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1. Introduction

Let M" be a complex n-dimensional Kdhler manifold endowed with the complex structure J and the metric g. The Kdhler
2-form w is defined by w(:,-) = g(J-,-). An isometric immersion v : M" — mn (4c) of a Riemannian n-manifold M" into
M" is called Lagrangian if ¥ *w = 0. Lagrangian submanifolds appear naturally in the context of classical mechanics and
mathematical physics. For instance, the systems of partial differential equations of Hamilton-Jacobi type lead to the study of
Lagrangian submanifolds and foliations in the cotangent bundle. Furthermore, Lagrangian submanifolds play some important
roles in supersymmetric field theories as well as in string theory.

In differential geometry of submanifolds, theorems which relate intrinsic and extrinsic curvatures always play an im-
portant role. Related with the famous Nash embedding theorem [14], the first author introduced in early 1990s a new
type of Riemannian invariants, denoted by 8(n1, ..., ng). He then established sharp general inequalities relating §(nq, ..., ny)
and the squared mean curvature H2 for submanifolds in real space forms. Such invariants and inequalities have many nice
applications to several areas in mathematics (see [8,9] for more details).

Immersions of submanifolds which attain one of the equalities at every point were called ideal immersions. Roughly
speaking, an ideal immersion of a Riemannian manifold into a real space form is an immersion which produces the least
possible amount of tension from the ambient space.

Similar inequalities also hold for Lagrangian submanifolds of complex space forms. In [7] the first author proved that, for
any 8(n1,...,ng), the equality case holds only when the Lagrangian submanifold is minimal.

In [15] Oprea improved the inequality on §(2) for Lagrangian submanifolds in complex space forms. In this paper we
establish general inequalities which only involve the squared mean curvature and 8(nq,...,n,) for Lagrangian submani-
folds in complex space forms. Also, we obtain the necessary and sufficient condition for a Lagrangian submanifold to attain
the equality for arbitrary 8(ny, ..., ny). Further, we provide some examples showing these new improved inequalities for La-
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grangian submanifolds are best possible. Finally, we provide some non-minimal simple examples which verify some equality
cases of the improved inequalities.

2. Preliminaries

Let M”(4c) be a complete, simply-connected, Kdhler n-manifold with constant holomorphic sectional curvature 4c and M
an n-dimensional Lagrangian submanifold of M"(4c). We denote the Levi-Civita connections of M and M"(4c) by V and V,
respectively.

The formulas of Gauss and Weingarten are given respectively by

VxY = VxY +h(X,Y), (2.1)
Vxé = —A¢ X + Dxé, (2.2)

for tangent vector fields X and Y and normal vector fields &, where D is the normal connection. The second fundamental
form h is related to Az by

(R(X.Y), &) =(AcX,Y).

The mean curvature vector H of M is defined by

1
H = —traceh.
n

For Lagrangian submanifolds, we have (cf. [12])
Dx]Y = JVxY, (23)
AjixY=—Jh(X,Y)=A v X. (2.4)

The above formulas immediately imply that (h(X, Y), JZ) is totally symmetric. If we denote the curvature tensors of V and
D by R and RP, respectively, then the equations of Gauss and Codazzi are given by

(RIX,Y)Z, W) = (Any. 2) X, W) — (Apx.2) Y. W) +c((X, WY, Z) — (X, Z)(Y, W), (2.5)

(V)(X,Y, Z) = (VI)(Y, X, Z), (2.6)
where X,Y, Z, W (respectively, n and &) are vector fields tangent (respectively, normal) to M; and Vh is defined by

(Vh)(X,Y,Z)=Dxh(Y,Z) —h(VxY,Z)—h(Y,Vx2). (2.7)

For an orthonormal basis {e1, ..., ey} of T,M at a point p € M, we put

hic = (h(ep.ec), Jea), A,B,C=1,...,n.

It follows from (2.4) that
A

hic =hB - =hS;. (2.8)

3. Invariants §(nq, ..., n)

Let M be a Riemannian n-manifold. Denote by K(;r) the sectional curvature of M associated with a plane section

7w C TpM, p € M. For any orthonormal basis eq, ..., e, of the tangent space TpM, the scalar curvature 7 at p is defined to
be
T(p)=)Y K(eine)). 3.1)
i<j
Let L be a subspace of T,M of dimension r > 2 and {ey, ..., e;} an orthonormal basis of L. The scalar curvature t(L) of
the r-plane section L is defined by
T(l)=) Keg neg), 1<a,B<r. (3.2)
a<p
For given integers n > 3 and k > 1, denote by S(n, k) the finite set consisting of all k-tuples (nq,...,ng) of integers
satisfying
2<ny,...,<n and ny+---+n<n.

Denote by S(n) the union Uk>] S(n, k).
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For each (ny,...,ny) € S(n) and each point p € M, the first author introduced in [5,6] a Riemannian invariant
8(nq,...,ng)(p) defined by

8(n1, ..., m)(p) = T(p) —inf{z (L) + -+ T(Lp)}, (3.3)
where Lq,..., L, run over all k mutually orthogonal subspaces of TyM such that dimLj=nj, j=1,...,k. The invariants
8(n1,...,n,) and the scalar curvature 7 are very much different in nature (see [8] for a general survey on 8(ny,...,ng)).

For a given (ny,...,n,) € S(n), let Ly, ..., Ly be mutually orthogonal subspaces of T,M with dimL;=nj, j=1,...,k.
We choose an orthonormal basis eq, ..., ey, of T,M such that
Li= Span{en1+...+nj71+1, e, en1+.,.+nj}, j=1,...,k (3.4)
We put

Ar={1,...,m},

Ap={m+-+m_g+1,...,n1 4+ +m},
Appr={m+---+m+1,...,n} (3.5)

For simplicity we put

N=ny+---+ng.

Throughout this paper, we shall make use of the following convention on the ranges of indices unless mentioned otherwise:

ai, Bi,vie A, i,je{l,... k};
r, S, t € Ags1; u,ve{N+2,...,n};
A,B,Ce{l,...,n}. (3.6)

An n-dimensional submanifold of a Kihler n-manifold M" is called Lagrangian if the complex structure | of M" inter-
changes each tangent space T, M, p € M, with the corresponding normal space TPL(M).

The first author proved in [5,6] the following optimal relationship between §(n1, ..., n) and the squared mean curvature
H? for an arbitrary submanifold in a real space form.

Theorem A. Let M" be an n-dimensional submanifold in a real space form R™(c) of constant curvature c. Then, for each k-tuple
(nq,...,ng) € S(n), we have

2 k
n“n+k—-1-3%n;) - 1
S(ny,...,ng) < H 4+ -={nn—1) — nin; —1) |c. 3.7
(m k) 20+ k—Sny) 3 ( ) ]2—1 =1 (3.7)
The equality case of inequality (3.7) holds at a point p € M if and only if, there exists an orthonormal basis {e1, ..., en} at p, such

that the shape operators of M in R™(¢) at p with respect to {e1, ..., ey} take the form:
Al ... 0
A=l o , r=n+1,...,m, (3.8)
r 0 ... A}
0 wrl

where I is an identity matrix and Ag. is a symmetric nj x nj submatrix satisfying
r r
trace(A]) = - - - = trace(A}) = ;.

The same result holds for a Lagrangian submanifolds in a complex space form mn (4c) of constant holomorphic sectional
curvature 4c. More precisely, we have
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Theorem B. Let M" be an n-dimensional Lagrangian submanifold in a complex space form M"(4c) of constant holomorphic sectional
curvature 4c. Then, for each k-tuple (nq, ..., n;) € S(n), we have

2 k
n“n+k—1- Zn]) 1
S(ny,...,ng) < - nn—l—E nin; —1) |c. 3.9
(m k) 2(n+l<—Zn) 2 ( ) f 1(] ) ( )
The equality case of inequality (3.7) holds at a point p € M if and only if, there exists an orthonormal basis {e1, ..., emn} at p, such

that the shape operators of M in mn (4c) at p with respect to {e1, ..., ey} take the form of (3.8).

Remark 3.1. It was proved in [7] that every Lagrangian submanifold of a complex space form M™(4c) that satisfies the
equality case of inequality (3.9) identically for some k-tuple (nq,...,n;) € S(n) is minimal; extending a result in [10,11]
on §(2).

4. A general inequality for Lagrangian submanifolds

Theorem 4.1. Let M" be an n-dimensional Lagrangian submanifold of a complex space form M"(4c). Then, for any k-tuple
(nq,...,n,) € S(n), we have

n?{(n— YK ni+3k—1) -6 (2+ﬂi)71}H .

d(ny,...,ng) < —inn—-1)— ni(nj — 1) ¢c (4.1)
(n_Zl 11 +3k+2) — 62111(2-}-111')71} 12]:
The equality sign holds at a point p € M" if and only if there is an orthonormal basis {e1, ..., e} at p such that with respect to this
basis the second fundamental form h takes the following form
3daip;
h(ea,veﬂ,)—zha /31] Vi + 2+n )"]eN-Fls Zha,o{, =0,
ai=1
h(e()liveolj)z ’ l;éj,
h(ey:, e =——Jeqy, h(eqy.,ey) =0
( a; N+1) 2+nij o4 ( a; u)
h(en+1.env1) =31Jent1,  h(ent1.ew) =2 Jey,
h(ey,ey) =Adyv Jent1, N=ng+---+mn, (4.2)
fori,j=1,....,k;u,v=N+2,....,nand A = 1h%ﬂw+1

Proof. Let (n1,...,n,) € S(n) and let Lq,..., Ly be mutually orthogonal subspaces of TyM with dimL; =n;, j=1,... k.

We choose an orthonormal basis {eq, ..., ey} at a point p € M which satisfies (3.4). Since
n
2
T= Z Z(thhéc — (h3c)"): (43)
A=1B<C
Tl = Z Z leaxhﬁiﬁi - (hgiﬂi)z)’ (4.4)
A ai<Bi
we have
2 2
T ZT(L )= S (ARE — ()" + 2D (e — ()Y + DD D (heht e, — (Wea,)”)
A T<S Aji ai.r A i<jopa;
n
N2 2
SIOCLESHIENEES 3 LNIMES D ALIES o ST
r<s i T i<j o i @S B#r r=N+1
(4.5)
with the equality sign holding if and only if
hoie, = h = hgye, =hst =hiy =0 (4.6)

for distinct i, j, £ € {1, ..., k} and distinct r, s, t € Agq.
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For a given i € {1,...,k} and a given y; € A;, we have

Z 3 ( ) h%_3hz;)2+3z(hz;_hz;)2+3z( S Wl - Y h)

j=1relpq  ajeA; r<s l<]j ~oyelyg ajEA;
2
:(n—N+3k—3)Z<Zh3§fjaj> —6> Y hiiahli—6> hlihl
i o Jjoaj.r r<s
—6> hllg, Y hY aj+3(n—N+3k—1)Z (i)’
l<j ojEA;

=(n—N+3k—=3)(h! +---+hl)? =20 — N +3k)

k
x { SORERE 3SR hl > Wl ke, — > (RY)?

r<s ]:] Olj,r (<] S
Thus we find
YipVi Vi Vi Vi N+3k—-3 ¥i)2
> hiin +Zzhamhrr + 3 Wl — () < m(h +ooe b)) (4.7)
r<s ] 15,1 K<] N

with the equality holding if and only if

D hle, =30 j=1....k s€ Ak (4.8)
ajEA;
Since
n—N+k—1<n—N+3I<—1—GZf=1(2+n,-)‘]
n—=N+k+2 n_N43k+2-6Y% 2+n)-!

we get from (4.7) that

k
SORHRE DTS g b+ Y Bl bl — Y ()

r<s j=1ajr t<j s

2
n—N+3k—1-6Y% 2+n)! (Z”: y_)
_ AR

< (4.9)
2(n—N+3k+2 -6, 2+n)~1} AA
with the equality sign holding if and only if, for each i € {1, ..., k}, we have
> hlle,=3hE=0, j=1,... .k seA. (4.10)
ajEA;
Let us put

2 k6
w=-{n—N+3k+2— .
3{ T+t ]2;2+n]}

Since
k k

n; 2 nj 2 n;
=k— , =k— — ,
;2+ni ;24—711‘ ;2+n1 Xj:Z+nj 2+n;

we find for each t € {N + 1, ...,n} that
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24+ n; 3n 2
ngz 3TliI<Zhétiali_2-‘:—l hir) +Z Z alal htiﬂi)
i o i oz<ﬂ
J2+npn; J2+npn; 2
+Z<72 1‘ ] hfxia, ] 1 Z ajo(j> + Z (hgr _hgs)2
oy V@+njn; & V2+nn;

r<s

r,S#t

1 2 n; 24+n; 2
©3 T3 g (- T )

r#£t qi

240w 2 +npn; >
:Z{("_N”) »_n_,-+2<2+nj>n]i}<zh‘t"f“*‘>
J# o

. 1
1

3 .
S ILILE RLERED WP PICRINED D M) W

i<j
—2 Y hL b+ _N_1+Z S Y S Y 2hfz Zh
L 3 i 2+m it) it o it aia
r,s#£t

1 6
:gin—N+3k—1—Zz+ni}<; 2‘:0&) 222}1%0{1 r
6
+[n_N+3k+1_ZZ+H,‘}Z 2h§tZ<Zhaxa1) _22"%% ajdj
i

Tt i<j
6 2
<2 3l 2 ot w ) g3k - g )
r<s Tt i i
r,S#t

n—N+3k—1-6%% @2+n)! n
-] | >y oy

2(n— N+3k+2—-6Y% 2 +n)~1} —
_ZZ o a]aj Zzhala, r Z +ZZ oo }
i<j o0 i S#t i
Hence, we obtain

th ht + Zzhtx;al +Z Z h“za: aja; Z(h%B)z

r<s i<j oo B#t

2
n—N+3k—1-6%F @2+n)! n
i=1 1 Zh;\A ,

< p (411)
2iln—N+3k+2-6Y;_;2+n) "} \ 1
with equality holding if and only if
hie = @ +nphly, =3hf, i=1,....k N+1<s#t<n. (412)
Thus, by combining (4.5), (4.9) and (4.11), we obtain inequality (4.1).
Equality in (4.1) implies that the inequalities (4.5), (4.9) and (4.11) become equalities. Thus, we have
> hle,=3hE=0, j=1,... .k seA. (413)
ojEA;
hie = Q@+ nphly, =3hf, i=1,....k, N+1<s#t<n, (4.14)
i aj i
hgie, = hy), = hyer, = =hy =hl, =0 (4.15)
for distinct i, j, £ € {1,...,k} and distinct r,s,t € Agy1.
It follows from (4.10) that the mean curvature vector lies in Span{eyy1,...,e}. Thus, we may choose eyiq in the

direction of H. Then we conclude that conditions (4.13)-(4.15) are equivalent to (4.2) due to the totally symmetry of h. O
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Remark 4.1. When k =1 and n; = 2, inequality (4.1) is due to Oprea [15] (see also [13]). The equality case for this special
case have been investigated rather detailed in [1-3].

5. Lagrangian graphs attaining the equality at a point

Consider the product E" x E" of two Euclidean n-spaces equipped with the Euclidean metric and the natural coordinates

(X1,...,Xn, Y1, ..., Yn). The product E" x E" has a natural complex structure | defined by
0 B 0 B .
—_— =, —=——, i=1,...,n.
oxi 3y ayi 0xi

We denote the pair (E" x E", J) by C", which is known as the complex Euclidean n-space.
Consider the graph in C" = (E" x E", J) of a smooth map f:D — E" defined on an open domain D C E". Then the

graph is a Lagrangian submanifold of C" if and only if the matrix (g—){;) is a symmetric matrix. In particular, if D is simply
connected, then there exists a function F : D — R with f = VF. Therefore, the Lagrangian graph takes the form

JoF
L(X‘l,..-,Xn):(x‘],‘..,Xn,Fxl,...,Fxn), FX‘_

=—, i=1,...,n 5.1
! 8x,- ( )

The next result shows that, for each k-tuple (nq,...,n) € S(n), (4.1) is sharp.

Theorem 5.1. For each k-tuple (nq,...,ny) € S(n), there exists a non-minimal Lagrangian submanifold in C" which satisfies the
equality case of (4.1) at a point.

Proof. For a given nonzero real number A, let us consider the Lagrangian graph M in C" defined by (5.1) with

k n k
3A A
F=) = S v+l Y xd, N= 52)
—~ 2(2 +nj) i 2 4
i=1 ai€A; r=N+1 i=1
Then
n-th
—~ =
e1=(1,0,...,0), ..., e,=(0,...,0, 1,0,...,0) (5.3)
form an orthonormal basis of T,(M) at o = (0, ..., 0). It is easy to verify that the coefficients of the second fundamental

form h of the Lagrangian graph satisfies

¢ 33F

=————  ABC=1,...,n
AB 0XA0Xg0XC

Thus, we find from (5.2) that, at the point o given by (x1,...,x;) = (0, ..., 0), the second fundamental form satisfies

38u: ;
h(eaiv eﬂi) = 0‘1/31. )".]eN+17
1

2+n
h(eaiveaj):(), l#], i,jzl,...,k,

h(eq;, en+1) = 3 Je
aj» EN+1 _2+n,‘ Qs
h(ea,-, ey) =0,
h(en+1,en+1) =31 Jen+1,
h(en+1.eu) =4 Jey,
hey,ey) =Aduy Jeny1, u,v=N+2,...,n, (5.4)
at the point o. Consequently, by Theorem 4.1, we conclude that M is a non-minimal Lagrangian graph satisfies the equality

case of inequality (4.1) at the point 0. O

Remark 5.1. Theorem 5.1 shows that the constants in (4.1) cannot be improved.



236 B.-Y. Chen, E. Dillen / J. Math. Anal. Appl. 379 (2011) 229-239

6. Minimality
Theorem 6.1. Let M" be an n-dimensional Lagrangian submanifold of a complex space form M™(4c). Then for any integer
ny € [2,n — 1] we have

n?{ni(n —nqy) +2n —2})
{ni(n—ny) +2n+3n1 + 4}

Moreover, if M" satisfies the equality case of (6.1) for some n; < n — 2, then M" is a minimal submanifold of M"(40).

8(n1) < 5 H2+%{n(n—1)—n1(n1 - Dle. (6.1)

Proof. Inequality (6.1) is special case of inequality (4.1) with k = 1. Now, let us assume that M satisfies the equality case of
(6.1) identically on M. Then, according to Theorem 4.1, there exists a local orthonormal frame {eq, ..., e,} such that

o 38 U
hieasep) =3 hijpley + 5 Jemsr, D hiw =0,
y=1 a=1

heq,en,4+1) = Jea, h(eq,ev) =0,

24+m
h(en,+1,en,+1) =31 Jen, 11,

h(en,+1.ev) =AJej,
h(ey,ev) = AdijJen;+1, (6.2)

for some functions hg and A, where o, 8=1,...,ny; u,v=ny+2,...,n.

To prove this theorem, we take the same approach as in [1,2]. So now assume that n > nq +2 and that M has no minimal
points, i.e. A is nowhere zero. In this case Jey,+1 is a multiple of the mean curvature vector implying that X is a globally
defined differentiable function. In accordance to [1,2] we denote by T the vector field corresponding to ej41, which is also
a globally defined differentiable vector field, and by D; the distribution spanned by T.

At each point, Aj7 has three distinct eigenvalues of multiplicity 1, ny and n —ny — 1 with eigenvalues given respectively
by

3A
) +m ’

Let D, and D3 be distributions of dimension ny and n —n; — 1 corresponding to A, and A3, respectively.
From [2] with A1, A2, A3 given above, we have the following lemma.

A =31, )

A3 =A. (6.3)

Lemma 6.1. We have

(2+4n1)VA —niAVrT € Dy, (6.4)
3VA — VT € DY,
2+n‘1 1
mAVYT = (VAV = == Jh(V, VrT) € Dy, (6.6)
AVWT — (TAW — Jh(W, VrT) € Dy, (6.7)
(24 nm)VyT — (1 —ny)VrV € Dy, (6.8)
3mVwT + (1 —n)ViW e Dy, (6.9)
(1 —n)AVyW + (2 +n1) Jh(V, VT W) € Dy, (6.10)
(1 =n)AVyW +3(WA)V 4+ 2 +n1) Jh(V,VwT) € Dy, (6.11)
(1 =n)AVWV — 2 +n1) JA(W, VrV) € Dy, (6.12)
(A —n)AVwV — 2 +n) (VMW — 2 +n1) JA(W, VyT) € Dy, (6.13)
~ 3VA ~ ~
T((h(V,V), JV¥)) - m(v, V¥ =0 ((h(V,V), JVrV*)) = (h(V,V*), JVyT), (6.14)
T((h(W, W), JW*)) — (W)W, W*) = o (h(W, W), JVTW*)) — (h(W, W*), JVwT), (6.15)
(h(V, V), JVWwW) = (h(W, W), JVy V), (6.16)
n
1811 (WA)V — (14 2n1)2+n1) Y _(VIW,eq) Jh(V, eq) € Dy, (6.17)

a=1
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n—nj—1
22+n)(VOW —ni(142n1) Y (VrV,en) JA(W, ey) € Dy, (6.18)
u=1
2(1 —nyq) ~ ~ 3n1(142n1) — ~
L(TAV, VYW, W)= ——— " _(h(W, W), JW|V,V
2 (TA(V, V)W, W) (1—n1)(2+n1)A<( W), JWNV, V)
(2 +n1)%(1 +2n7) -~ o~ ~
on (= V) VYW W), (6.19)

for vector fields Vlj/, V*in Dy and W, W, W* in D3 respectively, where o in (6.14) and (6.15) denotes cyclic summation over
V,V,V*¥and W, W, W*, respectively.

We choose a local orthonormal frame {ej,...,en,, T,en,42,..., €} such that T € Dy, eq,...,e5, €Dy and ep 42, ...,65 €
Ds.

In order to determine the connection coefficients of M as in [2]. We use the following notations: «, 8,y € {1,...,n1}
and t,u,v e{n;+2,...,n}. We let

(i) Ty denote the D3 component of Vrey,
(ii) V denote the D, component of V4,
(iii) W denote the D3 component of V.

To show that A is constant, first we observe that (6.4) gives
24+n)VaA=mr(V,VrT) forV eD;. (6.20)
On the other hand, by taking V* = V= ey in (6.14) and summing up on o and by using (2.8) and (6.2), we have

M yy= 2 > (h(V. ea). JVreq)

24+m

=2 (h(V.eq). wh(T)Jep) =2 w1 (T)(h(V. eq). JT)
o,pB o

:2<h(V, T), ]( Zwﬁ]+1(T)ea>>

=2(h(V,T), JVrT)= %(v, vrT). (6.21)
By combining this with (6.20), we obtain
VA=(V,ViT)=0 forV eDs. (6.22)
Similarly, it follows from (6.2), (6.4) and (6.15) that
Wir=(W,VrT)=0 forW € D;s. (6.23)

Since (VrT,T) =0, (6.22) and (6.23) imply that V7T = 0. Hence, it follows from (6.4) and (6.5) that VA =0, i.e, A is
constant.
Next, we claim that

Vp, Dy C Dy, Vp,D3 C Ds. (6.24)
To prove this, first we observe from VT =0 that we have
(VIW,T)=—(W,VrT)=0. (6.25)
Thus, it follows from (6.17) that
0= (VIW.ex){Jh(V.eq). V*)=—(h(V.V*), JVTW). (6.26)
o

Now, from (6.2) and (6.13), we find
0= —n)AVwV, W*)+ @ +n){h(W, VyT), JW*)
= (1 — DAV, Vg W*) + @+ np){h(W, W*), J(VyT))
=(m — DMV, Vg W*). (6.27)

Thus, we have Vp, D3 € Dy



238 B.-Y. Chen, E. Dillen / J. Math. Anal. Appl. 379 (2011) 229-239

On the other hand, it follows from (6.7) that

(T, VwW?*) = —(Vw T, W*)=0. (6.28)

Therefore, we find Vp,D3 C D3. Similarly, we have Vp, D, C D;. This proves the second claim.
Since n > nq + 2, locally there exists a unit vector field W € Ds. Because ny > 2, there is a unit vector field V € D, such
that

—(VrV,W)=(V,VTW)=0. (6.29)
Combining this with (6.8) and (6.9) gives

(VyW,T)=(VwV,T)=0. (6.30)
From (6.24) and (6.30), we have

Vp, D3 C D3, Vp, D, C Dy, V1rDy; C Dy, VrDs3 C Ds3. (6.31)
Consequently, after applying (6.24) and (6.31) we find

(R(V, W)W, V)= (Vy VW, V) = (Vi Vy W, V) = (Viy i W, V) =0. (6.32)
On the other hand, it follows from the equation of Gauss and (6.2) that
(R(V, W)W, V)= 32 +c (6.33)
’ k] - 2 +rl‘1 . .

Egs. (6.32) and (6.33) imply that ¢ < 0, since A # 0.

For ¢ < 0, it follows from (6.24) and (6.31) that (R(W,T)T, W) = 0. On the other hand, it follows from (6.2) that
(R(W, T)T, W) =32, Thus, again we find that A = 0 which gives a contradiction. O
Remark 6.1. Theorem 6.1 extends a result of [3].

7. Non-minimal Lagrangian submanifolds satisfying the equality

A Lagrangian submanifold of C" without totally geodesic points is called a Lagrangian H-umbilical submanifold if its second
fundamental form takes the following simple form (cf. [4]):

h(e1,e1) =g Jer, hej.ej)=ujer, j>1, (7.1)
h@.e)=ujej. h@Eje)=0, 2<j#k<n
for some functions ¢, i with respect to a suitable orthonormal local frame field {eq,...,e,}. Such submanifolds are the

simplest Lagrangian submanifolds next to the totally geodesic ones.
Let G: N1 — E" be an isometric immersion of a Riemannian (n — 1)-manifold into the Euclidean n-space E" and let
F:1— C* be a unit speed curve in C* = C — {0}. We may extend G : N*~! — E" to an immersion of I x N"~! into C" as

FRG:Ix N1 5 CQE =C", (7.2)

where (F ® G)(s, p) = F(s) ® G(p) for se I, p e N*~1. This extension F ® G of G via tensor product is called the complex
extensor of G via F.
The following result was proved in [4].

Proposition 7.1. Let ¢ : S"~1 — E" be the inclusion of a hypersphere of E™ centered at the origin. Then every complex extensor
¢ = F ® t of  via a unit speed curve F : I — C* is a Lagrangian H-umbilical submanifold of C* unless F is contained in a line through
the origin (which gives a totally geodesic Lagrangian submanifold).

For F ®t, let us choose a unit vector field e; tangent to the first factor and ey, ..., e, tangent to the second factor of
I x S"1If we put F/(s) = e'¥® and F(s) =r(s)ei?®, then it follows from [4] that the second fundamental form of F ®
satisfies (7.1) with

=6/(s), (7.3)

p=rO=k  w="pp

where k is the curvature function of F. Therefore, by applying (7.1), (7.3) and Theorem 4.1, we conclude that if the unit
speed curve F : [ — C satisfies
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k() =m+1)0'(s)£0, sel, (74)

then the complex extensor F ®¢: [ x S*1 — C" is a non-minimal Lagrangian submanifold of C" which verifies the equality
case of (6.1) with ny =n — 1. Consequently, Theorem 6.1 is sharp.
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