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1. Introduction and statement of the results

Let 2 be a bounded domain in R" with smooth boundary 952, we consider the equation with Neumann boundary

condition
—Au+au= f(u), ing2,
a_u =0, onds2, (11)
av

where o > 0, f satisfies f(0)=0.

In [9], the authors have solved the case that f’(x) exists for some special points. In this paper, we consider the more
general problem with a jumping nonlinearity at some special points, i.e., the left and the right derivatives of f at some
points are different.

Now we give the following conditions and our main results.

(a) 3¢ > 0 such that
— fx+Ax)—f

. (%) -1
11m—<cl+xﬁ , X€ER,
Ax—0 AX ( | | )
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and
lim fx+Ax) — f(x) >
Ax—0 Ax

where 1 <8 <2*—1,2*=2n/(n—2),if n >3, and 2* =00, if n=1, 2.
(b) 3 sequences {a;} and {b;}, where a;,b; € R, i=1,2,..., which satisfy a; > 0, b; <0 and a; /" +00, b; \{ —00 as i — o0.
And at the same time {a;}, {b;} satisfy

f(a) =aa;, f(bi) = ab;,

which means {a;}, {b;} are constant solution sequences of (1.1).

—c(1+1x1F71), xeR,

Let ap =bo =0, f(t) <at if t € (a;,ai+1), where i is odd number, i > 1; f(t) > ot if t € (g;,a;+1), where i is even
number, i > 0; f(t) <at if t € (bi+1,b;), where i is even number, i > 0; f(t) > at if t € (bj+1, b;), where i is odd number,
i>1.

(c) fis C! for all t #aj, b;, i is even number, i > 2. And f’ (a;) # fi(a), fL(b;)# f) (b;) for i even number, i > 2, where
fL(®), f(t) denote the left and the right derivatives of f at t, respectively.
(d) Let (a,b) = (f_(a;)) — e, f/ (a;) + @) for i even number, i > 2. For (a,b) € R?, the problem

—Au=bu—-0ct—a(u—c)", ing,
d
—u:O, onds2

only has constant solution ¢, where (u — c)*(x) = max{#(u — c), 0} and c is a constant.

And Ajpq > fi/i(a2k) — o > A, Al > fi/+(a2k) —a>A, 122, k=1,2,..., where

0, t <0,
fi(f)Z!f(f), 0<t<a,
fla), t>a;,

and f/_(ax), f} ' (azi) denote the left and the right derivatives of f; at ay, respectively and 2, | > 2 are the eigenvalues of
Neumann problem of —A.

(e) 3m > «, such that f(x) +mx is increasing, x € R.
Then we have the main result of this paper:

Theorem 1.1. Suppose f satisfies (a)-(e). Then there are infinitely many nonconstant solutions of problem (1.1). Moreover, if we choose
some order intervals which have two pairs of strict constant sub-sup solutions, then there are at least two nonconstant solutions.

Furthermore, if we assume that f’ (0) # f} (0) under conditions (a)-(e), we can have at least one sign-changing solution
which is of mountain pass type from the mountain pass theorem in order interval (see Lemma 2.8 below). When we discuss
multiple solutions of (1.1), we notice that there may be infinitely many sign-changing solutions under stronger assumptions.
In fact, if we give more assumptions, we can obtain infinitely many sign-changing solutions.

We give the following assumption:

(f) F(t) > (2 + €0)/2)t2, |t| > M, M is large enough, where p is the second eigenvalue of (—A + «) and &g > 0.

Corollary 1.2. Under the assumptions (a)-(f) and f’ (0) # f/ (0), we can get infinitely many sign-changing solutions which are of
mountain pass type or not mountain pass type but with positive local degree.

Our technique is based on the mountain pass theorem in order interval, computing the critical groups and Fucik spec-
trum.

2. Preliminaries

At first, we recall some notions and known results of the critical point theory and Morse theory. Let M be a Banach
space, | € C1(M, R), the set J2={ue M| J(u) <a} is called a level set. We denote the set of all critical points by K, i.e.,
K ={ueM]| J'(u)=0}. A real number c is called a critical value of J if J=1(c) N K # . Denote K. ={u e K: J(u)=c},
c € R. Assume that | € C2(M, R), a critical point u is called nondegenerate if the Hessian J”(u) at this point has a bounded
inverse. Let u be a nondegenerate critical point of J, we call the dimension of the negative space corresponding to the
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spectral decomposition of J”(u), i.e., the dimension of the subspace of negative eigenvectors of J”(u), the Morse index of u,
and denote it by ind(J” (u)).

Let us use singular relative homology groups Hq(X, Y; G) with an Abelian coefficient group G to describe the topological
difference between the topological spaces X and Y, with Y € X,q=0,1,2,.... Use HY(X; G) to stand for the gth singular
cohomology group with an Abelian coefficient group G, from now on we denote it by H(X). Readers are referred to [1,2],
pp. 252-257 for the definitions of H¢(X,Y; G) and HI(X; G).

Definition 2.1. (See [3].) Let J be a C! function defined on M, let u be an isolated critical point of J, and let c = J(u),
Cq(J.w) =Hqg(J N U, (J\{u}) NU:G)
is called the gth critical group of J at u,q=0,1,2,..., where U is an isolated neighborhood of u, i.e., KNU = {u}.
From the definition, we can compute the critical group of J at some special points. For example, from Section 5.1.3,
Example 1 in [3], we already know that if u is an isolated minimum point of J, then Cq(J, u) = 840G. Next, we give the
proof of this example.

Proposition 2.2. If u is an isolated minimum point of ], then

Cq(J, u) =84q0G.

Proof. In fact, from the assumption, we conclude that
Jnu={veM|Jw) <c}nU={u}nU = {u}.
And by the definition of the critical group (see Definition 2.1 above), we have that

Cqo(J,u)=Hq(J°NU, (J°\{u}) NU; G) = Hy({u},¥: G) = Hy({u}; G) = {g 3;8:

where ¢ = J(u), U is an isolated neighborhood of u, i.e.,, K NU = {u}. The proposition holds. O

Proposition 2.3. (See [3].) If ] € C2(M, R) and u is a nondegenerate critical point of | with Morse index j, then
Cq(J,u) =64;G.

Proof. See 5.1.3, Example 3 of Chang [3]. O

Definition 2.4 (Mountain pass point). (See [3].) If C1(J, u) # 0, then we call an isolated critical point u of J a mountain pass
point.

Definition 2.5. (See [9].) If any sequence {uy} C M which satisfies J(ug) — ¢ and J'(ur) — 0(k — o) has a convergent
subsequence, we say that ] satisfies the (PS). condition. If J satisfies (PS). condition for all c € R, we say that J satisfies
the (PS) condition.

Definition 2.6. (See [9].) We say that ] satisfies deformation property, if Ve* > 0, VN, 3¢ € (0, ¢*) and a continuous map
n:[0,1] x M — M, such that

(i) n(0,) =id,

(ii) nt,u)=u,Vvue M\{fueM: c—e* < Ju) <c+¢e*}, te[0,1],
(iii) J(n(-,u)) is nonincreasing, Yu € M,
(iv) n(1, JFF\N) € J°°,

where | € C!(M, R), ce R, N is a closed neighborhood of K.

Lemma 2.7 (First deformation theorem). (See [16].)If ] € C1(M, R) satisfies (PS). condition for all c € R, N is a closed neighborhood
of Kc 2 KN J~1(c), V& > 0, then there is a continuous map 1 : [0, 1] x M — M and € € (0, ), such that

(i) n(0,-) =id,
(ii) nt,u)=u,Vu e M\]‘1[C—E,c+§],te [0, 1],
(iii) n(t,-) : M — M is homeomorphism, Vt € [0, 1],
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(iv) n(1, JTE\N) C J¢°F,
(v) J(n(t,u)) is nonincreasing, Vu € M, t € [0, 1],

where J°T ={ue M| J(u) <c+ ¢} isalevel set.
Proof. See Theorem 2.2 of [16]. O

Consider the functional

J(U)=%/|Vu|2d><+%/uzdx—/F(u)dx,
2

2 2

where F(u) = fO” f(s)ds. From the variational point of view, solutions of (1.1) are the critical points of ] defined on
W12(2). Let [u1, uz] = {u € X |uy <u < up,x € 2} be the order interval in X ={u e C'(2) | %% =0, xe d2}.

From the deformation theorem (see Lemma 2.7 above), we know that | satisfies deformation property when J satisfies
(PS) condition.

Let E be a Hilbert space and Pg C E a closed convex cone such that X is densely embedded to E. Assume that P =
X N Pg, P has nonempty interior P and any order interval is bounded.

Then J: E — R satisfies the following assumptions (see [9]):

(J1) J € C3(E, R) and satisfies (PS) condition in E and deformation property in X.

(J2) V] =id — Kg, where Kg : E — E is compact. Kg(X) C X and the restriction K = Kg|x : X — X is of class C! and
strongly preserving, i.e., u>>v <& u—v e P.

(J3) ] is bounded from below on any order interval in X.

Lemma 2.8 (Mountain pass theorem in order intervals). (See [11].) Suppose ] satisfies (J1)-(J3) and {v1, v2}, {w1, w2} are two
pairs of strict sub-sup solutions of VJ = 0 in X with v{ < wy, [v1, V2] N [w1, w2] = @. Then | has a mountain pass point uy,
ug € [v1, w21\ ([v1, v2]U[w1, wa]). More precisely, let v be the maximal minimizer of ] in [v, v2] and wg be the minimal minimizer
of ] in [w1, wy]. Then vy < ug < wg. Moreover, C1(J, uo), the critical group of ] at ug, is nontrivial.

Proof. See Theorem 1.3 of Li and Wang [11]. O

Remark 2.9. Lemma 2.8 still holds if J € C1(E, R), K is of class C® and J has infinitely many isolated critical points.
This was known from the results in Li and Wang [12,11].

Now, let us recall some notions and known results on Fucik spectrum (see Perera and Schechter [13] and Definition 2.10
below).
Consider the problem

—Au=bu—-ct—a(u—rc)~, in$,

ou (2.1)
— =0, onods2,
av

from the variational point of view, solutions of (2.1) are the critical points of the functional

I(u)=I(u,a,b)=/|Vu|2—a[(u—c)_]Z—b[(u—c)+]2, uex={61(§) ‘ %:0}
2

where c is a constant and £2 € R" is a bounded domain with smooth boundary 92 and (u — ¢)*(x) = max{£(u — c), 0}.
Recall that Fucik spectrum of —A is the set of those points (c,d) € R? for which the problem

_ —dut —cu—. i
{ Au=du cu~, in$2, (2.2)

u=0, onds2

has nontrivial solutions (see Perera and Schechter [13]).

Definition 2.10. The set X is denoted by the points (a,b) € R? for which (2.1) has nonconstant solutions, we call X the
Fucik spectrum of —A with Neumann boundary problem.

Denote by 0 = A1 < Ay < --- the distinct Neumann eigenvalues of —A on £2. It was shown in Schechter [14] and Gar-
buza [6] that X' has two strictly decreasing curves C;,, C;, passing through the (1;, A;) such that the region I;, in the square
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Qi =M1, A,+1)2 below the lower curve C;, and the region I}, above the upper curve Cj, are free of X, while the points on
the curves are in X'. We denote by II; the regions between the curves, then the points in II; may or may not belong to X.
Denote by I} =Ij, Ulg_q),.

If (a,b) doesn’t belong to X, c is the constant solution of (2.1), i.e, ¢ is an isolated critical point of I, then from the
definition of critical group (see Definition 2.1 above), we have the Cy(I, c) defined, =0,1,2,....

Now, we give some results relative to the computation of the critical groups when (a, b) falls in certain parts of Q.

Lemma 2.11. (See [4,13].) Let (a,b) € Q; \ X and let d; denote the dimension of the subspace N; spanned by the eigenfunctions
corresponding to A1, ..., Al

(i) If (a, b) € I, then

Z, q=d1,
co={g aZin

(i) If (a, b) € II;, then Cq(I, ¢) = 0 for q < dj_1 or for q > d,.
In particular, C4(I, ¢) = 0 for all ¢ when A; is a simple eigenvalue.
Proof. See Theorem 1 of Dancer [4]. O

We observe that when (a,b) € II; and A; is a multiple eigenvalue, the above theorem doesn’t determine Cq(I,c) for
di—1 <q <d. Let K, denote the set of critical points of I, =I(:, p) and kp ={u € Kp: |lu|l = 1}. Recall that I}, is the
set of (a,b) € R?\ X for which there is a curve y = (y1, y2) € C([0,2]) N C1([0, 1]), ¥ (0) = p = (p1, p2), ¥(2) = (a, b), for
p € QN Cy, such that

1) y©0,2hNn X =4,
() y{.y3<0o0n[0,1],
(3) ¥(0)+ y’(0) = y(1) (see Definition 1.2 of Perera and Schechter [13]).

It was shown in [13] that if y intersects X only at p = (p1, p2) and a < p1, b < p, we can take y to be the line segment
joining p = (p1, p2) and (a, b). Then we have II; C I';, when the region I is free of X.

Lemma 2.12. (See [13].)If p € Qi N Cy,, and (a, b) € I'y, then

HA=9-1(K ), di_1,
cro=|H (Rp). q#di
HY(Kp)/Z, q=di-1.

Proof. See Theorem 1.3 of Perera and Schechter [13]. O

Moreover, set Aj=1— 1 (—A)~!, let Ni_1, E(A;), M; denote the negative, zero and positive subspaces of A;, respectively,
and for p, let I, =I(-, p),

Ip(v4+wo) = inf Ip(v+w), veN, (2.3)
weM,

Ip(vo+w)= sup Ip(v+w), weM/_g. (2.4)
veN|_q

It was shown in Schechter [15] that there are continuous and positive homogeneous functions
7t Np— My, Vi-1:Mi—1 — N1

such that wo = 71(v), vo = y—1(w) are the unique solutions of (2.3), (2.4), respectively.
Let

Ti={v+n): veN},
R ={y-1(@) + w: w e M4},
Si=T\NR-1,  Si={uesS; lul=1}.

We also have the following conclusion:
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Lemma 2.13. (See [13].)

H4=4=1(Sh), q#d,

Col 0= R
HY(SM)/z,  q=dq,

where S = {u € S;: 1(u) > 0}, for (a,b) €I} \ X.
Proof. See Theorem 1.6 of Perera and Schechter [13]. O

3. The proof of the main results

Consider the equation

—Au+au= fij(u), ing2,

ou (3.1)
— =0, onds2,
av
where
0, t <0,
fiky=1f®, 0<t<aq,
f@), t>a;

is a truncation function, the corresponding functional

],-(u):%/|Vu|2dx+%/uzdx—/F,-(u)dx,

2 2 2

where Fi(u) = [y fi(s)ds.

We notice that fi(t) € C°(R, R) and J; € C!(E, R). We can discuss a similar case for b;.

Li [8] shows that J;(u) satisfies coercive condition on E = W12(£2). So if Ji(u) =u — K;u, u € E, where K; is a compact
operator, then J; satisfies (PS) condition in E and deformation property in X.

Next, we give the relation of the solutions of (3.1) and the solutions of (1.1), i.e,, Lemma 3.2 below. In order to prove
Lemma 3.2, we firstly give the weak maximum principle.

Lemma 3.1 (Weak maximum principle). (See [5].) Assume u € C>(U) N C(U) and
c=0 inU.

(I) IfLu <0in U, then

maxu = maxu.
U au

(I) IfLu>0in U, then

minu = minu,
U aU

where U C R" is open and bounded, L is elliptic operator having the nondivergence form
n n
Lu=— " augy + Y bluy +cu,
i,j=1 i=1

the coefficients al, b, ¢ are continuous.
Proof. See Section 6.4.1, Theorem 1 in Evans [5]. O
Lemma 3.2. [f u;(x) is a solution of (3.1), then u;(x) is also a solution of (1.1) and satisfies 0 < uj(x) <a;,i=1,2,....

Proof. Suppose the conclusion is false. Now, consider the domain U; = {x € £2 | u;(x) < 0}, then we have
{ —Au= fj(u) —au >0, inUj,
u=0, on dUj,
where —Au = fj(u) —ou=0—au=—au >0, x € U; by the definition of f;(u).
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By the maximum principle (see Lemma 3.1 above), we have u;(x) > 0 in Uj;. It is a contradiction, so it follows that U; = @,
i.e., uj(x) > 0. Similarly, we consider V; = {x € 2 | uj(x) > a;}, we have the equation

—Au= fij(u) —au <0, inV;,
u=0, ondV;i,

where —Au = fj(u) —au = f(a;) — au < f(a;) — aa; =0, x € V; by the definition of f;(u). By the maximum principle, we
can conclude that u;(x) <a;j in V. It is a contradiction, so we have that V; =, i.e,, u;j(x) < a;. From the above discussion,
we have that 0 < uj(x) <a;, i=1,2,... and fj(u) = f(u;), so u;j(x) is a solution of (1.1). This completes the proof of the
lemma. O

From the above discussion, by applying Lemma 3.2, we know that in order to prove the main result of Theorem 1.1 we
only need to prove that (3.1) has infinitely many nonconstant solutions under the assumptions (a)-(e) and (3.1) has two
nonconstant solutions in every order interval.

Theorem 3.3. Assume that f; satisfies (a)-(e), then there are infinitely many nonconstant solutions of (3.1). Moreover, if there exist
some order intervals which have two pairs of strict constant sub-sup solutions, then there are at least two nonconstant solutions.

Proof. According to (b), we can conclude that {a;} are all positive constant solutions of (3.1). Assume i is large enough and
i is an even number, from assumption (b), we infer that {ay,_1} are local minima, k=1,2, ..., % So we get uy,_1 and k1
a strict sub-solution and sup-solution pair for (3.1), satisfying uj,_q < ax_1 < uz_1 foreach k, k=1,2,..., %

Now, we study the order interval [uq, u3] in X which includes two sub-order intervals [uq, 1] and [us, us].

We infer that J;(u) satisfies deformation properties and is bounded from below on [uq, U3], so we get a mountain pass
point uq € [uq, us] \ ([ug, u1] U [us, us]) according to the mountain pass theorem in order interval (see Lemma 2.8 above).
From the definition of mountain pass point (see Definition 2.4 above), we have that Cy(J;, uq) is nontrivial.

From assumption (c¢), we know that the left and the right derivatives of f; at ap are different. We consider the problem

—Au = fj(u) —au, ing2,

du (32)
— =0, onas2,
av

where f; € C(2 x R) and as u — ay; we have

fiw) — o = (f{ (an) — o) (u —ay)™ — (fi_(az) — @)@ —azx) ™ + o(u — ay).

We take a = f{, (agr) — o, b= f,.’+(a2k) — «, then from assumption (d) and the definition of X' (see Definition 2.10 above),
we know that (a, b) doesn’t belong to X.
From Lemma 2.11, we know that if (a, b) € I}, | # 2, we have

Z, =d;_q,
Cq(],-,az):{o Z?ﬁd:

and

Z, q=d_1, i
Cq(]i,azk)={0 gaédi_l k=2,3,---,5—1,

then if [ # 2, we have Cq(J;, a) 2 Cq(Ji, u1), where i is an even number, so uj # aj.
If (a,b) €ll;, | > 1, then from Lemma 2.13, we have

H4=9"1(SH), q#d,

Cq(Ji,a2) = R
olJir62) {H‘)(s,*)/z, q=dp_.

for (a,b) ellj\ X.1f =2, then d|_; =d; =1, so for ¢ =1, we have Ci(J;,a) = Ho(ﬁg)/Z. Furthermore, for a point p, we
have

~ [z =0,
H‘I<p;c>={0 G20,

Then we have Cq(Ji,a2) =02 Cq(Ji, u1), so uy #ap. If I > 2, then di_; > 1, and from Lemma 2.11, we have for g =1 that
C1(Ji,az) =0. Then we have Cq(Ji, az) 2 Cq(Ji, u1), SO U1 # da.

Similar to the previous discussion, applying the mountain pass theorem in order interval to [u3, ti5] which contains two
sub-order intervals [us, t3] and [us, Us5], we get a mountain pass point u; and prove that u; # as from Lemmas 2.11, 2.12
and 2.13.
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We let the procedure go on.... So % — 1 mountain pass points are available which are nonconstant solutions of (3.1),

where i is large enough and i is an even number. Then we have infinitely many nonconstant positive solutions of (3.1) by
the arbitrariness of i.

We can discuss the similar case for b; and get infinitely many nonconstant negative solutions.

Now, we discuss the solutions in [uj, u3] more deeply. Since u; is a mountain pass point, for the Leray-Schauder degree
of id — K', we have the computing formula

deg(id — K', B(u,1),0) = —1,
where r > 0 is small enough, K = I<iE|x =(-A+(m+ a)id)*lfi*|x : X — X is of class C° and strongly preserving, fifw =

fi(u) + mu (see Hofer [7]). Then according to the Poincaré-Hopf formula for C! case (see [10]) and the computation of
Cq(Ji, az2), we have

index(J;, az) = (—1)".
Furthermore, for minimum points a1, as,
Cq(Ji,a1) = 8q0G, Cq(Ji,a3) = 8q0G.
From the additivity of Leray-Schauder degree and Theorem 1.1 in [11], we can get
1=deg(id — K', [u1, U3], 0)
= deg(id — K', [u1, 1], 0) + deg(id — K', [u3, 3], 0) + deg(id — K', B(az, 1), 0) + deg(id — K*, B(u1,1),0)
=141+ D'+ (-1).

So we have (—=1)! = 0. It is impossible. From the above discussion, we conclude that there must exist another critical point
uj € [u1, us], which satisfies uj # u1 and is nonconstant.
Similarly, we can discuss the order interval [u3, U5], we get another critical point uj # u;. We let the procedure go on....
This completes the proof of Theorem 3.3. O

Thus, we prove that the conclusion of Theorem 1.1 holds.
Proof of Corollary 1.2. See Theorem 3.5 of Li and Li [8]. O

Remark 3.4. In Theorem 1.1, we can deal with the case in which (a,b) € I}, | > 2, and (a, b) €I}, | > 1, but, when (a, b) € I,
then

V4 =1
cq(J,-,az)z{O’ i

we cannot distinguish u; from a;, then there may not nonconstant solutions.

= Cq(Ji,u1),

Remark 3.5. Let the following assumption holds:

() [o Fwydx > (12 + £0)/2) [ u?dx, as ||u]| > M, u € Ey, where E; = {u € E | u =kje1 + kaez}, eq, e are the first and
the second eigenfunctions of (—A + «) with Neumann boundary, respectively, Vkq, k2 € R, |le1]l = |le2]l =1, & > 0 and
M is large enough.

Then under (a)-(c) and (f), we can obtain infinitely many nonconstant positive, negative and sign-changing solutions
of (1.1).
As a matter of fact, we can infer (f)’ from (f).

Corollary 3.6. Moreover, (1.1) has infinitely many nonconstant negative energy solutions {u;}, which are of mountain pass type, if
(a)-(e) hold and ] (ayk) — —oo or J(byy) — —o0 ask — +oc.

Proof. Assume that J(az) — —oo as k — +o0. Let ¢ = infy, ¢ maxy, )ns J((t)), where I' ={y € CI, W) | y(0) = az-_1,
y(1) =ayq1}, and [ =[0,1], S= W\ (W UW3), W = [uzk—1, Ukt 1], W1 = [Uak—1, Uk—1], W2 = [Uky1, Ukr1], € = J(azp),
k=1,2,.... We discuss the problem in W which has two minimum points ay;_1 and ay,1. We have that a1 and a1
are in the same radial direction A = {keq | k € R}, eq is the first eigenvalue function of (—A + «) with Neumann boundary.
In fact, e is a constant. We conclude that c* > c (see Corollary 3.4 of Li and Li [9]). Furthermore, if (c), (d) hold, then c¢* > c.
In fact, if ¢* =, then ¢* = maxyey+)ns J () = inf, ¢ maxy (yns J((t)) = J(ax), where y* is a special path between ap;_1
and a1, which is a path of radial direction A = {ke1 | k € R}, eq is the first eigenvalue function of (—A +«) with Neumann
boundary. So ay, is a mountain pass point. But according to the assumptions (c) and (d) and Lemma 2.11, we know that
C1(J,a) =0 (I#2), ie., ay is not of mountain pass type. This is a contradiction. We draw the conclusion. O
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