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1. Introduction

Our purpose is to establish on the Laguerre hypergroup (see [14], [20, pp. 243-263]) a local limit theorem similar to the
classical one (see [4,18]). The aim of such a theorem is to give a weakly asymptotic behavior for the convolution powers
W = %% (k times), u being a suitable given probability measure.

Note that many authors have been interested in this kind of result in different situations. One can cite for instance
[1,3,5,9-11].

The local limit theorem that we establish here states precisely that given a probability measure @ on the Laguerre
hypergroup (K, %), satisfying the conditions

1 ({0} x R) =0, /td,u(x, )=0 and /(1 + (P + ) (x* + 2 +t])) du(x, ) < o0,
K K
then there is a positive constant C,(f‘) such that for every compactly supported continuous function f : K — C, we have
(@)

c
Jim [k“” / fx, tydp**(x, t)] = m fx, 6)x**  dxdt.
K— 00

K K

This yields naturally, as it is detailed below, to a local limit theorem for some suitable radial probability measures on the
(2n + 1)-dimensional Heisenberg group.
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The technique we adopt for the proof of our local limit theorem on the Laguerre hypergroup is similar as that used in
the classical case (see [4,18]). It is based on the properties of the Fourier transform on this hypergroup and especially on
the asymptotic behaviors with respect both the direct and the dual variables of the characters belonging to the support of
the Plancherel measure y, (given below) associated to this hypergroup.

Let us recall that (K, *y) is a commutative hypergroup (see [14], [20, pp. 243-263]), on which the involution and the
Haar measure are respectively given by the homeomorphism (x,t) — (x,t)” = (x, —t) and the Radon positive measure

dmy (x,t) = m dxdt. The unity element of (K, %) is given by e = (0, 0), i.e. 8(x,¢) *« 6(0,0) = 8(0,0) *a S(x,t) = S(x,r) for all
(x,t) e K.
The convolution product #, is defined for two bounded Radon measures © and v on K as follows
(Hq v, f) = / T\ F(y.9)dpx. 0y dv(y.s). (1)
KxK

where « is a fixed nonnegative real number and { . t)}(x,t)eK are the translation operators on the Laguerre hypergroup,
given by

o & T F(E Mrer(1 —r2)e1dodr, ifa>0,
Ten (0,9 = Gy %a 8.9, F) = { *Jo o ’ _ (2)
T F((E,m)1.0) d6, if « =0,

where (&, M. = (VX2 + y2 + 2xyrcos6, t + s+ xyrsing).
Note that for the particular case = fmy and v = gmy, f and g being two suitable functions on K, one has u x4 v =
(f *o g)mgy, where f x4 g is the convolution product of f and g, given by

f o 8, 1) = f T, o f X D2y, s) dme (x, D). (3)
KxK

Moreover, by K. Stempak [16, pp. 249-252], the normed Lebesgue space (L}x (K), || - ||L(1X(K)) of integrable functions on K with
respect to the Haar measure dm,, endowed with the above convolution product, is a Banach commutative algebra, || - ”L& ®)
being the usual norm on L}I (K) given by |\f||L&(K) = fK | fldmg.

The dual (see [2, p. 46]) of Laguerre hypergroup, ie. the space of all bounded continuous and multiplicative func-
tions x : K — C such that x = x where ¥ (x,t) = x(x, —t); (x,t) € K, is given (see [12, Proposition 2.1]) by K = {¢ m;
(A, m) e R* x N} U {¢,; p > 0}, where

Gimx, ) =e ML (Ax3) and @, (x,0) = ju(px); (X, 0) €K, (4)

X2
where jo () =2%T (o + 1)% and L',,S‘.,’)(x) = e*TL,(ﬁ‘) (x), Jo being the Bessel function of first kind and order « [21] and

L,(,‘,") being the Laguerre polynomial of degree m and order « [8,19].
Identifying K and (R* x N) U[0, +o¢[, the Fourier transform of a bounded Radon measure w on the Laguerre hypergroup
is then, by [2, p. 80], the function defined on (R* x N) U [0, +oo[ by

f(u)(k,m)=/<p_x,m(x, t)du(x, t) and f(u)(p)=/ja(p><)du(x, t).
K K

The Fourier transform of a suitable function f : K — C, is given by F(f) = F(f dmy), so that

F(H(hm) = / F % OPsm(x, O dma (6, £) and  F(u)(p) = / £ 0o (px) dma (1, 1),
K K

The Laguerre Plancherel measure y,, associated to Laguerre hypergroup is, by [12, Remark 2.3], supported on R* x N and
is given by

FOumydya(m)= " L(“)(O)/F(A m) A%t da. (5)
R¥xN m=0

Note that for « =n — 1, n being a positive integer, the functions (z, t) — ¢, m(||z||, t) are spherical functions of the Gelfand
pair (G,U(C")), where G =U(C") x H" is the semi-direct product of the unitary group U(C") by the (2n + 1)-dimensional
Heisenberg group H" = C" x R with the multlpllcatlon law (z,t)(Z, t)Y=(z+Z, t +t' — \5(212_/1 + -+ znz_g)).

Moreover, the translation operators {T(x,t)}(x,t)elK can be derived from the ordinary convolution of radial functions on H"
(see [17]). More precisely, if F and G are two integrable and radial functions on H", such that F(z,t) = f(||z|,t) and
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Giz,t) =g(Izll,); Izl = |z1|2 + - - - + |za|?, then (see [14, p. 338]) we have F x G(z,t) = 2™+ f %, g(||z||, t), » being the
ordinary convolution product on the Heisenberg group H".

Let us now consider a radial probability measure on H" taking the form dv(z,t) = f(||z|,t)dzdt, where dzdt is the
usual Lebesgue measure or still the Haar measure on the (2n + 1)-dimensional Heisenberg group H". A straightforward
computation shows that for each suitable function G : H" — C, we have

/G(z, tydv*(z, t) =/< / G(xw, t) dcr(w)) dp*1%(x, £y, for all k € N*, (6)
HH

K UCm
where o is the usual Haar measure on U(C") normalized such that o (U(C")) =1, u being the probability measure on the
Laguerre hypergroup (K, sp_1); diu(x, t) =271 f(x, t) dm,_1 (x, t).
Assume further that the measure v satisfies the condition
({0} x R) =0, frdv(z, t)=0 and f(1 + (1212 + ) (21 + 2 + 1t1)) dv(z, t) < o0,
Hn Hn

then we can assert, thanks to the local limit theorem on the Laguerre hypergroup (K, %;_1), that there is a positive constant
ﬁff_l) such that for every compactly supported continuous function G : K — C, we have

k— o0

lim [k‘”z / G(z, t)dv*(z, t)] =cY / G(z, t)dzdt,
Hﬂ Hn

or equivalently

Jim [k‘“z f Gz.OF*(z, t)dzdt] =cY / G(z,t)dzdt.
K— 00
Hﬂ Hﬂ

This can be regarded as a central local limit theorem on the (2n + 1)-dimensional Heisenberg group H".
Note that in [5], it is proven a local limit theorem for compactly supported probability measures on the three-
dimensional Heisenberg group. One can see also [15] for other limit theorems on the Heisenberg group.

2. Preliminaries

Throughout subsequently, © will designate a fixed regular probability measure on the Laguerre hypergroup.
We shall, in this section, summarize all the results and tools we need for the proof of our main theorem.

Proposition 2.1. Suppose that

/td,u =0 and p, = /(1 + (P + \tl)2 +2(x* +]t])) du < oo, (7)

K K
then

(o} 2~

FQuom =1- &0 + (£5) R0 m), 8)
with

|RE Gem)| <4(1+£20) pp. 9)
where fia,)n = [Mom, am =m+ %5t and o), = [ X dpu(x, 0).

Proof. From [13, Proposition 7] we deduce that for every (A, m) € R x N and (x,t) € K we have

(@)

Grmx, ) =1+ ikt — SA—*mx2 + (5D RE . 0), (10)
a+1 ’ ’
with
IRE . 0] <4(1+E9) (1 + [ + 161 + [ + 1t1]). 1)

The result follows by a straightforward calculation. O

Corollary 2.1. If i satisfies the condition (7), the following properties hold:
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1. There exists n,, > 0 such that for each k € N* and (A,m) e R x N; SA(O‘% < kny, we have

)] <o),

2@ +1)74m
2. Forany (A,m) € R x N we have

k
~ A _ _ % @
pm (#00(m)) =enw(- 2560

Proof. The relation (8) can be written

k

()
A & A
F(,u)(E,m) =1- —Ak’m <1>M<E,m>,

where

_ Ou (@) Sa
<Dp,()h, m) = —Ol 1 - %_)L’mRM()x, m).

Now, by using the relation (9) we get

(@)

A,m

A o x(a) A(ot) 2 /{a)
g (Zom )| < L2 g 22 (14 22 ),
k “(k m)’ a+1 k T ( k ) ( T )P

Then there exists 8, > 0 such that

(@) (@)
A,m

X 1 & om
—Pul 7 <5, for == < By,
k “(k m)’ 2 or k Pu

(@)
and consequently S)t(]-"(pa)(%, m)) > % > 0, for E*k'm < By, so that

AN S (M o
(}'(M)(E,m>> :exp(klog(l — T¢“<E’m)))’ for v < Bus

where z +— log(z) is the principal value of the logarithm, z € C \ ]—o0, 0].

By using the usual development log(1 + z) =z + zy/(2); limz—o ¥ (z) =0, we deduce that for

A k o . (A o . (A @
(- ) i i i)

Suppose further o, > 0, we get

k (o)
A n (o) A Skm
_ = — — —— <
(.75(/L)(I<,m>> exp( po Mn(l—i-llf,l(k,m))), for . < Bu,

(@) (@)
s a+16% < /2 a+1. [r Y
v (2m) =2 2kmRe (2 ) L 2, (2, —mp (Zm)).
M(k m) oy k “(k m>+ oy “(k m)m[r( k M(k m))

Now, thanks to (9) and (16), there is y, > 0 such that

where

(@)
A A 1
ﬂt(lpu(E,m))‘g Wu(@’") <5 forsk,—;mgyﬂ,

and consequently

N A 1 A,
—(1 'H)‘(WM(E”"))) < 7 for Tm < Vi

()
g). ,m
k

< By, we have

633

(12)

(13)

(16)

(17)

(18)
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Using the relation (20) we deduce
A k (o] ; )
I m :
‘f(ﬂ)(ﬁ,m) <BXP<—m), for & S <min(By, Yu)- (21)

To obtain the inequality (12) for o;, > 0, it suffices then to chose 7, = min(8,., yu).

On the other hand, it is easy to see that o, =0 if and only if w(K\ {0}) =0 or equivalently ({0} x R) =1. Thus if
oy =0, then F(u) =1, since ¢, m(0,t) = L,g‘f)(O) =1 for all (A,m) € R x N. The inequality (12) is then obviously satisfied
for this case.

(o)
It remains finally to prove the relation (13). Let so (1, m) be fixed in R x N and let k; 5 € N, chosen such that s* < Bu

for all k > kj . Using the relation (19), we get

k (er) (@)
(o (om)) =gt () (o) stz () (520 (o))

Taking into account (9) and (16) we obtain the relation (13), which finishes the proof. O

Lemma 2.1.
1. Let jo be the modified Bessel function defined on R by

. 20 (@ +1)LeX ifx+o,
ja = { 2@ DS TxE
1, ifx=0,
J« being the Bessel function of first kind and order « [21], then |ju (x)| < jo(0) =1, for all x e R \ {0}.
2. 1L902) < £20) =1, forall x e R\ {0}.

Proof. 1. By [19], the function j, possesses the following integral representation

1

2 1 _
@+1) (1-2)" 12 cosxtdt; xeR. (22)

Ja(®) = —ﬁF(a—i-l/Z)
0

Let now x € R such that |j,(x)| =1, so

2 (e +1)

1 1
2 a—1/2 2N (¢ +1) a—1/2

S /R @+ 1/2) (1-) [ (1) Tde=

0

cosxt|dt <
| | fr(a+1/2)

and therefore fol(l —t2)@=1/2[1 — | cosxt|]dt =0, so that 1 — |cosxt| =0 for each t € [0, 1] or equivalently |cosy| =1 for
each y € [0, |x|] which implies obviously that x =0, and the property 1 is proved.

2. Since @1.m(x,0) = E(“) (x2) for every x € R, then by using the product formula T(X n®1, m(¥,S) = P1,.mX, )@1,m (Y, S),
we get

@272 _ | 7 f(} 27 L0221 + 1 cosODr(1 — 1)1 dodr, if a >0,
[£m” ()] =17,
2T
where ry = (X0} + TX]0,+oo[)(05)-

Let x € R such that |L,(,‘.,’)(x2) =1, so by a similar reasoning as in the previous property we get |E,(,‘f) (2x%[1 414 cos0])| =
E(“) (0) =1 for each (0, ry), and consequently |£,(#)(y])| =1 for each y € [0, 4x%]. Thus necessarily x = 0, since the set of
zeros of the Laguerre polynomial L(a) is finite, and the proof is achieved. O

() . (23)
T LY (2%2[1 4 14 cos6]) d6, if ¢« =0,

Proposition 2.2. Assume ({0} x R) =0, then forevery n > 0and A > there is aM €10, 1[ such that

ot+1’
|Faot, m)| <a”, forall (h,m) € R x N)ay, (24)

where R x N)a p ={(A,m) eRx N; [A| <A andf(a) >n).

Proof. Since lim,_ g+ i([0,%] X R) = ({0} x R) =0 and limy_, o ([X, oo[ x R) = w(¥) =0, then for all ¢ > 0, there is
Wye, Pu.e > 0 such that w([0, wy ] X R) + pu([wy.e + pp.e, o0 x R) < €, and so



M.M. Nessibi / J. Math. Anal. Appl. 354 (2009) 630-640 635

|F)O,m)| < e+ / }Eﬁ,ﬁ”)(|k|x2)| du(x,t), forall (x,m)eR x N. (25)
[a)u,Squ,g‘f’ﬂu.g]XR

Now, by the relation (5.5) given in [16, p. 489], a simple calculation shows that for all m € N and A,x € R such that
|AJmx? > 0 we have

1
@ a2y mim® 2 e’ (x/TA])
L (111x%) = (7F(m+a+l)> ]D,(2x\/|)\|m)+—ﬁ(lklmxz)m‘r, , (26)

where (8,(,? ))m>1 denotes a sequence of real-valued functions uniformly bounded on each interval [0, b]; b > 0, so that there
is ¢/’ > 0 such that

A

(@)
VI
_Em OVIAD ety < € forall m) € (R x N)ap: m e N, 27)
«/— 5 20+1 \/— N
m(|Aimx=) 4 m

[wp.e,0p.e+pueIxR

because off |Ajm > ;% for all (A,m) € (R x N)4 5; meN*.
Combining the relations (25)-(27), we deduce that there is my, € N such that

1

Im% 2

[ F 0. m)| <2s+<%) /|ja(2x\/|x|m)|du<x,r), (28)
K

for all (A,m) e R x N)a ,; m>mg.
Let us now show that there exists Eﬁ’" €10, 1[ such that

fyja(zx,/|x|m)\du(x, r)<6,’)”, for all (A, m) € (R x N)4,,, m e N*. (29)
K

Since 2/[A[m >ny = 2\/0[213 for all (%, m) € (R xN)4 5, meN*, it suffices then to show that sup,>, [ilje(0X)|dp(x, t) <1.
Indeed, thanks to the well-known Riemann-Lebesgue Lemma we deduce from the relation (22) that lim,_. j« (0X) =0, for
any x > 0. But for all x € R we have |jy(px)| <1, so by applying Lebesgue Theorem we get lim,_, « fK ljo(px)|dpt(x,t) =0,
so that there is A > o such that [ |j«(px)|dp(x.t) < 3, for all p > A. Now, by continuity of the function p
fK ljia(lplx)] dp(x, t), there exists po € [Ny, A] such that

max _ /Ija(pX)Idu(x, t)=/|ja(pox)ldu(x, t).
pe[na,A]K i

To obtain the relation (29) it remains to show that fK ljo(pox)|du(x,t) <1 or equivalently fK lja (Pox)|du(x,t) # 1, since
we already have [ |ju(0oX)|dp(x,t) < fir du(x, ) =1.
Indeed, let us assume that [ |ju(00x)|di(x,t)=1, thus [ (1—|ju(poX))du(x,t)=0, so that u({(x,t) € K;

lja(0ox)| # 1}) = 0. This implies, by Lemma 2.1.1, that («£(]J0, co[ x R) = 0 which is impossible since ©(]J0, o0 x R) =
M(K) — ({0} x R) = u(K) =1, and the relation (29) is proved. The relation (28) becomes then

mim®

1
2
m) s for all (A,m) e (R X N)AJ]; m>mgy. (30)

| F (), m)| < 2e + e,’}”(

Now, using the well-known Stirling’s formula, we easily verify that limp— o Eﬁ’”(#’m) 7= Eﬁ"’, so that there is iy € N,
such that
|FGo G, m)| <38 +¢", forall Goym) € (R x N)ay; m > fitg. 31)

This implies, since € can be arbitrarily chosen in ]0, 1[, that there is Efﬂ €10,1[ and mj 4 € N, such that

|FquyGm)| <& forall (,m) € (R x N)ay: m> ity q. (32)

To finish the proof, we have to show finally that for each m < my o, there exists bﬁ'"(m) €10, 1[ such that |F(u)(A, m)| <
bﬁ’"(m), for all 2 € R; g- <Al < A, where am =m + et

Indeed, by continuity on R of the function A — fK |£,(1‘1")(|Mx2)| du(x,t), there exists for all m <y ¢, a real Ap, such that
|Am| € [g-, A] and



636 M.M. Nessibi / J. Math. Anal. Appl. 354 (2009) 630-640

sup /|£,(Tf,x)(\k|x2)|du(x,t)=/|£ﬁr‘,¥)(|)»m|x2)|du(x,t).

n
ak <IM<AY ”

Now, since |Ap| > 0 and |£§,f[)(|)\0|x2)| <1 for all (x,t) € K, we deduce by a similar reasoning as above (for the proof of
Ji lia(pox) | dpu(x, t) < 1), that fK |£§?)(|Ao|x2)|du(x, t) < 1, which finishes the proof. O

We will use in the sequel the following notations

. M;(K): The space of regular bounded and positive measures on K.

e C:(K): The space of compactly supported continuous functions f :K — C.

° L}x (K): The Lebesgue space of integrable functions on K with respect to the Haar measure my,.

. L}x (R x N): The Lebesgue space of integrable functions on R x N with respect to the measure .

e Hy(K): The space of continuous functions h € L}X (K) such that F(h) € L}X(R x N) and there exists Ap > 0 such that

F(h)y(h,m)=0, forany |A|>Ap and meN. (33)

Proposition 2.3.

1. The positive function defined on K by

_2( sint 2 a2 [ SinTTt 2
ho(x,t)y=e™ | — | +e — (34)
t mt

belongs to H (K) and we have

F(ho)(x,m) = Fo(rx,m) + %Fo(%,m) forall(A,m) e R x N, (35)

-1 1
where Fo(A, m) = %X[_z,Jrz](x), X[—2.+2] being the characteristic function of the interval [—2, +2].

2. Leth € Hy(K) then ¢_; mh € Hy(K), forall (A, m) e R x N.

Proof. 1. It is clear that hg € L}x (K) and the relation (35) can be obtained by a straightforward computation via the classical
formula

. 2
sinA
FolXi-14+11 %0 X141 R = (Fo(xi_141) M) = (T ) . forall AeR,

where x|—2 42] denotes the characteristic function of the interval [—1,+1], Fo and % being respectively the usual Fourier
transform and convolution product on R.

It remains to show that F(hg) € L}X(R x N), but by the variables changing A — mA one can easily see that
HFO(%,m)HLé(RxN) = n“+2||F0()L,m)||L(11(RxN) so that it suffices to verify that ||F0(k,m)||Lé(RXN) < o0o. Indeed, by a sim-
ple computation we obtain

—_

1—u m+1 0t+l
du
14+u 1+ u)¥

m+1 o
u
) < ) udu.
1+4+u
2u

Now, by the variable changing u > v = T and the well-known formula fol(l — )M xtldx = Bm + 2, + 2) =
I'(m+2)I"(a¢+2)
I'(m+a+4)

1 m+1 o 1 o
/( ) (L) udu=2/(l—v)m+](z> Ldvgzw7
1+u 1+u 2) 2-v)3 rm+aoa+4)
0 0

and since L%(0) = % we deduce

[Pty =22 150 f
0

1

20z+2 Z Lot (0) f(

0

, one easily gets




M.M. Nessibi / J. Math. Anal. Appl. 354 (2009) 630-640 637

o0
Irm+2)I(a+2)
a+3 o

[Fott.m]|y gy <2 mX_%Lm(O) rm+a+4)
o0

m+1
<P+ i ,
mzo(m+a+3)(m+a+2)(m+a+1)

which obviously shows that ||Fo(X, m)||,_111 ®RxN) < 100, and the property 1 is proved.
2. By [7], for each ((A,m), (£, p)) € (R x N); A + & # 0, we have the following dual product formula

oo

©rm(X, O@g p(x, 1) = ZC,E“)((A, m), (¢, p))@rsek(x.t), forall (x,t) €K, (36)
k=0
where
@ RO <a>( |A1x ) <a>< 1§ 1x ) @) ) n
(v m), &, p) = F(a+1) L el Ly A El L7 (x0)x* dx. (37)

Note that if furthermore A£ > 0, then C,E”)(()L, m), (¢, p)) =0 for all k >m +n+ 1. Indeed, for this case we have [A +&| =
M| + |&€], so that by [6] we get

e ( AN oo (EX Y e (X o (R rgc”)c(“)(x) for all x>0 (38)
TAIE))TP Narer) T N+ el N+ gl & ’ -

where (615“))0<k<m+n is a sequence of nonnegative numbers.
By using the orthogonality of the sequence (El({“))keN on R with respect to the measure x* dx, we deduce easily from (37)
and (38) that in the case A& > 0, we effectively have C,ﬁa)((k, m), (&,p))=0forallk>m+n+1.

Note also that, by [7], for all ((x,m), (¢, p)) € (R* x N)2; A+ £ # 0, the sequence (C,((“)(()», m), (&, p)))ken Satisfies the
following properties

(i) C,E“)((k, m), (&, p)) >0, for every k € N.

(if) Y520 O (), (€, p)) = 1.
(iii) [E[TTLE0)C (), 5, P)) = |1 + 1% L O CS (=1, m), (§ + A, k), for every k e N.

Let now h € Hy(K) and (A,m) € R* x N. It is clear that ¢_; nh € Lg{ (K), since |¢_x m(x,t)] <1 for all (x,t) € K. On the
other hand by using the dual product formula (36) we deduce by a straightforward computation that for all (¢, p) e R* x N
we have

F(ps.mh) (&, p) = / hg s m@p—g.pdmg = / [h Y G (Gem), & P))‘P—(A+s),ki| dmg

K

_Zc(a) (k m), (%‘ p) /h¢ (l%)kdma—zc(a)((k m), (%_ P))}—(h)()»-f—if k) (39)
k= k=

It follows that F(¢_, mh)(&, p) =0 for all (§,p) € R x N such that |£] > |A| + Ap. Moreover, from the last relation (39)
together with the properties (i), (ii) and (iii) we get

| F@-rm 11 ry < DD f Ly 0 ((h.m), (€. p)) F(h)(A + &, k)£ dg

p=0k=0p

ZZ / L0)C (—2,m), & + 1, 00) FM) (O + &, k)2 + £|* T dg
p=0k=0p

<Y f L OF W0+ £, blx +§17 dg

k:OR

<[Fml,

1RxN) < P (40)

which achieves the proof. O
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Theorem 2.1. Let (1) be a sequence in MBL(K) such that limy_, o {4k, h) = 0 for every h € H, then the sequence ({iy) converges
vaguely to O, that is limy_, o (g, h) = O for every h € Cc(K).

Proof. Remark first that the positive function hg given in the previous Proposition 2.3 is bounded on K, so that for every
k € N, the measure vy = houy belongs to M;(K). Moreover, since ¢_; mho € Hy(K) and {uk, - mho) = (Vk, ¢—ax.m) =
F ()X, m) for all (A,m) e R x N and k € N, we get

’lim Fp)(A,m)=0, forall (A,m)eR xN,
K—> 00

and consequently the sequence (V)i converges vaguely to 0, by virtue of Lévy-continuity theorem (see [13]).
This gives the result, since for all h € C.(K) and k € N, one readily has hh_o € C:(K) and (g, h) = (v, %). O

3. Local central limit theorem on K
Theorem 3.1. Suppose that

(i) n({0} xR) =0.
(i) fxtdu=0and [ (14 [x* + [t]? + 2[x* + |t]) dp < oc.

2 2o
Then the sequence ("Coi—:)u*ak)k converges vaguely on K to the Haar measure my, where CL‘)‘) = foN e~ aH On dye (X, m).
”w

Proof. We shall use the last Theorem 2.1. Let so h € Hy(K) then by the Fourier Laguerre inversion formula (see
[14, Theorem I1.3]), we have

h= / F )y, m)@s,mdya (h, m).
RxN

It follows

(wrek n) = / hx, t)ydu*e (x, t) = / ( / Fh) (L, m)@s m(x, t)dya(k,m)) du*e*(x,t)
K

K RxN

= / (/(px,m(x,t)du*“"(x, t))ﬂh)(k,m)dya(k,m)
K

RxN

= / F (k) o, m)F (h) (., m) dye (A, m). (41)
RxN

But by the relation (I1.11) in [14, p. 346], we have F(u***)(x,m) = [F ()., m)I¥, so

(1, h) = [ [F() 0 m) S F ) G ) dya G, ). (42)
RxN

Let now 7 > 0 then by the variables changing A — A = ka; (k € N*), we obtain
- K -
[ FewemlFme.mino.m= s [ [f(u)(%, m)] f(h)(%, m) dyaGom.  (43)
(&% <mxN (&%) Sl

On the other hand, by Corollary 2.1 together with the inequality |F(h)| < ||h||L(11(K) (see [14, p. 346]), one can choose 1 >0
such that for all ke N* and (A, m) e R x N; (SX(?, < kn) we have

2 ¢ R On @
‘[f(ﬂ)(E,m)} f(h)(E,mN <eXp(_2(T_’_1)Ei,m)”h”L&(K)' (44)

In addition, by continuity of the function ¢ — F(h)(z,m) and by using again Corollary 2.1, we deduce that for all (A, m) €
R x N, we have

: R ¢ A Op @
lclerolo(f(M)(E’m)) }'(h)(E,m> :eXp<_m§Lm>f(h)(0’ m). (45)
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But o, > 0 since otherwise ({0} x R) =1, which contradicts the hypothesis. Thus, by a straightforward computation we

get
I R () (@) wlMom \ = g1 =
/exp( 2(a+1>§w> ZL (O)/ep< 2 +1)>M| a*
N

00 2@ +1) o2
_ _yeetly L#IY) 0
[O/exm 0)¢ ;} Z(—%l{lam) ©

k=0
00 2 1 a+2 .
_F(QH)Z(m) L (0) < oo, (46)

because off L% (0) = % ~ r(g—iw (m — 00) by Stirling’s formula.

Hence by applying Lebesgue Theorem we deduce from (43)-(46) that

lim [k‘”z / [f(pc)(x,m)]"f(h)(x,m)dya(x,m)}= / exp(—%)}'(h)(o,m)dya(i,m)
(& <nixN RxN

= / exp( M)(/h(x t)dmgy (x, t)) d)/a(x m)

xN
=Cf?)/h(x, £) dmg (x, £), (47)
_ y @
where Cf) = foNEXP(_G’QﬁJ;Xm)dVa(L m)=I'(« +2)(a+1 yat2 oo ﬁ
To obtain the result it remains to show that
: o+2 k
Jim k f [F (), m)]" F(h) (., m) dye (A, m) = 0. (48)
K— 00

(&% >nxN

Indeed, since h € Hy (K) then there exists Ay > 0 such that F(h)(A,m) =0 for all |»\| > A, and m € N, so that

/ [F(0) 0 ) F () G m) dyy G ) = / [F(0) G ) F ) G, m) dye G, ). (49)

() > nixN (g <IM<ARXN

It follows, by Proposition 2.2, that there is a € ]0, 1[ such that

ko +2 / [F (), m) F ) (r, m) dye (1, m) < k2 / | F (), m)| dye (A, m), (50)

{§<°‘)>n}><N RxN

which finishes the proof, since foN [ F(hy(h,m)|dyq (X, m) = ”',F(h)”Lg,(]RxN) < oo for every h € Hy(K). O
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