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1. Introduction

Cauchy’s problem in RN for a generalization of the KdV-Burgers system is considered in Sobolev space (HPT1(RN))™
(here u = (uq, ..., uy) is a vector valued function of x € RN). We want to extend the results obtained recently in [9,10,4]
for the 1-D case to the higher space dimension N, concentrating here mainly on the existence and properties of the viscous
solution to the KdV-Burgers system (1.2). Such higher dimensional problems were studied earlier in [23,30,29]; the Cauchy
problem we study following that references has the form

Ny Nog L g2 N9
u —Vo(u — ——u=uAu —u, t>0, xeRN,
t+;axi ()+§8xj;axfp +ﬁ§8xi >

u(0,x) = ug(x), xeRV, (1.1)

where « >0, 2p > N >1 and @ is a scalar function of the vector u(t, x) = (uq(t, x), ..., un(t,x)); V denotes the gradient
with respect to u. Decay of solutions of (1.1) as t — oo together with the sharp decay rates in LZ(RN), L°(RV) and H¥(RN)
were studied in [29,23]. Another possible form of asymptotic behavior of solutions is described in [28].

1.1. Setting of the problem and its parabolic regularization

By certain formal manipulations (1.1) will be rewritten in a slightly simpler form. To avoid having all the trajectories
convergent to 0 as t — oo, we will enrich that simplified form of (1.1) adding the term g(x,u) to its right hand side;
consult [13, p. 370] and the references there for the discussion of physically relevant damping terms, see also [14,16,18] for
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considerations concerning 1-D KdV equation on R. Assumption I below on g(x, u) covers the choice in [13] (which is like
—yu in this case). Consequently we will study the equation:

Nog oo L a2
ut—i—Z—ch(u)—i—Z—Z—zu=ozAu+g(x,u), t>0, xe RN,
i X o 0% i axg”

u(0,x) = ug(x), xeRN. (1.2)

The parabolic regularization technique called also the method of vanishing viscosity is used in this paper to study Eq. (1.2),
which allows us to extend the strong regularity properties and estimates of solutions of the (2p + 2)-order parabolic ap-
proximations onto their (2p + 1)-order limit—the Korteweg-de Vries-Burgers (KdVB) system (1.2).

So, instead of the problem (1.2) we will study first its parabolic regularization having the form:

N Nog XL g2
ué — Vo (uf — Ny =aAu¢ +e(=1)P(A)PTTyE x,u€), t>0, xeRN,
t+28xi ( )+Zaxj 9x2P +e=DA) + &( ) =
i=1 j=1 i=1 i
u€(0,x) =u§(x), xeRN, (1.3)

where € > 0 is the viscosity coefficient, that will later tend to 0. We obtain certain estimates for solutions u€ to (1.3), which
we then extend on the limit problem (1.2) by letting € — 0. We will study existence for the Cauchy problem (1.3) using
the theory of semigroups. Such approach, in case of systems of parabolic equations, was extended about 20 years ago; see
in particular [2,3,15].

Our main task will be to study the viscous solution u of (1.2), the unique limit of the regular solutions u€ of (1.3) (see
Section 4). The term oA appearing in (1.2) caused that the system (1.2) possess some regularization effect. We will focus
on obtaining estimates of u expressing that effect; the corresponding estimates of the regularizations u€¢ are € independent.

In Section 2 we study local and global in time solvability of the auxiliary problem (1.3). Section 3 is devoted to the
higher order uniform in € estimates of the solutions u€ of (1.3). Such estimates are next extended to the viscous solutions
of (1.2) in Section 4. Asymptotic behavior of solutions to (1.3) and (1.2) is studied in Section 5.

Standard notation of the Sobolev spaces in used throughout the text. Letters ¢, C are used to denote various positive
constants. Sometimes we will also specify the quantities on which the constants depend. For r € R the symbol r~ denotes
a number strictly less than r (but close to it).

2. Solvability of an auxiliary problem (1.3)
2.1. Local solvability of (1.3)

We will use Dan Henry’s approach, extending to higher dimensions the considerations in [9]. To study (1.3) we need to
impose the set of conditions on the nonlinear terms & and g. The basic requirements are formulated below.

Note first that since @ appears under the gradient, without loosing generality we will assume that & (0) =0 (alternatively
replace @ (s) by @(s) — @(0)). Further we formulate

Assumption 1.

e @ :R™— R is C3(R™) and satisfies @ (0) = 0.
e g: RN x R™ — R™, with g(x,0) =0, is Lipschitz continuous with respect to u uniformly with respect to x € RN (with
the Lipschitz constant uniform in the sets RN x [—M, M]™), and fulfills the condition

Jy>0Jocnerz@myy &, 8) S < —yIsl> +n(x)|s|, whenxeRN, seR™, (21)

where g(x, s) - s is the scalar product in R™.

Remark 2.1. The simplest possible choice is g(x,s) = —ys. Condition (2.1) is a one-sided bound at infinity for the growth
of g (when it is a source term). We can take for example:

gi(x,5) < —ysi+n@(si—s;) forsi>0,i=1,....m,

gi(x,5) = —ysi+nx)(si — 513) fors; <0, (2.2)
where 0 <n e L2RN) N L>®°RN) is sufficiently smooth (for the further needs). This makes the global attractor not trivial
(equal to zero function); see [10, Appendix|, where this problem was discussed. Letting gi(x,s) = —ys; + n(x)(s; — 513) for
Isil >€,i=1,...,m, 0 <€ <1, and ‘gluing’ these functions near s; = 0 to fulfill further smallness restrictions (2.14), (3.5),

we get an example of nonlinearity g suitable throughout the paper. Extended discussion of such structural type assumption
on nonlinear term can be found in [6, p. 529].
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We need first to consider the main linear (product) operator of (1.3) on the space (HP*t1(RN))™ with component, on
each space HP*1(RN), that equals:

Ac=—€(=DP(APTT 4yl y>o0. (2.3)

It is well known (e.g. [5]), that the operator A with the domain H2P+2(RN), is sectorial positive on L2(RN). Next, thanks
to the properties of the fractional power spaces, operator A¢ is also sectorial on the space H~P(RN); see [1, Chapter V.1]
for details.

It is also a familiar fact, that if A;, i =1,...,m, with domains D(A;) respectively, are sectorial positive operators on the
Banach spaces X;, then the product operator A= (A1, ..., An), considered with the domain D(A1) x --- x D(Ap), will be
sectorial positive (product) operator on the space X; x --- x X;; (see e.g. [7, Example 1.3.2, p. 37]).

Consequently, the product operator A¢ = (Ae,...,Ac) (m-times), will be sectorial positive on the product space
(HP@®M))™.

The next step is to check that the operator B = Z] 1 ax} Z; 1 szp is a perturbation of Ac in (H"P(RN))™ in a sense of
[12, p. 177] or [7, p. 37]. We have:

Lemma 2.2. The operator B is a perturbation of Ac in (H=P (RN))™, that means

V0<u<ug3C(,u)>0V¢€(HD+2(RN))m ||B¢||(pr(]RN))m < M||Ae¢||(H*IJ(RN))m + C(l‘(’)”(p”(H*P(RN))mv (24)

wo > 0is a constant. Consequently, the operator A + B is sectorial in (H~P (RN))™, and the operator Ac + B + wl is sectorial positive,
provided that w > 0 is chosen sufficiently large.

Proof. Note first that the operator Ac defines a linear isomorphism from (HP*2(RN))™ onto (H~P(RN))™ (e.g. [5, Proposi-
tion 5.1]), and the expressions

AV Il (-pwyym  and  [[¥ [ gp+2wnyym (2.5)
are equivalent norms of the space (HP+2(RN))™. Note also an estimate

aZPlﬁ

< CIY ll ot amyym (2.6)
(H=P(RN))m

||B¢||(H P(RN)m = BX

i= 1
(C > 0 is a constant), being a consequence of the fact that any partial derivative 6%1 is a bounded linear operator from
HS(RN) to HS~1(RN) (for any s € R). Using interpolation inequality, (2.5) and (2.6), we find that
2p+1
B Il ct-p vyym < ClY vt vyym < IV o ey ym 1 G ey

S AW Nl -p@Nym + CUDNY Nl -p @Nyym- (2.7)
with arbitrary @ > 0. This finishes the proof. O

Remark 2.3. Since evidently the term «A is also a perturbation of A¢ in H=P(RN), increasing eventually the value of @, we
claim that the operator

—Ac +B—aA + ol (2.8)

is sectorial positive on the space (H~P(RN))™,

Now, the problem (1.3) will be rewritten as an abstract parabolic equation in X = (H~P(RN))™ with sectorial positive
operator A€:

uf +Au¢ =F(u€) + (¥ + 0)u€,
u(0) = uo, (2.9)

where @ > 0 sufficiently large (y > 0 arbitrary; see (2.3)). Here F(u¢) = g(-, u€) — Z,N:] a%V(D(uf) is the nonlinear term.
Our next task is to show that with the conditions of Assumption | the nonlinear term F is Lipschitz continuous on
bounded subsets as a map from (HP+1(RN))™ to X. More precisely, we need to prove:

Lemma 2.4. For arbitrary bounded set B c (HP*1(RN))™, we have an estimate

aCB>0V(1>.¢‘€B ||F(¢) - F(W) ||(H—p(RN))m <Cp ”d) - w”(Hl"H(RN))m' (210)
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Proof. Note first that with our assumption 2p > N > 1 the inclusion HP*1(RN) c C; (RN) holds (C; (RN) is the space of all

C'(RN) functions having first order derivatives bounded on RN), since p +1— 5 > 1. Let B ¢ (HP*1(RN))™ be bounded.
Due to the form of F we need to estimate:

N

3 N oo
26.4)— g Y) =Y —VI(@P) + ; o VW)

— 0Xi
i=1

(H=P(RN))m
N N

d ad
> Vo) - > o Ve

i=1 i=1

)

(H=P@®N))m

<Lgllo — wn(c;(RN))m +

where Lp is the Lipschitz constant of g restricted to arguments from B. In the estimate of the second term we use the
assumption that @ € C3(R™),

Mg N N N
> o VE@) =) VW) S -Ve@) — ) ——VOW)
L~ 9x; L~ JX; B — 9X; — 9X;
i=1 i=1 (H=P(RN)m i=1 i=1 (LZ(RN)y)m
<3 |2 (0,06) - Do)
Bxi LZ(RN)

i=1 j=1
< el — ¥l @nym,

D;® is the j-th component of V@, and we use the global Lipschitz continuity of D;® and its first derivatives on elements
of B. The proof is completed. O

Consequently, we have proved the following local existence result:

Theorem 2.5. When o > 0, 2p > N > 1, and Assumption 1 is satisfied, then the problem (1.3) possess a unique local in time mild
solution:

u€ € C([0, Tup); (HPTH(RN)™) N C((0, Tug);s (HP2®RM)™),  uf € C((0, Tup); (HPT2™ (RV))™), (2.11)

where Ty, denotes the ‘lifetime’ of the local solution corresponding to ug and (p + 2)~ denotes any number strictly less than (p + 2).
Moreover, such local solution fulfills the Cauchy integral formula:

t
U (t, ug) = e Atug + / e At=9) (F(u®(s,u0)) + (¥ + w)uc(s, up))ds for0<t < 1y,. (212)
0

Once having stated the local existence result we are ready to study global solvability of (1.3) and existence of a semigroup
on (HPt1(RN))™ corresponding to it.

2.2. Global solvability of an auxiliary problem (1.3)
As usual, if we have sufficiently good a priori estimates of the above local in time solutions valid over their interval of

existence, the solutions will exist globally in time. In the sequel we will need the strengthened hypothesis concerning the
nonlinear terms.

Assumption IL. In addition to Assumption [, we require that:
e @ :R™ — R fulfills the growth conditions (Dj denotes the k-th partial derivative)
E|c>03qe[]!]+2wp)vseRmv1gj,kgm |DjDk®(5)| < c(Is| + Is]7). (213)
e g:RN x R™ - R™M with g(x,0) = 0, fulfills the growth condition

Je>07,¢(3 54 2040 Yxer Vs lgx,s)| <c(Is* +IsI"). (214)

Remark 2.6. For the future use observe, that if we accept a slower growth of nonlinear terms, then the growth restrictions
above will be replaced with:

Je-03_2p Vserm V1 km |DiDk@(s)| < c(1+1s]%), (2.15)
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and

3e>03, 1 14 2000, Vrern Vscrm 8, 5)] <c(Is] + IsI"). (2.16)

The estimates given in (2.21)-(2.23) under the assumptions (2.15) and (2.16) are similar as presented there, but instead
of the embedding L'(RN) c H=P(RN) we need to use L2(RN) c H~P(R"N) with small modifications of exponents in these
calculations.

Lemma 2.7. The following estimates of the solution u€ of (1.3) hold:

112, gy
el112 2 L=(RY)
Hu H (L2(RNyym < max{ ”u0||(L2(RN))m7 #}7
lIn?
. 2 L®Y
limsup|u€(t, ) < — (217)
oo ” ||(L2(RN)) y
Proof. Taking the scalar product of (1.3) with u€, we obtain:
N N 2
d d Pu€
€
2dt” H(LZ(RN»'”*/ Z_W) d"+/” ZB_Z
RN j=1 =1 i
=—a /!Vuﬂ dx + / e(=D)P(A)PFu€ - u€dx + / g(x,u€) - u€dx.
RN RN RN
Since the two left hand side components vanish (see the explanation below), and
p p+1,€ € p+1,€ € A 12
e(—=DP(APT N ufdx=—e [ (=APTu uSdx=—€ | |(=A) 7 u¢|"dx <O,
RN RN RN
we obtain
1dy e vue|?dx < € €d
I [[u ||(L2(RN))'”+a |Vu€|“dx < | g(x.u€) - ufdx.
RN RN
Here we have used the equality:
8 2py¢€ 82 u¢
[ Z / z udx
8X 8X 8)( 8X
RN i= 1 i= 1
which is obtained by the (2p + 1) integration by parts (for dense set of smooth solutions), and
N ous
u¢ Dy —vo(u —kpy@ =0
[ fvo )= [ 3 Mpow)a=- [ 3 Lo
RN i=1 RN i=1k=1 RN =1
(where Dy denotes the k-th component of the vector V@). Now, by the assumption (2.1),
L - +a/|Vu dx+e/|( 05 P ax < —y [ 2y +/n(x)|u |dx (2.18)

RN RN RN

which, with the use of the Cauchy inequality, assures uniform in time boundedness of the (LZ(RN))™ norm of u€ as reported
n(2.17).
Returning to Eq. (2.18) we can also check that

T
1
‘ / / ‘(—A)%u ]2 dxdt < const for arbitrary T >0. 0O (219)
0 RN

With the above introductory (L2(RN))™ a priori estimate (2.17) and the growth restriction imposed on @ we are able to
show, that the nonlinear term F(u€(t, -)) is subordinated to the main part operator A€ (compare [7, p. 72] for more details).
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Generally speaking, under such condition the term F(u€(t,-)) can be treated as having sublinear growth on the solution.
Consequently the local solution obtained in Theorem 2.5 will be extended globally in time.
The subordination condition reads:

9
[F(uc. )| (H-P@RNym S c(fJucce. | (LZ(RN))m)(l + [ucce, ')H(Hp+1(RN))m)’ (2.20)

where 6 € (0, 1) is a constant.

Here, X% = (HPT1(RN))™, the auxiliary space Y = (L2(RV))™ and, to estimate the left hand side in (H=P(RN))™ we will
use the embeddings of the conjugate spaces. More precisely, since 2p > N >1 then (HP (RN))™ c (L*°(RN))™, consequently
(LY(RN))™ < (H=P(RN))™. We will thus start the estimates:

N
a
”F(ue (. ))H (H-P@Nym S Hg( ”E)”(H—p(RN))m + Z ﬁv(p(”e)
i=1 (H=PRN))m
Mg
gC”g("ue)”(Ll(]RN))m t+c Z—Vdﬁ(ue) . (2.21)
i LT RN )
The first component is estimated with the use of Assumption Il and the Nirenberg-Gagliardo inequality:
2
ls (- “€)||(L1(RN))m <c(fuc] 2@Nym + uc ”[Lr(RN))m)
2 (1-0)
< e[|z, + 1 am I e o)) (2.22)
where z’f&fﬁ <<l orr< 2(”,\Tl) +2.
To estimate the second component we need to use the assumption (2.13):
Na
ngq)(”e) <o (Jus| + fuc | )| vu€ |”L1(]RN)
i=1 (L' RN )™
<z V2l ey + €l 2o oy 1V 2 vy (2.23)

Now, due to the Nirenberg-Gagliardo inequality

_b_
1195 Wi, < Do, N 1o

(since 2p > N then W < NLJFZ < 1). Also, again by the Nirenberg-Gagliardo inequality,

(1-6)
ot an oy < € 0t oy D12

where (1 —60)q= [2\’((1‘)7;11)) <1- ﬁ, since g € [1,1+ ZW’J) by (2.13). Thus, the subordination condition (2.20) holds. Conse-

quently, the local solution to (1.3) constructed in Theorem 2.5 will be extended globally in time defining on the phase space
(HPHL(RN))™ a semigroup:

S€(Oug :=u(t,ug), t=0, €>0, (2.24)

where we temporarily express the dependence of the solution on initial data ug. We recall here the regularity of that
semigroup, as reported in (2.12):

S€()ug € C([0, 00); (HPF1(RN))™) N C((0, 00); (HPH2(RN))™),
S€(ug € C'((0, 00); (HPT2™(RN))™). (2.25)
3. Smooth global solutions to (1.3)
We will concentrate on the studies of regular viscous solutions to (1.2). We need first to investigate the smooth solutions

of (1.3) and then a limit passage € — 0T, where we focus on the regularization effect of the viscosity term aAu€. From
now on, to get the estimates uniform in €, the following sharper assumptions are required.
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Assumption III. In addition to Assumption I we require that:

e N =1,2,3; the space dimensions that are most interesting in applications.
e @ :R™— R is CPT2(R™), with & (0) =0, fulfills the growth conditions

Hc>03q <4_VseR’”V1<]1 ja.k<m |Dj1Dj2Dk¢(s)| < C(l + |$|q’) when N =2, 3.

Moreover we assume

de>03,_ 2 Vserm Vi< k<m |DjDk®(s)| <c(1+[s]7),
N

and the, following from it (see Observation 3.1), consequences

Je-0VsernVick<m  |[Dk® ()| < c(Is| + Is]71),
Je-0Vserm | ()] <c(Is]* + Is17F?).
o g:RN x R™ - R™ js CP(RN x R™), with g(x, 0) =0, fulfills the growth condition

Je>03, 114 4 Yxern Vserm lgx, )| <c(Is]* + IsI").

ag(x,s) /
. Je>0T3r <aVyerN VseRmViz1,...m ’ asi < C(|5| + sl ) when N =2, 3.
i
. 2 w
] Je>0Tw1Vserm Vyern Vizt, ., |Dlg(xv 5)} < C(|5| + s )7

where w <7 when N =3 (recall that D; denotes the i-th partial derivative).

The following elementary observation will be used to bound the lower order derivatives of @ from (3.2):

Observation 3.1. Let @ : R™ — R be C3(R™), ¢ (0) =0, and satisfy the growth restriction
3e>03g>0VserRm V1< k<m |DjDk¢(5)| < C(l + |5|q)-

Then we have an estimate:
|Dk@(s)| < em(ls| + Is|%*).

Indeed,

Dy®(s) = Dy
= Dk

— @(0))

(@(
(@
= Dk <i Dj(D(Ej)sj),

j=1

and consequently,

m
IDk@ ()| <Y c(1+5519)Is] < em(1 + [s|%)Is| = cm(s| + [s77).
=1

(51,52, ...,5m) — @(0,s2,...,5m) +D(0,s2,...,5m) — D(0,0,s3, ...

SSm)

- &(0,0,...

859

(3.6)

(3.7)

,0))

Remark 3.2. There are several restrictions imposed on the constants appearing in the paper: the space dimension N, the
exponent p, the exponents of admissible growth of nonlinear terms @ and g. The limitation imposed on p and N is the,
valid throughout the text, assumption 2p > N > 1. It was essential in the proof of Lemma 2.4 and Theorem 2.5. Further
limitation on the space dimension N and the growth of nonlinear terms is needed for smooth solutions. Assumption III
is essential if we want, in the proof of (H!(RN))™ a priori estimate, the term o Au€ together with the a priori estimate
in (L2(RN))™ to control the nonlinear components in Eq. (1.3). In the light of Assumption IIl the space dimension N will

be restricted to N =1,2,3 and the function @(s) will grow like |s|+%)” for N =1,2,3 (see also Remark 3.5), while the

. . . 4y . . .
nonlinear term g(x, s) will grow like |s|1* %)™ in these dimensions.

We start with obtaining a priori estimates of u€, taking care that they are uniform in € > 0. Such estimates will be next

inherited by the viscous solutions of (1.2).
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Remark 3.3. In this paper, in the process of estimating the HI(RVN) type norms of u€ in (3.8) or, even more, in (3.21), we
return to an old idea of ‘multiplying’ Eq. (1.3) by another elliptic operator; see [17, Chapter 3, Remark 8.3], or the source
paper by PE. Sobolevskij [24]. While in that references the order of the two elliptic operators should be the same (and
equal to 2), here we need to consider a generalization of that idea when the two elliptic operators (one in the equation and

another one we are multiplying by) have eventually different orders.

Lemma 3.4. Under Assumption 111 the global solutions u€ of (1.3) are bounded in (H' (RN))™ uniformly in t >

Proof. Note first, that the expression

1
2
LZ(]RN)) 7

3¢>

(”¢||L2(RN)

Oandine > 0.

defines an equivalent norm of H!/(RN) (see e.g. [26, Remark 2.3.3]). To get an exact form of the (H'(RN))™ a priori estimate

we multiply (1.3) by —Au®:

RN

We will transform the components one by one. We have:

1d a P
— [ uf - Au€dx=-— —u€| dx,
f 2dt /'X]: 0X;i

N 2 N a2
8 p 0

/ E uc - E —u€dx=0,
3 3 L~ 5x2
RN] 1 i=1 i=1 1

and

€ /(—1)11’+l (APHy€ . Au€dx <0

RN

through (p + 2) integrations by parts. To estimate the nonlinear terms we will use Assumption [Il. We have

N
/ (— Z aiv¢(u€) + g(x, ué)) - Au€dx
RN i=1 Xi
N om 3u§
<e( 3 o005, +Ta s 4

The term | g(-, ue)”(LZ(RN))m is estimated as follows

2
8 u) N zqyym < X oy + 1 iaremy)

ué) - Au€dx

N 0
< ([ uH 2wy (e ey + 1 [z eny)-

where@:% <1.

Using Agmon'’s inequality [25, p. 52]

2+1 ]RN
[Hu€ [l oo vy < | ) ®)
/
SMuE? vy s oy N odd,
H Z (RN) H 2 Ny

1
ClMus? y, lu 6|||2 N even,
HZ '(RN)

(3.8)

(3.10)

(3.11)

(312)
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we obtain

€

€ 8“]
H DyD @ (u )W
1

e ouj
< |DiDj (uf) %

@) HLOC(RN)

L2(RN)
eld € % € % € € NqTJrz
<0l o vy + IV o oy I ey < € ) [ ey (313)

Note that in (3.12) we need to have % 4+ 1< 2 (N even); equivalently N = 2. For N odd, we require % < 2; equivalently
N =1, 3. Finally, to bound the H?>(RM) norm of the solution u€, we need to use a version of the Calderon-Zygmund estimate

o [ - A e —e@ | yonym + 0oy (314)
RN

which has the coefficients «, c(o) > 0 independent of €.
Collecting the above estimates we obtain:

1d o 2
5&/; 8_x,'u€ dx+c(oz)||u€||(H2(RN))m
RN T
2 0
<ouf| @2@Nym T c(fJucce, ')”(LZ(RN))m)(] + Jucce. ) ”(HZ(RN))"') Juc] (H2(RNy)m> (3.15)

where 6 < 1 as above. Consequently, by the Young inequality,

d N
il X
RN i=1

the estimate being uniform in € > 0. Together with (2.17) this brings us the, uniform in € and in t € [0, 0c0), estimate of the
(HY(RN))™ norm of u€(t, -)

2
dx -+ ¢(@) [ [Gyaggnyyn < C(JuE) | gaggonyym)-

0X;

||u€(tv ')”(H](RN))m <C0(”u€(t» ’)”(LZ(RN))m)v te [05 OO) O (316)

Remark 3.5. It is easy to see, that the same reasoning (especially (3.13)) allows us to estimate the (H!'(RV))™ norm of u¢

uniformly in € if we let 6 =1 in (3.15) but require the coefficient c(|||u€|||;2zv)) there to be sufficiently small compared to

c(o) introduced in (3.14). Extending this observation we will describe next the form of ¢ admitted by the above estimates.
When N =1 we will assume that

|®(s)| < C(a)ls|* + a polynomial of |s| of order 3, (3.17)
in space dimension N =2 we need to have

|®(s)| < C(a)ls]? + a polynomial of |s| of order 2, (3.18)
where C(a) > 0 are sufficiently small constants relatively to the coefficient « in (1.2). So, when N =2, & will be in particular

a third order polynomial with small positive main coefficient. It is difficult to write explicitly the smallness restriction on
the main coefficient. Instead one can think of the nonlinearity @ satisfying

|@(s)| <cls|® +a polynomial of |s| of order 2, (3.19)
since |s|>” < e€|s|? + C(¢)|s| holds for arbitrary small € > 0. Similar observation is true for the estimate (3.23) below and the

resulting estimate of the solutions, when N = 2.
For N = 3, the situation is a bit more delicate since now the growth of nonlinear term ¢ allowed in (3.13) is like

|@(s)| < C@)ls|? +a polynomial of |s| of order 2, (3.20)

where C(«) > 0 is sufficiently small relatively to the coefficient . Thus, @ is not a pure polynomial in that case.
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3.1. Third a priori estimate of the global solutions to (1.3)

We get the HP1(RN) a priori estimate by induction. In such estimates we need to use the formula for high derivative of
composite function, as stated e.g. in [11], known under the name of the generalized Bruno formula. Since

azp e N aZl-‘rZ .
[DoRcS Rty it
RN] 1 i=1 i i=1 i

multiplying Eq. (1.3) by (—1)!*1 Zf\’:] ;’;’—,fzue, integrating by parts, we obtain
i

2 N g21+2
2dt oF e L Rl U e ”<L2<RN>>m+€/( AP (= 1)’+123 a2 ut dx
RN RN
al-‘rlvq)(uE)
c(uw( TR of Lo Y | s
a’g(-,ué)

+c<”g(-,u€)H(L2(RN))m+Zl T @vym HUSH(HHZ(RN))m' (3.21)

i= 1

The term [|g(-, u®)||2gnym is estimated as in (3.11). To bound the component V& (u€)|2gnym we need to use the
assumption (3.3). We have

€19+1

|V (ue ”(LZ(]RN))m <c([Juc H(LZ(RN))m + [lue| (L2q+2(RN))m) < (] |uc] HH’(]RN))'

Note that to bound the term || d g

”(LZ(RN))m we need to estimate the following expressions:

Ite(.u)| ZH -1 980U P | dlgu oo

i 2(RNyym>» s s c ,

i8 (L#(RN)) 81161 8X1 (L2(RNyym il 3u€ .. 8u§’ aXi aXi (L2(RNy)m

m 2 m _ 2.€ € u€

) AL [ CTR R R B
i € 2 9 ceey € € b} ) ) 3 [}

j] 8uj1 8)(,. (LZ(RN))m j] ...j1_1 8uj1 e 8uj171 axi 8X1 BXI (LZ(RN))T"

i . 08 u) 3 M) 9%g (-, u€) 3 us, dus, ag(, u®) d'u§,
! € -1 ’ ’ € o€ -1 > Y WE .

" 8llj1 axi (L2(RNy)ym i 8ujl 811]-2 0X i 8X1 (L2(RNy)ym 7 Buj] 8Xl. (L2(RNyym

(3.22)

Now we present the calculations for [ = 1. This case is the most complicated for the estimates. The case [

> 2 is similar,
but easier. Using Assumption III we have

€

8g( uf) au

ox;

0g(-,u¢
HM <|pig(-.u )“(LZ(]RN))

0Xi

(LZ(RN))m (L2 ]RN))m

c(fu¢ ||(L4(RN))"' + [ue] :IZW(RN))W + ([Juf ||(L°°(RN))'" + [uf ”:LOO(RN))"’)HUG I (Hl(RN))m)

when N =2,3 (here w <7 when N = 3; r’ < 4). Next, thanks to the estimate (3.12) and Nirenberg-Gagliardo inequality, we
obtain

ag(, u)
o (1 gavyym)
H X (L2(RNY))m (HIRD)™
1 N=1,
X ] + ”ué” H3(RN))m + ”u ” H3(RN))m N= 2’
1 + ”u ||(H3(]RN))m + ”u ||(H3(]RN))m + ”u ||(H3(RN))m N :3» 9 = maX{O

, 422
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The term || ||(,_2 @®Nym 1S estimated similarly to the term || g é) ll (12 @Nyym. We have
2q€
’Dijl(p(uE) E)X,-zj1 LZ(RN)\C“u ”(Hl(R”))’” ” ”(H3(R”))’"( +”u€”(L°°(RN))'")
||u€|| 3(RN N=1,
C(H”EH(Hl(JRN))M) x e e a2
” ||(H3(RN))m + ”u ||(H3(]RN))'" N = 25 3a
and
N L oD Do L N LA
‘ kDj, D j, @ (u )3—&,8—&, (Lz(RN))m\CH kDj,Dj,®(u )”Lf’c(RN)(‘a—xi @M ‘3_& L4(RN)>
|| || 3 (RN N =1,
C(HUGH(HWRN))m) x (H e d+N

fluc II(H3 @ioym T Il b gryym N=2.3.

By (3.16) we already have an estimate of u¢ in (H!'(RN))™. Consequently, when N =1 the solution is bounded in (L*°(RN))™
and since @ € C3(R™) the term IDkDj, Dj, ® ()|l ;oo wny above is bounded. When N = 2,3, we need to use Assump-
tion 111, (3.1). The second step of induction (I = 1) shows that the (H2(RN))™ norm of u€ is bounded uniformly in € > 0.
Since, in Assumption III, we limit the space dimension to N < 3 such estimate gives also the (L*°(RN))™ estimate of u€.
Consequently, when N = 2, 3, in further considerations the functional arguments of @ and g as well as of their derivatives
are bounded.

When [ > 2 we present next the calculations for a few components; the way of handling another components is very
similar. Since the term containing first order derivative of g will always be present in the calculations, we start with that
term.

Using Assumption III, the estimate (3.12) and Nirenberg-Gagliardo inequality, we obtain

ogC.u) Iy P A o (]
au; 8x£~ (L2 EN L®(RN) L®(RN) HI(RN) H!(RN)
We estimate another components of (3.22). We have,
I— k k - k k
) 04, o, | S G Y I LT Y TR
X k)
aujlaujz axi k axi.c (LZ(RN))m 6u§1 Bujz (LM(RN))"" axi k L4(RN) 8x{.< L4(RN) H'RY)
and when [ >3 and ky +ky + k3 =1,
p3g(.u) 9uf duf, oS,
8u§] 3u§28u§3 axfl axifz axf:‘} (LZ(]RN))m
k I k
< H 3g(,u) Ot uj, 9" us, s, ()[4 )
u§ ous, ous, || geommym | ax{" isem | axf2 sy 8)4<3 L8(RN) ED
The term ||$1“6||(L2 @®Nyyn is estimated similarly to the term || "g ||(L2 ®Nyym- We have (compare (3.12))
al+1u§
j
s w) ] L < N o (0 1 )

c(][ue] “H’(RN)) <l ZHZ(RN)'

Using the Nirenberg-Gagliardo inequality we get, for 1 <v <I—1,

[pososow) SR G| <Slomnsow] (15 <[5
DD, D, ®(u¢ < 5||DkDj; Dj, ®(u <‘ H )
it axi voax! @y, 2 kK j1Y ja Lo RN BXI._V L4RN) ax} | Lagmny

(M) 1 rvagay < < ) (3:23)
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Collecting the above estimates we obtain:

€ > p+1 € 1+1 821+2
2dt W 1+1“ d’”‘“"”” ”(HHZ(RN))’“ +€/( A) (=D Za 21+2 ucdx
N
O‘H“E ” 2@®Nym c(Jucc. ')”(H‘(RN))’")(l + ”“e(t’ ')||(H1+2(RN))m) uc ”(HHZ(RN))W (3:24)

where 6 < 1. Consequently,

€

uf| dx+c'@)fu H?HHZ(JRN))’" < C([Ju @ ) | rgnyym)-

dt PWEE]
dtRN i=1 aXi

with constant independent of €. Together with earlier (H/(RV))™ estimate this gives us the, uniform in € and in t € [0, 00),

estimate of the (Ht1(RN))™ norm of u€(t,) for all 1 <1< p:

||u€(ta ) H(HHI (RN))m) < CO(”ue (tv ) ”(HI(RN))m)v te [07 OO) (325)

In particular we have thus estimated the (HP1(RN))™ norm of u€, uniformly in € > 0 and in t > 0. Since, due to the
Calderon-Zygmund estimate

—6/( A)p'H €. (- 1)P+1Z

RN ’

2p+2

Sucdx< —ce Juc ||?H2p+2(RN))m +efuc| <2L2(]RN))'”’

returning to (3.24), integrating it over (0, T) and using (3.25), we obtain also the estimates

o f ”ué (tv ) ”?’.“J-%—Z(]RN))m dt < Cl (Hu€ (ts ) H (HY(RNy)m> T)’ (326)
0
T
€ / ”uE (tv ) ”?HZPJJ(RN))'" dt g Cl (“ue(t» ) ||(H](RN))"" T) (327)
0

3.2. Higher order, uniform in €, estimates of u¢

We will finally describe the, uniform in € > 0, estimate of the (HP+2(RV))™ norms of u€. Such estimates are possible
thanks to the presence of the viscosity term aA in Eq. (1.3). Since, for the global solutions constructed in Theorem 2.5,
the initial data ug € (HP*1(RN))™ only, we need first to justify the uniform in € > 0 smoothing action of Eq. (1.3). More
precisely, we need to show that u€(t, ) enters (HP*2(RN))™ for t > 0, uniformly with respect to €. Let @ € CPT*(RN) and
ge CIH-Z (RN Rm)

The way of getting such estimate is known. We need to multiply Eq. (1.3) by t(—1)P*2 Zl 1 322‘14 and proceed as in

the third a priori estimate. The only difference is connected with the term containing time derlvatlve which is transformed
as follows:

P2 9 p+4 € 3p+2 €
/ t( ]) Z 2p+4 / 3t2 8Xp+2
RN
1d ap+2 ap+2 €
Ed_/ Z 9x p+2 /Z axp+2 (3.28)
RN

Calculations very similar to the third a priori estimate lead us to the conclusion valid, however, on bounded time intervals:

i

gp+2y€

2 2 6
< —c(a)t| [uf] ||Hl’+3(]RN)) +ort | |u€] ”LZ(]RN) + C(\/E” ju€| ||HP+3(RN))\/E” |u€]| ”HP+3(RN)

/z

IJ+2
X

ap+2
dx, tel0,1], (3.29)

ox p+2
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where we take t € [0, 1] for example and the last term was estimated already in (3.26), uniformly in €. This gives us the,
uniform in € > 0 and t € [0, 1], estimate

V|| |u€| ||HP+2(RN) < const, (3.30)

expressing the regularization effect of Eq. (1.3).
Thanks to (3.30) we can assume that the values |[[u®(1, -)|[|yp+2gn, are bounded uniformly in € > 0, and consider our

global solutions of (1.3) for t > 1 with ‘initial data’ u€(1,-) € (HP*2(RN))™. An estimate, very similar to the third a priori
estimate, valid for t > 1 will give us next the uniform in time t > 1 bound

4 o2y < conSE, £ 1, (3.31)

with the constant uniform in € > 0 and for t > 1.
4. Viscous solutions

In this section we get the solution to (1.2) as a limit, when € — 0%, of the global smooth solutions to parabolic regu-
larization (1.3). In the process of passing to the limit, € — 0T, an essential role is played by the estimate of the difference

(u€ —u) in (L2(RN))™. Such estimate will prove uniqueness of such limit, and also uniqueness of the viscous solution
obtained in such a way.

Lemma 4.1. The following estimate of the difference (u€' — u€2) of the two solutions to (1.3) corresponding to different €’s holds:
1
Jut = u || oy <cler —e2]2, £€[0,T], (41)
where the constant ¢ = c(T) is independent of €.

Proof. Subtracting (1.3) written for u€2 from (1.3) written for u€!, defining U := u€! — u€2, and choosing €1 > €; > 0, we
obtain:

N
Ut +Z — Vo (u?)) + Z 88
Xj iz
=aAU + € (-DP(A)PTU + (1 — ez)(—l)lf’(A)l’“u62 + (g(x, u) — g(x, u?)), t>0, xeR",

U@©,x)=0, xeRVN. (4.2)
Next we multiply (4.2) by U in (L2(RN))™, to get

2dt/|U| dx+/zal (Vo (u') — Vo (u?)) - de+a/|VU| dx+61/\( AT U dx

RN

< (63 —€7) [(—A)pTue2 . (—A)pTde+ /(g(x, u) — g(x,u®?)) - Udsx, (4.3)
RN RN

where we neglect the vanishing components, and use the equality (valid for smooth solutions)

(—1)"/(A)p+1u€2 Udx = (—1)2P+! /(—A)P“u62 Udx= —/(—A)#lf2 (=A) 5 Udx. (4.4)

Now, thanks to the uniform in time and in € estimates of u¢ in (C;(RV))™ and in (HP*1(RN))™, and the assumed regularity
of @ and g, using Cauchy’s inequality, we get:

3
61 62 _ 6] 62
/§ ax, (Vo (u) - vo(u?)) Udx= /§ (Vo (u) — Vo (u?))- ax,-de

RNll RNzl

gL/|U||VU|dx<a/|VU|2dx+ca/|U|2dx, (4.5)
RN RN RN

with similar estimate for the term containing g. Note that €; — €3 < €1, so that even when €; — 0, we have a subordination:
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(€1 —€2)

/( A)_ u . (— A) de

61/|( M T Uax+ 2 /|( A7 ue) dx. (4.6)
RN

Consequently, we obtain an estimate

2dt/|U| dx < /|U| dx+ const (4.7)

which, through explicit integration, using (3.27), gives the required bound (4.1), since U(0) = 0. Note that the const depends
1
on the bound for ”(—A)%UGZHL2(RN) and the Lipschitz constants for V@ and g. O

Remark 4.2. There are several ways of passing with € to 0% to get the viscous solution of (1.2). Further we will follow the
classical approach of J.L. Lions [19], which relates such a limit to a solution of the limiting equation. But, if we wish to stay
inside the frame of the dynamical systems only, we will consider a convergence of the trajectories. More precisely, consider
the limits of the global solutions of (1.3) in the space C([0, T]; (HP (RN))™). Once we stated the estimates (4.1) and (3.25)
saying that the solutions to (1.3) are bounded in (HP*1(RN))™ uniformly in € > 0, by interpolation argument we find that:

sup 41 ~ 40, e

te[0,T]
1
<t:[%p Jucie, ) —u, )”(I’J;H(Rlv))m Jure ) —u . ’)”:L?(RN))”
L L
Scler—el T sup (Juice Wity + 42 € Fyfr o) < constler — 217 (48)

with the const uniform in €’s. The last estimate shows that {u¢} is a Cauchy sequence in the space C([0, T]; (HP (RN))™).
Letting €, — 0, we can get the limiting trajectory u(t,-) and some of its properties.
Similar estimate, based on (3.31), shows the convergence in (H®+2~ (RN))™:

_ (2"

sup |u€(t, ) —u(t, )| < constle — €| P2, (4.9)
te[1,T]

| os2- @ym <

valid, however, on compact time intervals t € [t, T], separated from t =0 (we set t > 1 above, for simplicity, recall also that
T > 1 is an arbitrary fixed number).

4.1. Viscous solutions of (1.2)

We will describe now the process of passing with € to 0" to get the viscous solutions of (1.2). That notion is similar to
the viscosity solutions introduced by P.L. Lions and G. Barles for the Hamilton-Jacobi type equations. The, classical nowadays,
procedure of passing to the limit was used first in the studies of the Burgers equation (see e.g. [22]) and extended later
significantly in [19]. Thus, we will sketch it here only without discussing the details.

We start with formulating the existence result.

Theorem 4.3. There exists a unique viscous solution u of (1.2) having the following regularity properties:

||u||L°°(O 00; (HP(]RN))W) ConSt t 2 0, ”ut”Lw(O T:(H™ p(RN))m) COTlSt T > 0,
”u”LO‘?(O,oo;(H(P*zr (RN))m) < const fort = 1,

where const are the same as for u€’s and T is arbitrary.

Proof. In (2.17), (3.25), (4.9), we have shown the ¢ independent estimates of the approximating solutions u¢:

Jus . -)H(LZ(RN))mgconst, [Juc e, )”(HPH(RN))W const, (4.10)

and

NG ')”(Hp+2(RN))m <const, t>1, (411)

with the constants independent of €. It follows further from (3.27) that

\/E”ué ||L2(0,T;(H2P+Z(JRN))”1) < COnSt(T), (412)
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again with the constant independent of €. The above bounds, uniform in € > 0, allow us to pass to the limit over a subse-
quence, in the following spaces (compare [19]):

u¢ —u weakstarin L*(0, T; (HP(RM))"),
u¢ — u weakstarin L(1, T; (HPT2" (RV))™),
cu€ >0 in LZ(O, T: (H2p+2(RN))m). (4.13)

It follows next from the estimates (4.8), (3.25) and the embedding C([0, T1; (HP*D™ (RN))™) c C([0, T1; (C}(RN))™) (where
2p >N and (p + 1)~ is close to (p + 1)), that

u¢ — u uniformly in ([0, T] x RV)™. (4.14)

This information allows us to pass to the limit in nonlinear terms.
Now, we can look at (1.3) as an equation in (H~P(RN))™. In Section 2.1 formula (2.9) the Cauchy problem (1.3) was
written in a form

uf +Au =F(u) + (y + o)u€, (415)

as an equation in (H~P(RN))™. According to Lemma 2.4, the nonlinear term F: (HP*1(RN))™ — (H~P(RN))™. Further, by
Lemma 2.2, the operator A. defines a linear isomorphism from (HP*2(RN))™ onto (H—P(RN))™, and B is a perturbation
of Ac in (H~P(RM))™, consequently A€ acts from (HPT2(RN))™ onto (HP(RN))™ as well. Therefore (4.15) can be seen as
an equality of functionals on an arbitrary ‘test function’ ¢ € (H? (RN))™. In particular uf calculated from (4.15):

uf = —Au +F(u) + (y + w)u®
will have the norm in L*°(0, T; (H~?(R"))™) bounded uniformly in €. Consequently, since (H~?(RN))™ is Hilbert,

uf — uy weakstarin L*(0, T; (H™? (RN))m). (4.16)
We thus claim that (which is, however, weaker than (4.14))

u e ([0, T1; (L(RV))™), (417)

by the Lions lemma (e.g. [25, p. 71]).
Next, using the uniform in € estimates (2.17), (3.25), (3.27), we can let € — 0" in (4.15) written as an equation in
(H~P(RN))™. Moreover, due to (4.12), the term

’(6(_A)p+1uev ¢)*P‘ <€ H (_A)I:hLlu6 H (H=P(RN))m ||¢||(HP(RN))’" < GCHUG H (HPH2(RN))m ||¢||(HP(RN))’" (418)

(where (-,-)_p denotes the duality between (H~P(RN))™ and (HP(RM))™) will vanish when € — 0F; see (4.13). Con-
sequently, the limit function u = lim._ o+ u€, announced in Remark 4.2, will be an (H~P(RN))™ solution of the limit
problem (1.2) having additional properties inherited from the corresponding properties of u€:

Juce, ) H(HPH(RN))m < const, [uc(t, ) ”(H—P(]RN))'" <const, t>0,
Juce, | (Hp+2- @Nyym < const fort >1, (4.19)

with the same constants as for the u€. Our task now is to study its properties in more details. O

4.2. Further properties of the viscous solutions of (1.2)

Recall first that, due to Lemma 4.1, viscosity limit in (1.3) is independent of the choice of a sequence €, — 0. We discuss
next continuity of the viscous solution with respect to initial data ug.

Remark 4.4. Viscous solution of (1.2) is continuous in (HP(RN))™ with respect to initial data. Let u{, u§ be two solu-
tions of (1.3), with the same € > 0 but different initial data u{(0, x), u$(0,x). By a reasoning very similar to the proof of
Lemma 4.1 (but with €; = €; =€ and V (0, x) = u{ (0, x) —u§(0, x) # 0) one can get the estimate of the difference V =u{ —u§
having the form:

H V(t7 ) ”(LZ(RN))m < H V(Ov ) ”(LZ(RN))meCt’ t > 0. (420)

Using (3.25), the last estimate will be strengthened to an estimate in (HP (RNy)m:

P 1

1 .
v ”(HP(RN))”‘ < v (pL;l(RN))m v ”(p;r}ﬂ @My S const([| V(0. ) ||(L2(RN))meCt) L (4.21)

justifying continuity in (HP (RN))™ of the viscous solutions with respect to initial data.
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Following [10] we introduce now the notion of the weak solution of (1.2).

Definition 4.5. If ug € (HP (RN))™, then u is called a weak solution of (1.2) corresponding to ug, if:

e uecC(0,T]; (HP®RNY)™ N L2(0, T; (HP1(RN))™) for any T > 0, and u(0) = uy,
e there is a sequence of initial data {ugs,} C (HPt1(RN))™ convergent to ug in (HP(RN))™, such that the corresponding
viscous solutions u, of (1.2) fulfill

un —u in C([0, T]; (HP (RN))™).

e Eq. (1.2) is fulfilled by u in (H=P(RN))™.

Note, that weak solutions are global in time and define a semigroup S(t)ug = u(t,ug), t > 0, on the phase space
(HP(RN))™, Existence and uniqueness of such weak solutions is evident thanks to the properties of viscous solutions con-
structed in previous section. We will use weak solutions constructing the global attractor for (1.2).

5. Asymptotic behavior of solutions to (1.2)

We will study existence of the global attractor for the semigroups generated by (1.2) and the approximating prob-
lems (1.3) on (HP(RN))™.

5.1. Tail estimates in L*(R)

Thanks to the regularity estimates given in Section 3.2, the necessary asymptotic compactness will be deduced by the
tail estimates (as in [21,27,10]), and interpolation inequalities.
In the following we will obtain for solutions u€ of (1.3) the, so called, tail estimates in (L2(RN))™ as introduced in [27]:

Lemma 5.1. Let Assumption 11l be satisfied and let € € (0, 1]. Then, for each n > 0 and arbitrary ug € (HP*1(RN))™, there exist
k=k(®, luoll r2nyym) and T =T, l|uoll 2wnyym) such that the corresponding to ug solution u€(t) of (1.3) satisfies

/|u€(t)|2dx<n forallt > T, (5.1)

Ok

where O = {x e R: |x| > k}.
Proof. Choose a smooth function 6(-) such that 0 <(s) <1 for any s e R, and

0(s)=0 for0<s<1, and 6(s)=1 fors>2

Then there exists a constant Cg such that |0/(s)| 4 |67 (s)| + --- + [0®P)(s)] < Co for any s € R*. We recall here also the,
uniform in € > 0 and for t > 1, estimates (3. 31) of u€ in (HPT2@RN))™,

Taking the scalar product of (1.3) with 9(' )u€, we obtain

1d X2\, . X2\ . o 9 . X2\ . 9 92Py€
S 9( |u€| dx~|—/ = ) -Za—)qvq)(u )dx+/0 = ) Za—sz e dx
RN RN i=1 RN j=1 i=1 i
— |X|2 € € p p+1, € | |2 € |X|2 €
—al6 =) CAu€dx+ | e(=DP(A)PTuc 0 L “dx+ [ g(x,u)-0 Pk dx. (5.2)
RN RN RN

We will transform the components one by one. At first, integrating by parts, we have

/9<|’t—|zz>u ZN:E%WD /sz' ’<|x| > €.V (u) — @ (u))dx. (53)

Then, combining with (3.3) and (3.4), we deduce that
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‘/0(%>ue-i%v¢(us)d><’ < NECO< /|u€ ~V¢(u€)|dx+/}¢(u€)}dx)

RN i=1 RN R
c 2 2
< D 2o 1V ) 2oy + N2y + N2 )
< C(|||u€|”H1(RN)). (5.4)

k
Secondly, note that

N N
X2\ . 9 32Pu€ |x|2 2xj . X2\ du€\ a%Pu¢
ol = Ju¢- )y — ol = | — - dx. 5.5
/ (kz )u Zasz ZZ vt k2 axj axin X ( )

RN j i=1 j=1i=1

By (p — 1) integrations by parts the last component is transformed below. The next to last component will be estimated in
a similar way.

N

/ <|X|2>XN:?}Z? ZaZpue

i=1 i
N ” |x|2 2% u€ 9%- e N . X2\ 9%u€ aZP—lufd
ZZ k2 3x 9x 2p 1 ZZ k_2 3Xj3Xi ' 3X2p—1 X
j=1 i

RN i=1 RN j=1i=1
f%ZQN |X|2 4X Ju€  9§2p— 2u€ /ii |X|2 2 Ju€  92P—2y€ i
j=1i=1 3 k4 8X X 2p ~ j=1i=1 K2 8x 3Xi2p_2
RN J=H1= RN JZHIE
Z/ii |X|2 2X 82u€ 82p—2u€ /ii |X|2 a3u€ azp—ZuE i
Pt K2 xi0x; axP? =5 ax;ox2 wPr

RN
NN |x|2 @x)P 1 ouc aP+luc |2\ oPuc Pty
=- 1>p/22 6~ 1 T . dx
i1 k(=1 3" axf“ K2 axjaqu axfﬂ
The last component above is transformed next:

|X|2 N 9Pu¢€ 3P+1ue
ZZ p—1 ’ 9 p+1 dx
Xi

RN j=1i= 18X]8X

- (""2)222"1 . /(—)22
k2 9x; ax“ axP k? axjox?  axP
RN

j=1i=1 j=1i=1

RN
X2\ L 2% 9Pu aPuc X2\ 2x apu
= [0 ) X Fr wrects [ (F) SR
2 axP~1  oxf k2 k2
. =1 i=1 0x;j0X; i N j=1i=1
R ]R
Consequently, we obtain an estimate extending (5.5)
x|? 82Pu
[ St e
l
SIS o o i L e | PR I T 56)
Tk =\l oxj0x] X ax? Tk HPHI R '
RN =

Further components in (5.2) are transformed as follows:

x |2> x|2 ) 2x; |x|? 2
o 0( CAuSdx=—a ZG( ) u€ - vusdx — 0<—>}Vu6| dx, (5.7)
12
R{ / /

RN
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and, due to (2.1),

2 2
/g(x,uf).9(|l| )u dx</9(%)(—%|u6|2+n2(x)>dx. (5.8)
RN e RN

Finally, we deal with the viscosity term. We have

frors )
(=A) 0 dx
X2\ 2% . %12\ du¢ ,
fZ( (G ) ve(e ) ) g
/Z ”('X|2) (= A)PuE dx+2/29 ('X|2>2X‘ out (= A)Pu dx
0xi

+ |0 2 k—zu (=A)Pucdx+ | 6 a Au€ - (—A)Puc dx, (5.9)
RN RN

and further

2
/9<|I)§—|2>Auf-(—A)puedx
%12\ 2x; |x|? ) 0 p—1, e
/Z( <—>—A +9( 2 )a iAu )'a_x,-(_m ut dx
/Z ”(MZ) (=M€ - (=A)P~ 1ufdx+/29(|x|2)2N( A€ - (=A)PMuc dx
k?

+2/Ze X2\ 2% 9 A (_A)Pfluedx_/e X (=AY~ - (—A)2u€ dx (5.10)
2 0X; K2 ' '
RN 1= RN

Integrating by parts the components in (5.9) and (5.10) many times we obtain

2
_e/(_A)pﬂue.g(%)uwxg S [T (5.11)
RN

Consequently, we can rewrite (5.2) as

d x? 2 x? 2 |
afe<k—2)|ue| dx+)//0<;)|u5| dx+za/e(_2)yv Paxs pllue| e, +2 [ e
RN RN RN

x| >k
(5.12)

On the other hand, since n € L2(R), then

[ nz(x)dx—> 0 ask— oo.

x| >k

Hence, combining with the HP*1(R) estimate (3.25), we have that: given > 0, then for t > Q2(lluollz2gnym) and k large
enough,

d x? 2 x? 2 ’7)/
E/0<k_2)|”6| dx+y/9(k—2)|uf| dx+2af <k2>|wf| dx< - (513)
RN RN RN

which implies (5.1) through a direct application of the Gronwall inequality. O
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Lemma 5.2. Under Assumption IlI, the semigroups {S€ (t)}s>0 are uniformly in € > 0 asymptotically compact in (HPH (RN Y™,

Proof. From Lemmas 3.4 and 5.1 we know that {S€(t)};>0 introduced in (2.24) are uniformly in € > 0 asymptotically com-
pact in (L2(RN))™. Then, combining with the, uniform in € > 0 and for t > 1, estimate (3.31) of u€ in (HP*2(RN))™, the
asymptotic compactness in (HP*1(RN))™ follows directly from interpolation inequality. O

Remark 5.3. As a consequence of the abstract results in [25,20], asymptotic compactness reported in Lemma 5.2 and the
uniform in € > 0 estimate (3.31), the semigroups {S€(t)}¢>0 possess (HPH1(RN))™ global attractors A, € > 0.

A corresponding result concerning the limiting semigroup S(t) follows directly from our previous considerations. It states
that (see [8] for the definition of the bi-spaces global attractor)

Lemma 5.4. Let Assumption Il be satisfied. Then the semigroup S(t) of global weak solutions of (1.2) has an ((HP (RN)™,
(HPHL(RN))™) global attractor A. The attractor A is invariant, compact in (HPT1(RN))™ and attracts every (HP (RN))™ bounded set
in (HPH1(RN))™ topology. It is also bounded in (H(P+2~ (RN))™,

Remark 5.5. We will discuss further relations between the attractors A¢, € > 0, and .A. Using an abstract criterion in
[20, p. 916, (H.1a)], it is easy to check that the family of the global attractors {Ac}eefo,1), Where we denote A = Ay, is
upper semicontinuous at € = 0. Indeed, thanks to the estimate (3.31), the approximating solutions u€¢, € > 0, enter for t > 1
a bounded set B c (HP*2(RN))™, uniformly in € > 0. It is next evident from Definition 4.5 and (4.19), that the global
attractor Ag corresponding to (1.2) is bounded in (H®*+2™ (RN))™. Consequently,

A= U Ae (5.14)
1€[0,1]

is bounded in (H®Pt2™ (RN))™. Together with the, following from the tail estimates, (L%(RN))™ asymptotic compactness,
this shows that the set A is precompact in (HP*1(RN))™. The second part of the condition (H.1a) in [20] follows directly
from the Definition 4.5. Thus, the family of global attractors {.A}cc[0,1] is upper semicontinuous at € =0 in (HPFT RNy,
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