11]. Tt is known that O4(H) has a gauge action defined by z-a = a, z-£ = 2 where z € T. The action
of G commutes with the gauge action, therefore we get an action on the core algebra O, (H)T, the fixed
point algebra under the gauge action. We recall the following result:

Theorem 4.1. (G. Hao, C.-K. Ny, [10]). Let H be a C*-correspondence over A and let the locally compact
amenable group G act on (H, A) via (p, o). Then G acts on Oa(H) via v and

OANQG(H Xp G) = OA(H) Moy G.
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Corollary 4.2. For G locally compact amenable acting on H we have
Ouasoc(H 2, )T =0,H)T x, G.
Example 4.3. Let G be the symmetric group
Ss = (t,s) = {1,t,ts,ts% 5,5},
which acts on H = C? by
t-ep =eg,t-eg=¢€1,5- €1 =wey,s: e :w262.

Here t = (12),s = (123), {e1,e2} is the canonical basis in C?, and w? +w + 1 = 0.
The Hilbert space H = C? is viewed as a C*-correspondence over A = C with the usual operations. The
group acts trivially on A, hence

ANS:}%C*(S?,)g(C@(C@MQ

The second isomorphism is obtained by using the minimal central projections

1 1 1

p1= EXH b2 = EXE? pP3 = chrv

where

Y1) = x.(t) = x.(8) = 1; xe(t) = =1, x(1) = xe(s) = 1,
XU(l) = 2, Xa(t) = 0, XU(S) = -1

are the characters of the trivial representation ¢, the signature representation € and the 2-dimensional
irreducible representation ¢ defined by

o(t) = l? (1)] o(s) = [‘S w‘;]

The crossed product C*-correspondence H x S5 over C*(S3) is a 12-dimensional vector space with basis
{€] :x € S3,j =1,2} where & (y) = e, for y =z and & (y) = 0 for y # .

To decompose H x S3 into pieces according to the decomposition of C*(S5) &2 C & C @ My, we need to
compute the products p;&Zpy for i,k € {1,2,3},2 € S5 and j € {1,2}. Now

(pi€lp)(y) = D (Z pi(v)vfﬁg(vl’M)) u-pr(u”ly) =

u€S3 \vES3

=Y piluz pre(uy)(ua) e

u€Ss
A long computation shows that

pZ(H A S3)pk = 0 for ka € {1’2}5
dimpi('H X Sg)pg = dimpg(H X Sg)pk =2forik € {1,2}
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and
dim p3(H x S3)p3 = 4.

Since O4(H) = Oy, using Theorem 4.1 and results in [7], we get that Oy x S3 = Ogs(s,)(H x S3) is
Morita—Rieffel equivalent to the graph algebra with incidence matrix

In particular, it follows that Ko(Oz x S3) = Zy and K;(O x S3) = 0. Since the core algebra OF is the
UHF-algebra Mae, we get an action of S5 on Mae and Ko(Mae X S3) = li_n)l(Z3, B), the direct limit of the

stationary system Z3 25 73 2, ...

Definition 4.4. Given C*-correspondences H and M over A and B respectively, we say that H and M are
Morita—Rieffel equivalent in case A and B are Morita—Rieffel equivalent via an imprimitivity bimodule Z
such that Z ® g M and H ® 4 Z are isomorphic as C*-correspondences from A to B.

Using linking algebras, Muhly and Solel proved in [16] that for faithful and essential Morita—Rieffel
equivalent C*-correspondences H and M, the Cuntz—Pimsner algebras O4(#H) and Op(M) are Morita—
Rieffel equivalent. This result was generalized for possibly nonfaithful correspondences in [9].

Remark 4.5. A C*-correspondence H over A determines an imprimitivity bimodule between IC(H) and A.
The linking algebra C' = KC(H & A) consists of matrices

T ¢

n o a

)

where T € K(H), & € H,i1 € H,a € A. Here H = K(H, A) denotes the dual of the Hilbert module .
Assume now that the group G acts on H. Then G acts on H & A componentwise and (H & A) x G =
HxGDAxG. If we write

then G acts on C' = K(H @ A) and

KHxG) HxG

CxGEKHXGDAXGEG) = HxG  AxG

In particular, H x G determines an imprimitivity bimodule between IC(H x G) = K(H) x G and A x G.
In order to interpret H x G as a C*-correspondence over A x G, we need to define the left multiplication
using the map A X G — L(H® A) x G = M(C) x G induced by ¢ : A — L(H).

Example 4.6. Suppose that # is a C*-correspondence over A and the group Zo = Z/2Z acts via an order
2 automorphism « of A and an order 2 automorphism o of H. Recall that the crossed product A X, Zs is
isomorphic with the subalgebra of My(A) made of matrices
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with a,b € A. Using the linking algebra, the crossed product H %, Zs is a C*-correspondence over A X Zs
and it can be understood as the set of 2 X 2 matrices

y a bo| _ za + ya(b) b+ ya(a)
a o(y)a+o(@)a®) oy)b+o(x)ala) |’

a b x y | _ az + bo(y) ay + bo(x)
ab) afa) | |oy) ofz) o(b)z +a(a)o(y) ab)y +ala)o(z) |-

Theorem 4.7. Suppose that a localy compact amenable group G acts on faithful and essential Morita—Rieffel
equivalent C*-correspondences H and M over A and B respectively, via an imprimitivity bimodule Z. Then
Z %G becomes an imprimitivity bimodule between Ax G and B x G. Moreover, O s(H) % G is Morita—Rieffel
equivalent to Og(M) x G.

Proof. We use results of Combes, see [4], to realize Z x G as an imprimitivity bimodule between A x G and
B x G. The isomorphism Z @ M =2 H ® 4 Z is equivariant, and

(Z@pM)x G2 (Z2xG)@pug (MxG)

Y HXG)Raxag (ZXG) =2 (H®s2Z) %G,

hence H x G is Morita-Rieffel equivalent to M x G via Z x G. By the results in [16] combined with [10], it
follows that O4(H) x G is Morita—Rieffel equivalent to Op(M) x G. O

Remark 4.8. Note that for G compact, the set of fixed points

HE={¢eH | g¢=¢

becomes a C*-correspondence over the fixed point algebra A. If the action on A is saturated, then A%
is Morita-Rieffel equivalent to A x G and it follows that HE is Morita-Rieffel equivalent to H x G. In
particular, O4(H) x G is Morita-Rieffel equivalent to O ¢ (HY), which in some cases might be easier to
handle.

Remark 4.9. Consider jy : H — Oa(H) the canonical inclusion and let G be a locally compact abelian
group acting on H. Then the dual G acts on A x G and H x G in the usual way. Using the map jy and
Takai duality, we obtain
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(HxG)xGC Oaxcync((H X G) % G) =
= (OAH) % Q) x G = O04(H) @ K(LAHG)).

A duality result for crossed products of Hilbert C*-modules by group coactions was obtained by Kusuda,
see [15].

5. Applications to Cuntz—Pimsner algebras of vector bundles

Consider £ — X a Hermitian vector bundle of rank n, where X is compact, metrizable and path
connected. The set of continuous sections I'(E) becomes a C*-correspondence over C(X), with left and
right multiplications given by

(fO)(@) = (£f)(x) = f(z)¢(x)

for f € C(X),¢ € I'(E) and inner product

(&m(x) = (&(x), n(x))e, -

We denote by Op the Cuntz—Pimsner algebra of the C*-correspondence I'(E) over C(X), which is a (locally
trivial) continuous field of Cuntz algebras O,,, see Proposition 2 in [23]. In particular, O is a C'(X)-algebra.

Remark 5.1. The C*-algebra O is generated by C(X) and S, ..., Sy such that

N
fS;=8;f S;Sk=Py, Y S5 =1

j=1

where f € C(X) and P € My ® C(X) is a choice of projection that gives the bundle E by the Serre-Swan
Theorem. Since I'(E) is a direct summand of C'(X)¥, the Hilbert module I'(E) x G is finitely generated
and projective since it is a direct summand of C(X)N x G = (C(X) x G)V.

Recall that the cohomology set H! (X, U,,) classifies the Hermitian vector bundles of rank n over X, where
U,, = U,(C) denotes the unitary group. The set of isomorphism classes of locally trivial continuous fields of
C*-algebras over X with fiber A is in bijection with the cohomology set H'(X, Aut(A)). If (X;, a;;) is the
cocycle corresponding to the bundle E, then the cocycle with values in Aut(O,,) describing Op is given by

afi(z)(t) = aj (2)2 Rty (x)®T)*, where t € (n”,n"TF) C O,,.

Here O, is viewed as the Doplicher—Roberts algebra associated to the n-dimensional Hilbert space H, and
(n",n"*t*) denotes the set of linear maps H®("+k) — H®" We reproduce the following example from [24],
which shows that for some vector bundles, the field of Cuntz algebras associated to OF is not trivial.

Example 5.2. Let X = S?* be an even sphere. Recall that H]L(S%7 Up) = mop—1(U,) for k > 1 and that
KO(st) o~ ZQ, Kl(s?k) ~ ().

Moreover, as a ring, K°(S?*) is isomorphic to Z[\]/(A?). Tensoring with a fixed vector bundle E — S2¥
with class n +m\ defines an endomorphism [E] of K°(S2*) given by

[E](z + yA) = nx + (ny + ma)A.
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Using the six-term exact sequence for the K-theory of O, see [11] we get

zz T g2 oy g0g)

OT JO
Ki(0p) <~ 0 <& 0
hence
Ko(Og) =2 7%/(id — [E])Z?, K1(Og) =0.
In the case the bundle E is such that n — 1 and m are relatively prime and n > 3, we get
Ko(Op) = Z/(n—1)Z,
hence Of determines a non-trivial field of Cuntz algebras since by the Kiinneth formula we have
Ko(C(S*") 2 0,) =2 Z/(n—1)Z®Z/(n—1)Z.

Remark 5.3. For X = S?**1 an odd sphere and for [E] =n € K°(S?*1) = 7, Vasselli showed in [23] that
we have

(O K,Z)=(C(S*" M0, 0K,7)
as graded algebras.

Remark 5.4. If E is a line bundle over X, then Op is commutative with spectrum homeomorphic to the
circle bundle of E. The resulting K-theory exact sequence is a version of the classical Gysin sequence for
circle bundles, see [1]. If E, F' are line bundles over X, then O = OF as C(X)-algebras if and only if £ = F
or E 2 [, where I is the conjugate of F, see [6], Proposition 2.2.

In general, for a Hermitian vector bundle £ — X of rank n, where X is compact, metrizable and path
connected, Dadarlat showed in [6] that the principal ideal (1 — [E])K°(X) of the K-theory ring K°(X)
determines O up to isomorphism and an inclusion of principal ideals (1 — [E])K°(X) C (1 — [F])K°(X)
corresponds to unital embeddings O C Op. In particular if n > 2, then O = C(X) ® O,, if and only if
[E] — 1 is divisible by n — 1, see [6], Theorem 1.1.

If the compact group G acts on the Hermitian vector bundle £ — X by isometries, we define

(9- )(x) = flg~'x) for f € C(X), (g-&)(x) = g&(g~"x) for £ € I(E).

A section & € T(E) is invariant if g - € = £. The set of invariant sections forms a subspace T'(E) of T'(E).
The averaging operator defines a map I'(E) — I'(E)¢.
Using the universal property, G acts on the Cuntz—Pimsner algebra Og and from Theorem 4.1, we get

Op % G = Oc(x)xc(I'(E) X G).

The structure of the crossed product C(X) x G is known under certain hypotheses. For example, Williams
showed in [25] that if X/G is Hausdorff, then C'(X) x G is a section algebra over X/G with fiber over the
orbit Gz isomorphic to C*(G,) ® K(L*(G/Gy,pn)). Here G, is the stabilizer group and u is any quasi-
invariant measure on G/G,. In some cases, the study of C*-correspondences over C'(X) x G can be reduced
to understanding the C*-correspondences over abelian C*-algebras Cy(Y") or over continuous trace algebras.
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Remark 5.5. An imprimitivity bimodule over a commutative C*-algebra Cy(Y") can be regarded as the space
of sections of a complex line bundle over Y, see Appendix (A) in [18]. A general C*-correspondence H over
an abelian C*-algebra Cy(Y") is given by the sections of a continuous field of Hilbert spaces {#,} over Y and
by a continuous family of measures {4, } on Y which determine the left multiplication ¢ : Co(Y) — L(H) via
a family of representations Cy(Y) — L(H,). If all fibers H, are nonzero, then # is full. The Cuntz-Pimsner
algebras Oc, yy(H) recover large classes of C*-algebras. For more on Hilbert modules over non-unital C*-
algebras, see [20].

Examples 5.6. Particular cases of C'*-correspondences H over an abelian C'*-algebra arise from topological
quivers (E°, E' 5,7, )\), see [17], or from topological relations, see [3]. In the first case, H is obtained as a
completion of C.(E') and the fibers are H, = L?(s71(v),\,) for v € E°. Here A = {\, },cpo is a family
of Radon measures which defines the inner products with values in Co(E®), the source map s : E* — E°
defines the right multiplication, ¢ - f(e) = &(e)f(s(e)) and the range map r : E' — E defines the left
multiplication ¢ : Co(E®) = L(H), ¢(f)E(e) = f(r(e))é(e), for e € EY € € C.(EY), f € Co(E?).

This C*-correspondence H over A = Cy(EP) is essential. The left multiplication ¢ : Co(E°) — L(H)
is injective when r is onto, and ¢(f) € K(H) if and only if for € Cy(E') and for every e € E! such
that (f or)(e) # 0 there exists a neighborhood U of e such that the restriction s|y : U — s(U) is a
homeomorphism.

If s: E' — E° is a local homeomorphism and ), are the counting measures, we recover the situation of
C*-correspondences associated to toplogical graphs of Katsura, see [12].

Example 5.7. Another source of examples of C*-correspondences over abelian C*-algebras comes from the
concepts of diagonal and of Cartan subalgebra B in a C*-algebra A, see [14] and [19]. Recall that in particular
B is a maximal abelian subalgebra in A and there is a faithful conditional expectation P : A — B, so one
can define a B-valued inner product on A by (a1,as) = P(ajaz). By taking a completion and using the
obvious left and right multiplications, one obtains a C*-correspondence H over B = CO(E). It would be
interesting to explore what kind of Cuntz—Pimsner algebras Op(H) one obtain in this way. For example, if
A =M, and B 2 C" is the subalgebra of diagonal matrices, then we get the Cuntz algebra O,,.

To explore the structure of the crossed product O x G, we first consider the case of trivial bundles. Let
E=XxV,where V=C" Then I'(E) 2 C(X)®V and O = C(X)® O,,. A group action on X x V is of
the form g(x,v) = (gz, J(g,z)v), where J : G x X — End(V) is continuous. We must have J(e,z) = I for
all z € X, and from associativity of the action, we obtain the cocycle relation J(gh,z) = J(g, hz)J(h,x).
The structure of O x G = (C(X) ® O,) X G can be determined in principle by understanding the C*-
correspondence (C(X)® V) x G over C(X) x G.

In particular, if the action of G on E' = X xV is free, then E/G = (X/G)xV and I'(E/G) = C(X/G)®V.
Since C(X) x G is Morita—Rieffel equivalent to C'(X/G) and (C(X) ® V) x G is Morita—Rieffel equivalent
to C(X/G) ® V, it follows that O x G is Morita—Rieffel equivalent to C(X/G) ® O,.

If G acts trivially on X, then C(X) x G2 C(X)® C*(G) and (C(X)®@V)xG=ZC(X)®(V xG), so
OpxG=2C(X)® (0, xQ).

For the more general structure of O x G we have the following results.

Theorem 5.8. (Free action). If G is a compact group acting freely on the Hermitian vector bundle E — X,
then Og x G is Morita—Rieffel equivalent to a continuous field of Cuntz algebras over X/G.

Proof. Indeed, in this case C'(X) x G is Morita—Rieffel equivalent to C'(X/G) via the imprimitivity bimodule
Z which is a completion of C(X), and T'(E) x G is Morita-Rieffel equivalent to I'(E)Y ¥ T(E/G). O
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Example 5.9. Let X = S? be the 2-sphere and let E = T'S? ® C be the complexified tangent bundle. Even
though E is not a trivial bundle, we have O = C(5%) @ O3, see Theorem 1.1 in [5].

The group Zs = {e, g} acts on S? by g- 2 = —z and on E by its differential dg. Since the action is free,
E/Zs is a vector bundle over the real projective space S2/Zy = RP2. Moreover, C(S?) x Zo is Morita—Rieffel
equivalent to C'(RP?) and it follows that Op x Zs is Morita-Rieffel equivalent to C(RP?) ® O,.

Theorem 5.10. (Fiberwise action). If G is a compact group acting on the Hermitian vector bundle E — X
of rank n and the action on X is trivial, then Og X G is a continuous field over X with fibers O, x G.

Proof. Indeed, in this case we have a fiberwise action on the continuous field of Cuntz algebras O,, and we
can use Theorem 4.1 in [13]. O

Remark 5.11. For G = S,, the symmetric group, we know from [7] that O, x.S,, is simple and purely infinite.
If X is finite dimensional, Dadarlat gives in [5] a complete list of the UCT Kirchberg algebras D with finitely
generated K-theory for which every unital separable continuous field over X with fibers isomorphic to D is
automatically locally trivial or trivial.

Theorem 5.12. (Transitive action). Let G be a compact group and let H be a closed subgroup. Given a
Hermitian vector bundle E over X = G/H we know that E =2 G xg V for an H-module V. Then O x G
is Morita—Rieffel equivalent to a graph C*-algebra.

Proof. Indeed, C(G/H) x G is Morita—Rieffel equivalent to C*(H) which is a direct sum of matrix algebras.
This in turn is Morita—Rieffel equivalent to Co(Y) with Y at most countable. Now it is known that a
C*-correspondence over Cy(Y') gives rise to a discrete graph. The result follows from Theorem 4.7 since

Op ¥ G = Oca/myxc(l(E) xG). O
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