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1. Introduction

In this paper, we discuss the T-periodic solution for second-order non-autonomous singular problems

"
u”(t) — =0 =e(t) (1.1)
under impulsive conditions
AU () =Luy)), j=1,2,...,p—1, (1.2)
where o > 1, e € L'([0, T], R) is T-periodic, Au'(tj) = u/(tf) —u'(t;) with u/(tji) = limt_)[ji u'(t); t,j=1,2,...,p—1,
are the instants where the impulses occurand 0 = tp < t; <t < --- < tp1 < tp =T, tiyp =+ T;[; : R —
R(G=1,2,...,p— 1) are continuous and [}, = I.

Impulsive differential equations have been studied by many authors [4,5,16,17,19,18,20]. Some classical tools have
been used to study such problems. These classical techniques include the coincidence degree theory of Mawhin [17], the
method of upper and lower solutions [4], some fixed point theorems [5], and variational methods [16,19,18,20,22,23,25].
In 2008, Tian and Ge [22] first studied the existence of solutions for impulsive differential equations by using a variational
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method. Later, Nieto and O'Regan [ 16] further developed the variational framework for impulsive problems and established
existence results for a class of impulsive differential equations with Dirichlet boundary conditions. From then on, the
variational method has been a powerful tool in many research fields, including the above-concerned impulsive problems
and homoclinic solutions for Hamiltonian systems [12-14,25].

On the other hand, during the last three decades, singular differential equations with different kinds of boundary condi-
tions have also been investigated extensively in the literature by using either topological methods or variational methods;
see [1-3,6,8-11,24] and the references therein. Here, we recall one famous result proved by Lazer and Solimini [11] in 1987.

Theorem 1.1 ([11]). Assume that e € L'([0, T], R) is T-periodic. Then problem (1.1) has a positive T-periodic weak solution if
and only if fOT e(t)dt < 0.

Compared with the classical impulsive problems or singular problems, singular problems with impulsive effects have
been scarcely studied; see [7,21]. Therefore at this stage it is important to point out the dynamical differences between both

models. For example, from Theorem 1.1, if fOT e(t)dt > 0, then problem (1.1) does not have a positive T-periodic weak
solution. However, if the impulses happen, for this singular problem there may exist a positive T-periodic weak solution.

Inspired by the above facts, the aim of this paper is to reveal a new existence result on a positive T-periodic solution
for singular problem (1.1) when impulsive effects are considered, i.e., problem (1.1)-(1.2). Indeed, this periodic solution is
generated by impulses. Here, we say that a solution is generated by impulses if this solution is non-trivial when I; # 0 for
some 1 <j < p— 1,butitis trivialwhenl; = O0forall 1 <j < p — 1. For example, if problem (1.1)-(1.2) does not possess a
positive periodic solution when ; = O forall 1 < j < p — 1, then a positive periodic solution u of problem (1.1)-(1.2) with
I; # 0 for some 1 < j < p — 1is called a positive periodic solution generated by impulses; see [25].

Our result is presented as follows.

Theorem 1.2. Assume that the following hold.

(S7) e € L'([0, T], R) is T-periodic and fOT e(t)dt > 0.
(Sy) There exist two constants m, M such that, for any s € R,

m=<Ls)<M, j=12,....,p—1,
wherem <M < —p%] fOT e(t)dt <O.
Then problem (1.1)-(1.2) has at least a positive T-periodic solution.

2. Preliminaries

Set
HTl = {u : R — R| uis absolutely continuous, u’ € [?((0, T), R) and u(t) = u(t + T) for t € R}
with the inner product

T T
(u, v):/ u(t)v(t)dt+/ U (H)v'(t)dt, Vu,v € Hj.
0

0

The corresponding norm is defined by

1
T T 2
lullyy = (/ |u(t)|2dt+f |u/(t)|2dt) , VueH.
0 0

Then H} is a Banach space (in fact it is a Hilbert space).
In order to study problem (1.1)-(1.2), for any A € (0, 1), we consider the following modified problem:

u'(t) + fi(u(t)) =e(t), ae.te(0,T), 2.1)
AUt = L)), j=1,2,...,p—1, )

where f; : R — R is defined by

1 -3
PR SZ A,

o =1
_}\7, S <A

Following the ideas of [16,19,20], we introduce the following concept of a weak solution for problem (2.1).
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Definition 2.1. We say that a function u € HT] is a weak solution of problem (2.1) if
T p—1 T T
/1womow+2}wm»wm—/imwmwow+feawmmzo
0 = 0 0
holds for any v € H;.
Let F, € C(R, R) be defined by

5®=/Amm
1

and consider the functional

D; : H} —- R
defined by
1 (T =1 ru®) T T
D, (u) = 7/ |u’(t)|2dt+2[ Ij(s)ds—/ F,\(u(t))dt—l—/ e(t)u(t)dt. (2.2)
2 Jo = Jo 0 0

Clearly, @, is well defined on HT], and is a continuously Gateaux differentiable functional whose Gateaux derivative is the
functional @; (u), given by

T p—1 T T
qﬁi(u)v:/ u/(t)v’(t)dt+le(u(tj))v(tj)—/ fx(u(t))v(t)dt+/ e(t)v(t)dt, (2.3)
0 = 0 0

forany v e HT]. Moreover, it is easy to verify that @; is weakly lower semi-continuous. Indeed, if {u,} C HTl, ue HTl, and
u, — u, then {u,} converges uniformly to u on [0, T] and u, — u on L?([0, T]), and combining the fact that lim inf,_, «
l[unlly2 = Nullyz, we have

o N e 2, B i@
l%nllogfq)x(un) zllnnlgolf 5””“”H%_5/0 [un ()] dt+;f0 fi(s)ds

T T
- / F, (un(6))dt + / e(t)un(t)dt)
0 0

1 T p—1 u(tj) T T
5/ |u’(t)|2dt+2[ Ij(s)ds—/ F,\(u(t))dt—i-/ e(t)u(t)dt
0 j=1 0 0 0

= q§)\(u).

By the standard discussion, the critical points of @, are the weak solutions of problem (2.1); see [16,19].

v

3. Proof of the main result

Now, we give the proof of Theorem 1.2 by using the mountain-pass theorem; see [15].
Step 1. We verify that the functional @, satisfies the Palais-Smale condition.

Let a sequence {u,} in H} satisfy that &; (u,) is bounded and @] (u,) — 0, i.e., there exist a constant ¢; > 0 and a
sequence {€;}nen C R with e, — 0asn — oo such that, for all n,

Trq p=1  rcup(t)
/ [Elug(t)l2 — F(un (1) + e(t)un(t)] de + Zf fi(s)ds| < c1, (3.1)
0 j=1 0
and, for every v € H},
T p—1
/ [y, (D)V'(8) — fi.(un ()0 (8) + e(O)v(D)]dt + ij(un(fj))v(tj) < enllvlly- (32)
0 =

Now we show that {u,} is bounded in HTl. Taking v(t) = —1in(3.2), one has

< e,/T foralln.

T p—1
!/mwm%wmw—iﬁww»
0 j=1
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By (S1)-(Sz), we have

A

T p—1
< aT+ [ ewdt+ Y )
0 i

j=1

;
/ S(un(6))dt
0

IA

T
enﬁ+f e(t)dt + (p — 1)|m| := c,.
0
Note that, for any t € [0, T], f; (u,(t)) < 0. Thus
T T
/ o (un(0)de = / f (0t
0 0

< Cy.

On the other hand, take, in (3.2), v(t) = w,(t) := u,(t) — u,, where u, = % fOT u, (t)dt. By Proposition 1.1 of [ 15], we have

T p—1
Gllwnllyy = / [wy,(0)* = (U () wn(t) + e(O)wy(6)]dt + le(un(tj))wn(tj)
0 j=1

J
> [lwp 2, — (c2 + llellg) walle + (0 — Tymflwgllre
= [lwpllZ — (2 + llellp — (0 — Dm) [Jwy [l
= Iyl = callwally,
where c3 and c4 are two positive constants. Thus,
lwp 7, < (c3 + ca)llwnllp -
Consequently, using the Wirtinger inequality, we get the existence of cs > 0 such that
Iyl < cs. (3.3)
Now, suppose that
||un||H; — 400 asn — 4o0.

Since (3.3) holds, we have, passing to a subsequence if necessary, that either
M, := maxu, — +00 asn — 400, or
m, := minu, - —00 asn — +oo.

(i) Assume that the first possibility occurs. By (S;) and the fact that f; < 0, one has
T p—1 un([j)
| 1) = ewuorae -3 [ pas
0 j=1 0

un ()

T Mp Mp p—1 [Mp| p—1
= f [( fi(s)ds — fk(s)ds> - e(t)un(t)] =D / li(s)ds — / Ii(s)ds
0 1 =170 j=1"I

un(t) M|

T T T
Z/ F.(Mp)dt —/ Mpe(t)dt — max [M, — un(t)lf le(t)|dt — (p — HM|My|
0 0 te[0,T] 0

+ (P — 1)m max || My| — un(t)]
te[0,T]

T
= TF,.(My) — Mn/ e(t)dt — (p — MM, — |lel;1 My — mq| + (p — Dm|M, — my|
0

tn tn
/ u, (t)de / u, (t)dt
fa i

T T
> TF,(My) — M, ( f e(O)dt + (p — 1>M> ~(llellyi — @ — Dm) f WL (0)ldt,
0 0

T
= TF,.(My) — My (/ e(t)dt + (p — 1)1\/1) — llefl +(—Dm
0

where u,(f,) = M, and u,(f,) = m,. Thus, using the Holder inequality, one has

T T
- M, (/ e(t)ydt + (p — 1)1\/1) +TH.Mn) < / [F.(un (1)) — e(t)un(t)] dt
0 0

p—1 un (&)
-> / i(s)ds + VT (llell — (0 — Dym) fluy 2. (34)
0

j=1
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If @« = 1, then F, (M,) = —InM,. By (S,), one has

T
—M,, (/ e(t)dt + (p — 1)M> —TInM, - +00 asn — +o0.
0

Ifa > 1, then FL(M,) = ——— ( L _ 1).By (S,), one has

a—1 Mﬁﬁl

T 1 1
—M,, (/ e(t)ydt + (p — I)M) - — (—1 - 1) — 400 asn — 4o0.
0 o —1\ My~

From (3.1) and (3.3), we see that the right-hand side of (3.4) is bounded, which is a contradiction.

(ii) Assume that the second possibility occurs, i.e.,, m, — —oo asn — +00. We replace M, by —m,, in the preceding
arguments, and we also get a contradiction. So {u,} is bounded in HTl.

Since H} is a reflexive Banach space, there exists a subsequence of {u,}, denoted again by {u,} for simplicity, and u HTl
such thatu, — uin HTl; then, by the Sobolev embedding theorem, we get u, — u in C([0, T]) and u, — u in L?([0, T]). So

T
/ (F.(un(8)) — fr(u(t))) (un(t) — u(t))dt — 0,
0

p—1
Z(Ij(un(tj)) — i) (un(t) — u(t)) — 0,

=1 (35)
e(t)(u,(t) — u(t))dt — 0,
(%L(un) — @&, (W), —u) > 0, asn— oo.
By (2.3), we have
T T
() () — B (W) (tn — 1) = / W, — updt + / e(O)un(t) — u(®))dt
0 0
p—1
£ 3 (n(6)) — Bu) n(s) — u(t)
=1
T
- / (B (un (D) — F () (un(6) — u(®))dt. (36)
0

By (3.5) and (3.6), and since u, — u in L?([0, T]), we have |ju, — u||HT1 — 0asn — oo.Thatis, {u,} strongly converges to u
in HTl, which means that the Palais-Smale condition holds for @;.
Step 2. Let

2= {ueHTl| min u(t) > ]},
te(0,T]
and

02 ={ue H}lu(t) > 1forallt € (0,T), 3t, € (0,T) : u(ty,) = 1}.

We show that there exists d > 0 such that inf,cyo @5 (u) > —d whenever A € (0, 1).
For any u € 062, there exists some t, € (0, T) such that min.¢po rj u(t) = u(t,) = 1. By (2.2), (S), and extending the
functions by T-periodicity, we have

u(ty)

ty+T 1 p—1
/ |:5|u’(t)|2 — F (u(t)) + e(t)u(t):| dt + Z/ Ij(s)ds
ty j=1Y0

1 ty+T ty+T ty+T
> f/ |u/(t)|2dt+/ e(t) (u(t) — 1)dt+/ e(t)dt
t, t; ty

D) (u)

\%

2

p—1 r1 p=1  ru(t)
o Z/ 1j(s)d5+2/ Ii(s)ds
=1 /0 =171

1
—N'1%, = llellp max (u(t) — 1) = [leflx + (p — Hm max (u(t) — 1) + (p — Hm
te[0,T] te[0,T]

v

2

1 ty Eu
EIIU/IIfz — llellp f u'(O)dt — Jlellyr + (p — 1)m/ u'(Hdt + (p— Hm
ty ty
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1 , tu+T
> Ellu 12— (llells — (0 — 1)m)f ' ()|t — llell;r + (p — 1)m,
tu
where f, € [0, T] and maXeepo,r) U(t) = u(t,). Applying the Holder inequality, we get

D5 (u) = %Ilu/llfz — VT (lely — (@ — m) [u'll2 — llell + (p — Dm.
The above inequality shows that
@, (u) - +oo as ||z — +oo.
For any u € 942, it is easy to verify the fact that ||u||H; — oo is equivalent to ||u'||;2 — 4o0. Indeed, when ||t/|| 2

— 400, it is clear that ||u||H; — +00. When ||u||H; — 400, if not, we assume that ||u’||,2 is bounded; then ||u]|2 — +o0.
Since min;epo,rj u(t) = 1, we have

t T T %
u(t)—]:/ u’(s)dsf/ |u’(s)|ds§ﬁ</ |u’(t)|2dt> )
tu 0 0

Therefore, u is bounded in L?(0, T), which is a contradiction. Hence
@, (u) - 400 as ||u||H; — 400, Yu € 052,

which shows that @, is coercive. Thus it has a minimizing sequence. The weak lower semi-continuity of @, yields
ulelgg @, (u) > —oo.

It follows that there exists d > 0 such that inf,c3o ®@; (1) > —dforall A € (0, 1).

Step 3. We prove that there exists Ag € (0, 1) with the property that, for every A € (0, A¢), any solution u of problem (2.1)
satisfying @, (u) > —d is such that minyeo,rj u(t) > Ao, and hence u is a solution of problem (1.1)-(1.2).
Assume on the contrary that there are sequences {\; },en and {u, }ney such that

(i) < 1
(ii) uy, is a solution of (2.1) with A = A,;
(iii) @5, (up) > —d;

. . ‘1
(iv) minepo,ry un(t) < -

-
Since f;, < 0 and fOT[fAn (un(t)) — e(t)]dt = 0, one has
i, Wn ()1 < ¢z, for some constant ¢; > 0.
Hence
luy |l < cg, for some constant cg > 0. (3.7)
From @, (u,) > —d it follows that there must exist two constants [; and I, with 0 < I; < I, such that
max{u,(t); t € [0, T} C [, k1.
If not, u,, would tend uniformly to 0 or +0o0. In both cases, by (51)-(S») and (3.7), we have
@, (Uy) = —o0 asn — +oo,

which contradicts @, (u,) > —d.
Let t!, 72 be such that, for n sufficiently large,

n’r- n
1 1 2
Un(t,) = - < I = un(zy).

Multiplying the equation u//(t) + f; (un(t)) = e(t) by uj,, and integrating it on [z,!, 7], or on [z?2, 7], we get

U o= /:ﬂ u;{(t)u;(t)dt—F/:n Frn (Un (), (H)dt

2

_ f 1 e(t, (t)dt. (38)

n

It is easy to verify that

1 /. /.
U=y + E[u,f(r,,z) —u(r)],
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where

v = [ B0,

From (S;), (3.4) and (3.8), it follows that ¥ is bounded, and consequently ¥, is bounded.
On the other hand, it is easy to see that

d
i Wa () (£) = E[FA" (ua ()]

Thus, we have

1
U = Fy, () — Fy, (*) .
n

From the fact that F;,, (1) — 400 asn — +00, we obtain ¥; — —o0, i.e., ¥; is unbounded. This is a contradiction.
Step 4. @ has a mountain-pass geometry for A < Aq.
Fixing A € (0, Ag], one has

0 1
F.(0) = / fi(s)ds = —/ fi.(s)ds

1 0

A 1
- / fu(s)ds — / f(s)ds

0 A

1 1
= T _/x fr(s)ds,
which implies that

1 A
F.(0) > —/ fi(s)ds 2/ fi(s)ds = F.(2).
A 1
Thus we have
®,(0) = —TF.(0) < —TF,.(3)
TInA, ifa =1,

=1- T <1 —1>, ifao > 1. (39)

a—1\ o1

1/(a=1)
] . Thus it follows from (3.9) that @, (0) < —d.

Consider A € (0, Ao] N (0, e~H N <0, [%

Also, using (S;), we can choose a constant R > 1 sufficiently large such that

M 1 ' t)ydt )R T 1 ! d
(Mo e )r- T (1o )

T
- (M(p— 1) +/ e(t)dt)R—TlnR > d.
0

Thus, R € H}, and

and

p—1 R T
&, (R) = Z/ I;(s)ds — TF,(R) —I—R/ e(t)dt
j=1 0 0
T
M(p — ])R—l—TlnR—i—R/ e(t)dt, ifao =1
<

T 1 T ,
M(p—])R‘I—ﬁ(l—Rle])-f—R/o‘ e(t)dt, ifa > 1

T
(M(p— 1)+/ e(t)dt)R—f—TlnR, ifa=1
0

M 1 ' t)dt | R T 1 ! if 1
(M= v+ [ o) Lo (1= )it

< —d.
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Since £2 is a neighborhood of R, 0 ¢ £2, and
max{®,(0), ®,(R)} < inf &, (u),
X082

Step 1 and Step 2 imply that @, has a critical point u, such that

@, (uy) = inf max @, (h(s)) > inf &, (u),
herl se€[0,1] X€082

where
I' = {h e C([0, 1], H;) : h(0) = 0, h(1) = R}.

Since inf,cyo @, (u;) > —d, it follows from Step 3 that u;, is a positive solution of problem (1.1)-(1.2). The proof of the main
result is complete.
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