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1. Introduction

This paper is mainly concerned with the three-dimensional compressible magnetohydrodynamic (MHD) system as
follows:

pe +div(pu) =0,

1
(pu); +div(ou®@u) +V (P + 5|H|2> =H - VH+ pAu+ (u + A)Vdivu, (1.1)
H, +u-VH —H - Vu+ Hdivu = vAH, divH =0,

for x € R*and t > 0. The unknowns p, u, P and H represent the density, velocity, pressure and magnetic field respectively.
The constants u > 0 and X are viscosity constants, satisfying 3A 4+ 2 > 0, the constant v > 0 is the magnetic diffusivity
acting as the magnetic diffusion coefficient of the magnetic field. Here we only consider the isentropic MHD flows in which
the equation of state has the form P(p) = ap” where y > 1and a > 0 are physical constants.

There have been numerous studies on the MHD problem by many physicists and mathematicians due to its physical
importance, complexity, rich phenomena and mathematical challenges; see, for example, [1,2,4-8,11-13,15,17,19,20,22,
24,25] and the references therein. Briefly, for the two-dimensional case, Kawashima [11] obtained the global existence of
smooth solutions to the general electro-magneto-fluid equations when the initial data are small perturbations of some
given constant states. Zhou-Fan in [25] established a regularity criterion for the 2D incompressible MHD system with zero
magnetic diffusivity. For the linearized 3D compressible MHD equations, Umeda, Kawashima and Shizuta [19] showed the
global existence and the time decay of smooth solutions. When the initial density is strictly positive, the local strong solution
to the compressible MHD with large initial data was obtained by Vol'pert and Khudiaev [20]. In the case that the initial
density need not be positive and may vanish in some open sets, the local well-posedness of strong solutions to the full
compressible MHD equations in three dimensions was investigated by Fan and Yu [6].
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On the other hand, many fundamental problems for MHD are still unsolved, even for the one-dimensional case, that the
global existence of classical solutions to the full perfect compressible MHD with large data remains unknown when all the
viscosity, heat conductivity, and magnetic diffusivity coefficients are constant, although the corresponding problem for the
Navier-Stokes equations was solved in [14] many years ago. This is mainly because of the presence of the magnetic field
and its interaction with the hydrodynamic motion in the MHD flow of large oscillation.

The main purpose in this paper is to give a blow-up criterion of strong solutions for compressible MHD (1.1) with initial
and boundary conditions:

{(p,U,H)(X, O) = (vaHOaHO)(X) X€R3, (12)

(p,u, H)(x,t) - 0 [x| = oo.

Before stating the main results, we explain the notations and conventions used throughout this paper. We denote

/fdx:/fdx, af = 8—, [? = [Y(R3).
17 0X;

For 1 < r < oo, the standard homogeneous and inhomogeneous Sobolev spaces are denoted as follows:

DM ={uelp | IIVullr <00}, lullper = V¥ullr,
wkr=1"np*,  Df=DK?  D'={uel®||Vulz < oo}

Definition 1.1. A pair of functions (p, u, H) is called a strong solution to the problem (1.1)-(1.2), if for some 3 < q < 6,

p>0, peCOT;L'NH NW9),
ueCO,T;D'ND>NL*0,T;D*9), H e C(@,T:H*) NIL*0,T; w9
u, H € [*(0, T; DY), /pur, He € L®(0, T; ),

and (p, u, H) satisfies (1.1) a.e. in R® x (0, T).

The local well-posedness theorem of strong solutions to the compressible MHD with vacuum was proved by Fan-Yu [6].

Theorem 1.1. Assume that for some q € (3, 6] the initial data (pg, Ug, Ho) satisfies
po >0, poel'NH Nnwh, up € D' ND?, Ho € H?, divHy =0, (1.3)

and the compatibility condition

1
— Aty — (i + W) Vdivug + V (P(,Oo) + 5|Ho|2) — Hy - VHo = pi'%g (14)

for some g € I Then there exist a positive time T € (0, 00) and a unique strong solution (p, u, H) to the problem (1.1) and
(1.2)inR® x (0, T].

We wonder whether the strong solution blows up in finite time. The first attempt toward such problem is to investigate
the possible blow-up mechanism of the solution. Recently, many works are devoted to this subject for compressible MHD
or Navier-Stokes equations; cf. [9,10,18,23]. In particular, Sun-Wang-Zhang in [18] established the blow-up criterion of
strong solutions to 3D Navier-Stokes equations as follows: if T* < oo is the maximal time of the existence of the strong
solutions, then

lim_ || pllzee(0,7;100) = 00.
T—T*

Just because of the similarity of compressible MHD with the Navier-Stokes equations, some ideas used to get the blow-up
criterion of the strong solutions for the Navier-Stokes equations will be applied to deal with the MHD system. In our present
paper, we want to obtain a similar result for the compressible MHD system. This work is motivated by Xu-Zhang [23].

Our main result in this paper reads as follows.

Theorem 1.2. Assume that for some q € (3, 6] the initial data (oo, ug, Ho) satisfies (1.3) and (1.4). Let (p, u, H) be a strong
solution of the problem (1.1)—(1.2) satisfying Definition 1.1. If 0 < T* < oo is the maximal time of existence, then

Am ([pllee.ri) + [1H e @.1:1m) = 00, (1.5)

for any % <r < oo, provided 3 > A.
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We should mention that the decomposition of the velocity u = v + w plays a key role in our paper. More precisely, let v
solve the elliptic system

1
A MVdivo =V (P+ = |H]*| inR’,
AV + (1 + A) v ( +2| |> (16)
v(x,t) > 0 |x| — oo,
then, from the momentum equation (1.1), and (1.6), it is easy to verify that w satisfies
wAw + (u 4+ 1) Vdivw = pit — H - VH  in R, (17)
wx,t)— 0 |x| = oo. ’

2. Preliminaries

In this section, we state some known auxiliary lemmas which will be frequently used in the proof of Theorem 1.2. We
begin with the following well-known Gagliardo-Nirenberg inequality which can be found in [16].

Lemma 2.1. For p € [2,6],q € (1, 00), and r € (3, 00), there exists some generic constant C > 0 which may depend on q, r
such that for f € H' and g € L9 N D', we have
6—p)/2 3p—6)/2,
Il < CIFIS P/ Vs P2, 2.1)

(r—3)/Q3r+q(r-3 3r/(3r+q(r—3
lgllioe < Clig||fy =2/ CrHat=3D) g g Br/Grar=sn, (2.2)

Let U solve the following boundary value problem

. _ . 3
{,mu + (u+1)VdivU =F inR?, (2.3)

Ukx,t) - 0 |x| = o0,

we state some classical estimates for the above strongly elliptic system.

Lemma 2.2. Let p € (1, oo) and U be a solution of (2.3), then there exists a constant C depending only on w, A and p such that
the following estimates hold:

(1) if F € [P, then

IV2Ull < C[IFlp: (2.4)
(2) if F =divf withf = (fij)2x2, fij € LP, then

IVUllr < Clifllw; (2.5)
(3) if F = divf withf = (f;j)2x2. fij € L N L?, then VU € BMO(£2) and

IVUllsmo2)y < CUIf NIz + Ifllioe). (2.6)

Here BMO($2) stands for the John-Nirenberg space of bounded mean oscillation whose norm is defined by

If llzmoc2y £ Wflli2 + [f lamoce) »
with

f ) = fa,wldy,

[flemoy & sup  ———
xef2,re(0,d) |~Qr(x)| 2r(x)

and

forw = Fy)dy,

192: )| Jo, 00

where £2,(x) = B, (x) N 2, B (x) is a ball with center x and radius r, d is the diameter of £2 and |2, (x)| denotes the Lebesgue
measure of £2,(x).

The next lemma is a variant of the Brezis—Wainger inequality [3], which together with Lemma 2.2 will be used to give
the gradient estimate of p.

Lemma 2.3. Let f € W9 with q € (3, 00), then there exists a constant C depending on q such that
Ifllice < C(1+ NIf llamo InCe + (If llw1.0))- (2.7)

The proof of Lemmas 2.2 and 2.3 can be found in [18].
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3. Regularity of p, u, H

Let (p, u, H) be a strong solution to the initial boundary problem (1.1)-(1.2) as described in Theorem 1.1. Here we take
a contradiction argument to complete the proof of Theorem 1.2. Thus, we now assume otherwise that

Am (ol + 1H e 01:0m) = M, (3.1)

where M is independent of T, 25—4 < r < oo. Hereafter, we denote by C a general positive constant which may depend on

the initial data, M and the maximal existence time T*.
Then, it follows from the standard energy estimate that

Lemma 3.1. Under the conditions of Theorem 1.1, forany 0 < T < T¥*, it holds that
2 T
sup ([[/pulls + IHIE + ol ) + / IVully, + IVHIIZde < C. (32)
<t< 0

Lemma 3.2. Under the assumption of (3.1), if 3;¢ > A, then one has forany 0 < T < T* that

;
fp|u|4dx+f luVul|?%dt < C. (3.3)
0

Proof. Multiplying (1.1), by 4|u|?u, and integrating by parts over R?, one has from Lemma 4.2 in [21] that

d 1
yn / plul*dx + c;l[uVul|?, < c/p|u|4dx + /4|u|2u . <_§V|H|2 +H- VH> dx + C. (34)
For the second term on the right-hand side of (3.4), by integrating by parts and Young’s inequality, one has

2 1 2 2 2
f4|u| u-<—5V|H| +H-VH> dx < C/|u| |Vul|H|dx

1 1
c(/ |u|2|Vu|2dx>2 (/ |u|2|H|4dx>2
1 5
€ 6 6 6
5/|u|2|Vu|2dx+C(e> (/(|u|2)6dx) </<|H|4)§dx)
§/|u|2|Vu|2dx+C(e) </|u|2|Vu|2dx)7

€ / [u|?|Vul*dx + C(€). (3.5)

IA

IA

IA

IA

Choosing € small enough, adding (3.5) to (3.4), and applying Gronwall’s inequality, one obtains the lemma immediately. O

Let f and G be the material derivative, and effective viscous flux, which are defined, respectively, as follows:

. 1
f=fi+u-Vf, G=(2u+A)divu—P—5|H|2. (3.6)

We have from (1.1), that
AG = div(pii — H - VH). (3.7)

Now we can prove the following lemma which gives the L>-estimate of Vu and VH.

Lemma 3.3. Under the assumption of (3.1) and 3¢ > A, forany 0 < T < T*, it holds that

T
2
OSUDT(IIVUIIfz +IVHI%) +/ |v/puclz2 + IHE + IVHIZde < C. (3.8)
=t=< 0
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Proof. Multiplying (1.1),, (1.1); by u; and H; in L?, respectively, integrating the resulting equation by parts, we obtain after
summing up that

d +A v
. %Wulz+MT(dlvu)z+§|VH|2dX+fp|Ut|2+|Ht|2dx

1
= /Pdivutdx—t—/ (H .VH — 5V|H|2> - updx — /,ou-Vu~u[dx

—l—/H~Vu-thx—/u-VH-thx—/H'H[divudx

£ Ki. (3.9)
i=1

To deal with the first term on the right-hand side of (3.9), we notice that
P; + div(Pu) + (y — 1)P(divu) = 0. (3.10)

Hence, we infer from integration by parts and the definition of G that

d
deivutdx = a/Pdivudx— /Pu - Vdivudx 4 (y — 1)/P(divu)2dx
d _ 1 1 5
= — [ Pdivudx — ———— | Pu-VGdx + —— [ P“divudx
dt 2+ A 22+ A1)
1
——— f Pu-V|H]Pdx+ (¥ — 1 /P divu)?dx
2(2u+x>/ HPdx+ (v — 1) [ P(divwy
d , 5
= Pdivudx + C || /pu|  IVGIl2 + ClIH || 2 [uVH| 2 + C[|[Vull?, + C
d
< —/Pdivudx—}—e] IVGIZ, + [uVH|2; + Cl|Vull?, + C, (3.11)

dt

where we have used (3.1), (3.6) and Young's inequality. Combining this with (3.7) and choosing ¢; small enough, one has
d . 1 2 2 2 2 2

Ki = - | Pdivudx+ 2 [[/puc|p + O+ luVull + IHVHIE + [uVHIE + IVullR). (312)

Noticing divH = 0, one has from integrating by parts that
1. 5.
Ky=— | H-Vu,-H— 5|H| divu.dx
d 1 5. .
= T H-Vu-H— 5|H| divudx+ | H-Vu-H +H - Vu-H; — H - Hedivudx
d 1 5. 1 ) 2

For the last four terms on the right-hand side of (3.9), one has

'gm

Thus, combining (3.9)-(3.14), one obtains

1 2
= 5 (VAU + W% ) + CAuVHIR + uVuly + HVul,). (3.14)

d % nw+A v 1
m §|Vu|2+T(d1vu)2+5|VH|2dx+5/p|ut|2+|Ht|2dx

d 1
< a/pdivu —H-Vu-H+ 5|H|2divudx+C||Vu|Ifz +C

+C(IuVHIL + luVullf, + [HVUllE, + IHVHIE). (3.15)
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For the last term on the right-hand side of (3.15), one has from (3.1) and the interpolation inequality that
l[uVHI2 + [uVull2 + [[HVull2 + [HVH| ;2

1
= NP3 (1Vull g + 1VHI g ) + IH (I Vulls + V] )

1 3 1 3 1
< ClluVull; (IIVUIIL"2IIVUIIL"6 + IIVHIIL‘SIIVHIIL“6> + C(IVullis + IVH]12)

2
< 8(IVulls + IVH||;s) +C (IIuVullfz + 1) (IIVullz + [IVH| 2)- (3.16)

By the standard LP-estimate, one deduces from (1.6) and (1.7) that
Vulls < IVvlls + IVolls
C(IPls + IHPlls + V2@l 2)
C(1+ |HVH| 2 + |/puc| 2 + luVul2) . (3.17)

Similarly, one has

IA

IA

IVH|;s < V*Hll2 < C(IH 2 + [luVH|| 2 + [HVu[2). (3.18)
Thus, putting (3.17) and (3.18) into (3.16), choosing § small enough, one gets
luVHI2 + [uVull2 + [HVull2 + [HVH| 2

1 2
=3 (|v/Pue| 2 + IH:ll2) + € (IIuVullfz + 1) (I'Vull2 + IVHIl2) + C. (3.19)
Then, putting (3.16) and (3.19) into (3.15), by Gronwall’s inequality, and noticing that
1
/Pdivu —H-Vu-H+ 5|H|2divudx < %||Vu||§2 +C,

one gets from (3.3) that

T
2
sup (IVull% + IVHII%) + / Ivouc > + IHlI%de < C. (3.20)
<t<T 0

On the other hand, (3.18) combined with (3.19) and (3.20), completes the proof of Lemma 3.3. O
Next we prove the boundedness of || L) ||L2 , IH¢|l;2 and || VH || ;1 by using the compatibility condition (1.4).

Lemma 3.4. Under the assumption of (3.1)and 3 > A, forany 0 < T < T*, one has
T
) .
sup (il + Wl + IVHIE ) + / IVl + IV H [[zde < C. (3:21)
<t< 0

Proof. Operating i[9/t +div(u-)] to both sides of (1.1),, summing with respect to j, and integrating the resulting equation
over R3, one obtains

1d

o pli)Pdx = — / W[3;P; + div(d;Pu)]dx — / W[3;(H'HY) + div(H';H'u)]dx

+ f W0 (H'H) + div(H 9;H'u)]dx + f W[ AW + div(uA)]dx

5
+(u+n / i# [8,ydivu + div(udjdiv) dx £ I (3.22)

i=1
Using (3.10), (3.1) and integrating by parts, one has
I = / [P (0)diu ¥ + P(p)d;(u'dyit)) — P(p) (1 3yiF)]dx
= / [—pP () du'd;i¥ + P(p)du'djid — du'd;i/P(p)]dx

< 8IIViLl?, +C(8).
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Integrating by parts, one obtains from (3.8), Holder and interpolation inequalities that
L = / (3 H'H 4 i/ u*d;H'H' ) dx
< IVill2(1Hls 1 Hell s + llulls 1H s 11 VH )
< IVl (nmnéum I3 + ||VH||H1>

< 8IVallZ, + CO) (IHell2 | VH ll 2 + IVHIIE ).
Similarly,

I = / —Biiti(Hthi 4 HiH{) — P H 9 H v dx

< 8IVallZ, + C@E) (IHell2 | VH Il 2 + IVHII)

where we have used the fact that divH = 0. Integrating by parts, we obtain

Iy —M/(akiﬂ'aku{ + ofu Av)dx

= —1u / (il Btt) — B2 iU Bt — 3;iF D' ) dx

—u / (IVIL]? + 0if i et — Byl Bt Ot — 31 dut' 9t )dx
3u -
< —TIIVUIIfz + ClIVullfs,
and similarly,
WA
Is < —Tndwunfz + C[IVull,.
Then, putting the estimates of [; (i = 1, ..., 5) into (3.22) and taking § small enough, we obtain

d . .
i plulzdx+f IVil*dx < C(I[Hell2 [ VHell2 + IVHIZ: + [ Vulls + D). (3.23)

To estimate ||H, |2, we differentiate (1.1); with respect to t, multiply the resulting equations by H, in [2, and integrate
by parts over R to get

1d ,
Ea |Ht|dx+v |VHt| dx

= /(H -Vu; — uy - VH — Hdivu,) - Hedx + /(H[ -Vu—u- VH; — Hdivu) - H;

£+ (3.24)

Since u; = it — u - Vu, integrating by parts and using (3.8), we deduce

= /(H Vil — i1 - VH — Hdivil) - Hedx + /(Hia,-H{ — H*;HY (u - Vid)dx

C(IH s IHell iz 1V arll 2 + 0l IVHI 2 [Helli2) + IH g2 Vel 2 [Vl llulls

IA

IA

1 L . 1 1
C (IIHr I2IVH S IVEl 2 + IIVulleIIHrIIfZIIVHfIIfz> + ClIVH |2l Vul| 4

IA

&lIVH % + sl Vitl% + Clez, €3) (IHe 1% + [Vull%).

Next, integrating by parts and using the interpolation inequality, we have
1
= / (Hr -Vu— Eth1VU> -He < C”Ht”i; = 62||VHt||fz + C(fz)”Ht”fr
Thus, plugging the estimates of J; and J, into (3.24) and choosing €, > 0 small enough, we have

1d v '
m/'”rld“rgfIVHrIZdXE@HVuHiz+C(eg)<||Ht||fz+||Vu||§4>.
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This, together with (3.23), taking €3 > 0 small enough, yields
d . .
Efp|u|2+|Hf|2ax+/|Vu|2+ |VH[*dx < C(IHclI}, + IVHIZ: + [ Vullis + 1. (325)

To deal with the right-hand side of (3.25), we first make use of (1.6)-(1.7) to infer from the standard [P-estimate and
(2.4)-(2.5) that

4
Vull4

A

CUIVlL + IVols)
CUPIL + IH 1% + IVol% Vol 2e)

IA

IA

5 3
C (1 + HIf IHIs 4+ (IVulli2 + Vo]l 2)2 ||V2w||fs>

IA

. 3
C (1+ IHIZIVHIZ + (lpitlls + IHVHIs)? )

IA

SV, + C(1+ | VHI}), (3.26)
where one has used (2.2). Note that from (3.18) and (2.2),
IVHIg = CIHellz + llulls IVHI s + IH I [Vullz + [IVHI|2)

1
=C (1 + [1Hell ;2 + IIVHII,?ﬂ) ;

and hence,
IVH[|y1 < C(1+ [Hell2). (3.27)
This, together with (3.26), leads to
IVulldy < 8IVall% + C(1+ [[Hell,). (3.28)
Now, choosing § small enough, we see from (3.23), (3.25) and (3.28) that

d . .
" p|u|2+|H[|2dx+/|Vu|2+|VHt|2dst(1+ IHI2).

from which and the fact that ||H; ||f2 € L'(0, T) due to (3.8), we immediately obtain (3.21) by applying Gronwall’s inequality
and the compatibility condition. We also deduce the boundedness of |[VH||y1 from (3.27) and (3.21). O

4. High order regularity estimates

With the estimates obtained in Section 3 in hand, we start to improve the regularity of (o, u, H) in the following lemmas.
First, we give the higher regularity of w.

Lemma 4.1. Under the assumption of (3.1)and 3¢ > A, forany0 < T < T*and 3 < q < 6, it holds that
T
| v+ 19oltoa < c. (41)
0

Proof. We will use the following interpolation inequality
Iflle < Clifllz + ClIVFll2, 2=<q<=<6. (4.2)
From (4.2) and the Sobolev embedding W19 < L™ for 3 < q < 6 and the interpolation inequality, one has
Vol < C(IVollw + [V?oll19)
< C(IVollz + V2@l + [ V?@ll)
< Cllpitllg + ClIVH|la + C
< Clptll2 + llptlls) + C
= (vl +C. (4.3)
By (3.21) and (4.3), one completes the proof of Lemma 4.1. O

With Lemma 4.1 in hand, we will give the gradient estimates of the density.
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Lemma 4.2. Under the assumption of (3.1)and 3 > A, one has forany0 < T < T* and 3 < q < 6 that
T
OSUPT(IIpIImnwl.q + IVully1) +[ IV2ullfs + IV2HI% + [ Vullfdt < C. (44)
<t< 0

Proof. The proof follows the idea in [ 18]. First, differentiating (1.1); with respect to x; and multiplying the resulting equation
by |9;0]9729;p in L2, we have after integrating by parts and summing them up

d q q 2 q—1
allvplllq < ClIVuleIVollg + CllVullulVelig

that is

A

d
ge1Vele = CliVullie IV olle + ClIV2ullia

IA

C(IVullre + IVl Volle + CUIV?vlla + [ V2oll9)
< CA+ Vvl + IVolli) Vol + C(1 + V2w, (45)

where one has used (2.4) and (4.2). To close (4.5), one has to bound || Vv||;«. In fact, (2.6) and (2.7) show thatif3 < g <6
then

A

[Vvlle < C(1+ [[Vllgmo In(e + [[V?v]|19))
1 1
< c<1+ ‘P+|H|2 + ’P+|H|2 >ln(e+||VZU||Lq)
2 L® 2 12
< C(A+In(e + [IVpllw) + In(e + [ VH]|19))
< C(1+1In(e + ||Vpllw)). (4.6)

Substituting (4.6) into (4.5), we obtain

d

a(e +Vollw) < CA+ |Vol)IVolle + Clne + Vol Vellw + C(1 + || Vo). (4.7)
Set

fO =e+1IVolw, &) =1+ Vol + V0.
By (4.7), we get

f1() < CgOf (&) + Cf (O) Inf(t) + Cg (1),
which yields

(Inf(t))" < Cg(t) + Clnf(t), (4.8)
due to f(t) > 1. Note that (4.1) implies

T
/ g(t)dt < C,
0

which together with (4.8) and Gronwall’s inequality yields
sup Inf(t) <C.

0<t<T
Consequently,

sup [|Vpllie < C foranyq € (3, 6]. (4.9)

0<t<T

From (4.9) and the Sobolev embedding theorem, for 3 < g < 6, we get
T T
/ IVlifedt < / IVollfs + IV2vllfadt < C. (4.10)
0 0
This, combining with (4.1), deduces

T
f V2ullZ + | Vull2edt < C. (4.11)
0
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Moreover, the standard L?-estimate of the elliptic system and (1.1),, together with (3.21), imply
IV2ulle < € ([Vpit], + IVoll2 + IHVH]2) < C(A+[[Vpll2),

which, combined with (4.5) (with ¢ = 2), (4.11) and Gronwall’s inequality, yields
sup [|[Vpllz <C.

0<t<T
From this, we have
V2ull2 < C.

We now estimate ||V2H||,a. Indeed, using (3.4), (3.21) and the interpolation inequality, we have from (1.1); and the
[P-estimate of the elliptic system that

T T T
/ IV2H|Zdt < cf IHe 2 + I Vull?, + | VHIZde < c/ IVH, I,dt + C < C.
0 0 0

This completes the proof of Lemma 4.2. O

As in [23], we have the following lemma.

Lemma 4.3. Under the assumption of (3.1) and 3 > A, forany 0 < T < T*, it holds that

T
sup | Voull + [ Ivuda <c (412)

5. Proof of Theorem 1.2

Inview of (4.4) and (3.21), it is clear that the functions (p, u, H)(x, t = T*) = lim;_ 1+ (p, u, H) have the same regularities
imposed on the initial data (1.3) at the time t = T*. Therefore, we can take (p, u, H)|;—r+ as initial data and apply the local
existence theorem (cf. Theorem 1.1) to extend the local strong solutions beyond T*. This contradicts the assumption on T*.
The proof of Theorem 1.2 is therefore completed.
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