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1. Introduction

Consider the following second order Hamiltonian systems

X(t) — B(t)x(t) + VH(t,x) =0, Vtel0,T],

. ) (11)
x(0) —x(T) =x(0) —x(T) =0,

where T > 0, B € C(R, ]RNZ) is a symmetric matrix-valued function. Let H: R x RN — R, (t,x) — H(t, x) be measurable
in t for each x € RN and continuously differentiable in x for almost every t € R, H is T-periodic in t and H(t,0) =0,

VH(t,x) = 280
When B(t) =0 for all t € R, the existence of periodic solutions for systems (1.1) had been extensively studied and a lot
of important existence and multiplicity results had been obtained, for example, see [1,4-8,11-14,24] and references cited
therein. Particularly, Fei [5] got the existence of 1-periodic solutions of systems (1.1) under some new superquadratic condi-
tions; Schechter [6] studied the existence of non-constant T-periodic solutions of systems (1.1) and got a new saddle point
theorem; Schechter [7] obtained non-constant T-periodic solutions of systems (1.1) with local superquadratic condition by
using linking methods; Wu [13] studied multiplicity of periodic solutions; Tao and Tang [12] researched the subharmonic
solutions; and Wang [24] obtained the existence of periodic solutions for systems (1.1) under local superquadratic condition
and other conditions. When B(t) # 0, Zou and Li [15] studied the existence of infinitely many T-periodic solutions under
the assumption that H(t, x) was even in x; Ou and Tang [9] got the existence of homoclinic solutions; Faraci [3] studied the
existence of multiple periodic solutions; Tang and Lin [18] studied the homoclinic solutions for systems (1.1); and Xiao and
Tang [17] investigated the existence of periodic solutions for systems (1.1) with potential indefinite in sign by employing
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liking methods when H(t, x) = b(t)V’(x). There are also some more general Hamiltonian systems which are considered in
the paper [19-21].

In 2008, He and Wu [16] had obtained some results of the nontrivial T-periodic solutions for systems (1.1) under
much weaker assumptions, which greatly generalized the corresponding results in [5]. More precisely, they established the
following two main theorems.

Theorem 1.1. (See [16].) Suppose that H satisfies the following conditions:

(H1) H(t,x)/|x|*> = 400 as |x| — oo uniformly for all t.
(H2) |VH(t,x)|/|x| — 0 as |x| — O uniformly for all .
(H3) There exist constants cg > 0 and dy > 0 such that

|VH(t, )| <do(IxI* +1), V(t,x) €[0,T] x RN,

(H4) There exist constants o > aio > 1, dy > 0 and Lo > 0 such that
(VH(t,x), x) —2H(t,x) > dglxlﬂo, VIx| > Lo, t €[0, T].

(H5)
T
/H(t,x)dt>0, V(t,x) [0, T] x RN.
0

And B(t) satisfies the condition:

(L1) For the smallest eigenvalue b(t) = infjy—1(B(t)x, x) of B(t), there exists a constant y < 1 such that b@®)/|t]Y ! - oo as
|t] = oo.

Then there exists a nontrivial T-periodic solution of systems (1.1).

Theorem 1.2. (See [16].) Suppose that (L1), (H1)-(H4) and the following condition hold:

(H5) There exists a constant Ry > 0 such that
(i) H(t,x) 2 0,V|x| <Ry, t €[0,T]; or
(ii) H(t,x) <0,V|x| <Ry, t€[0,T].

If 0 is an eigenvalue of —(d?/dt?) + B(t), then there exists at least one nontrivial T -periodic solution of systems (1.1).

However, we must point out that the condition (H3) contradicts with condition (H1) when 0 < g < 1. In fact, if 0 <
oo < 1, from (H3), we have |H(t, x)| < do(|x]%0F! + |x|) for all (t,x) € [0, T] x RN, thus ”‘S‘f — 0 (when 0 < ag < 1) or dg
(when g = 1) as |x| — oo uniformly for all t. Therefore, (H3) holds only when o > 1. As is known, the following so-called
global Ambrosetti-Rabinowitz condition on H(t, x) introduced by Ambrosetti and Rabinowitz in [22] is very important in

many proofs: there is a constant p such that

0 < uH(t,x) < (VH(,%),X), V(t,x) € R x RN\{0}, (1.2)
which implies that H(t, x) is of superquadratic growth as |x| — oo, that is

H(t, %)

Ixl—>o0  |X|%

=00 uniformly for all t.

As is pointed out in [23], by (H3) the nonlinearity grows subcritically, and the condition (H4) guarantees that H(t, x) grows
non-quadratic in x as |x| — oo for all x e RN. In a word, the conditions (H1), (H3) and (H4) all guarantee the superquadratic
condition hold.

Motivated by the ideas of [5,7,16,24], we will use the following conditions to generalize the results of [16] in another
direction.

(H1) There exists a subset Eq of [0, T] with meas(Eg) > 0 such that

>0, a.e.tekEyp.
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(H3)" There exist constants & > 1 and di > 0 such that
|[VH(t, 0| <di(Ix* +1), V¥(t,x) [0, T] x RN,

(H4) There exist constants i > 2, 0 < <2, L > 0 and a function a(t) € L1(0, T; R*) such that
WH(t, x) < VH(, x)x+at)|x|?, Vx| >L, xeRNandae.t [0, T].

Here are our main results.
Theorem 1.3. Suppose (H1), (H2), (H3), (H4)', (H5) and (L1) hold. Then there exists a nontrivial T -periodic solution of systems (1.1).

Theorem 1.4. Suppose (H1), (H2), (H3), (H4)', (L1) and the following condition (H5)" hold:
(H5)” H(t,x) >0, V(t,x) € [0, T] x RN.

Then there exists a nontrivial T-periodic solution of systems (1.1).

Theorem 1.5. Suppose (H1Y, (H2), (H3), (H4Y, (L1) and (H5) hold. If 0 is an eigenvalue of —(d? /dt?) + B(t), then there exists at
least one nontrivial T-periodic solution of systems (1.1).

Remark 1.1. The condition (H1)" is a local superquadratic condition. As far as we know, only [7,24] considered this situation.
In [7], the author obtained a new results by using linking methods. In [24], the authors studied the non-constant T-periodic
solutions by employing the generalized mountain pass theorem. When we take a(t) = 0, the condition (H4)' reduces to
(1.2), it is easy to see that (H4) is weaker than (1.2). From (H1), we only need limy|, o inf HlﬁctI’ZX) > 0 holds in a subset Eg
of [0, T], but it is not by (H1), thus (H1)’ is weaker than (H1). There are functions that satisfy our theorems but not satisfy
those results in [5,16]. For example, let

H(t,x) = %f(t)|x|4, Y(t,x) € [0, T] x RN,

where

.ot T
sin =, te€[0, 51,

fo= 0, te[L. Tl

Let Eq =[O, %], an easy computation shows that (H1)" and (H4)' hold. It is also clear that the other conditions of our
theorems hold. Therefore, H(t, x) satisfies all the conditions of our theorems, but doesn’t satisfy (H1) and (H4), thus doesn’t
satisfy the corresponding results in [5] and [16].

The remainder of this paper is organized as follows. In Section 2, some preliminary results are presented. In Section 3,
we give the proofs of our theorems.

2. Preliminaries
Now, let us give some concepts which appeared in [4].
Let X be a real Banach space with direct decomposition X = X; @ X». Consider two sequences of subspaces X! =

Unen Xs and X2 =J,cy X2 such that Xé C X{ ... XJ, j=1,2. For every multi-index a = (a;, az) € N2, we denote by X, the
space X, @ X2,. We say a <b if aj <by, az <ba.

Definition 2.1. A sequence {a,;} C N? is said to be admissible if, for every a € N? there is m € N such that n >m = a, > a.

Definition 2.2. Let c € R and ¢ € C'(X,R). The functional ¢ is said to satisfy the (PS)* condition if every sequence {Xa,}
such that {a,} is admissible and

Xa, € Xa,» € = Sup g, (Xg,) < 00, P, (Xa,) = 0

contains a subsequence which converges to a critical point of ¢, where ¢q = ¢|x,.
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Definition 2.3. Let X be a Banach space with a direct sum decomposition X = X; & X,. The function f € C'(X,R) has a
local linking at 0, with respect to (X!, X2), if, for some r > 0,

f®
f@

0, vxeX!, x|
0, Vxe X%, |x|

r?

NN

>
< r.

The following two theorems are very useful in our proofs.

Theorem A. (See [10].) Let E be a real Banach space with E = V @ X, where V is finite-dimensional. Suppose I € C'(E, R) satisfies
(PS) condition and the following conditions:

(A1) There are constants p, o1 > 0 such that I|3p,nx > o1, where B, :={u € E | |[u|| < p}, 9B, denotes the boundary of B .
(A2) Thereise € dB1 N X and ro > p such thatif Q = (Ero NV)@{re|0<r <rg}, then g <O0.

Then I possesses a critical value ¢ > o1 which can be characterized as

= inf I(h(w)),
o= pp )

where '={h e C(Q,E) |h=idondQ}.
Theorem B. (See [4].) Suppose that f € C' (X, R) satisfies the following assumptions:

B1) f has a local linking at 0 and X' + {0};

B2) f satisfies (PS)* condition;

B3) f maps bounded sets into bounded sets;

(B4) foreverym € N, f(x) — —oo as ||x|| — oo on X}, & X2

(
(
(

Then f has at least one nonzero critical point.

Write L* = L*([0, T],RN) for 1 < A < oo and denote by A the self-adjoint extension of the operator —(d?/dt?) + B(t). Let

|A| be the absolute value of A and |A|% be the square of |A|. Let E = D(|A|%), where D(|A|%) denotes the domain of |A|%.
The following lemma which is due to Ding [2] (see also [9,16]) is needed in our proofs.

Lemma 2.1. Suppose that B(t) satisfies (L1). Then E is compactly embedded into LP for any 1 < p < oo, which implies that there exists
a constant C > 0 such that

Ixllp < Clix|l

forallxe Eandallp=1,2,8+2, ﬁ’%a (when B > «), co.

Ding [2] pointed out that the spectrum o (A) consists of eigenvalues numbered in

M <ip <00

by Lemma 2.1 (counted in their multiplicities), and a corresponding system of eigenfunctions {e;} forms an orthogonal
basis in L2. Let n~ (respectively n°) be the number of A; satisfying A; < 0 (respectively A; = 0), i =n" +n°, and set
E~ =spanfeq,...,e,-}, E0= span{e,-,1,...,eq} = ker A, E* = span{ej,1,...}. Then E=E~ & EO @ E*. The inner product
and norm on E are the following:
1 1 142 2
&y =(AIZx, [A1Zy) 5 + (32,90 oy X2 = (xox) = [ JALIZX| 5 + [ 20 2,

where x=x"+x0+x*, y=y~ + Y0+ yt e E=E~ @ E°@ E*. Then E is a Hilbert space.
3. Proofs of theorems

The functional ¢ corresponding to (1.1) on E is given by

T

T T
(p(x):%/liclzdt+%/(B(t)x,x)dt—/H(t,x)dt, (3.1)
0 0

0
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which is continuously differentiable on E, and

T T T
(P ®.y)= /(x, y)dt + /(B(t)x, y)dt — /(VH(t,x), y)dt
0 0 0
for all x, y € E. It follows from (3.1) that
T
o =5 Ix P =1 - [ Hena (32)
0

forall x=x"+x"+xt e E- @ EO@® E*, and
T
(Y@, y)=@"y")—(x",y") - /(VH(t, x), y)dt (3.3)
0

forall x=x"+x"+xt, y=y +y0+yt e E=E- @ E @ E* (see [2,9]).
In the following, we denote C; (i=0,1,2,...) for different positive constants.

Proof of Theorem 1.3. Step 1. We prove that ¢ satisfies the (PS) condition. For x € E, let x = %fOT x(t)dt, x=Xx+x. It is well
known that there exists a constant Cy > 0 such that

Xlloo < Collx|| forallx e E, (34)

where [|x]loc = maxoge<T |X(t)]. Let {xp} C E satisfy ¢'(x;) — 0 as n — oo and {@(xy)} is bounded. We prove that {x,} is
a bounded sequence in E. Otherwise, going to a subsequence if necessary, we can assume that ||x;|| — co as n — oco. Set
Yn= ”;’:”, then {y,} is bounded in E. Hence, there exists a subsequence, still denoted by {y,}, such that

Yn— yo weaklyinE,

Yn— Yo stronglyin C(0, T; RN).
Then, we have

Yn = Yo. (3.5)
By (H3), for |x| <L, one has

[H(t, %) <dp(Ix1"+ + |x]) <dq (L' + 1),
together with (H4)', one has

IH(E, %) < VH(E, 0x+a®)x|P + pdy (L' 4 1) (3.6)
for all x e RN and a.e. t € [0, T]. It follows from (3.4), (3.6), (L1) and p > 2 that

T T
(% - 1) ||xn||%2 = 1exn) — (QD/(Xn)s Xn) + (—% + 1) /(B(t)xny Xn) dt + /(MH(ta Xn) — VH(t, Xn)xn) dt
0 0

T
< U@ Xn) — ((P/(Xn)y Xn) + /(MH(L Xn) — VH(t, Xn)xn) dt
0

T
<Ci+ /[a(t)|xn|ﬁ + pdy (LM 4 1) ] dt
0
< Co+ Csllxall?. (3.7)

Notice that 0 < 8 < 2, we have

[ %nll 2 < CallXn||” + Cs, (3.8)
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where 0 < v < 1, which implies that

l¥nllz— 0 asn— oo.

Together with (3.5), we have

Yn— Yo asn— oo.

Hence, we obtain

yo=7yo and T[yol*=Iyoll* — 1.

Consequently, |x,| — oo as n — oo uniformly for a.e. t € [0, T]. From (H1)" and (H5), we get

T T .
H(t, x,)dt limyy, |00 inf H(t, x,)]dt H(t,
lim_inf 201 ) > Jo limigce HHE ) >/[ lim_inf X0 n|2]dt
|Xn|—o00 [ | 1% | Xn|—o00 |Xn|
20)
H(t
:/ tim inf L& X 2 ge = o, (3.9)
n—0o0 [Xn|?

Eo
From (3.2)-(3.4) and (3.6), we have

T
(5 = 1)1 1 = I 1) = s = (') + [ (€)= Ve ) e
0

T
<€t [ aml? + udy (L7 + 1) de
0
< G2+ G3llxall”
Notice that p > 2, we obtain
2C; 2C3

+ B
X xn|I”. 3.10
”n“ “n” w—2 M—Z” nll ( )
By the boundedness of ¢(x,) and (3.10), we have
_ T C. C T
o) _ 312 I 1) o Hexode %2 oslxal®  fy Hexwde
ll%n 12 llxa 1 [1%n|2 = xall? llxa 1 %12

which together with 0 < 8 < 2 implies that
o Jo Hitxn)dt
lim inf =
Xn|—o00 [ |
This contradicts with (3.9). Thus, {x,} is bounded in E. Hence, there exists a constant Cg > 0 such that
[I%n]] < Cg foralln. (3.11)
Going if necessary to a subsequence, we can assume that
Xp — X inE. (3.12)
It follows from Lemma 2.1 that
Xn—x inL?*(0,T;RN)asn — co. (313)
From (H2), there is § > 0 such that
|VH(t,x)| < |x| forallte[0,T]and |x| <. (3.14)
Choose a positive integer kg such that

Ce 1

——— < =4, 3.15
V2ko+3 2 ( )
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It follows from (L1) that there exists §; > 1 such that

( ko+1 2Cg
V2ko+1 8

It follows from Holder’s inequality, (3.11), (3.15) and (3.16) that

) <b(s) forall|s| =61 —1. (3.16)

t+1

f [—%n ()t +1 =T 4+ x,(5) (ko + D(E+ 1 —5)k]ds
t

t+1 3
1 . 2 ko+1
<m(tf"‘"<”* dS) t e (/"‘"“)‘ d5>

<l 2L ( | bl ds)
S V2ko+3 0 V2ko+1 "

|Xn| =

[s|=d81—1
_ ; ko +1 ( [ w 5>
S m m b(S)
[s|=81-1

16 ko +1 [I%n |

27 V2ko+1 (infig 55,1 b(s))2

1 . ko +1 Cs

2 V2ko+1 (infis;>s,— 1b(5))2
ga (317)

for all n € N and all |t| > §;. Hence, by (3.14), (3.17) and Hélder’s inequality, one has
T

/(VH(t, xp) — VH(t, x), x5 —x1)dt

0

T
</(yVH(t,xn)y+|VH(t,x)])\x,f—x+ydt< / (Il + Ix1)|xf — x*|dt +2C7 / |xt —x*|de
0 It1>1 t1<81

< (@7} 2080} )} =¥ 2 < Calt =

Moreover, we have
T
| —x+ ||2 =(¢'(x0) — @', xT —xT) + /(VH(t, xn) — VH(t, %), xT —xT) dt
0

<ol =" = (900, = x7) + Cslxy =7 2
<[’ [ +x7] = (¢'Go. xy —x7) + Gy —x7

for all n, which implies that " — x* in E as n — oo by (3.12) and (3.13). From (3.13) and the equivalence of the norms
on the finite-dimensional subspace E~ @ E°, we obtain that X — x° and x; — x~ in E as n — oo, which implies that
Xn — x in E as n — oo. Hence {x,} has a convergent subsequence, which shows that the (PS) condition holds.

Step 2. We claim that there exist p > 0 and o7 > 0 such that

e(X) >a1, VxedB,NET.
From (H2), for any ¢ > 0, there exists 2 > 0 such that

|H(t, )| <elxl?, Vte[0,T], Vix| < 6. (318)
By (H3)', we have

|H(t, 0| <di(IxI"T +x]), V(% e[0,T] xRN,
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which together with (3.18) implies that there exists a constant M > 0 such that

|H(t, )| < elxl® +M[x|'"™,  V(t,x)€[0,T] x RN

(3.19)
Hence, it follows from Lemma 2.1 and (3.19) that
T T
/ |H(t, x)|dt < / (elxI” + MIx|"*) dt < &[], + MIx||} T2 < eCP x| + MCH x|+ (3.20)
0 0
For any x € E! = E*, by (3.20), we obtain
T
p(x) = %nxn2 - f H(t, 0 dt > %nxu2 —eC2 x|l — M x e
0
Taking ¢ = 41? and noticing that 1+ o > 2, we can find a constant p > 0 small enough such that
ox) > }1,02 —MClHeplte > 11_6'02 =a;>0 forallxeE' = ET with ||x|| = p.
Step 3. Let e € E* with |le|| = 1. By (H1), there exist constants L; > 0, M1 > 0 such that
H(t,x) > M1|x|*> forall |x| >Li, xe RN and ae.t € Eq. (3.21)
For |x| < L1 and a.e. t € Eo, from (H3), we get
[H(t, x)| <di(]x1" 4+ |x]) <dq (1L + |L4]) = Co. (3.22)
Thus, it follows from (3.21) and (3.22) that
H(t,x) > M1 |x|2 —Cy forallxeRN and aee.t € Eq. (3.23)

Let M2 = [i, le|>dt, M3 = T, |x|? dt, choose M sufficiently large such that M{M; > 1, by (3.23), we have

T

plre+0 =2 (7 - ||x_||2)—/H(t,re+x)dt< (- ||x_||2)—/H(t,re+x)dt

0 Eg
< %(rz — %1% —/M1|re+x|2dt+C9T = %(r2 — %1% - M1r2/e2dt— M /det-‘,-CgT
Eo

Eo Eo

=3 (1’2 - ||X_ ||2) - M]le’z — M1M3 + CoT
for all r > 0 and x € E~ @ E°. Hence, we obtain

@(re+x) <0, eitherr>ryorMs>ry,

here 71 [ 2CqT CoT
W 1 IMiMy—1° '2 M *

Since E~ @ EO is finite-dimensional, there exists M4 > 0 such that

x|l ;2 < Mg|lx|| forallx e E~ @ E°. (3.25)
Notice that

T 1
1 1 1 2 1 1
X = — Xl 2 = — f|x|2dt > /|x|2dr dt > —r2
My My My My
0

[N

2’
Eo

1
thus (3.24) holds for all ||x|| > M%rzz :=r3 whenever x € E~ @ EC. Let

Q=frel0<r<r)@{xeE- @ E°||xll <3} (3.26)
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Then we have 9Q = Q1 U Q3 U Q3, where
Qi={xeE” @E" [Ixl<rs},  Qe=rie®{xeE~ @®E%||x| <rs},
Q3={re|0<r<r}®{xcE"@®E°||x| =r3}.

By (3.24), one has

p(x) <0, VxeQa2UQs.
It follows from (H5) that ¢(x) <0 for all x € E~ @ E°, which implies that

¢x) <0, VxeQ.

Hence, we have

@x) <0, VxeodQ.

Consequently, the proof of Theorem 1.3 is complete by Theorem A. O
Proof of Theorem 1.4. In fact, the proof of Theorem 1.4 is similar to the proof of Theorem 1.3, we omit the detail here. O

Proof of Theorem 1.5. We only consider the case (i). The other case is similar.
(1) We claim that ¢ has a local linking at zero with respect to (X!, X?), where X! = E* and X? = E® @ E~. Indeed, for
x € X!, by (3.20), we have

P(x) > —||x|| eC2||x||? — MC1o|x|| e

Let € = 4c2 > 0, noting that 1+ « > 2, we can choose a constant pp > 0 such that

@(x) >0, Vxe X' with |x|| < po

It follows from the equivalence of the norms on the finite-dimensional subspace E° that there exists a constant M5 > 0
such that

1 X][Loe < Ms]IX]l, X[l < Ms 1]l 1, Vxe E°. (3.27)
Let x=x0 +x~ € X? satisfying ||x|| < p1 = 2M , where R; is the same in (H5)'. Let

R1

Q1={te[0T]| “I< 5

}, sz{te[O,T]: |x‘|>%}.
Then, by (3.27) we have

X0] < |3 ;oo < M| X% < Ms|ix|| < & forallt [0, T].
On the one hand, one has

x| < |x°| + |x7| <Ry forallte 2.
Hence, from (H5)', we have

/H(t,x)dt}O

2
On the other hand, one has

x| < X0+ [x7| < —+ |x7|<2[x7| forallte £2,.
It follows from (3.19) and the above inequality that

|H(t, %)| < elxl* + Mx|"T* < 4s|x_|2 + 21+°‘M|x_|1+a

for all t € £2; and all x € X% with |x| < p1, which implies that
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'/H(t,x)dt’ <de [bace 2w [ s ael |+ 2 |
2, 2 §2;

<4C%|x | + oy temlx [
Let ¢ = #, we obtain
1 r 1
00 ==5x | = [ Hede< =S| +acelx |+ @0 e [
0

< —% x H2 + O™ M|x~ \”“

for all x € X% with ||x|| < p1, which implies that

P(x) <0, Vxe X?with ||x|| < pa,

where p; = min{pg, p1} is small enough.
(2) We claim that ¢ satisfies the (PS)* condition. Let

X! = span{eqis1, ... ein), X2 = X% =spanfey,...,eq}, neN,

then X/ = Unen X,{, j=1,2. Let {xq,} be a sequence such that {a,} is admissible and satisfying

Xa, € Xxg, s € = SUp @g, (Xq,) < 00, go[ln (Xq,) — O.

In a similar way to the proof of Step 1 in Theorem 1.3, we can prove that {xq,} is a bounded sequence, and then by a
standard argument, {x,,} has a convergent subsequence. We omit the detail here.

(3) We claim that for every m € N, ¢(x) — —oo as ||x|| — oo on x € X}, ® X2. Since X}, and X? are finite-dimensional,
we can choose Mg > 0 sufficiently large such that

1
x|l < M6</ |x|2dt> " forallxe X o x2. (3.28)
Eo
By (H1), there exists M7 > 0 such that
H(t,x) > M3|x|* = M; forallxe RN and ae.t € E. (3.29)
Hence, it follows from (3.28) and (3.29) that
1 T
o0 = (x| - ||x_||2)—/H(t,x)dt
0
1
U= ) - [ e
Eo
1
<1 = ) = w2 [ e+ ot
Eo
e R V] (R L P B VAL
) *\ m2 M2

1 1

<5 P =Sl = [ + T
1 2

S =5 IxI7 + MaT

for x € X,L ® X2 and ae. t € Eg, which implies that

@(x) > —oo as ||x|| > ocoonxe X,}l @ X2

By the definition of ¢ and (3.19), we know that ¢ satisfied the condition (B3) of Theorem B, thus all the conditions in
Theorem B are satisfied. Consequently, the proof of Theorem 1.5 is complete by Theorem B. O
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