J. Math. Anal. Appl. 414 (2014) 553-560

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Common properties of bounded linear operators AC and BA: @ CossMark
Local spectral theory

Qingping Zeng »"*, Huaijie Zhong "

& College of Computer and Information, Fujian Agriculture and Forestry University, Fuzhou 350002,
PR China

b School of Mathematics and Computer Science, Fujian Normal University, Fuzhou 350007, PR China

ARTICLE INFO ABSTRACT
Article history: Let X, Y be Banach spaces, A : X — Y and B,C : Y — X be bounded
Received 23 October 2013 linear operators satisfying operator equation ABA = ACA. In this paper, we show

Available online 9 January 2014

that AC and BA share the local spectral properties such as Bishop’s propert ,
Submitted by G. Corach P prop p’s property (8)

subscalarity and Dunford’s property (C). Also, the quasi-nilpotent part and the
analytic core for AC and BA are studied.
© 2014 Elsevier Inc. All rights reserved.

Keywords:
Jacobson’s lemma
Operator equation
Common property
Local spectral theory

1. Introduction and notations

For any Banach spaces X and Y, let B(X,Y") denote the set of all bounded linear operators from X to Y.
It is well know that if A € B(X,Y") and C € B(Y, X) then

AC — I is invertible <«= (CA — I is invertible, (1.1)

see [2-4,7,9,12]. This result is now known as Jacobson’s lemma. In [13], we extended (1.1) to various
regularities, in the sense of Kordula and Miiller, and proved that AC — I and CA — I share common
complementability of kernels. Recently, Corach, Duggal and Harte [5] generalized (1.1) and many of its
relatives from C'A — I to certain BA — I under the assumption

ABA = ACA, (1.2)
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where A € B(X,Y) and B,C € B(Y,X). They studied common properties of AC and BA in algebraic
viewpoint and also obtained some topological analogues. In [14], we investigated common properties of AC
and BA from the viewpoint of spectral theory. In this paper, we continue to study this situation from the
viewpoint of local spectral theory. We show that AC and BA share many common local spectral properties
such as Bishop’s property (), subscalarity and Dunford’s property (C). Also, the quasi-nilpotent part and
the analytic core for AC and BA are studied.

We first fix some notations in local spectral theory. Throughout this paper, B(X) = B(X, X). An operator
T € B(X) is said to have the single valued extension property at A € C (SVEP at X for brevity), if for every
open neighborhood Uy of A the only analytic function f : Uy — X which satisfies (T" — p) f(r) = 0 for all
i € Uy is the function f = 0. An operator T' € B(X) is said to have the SVEP if T has SVEP at every
A€ C. For T € B(X), the local resolvent set pr(x) of T at the point « € X is defined as the set of all A € C
for which there exist an open neighborhood U of A and an analytic function f : U\ — X such that

(T —p)f(p) ==z forall p € U.

The local spectrum op(x) of T at x is then defined as op(x) = C\pr(z). The local analytic solutions
occurring in the definition of the local resolvent set will be unique for all x € X if and only if 7" has SVEP.
For every subset F' of C, we define the local spectral subspace of T associated with F' by

Xr(F):={z € X: or(z) C F}.

Evidently, X7 (F) is a hyperinvariant subspace of T, but not always closed. An operator T' € B(X) is said
to have Dunford’s property (C), if the local spectral subspace Xp(F') is closed for every closed set F' C C.

Let D(A,r) be the open disc centred at A € C with radius r > 0, and let O(U, X) denote the Fréchet
algebra of all X-valued analytic functions on the open subset U C C endowed with uniform convergence
on compact subsets of U. An operator T € B(X) is said to satisfy Bishop’s property (§) at A € C if
there exists 7 > 0 such that for every open subset U C D(\,r) and for any sequence {f,}°2; € O(U, X),
limy, o0 (T — 1) fr(p) = 0 in O(U, X) implies limy, 00 fr(p) = 0 in O(U, X). We denote by og(T") the set
where T fails to satisfy () and we say that T" satisfies Bishop’s property () if 03(T) = (0. Dually, T € B(X)
is said to have the decomposition property (0) if T* satisfies (8). It is well known that T is decomposable,
in the sense of Foiag, if and only if T satisfies both () and (§). We refer the reader to [8] for more details
and further definitions.

In a similar way, property (B) is defined. To be precise, let £(U, X) denote the Fréchet algebra of
all X-valued infinitely continuously differentiable functions on the open subset U C C endowed with the
topology of uniform convergence on compact subsets of U of such functions and their derivatives. An operator
T € B(X) is said to have property (8.) at A € C if there exists a neighborhood U of A such that for each
open subset U C U, and for any sequence {f,,}22; C E(U, X), limy o0 (T — ) fr(1r) = 0 in E(U, X) implies
limy, 00 fn(p) =0 in E(U, X). We denote by og_(T') the set where T fails to satisfy (5¢) and we say that T
satisfies property (B¢) if o (T') = 0. It is well known that 7' € B(X) has property (8¢) precisely when T is
subscalar. For further definitions and more details, we refer the reader to [6]. It is well known that [8]

subscalar = Bishop’s property () = Dunford’s property (C) — SVEP.

For every closed subset F of C, the glocal spectral subspace Xr(F') is defined as the set of all x € X
for which there exists an analytic function f : C\F — X that satisfies (T'— A)f(\) = = for all A € C\F.
Clearly, Xp(F') is a hyperinvariant subspace of T' and Xp(F') C Xr(F). Moreover, Xp(F) = Xp(F') holds
for all closed subsets F' of C precisely when T" has SVEP, see [8, Proposition 3.3.2].

Associated with T' € B(X), two important subspaces of X are the analytic core of T defined by
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K(T) := {x € X: there exist a sequence {z,},>1 in X and a constant 6 > 0

such that Twy =z, Tap41 = @, and ||z, || < 0"z for all n > 1},

and the quasi-nilpotent part of T defined by

Ho(T) = {w € X: Tim |[T"a]|""" =0},
These subspaces have been introduced and studied by Mbekhta in [11]. They are closely related to the local
spectral subspace and the glocal spectral subspace. Indeed, K (T') = X7 (C\{0}) and Ho(T') = X7 ({0}), see
[1, Theorems 2.18 and 2.20].

This paper is organized as follows. Suppose that A € B(X,Y) and B,C € B(Y, X) satisfy ABA = ACA.
In Section 2, we show that AC' and BA share many common local spectral properties such as Bishop’s
property (8), decomposition property (d), subscalarity, decomposability and Dunford’s property (C). It
extends previous ones in [2,10] from the special case “B = C” to the general case. In Section 3, we show
that K(AC — X) is closed if and only if K(BA — ) is closed for all A # 0 and that Hy(AC) is closed if
and only if Hy(BA) is closed. For the special case “B = C”, some further results are given for injective
operators.

2. Local spectral properties for AC and BA

In [5, Theorem 9], the authors firstly studied the local spectral properties for AC' and BA. They showed
that if A € B(X,Y) and B,C € B(Y, X) satisfy ABA = ACA, then AC has SVEP if and only if BA has
SVEP. In this section, we continue to study other local spectral properties for AC and BA. We begin with
the following result, which extends [10, Theorems 2.3 and 2.4] from the special case “B = C” to the general
case.

Theorem 2.1. If A € B(X,Y) and B,C € B(Y, X) satisfy ABA = ACA, then

(1) 05(AC) = 05(BA);
(2) 05, (AC) = 0p,(BA).

In particular, AC' satisfies Bishop’s property (f) (resp. is subscalar) if and only if BA satisfies Bishop’s
property (B) (resp. is subscalar).

Proof. (1) Suppose that A ¢ og(AC). Then there exists r > 0 such that for every open subset U C D(\,7)
and for any sequence {¢,}22; C O(U,Y), lim, 00 (AC — ) gpn (1) = 0 in O(U,Y) implies limy, 00 gn () =0
in O(U,Y). Let U C D(A,r) be open and {f,}52, C O(U, X) such that lim, ,oc(BA — p) fn(p) = 0 in
O(U, X). Thus lim, 00 (AC — ) Afn () = limy 00 A(BA — p) fr(p) = 0 in O(U,Y). It follows then that
lim,, 00 Afn(p) =0 in O(U,Y). Thus lim,—,cc BAf,(1t) =0 in O(U, X), and hence

nh_}rréo win(p) =0 in O(U, X). (2.1)

Since T = 0 € B(X) is decomposable and hence satisfies Bishop’s property (8), (2.1) may be rewrit-
ten as limy, o0 (T — p) fr(p) = 0 in O(U, X), it follows from the definition of Bishop’s property (8) that
limy, 00 fn(p) =0 in O(Uy, X). This shows that A ¢ og(BA).

For the special case “B = C”, the previous paragraph shows that cg(BA) C 03(AB). Then interchanging
A and B, we have 0g(AB) = o3(BA).
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Suppose that A ¢ og(BA). Then A ¢ 0g(AB). Interchanging B and C' in the first paragraph of this proof,
we infer that A ¢ 03(CA). Therefore, A ¢ og(AC).
(2) The proof is similar to that of (1), we omit it here. O

Corollary 2.2. If A € B(X,Y) and B,C € B(Y,X) satisfy ABA = ACA, then AC satisfies decomposi-
tion property (8) (resp. is decomposable) if and only if BA satisfies decomposition property (&) (resp. is
decomposable).

Proof. Noting that (8) and (d) are dual to each other and that T' € B(X) is decomposable if and only if T
satisfies both (8) and (d), the conclusion follows immediately from Theorem 2.1. O

Next, we turn to the discussion of Dunford’s property (C) for AC and BA. Before this, the relations
between the local spectra of AC and BA are needed.

Theorem 2.3. If A € B(X,Y) and B,C € B(Y, X) satisfy ABA = ACA, then

(1) cac(Ax) Copa(z) Coac(Ax) U{0} for all x € X;
(2) opa(BACY) C oac(y) Copa(BACy) U{0} forally €Y.

Proof. (1) Suppose that A ¢ opa(z). Then there exists an analytic function f : Uy — X defined on some
neighborhood U, of A such that

(BA—p)f(p) =z for all p € U,.
Thus, A(BA — u)f(n) = A(CA — p)f(u) = (AC — u)Af(n) = Az and hence A ¢ oac(Az). The first
inclusion is established.

To establish the second inclusion, let A ¢ o4c(Az)U{0} and g : V\ — Y be an analytic function defined
on some neighborhood V) of A such that

(AC — p)g(p) = Az for all u € V.

A —A
% and we have

Therefore, g(u) =

[BAzx — (BA — p)z]

Tr =
o
_ [B(AC — p)g(p) — (BA — p)x]
"
_ [(BAC — puB)g(n) — (BA — p)a]
"

(BAC — uB)ACHM=AL _ (BA — p1)a
B 1

[BACACYY) — BACAZ — uBACYY) + iBAZ — (BA — p)a]

o
_ [BABAC#Y) — BABAZ — uBACYY 4 uBAZ — (BA — p)a]
7
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g(p) T

W
_ (BA—p)(Bg(p) — )
o
Define
h(p) = Bo(w) for all p € Vy.
i

Evidently, h : V\ — X is analytic and (BA — p)h(p) = x, s0 A ¢ opa(z).

(2) By [4, Proposition 3.1], we have oca(Cy) C oac(y) € oca(Cy) U {0}. According to (1) and in-
terchanging B and C, we obtain cap(ACy) C oca(Cy) C oap(ACy) U {0}. By [4, Proposition 3.1]
again, we have opa(BACY) C 0ap(ACyY) C opa(BACyY) U {0}. From these inclusions, we conclude that
opa(BACY) Coac(y) C opa(BACyY) U{0}. O

The following Lemmas 2.4-2.6 are essentially inspired by the proof of [2, Theorem 2.5].

Lemma 2.4. Let F be a closed subset of C such that 0 € F. If A € B(X,Y) and B,C € B(Y,X) satisfy
ABA = ACA, then Yac(F) is closed if and only if Xpa(F) is closed.

Proof. Suppose that Yac(F) is closed. Let {x,}22, be a sequence in Xp(F) which converges to some
x € X. To show that Xp4(F') is closed, it suffices to prove that x € Xp4(F). Since x,, € Xpa(F), opa(zy) C
F for all n € N. Hence by Theorem 2.3(1), cac(Ax,) C F, that is Az, € Yac(F). Since Az, — Az and
Yac(F) is closed, Az € Yac(F), that is cac(Az) C F. By Theorem 2.3(1) again, opa(z) C F because
0 € F, that is x € Xpa(F).

The converse implication follows by using Theorem 2.3(2) instead of Theorem 2.3(1). O

Lemma 2.5. Suppose that T € B(X) has SVEP, F is a closed subset of C and X\ ¢ F. If Xp(F U {\}) is
closed, then X1 (F) is closed.

Proof. Let Z := X7 (F U {A}) and S := T|x,(pugr})- It follows from [8, Proposition 1.2.20] that o(S) C
F U {A}. In order to show that X (F') is closed, we consider two cases:

(I) Suppose that A ¢ o(S). Then o(S) C F, and we immediately have Z = Zg(F). By [2, Lemma 2.4],
we have Zg(F) = Xr(F), so X (F) is closed.

(IT) Suppose that A € o(S5). Let Fy = o(S) N F. Then o(S) = Fy U {A}. Since A € o(S), it follows from
[8, Proposition 3.3.3] that the topological direct sum decomposition Z = Zg(Fy) @& Zs({A}) holds. By [2,
Lemma 2.4], we have

Zs(Fo) = Zs(o(S)NF) = Zg(F) = Xp(F),
and hence Xp(F) is closed. O

Lemma 2.6. Let F be a closed subset of C such that 0 ¢ F. If A € B(X,Y) and B,C € B(Y,X) satisfy
ABA = ACA and AC has SVEP, then

(1) if Yac(FU{0}) is closed, then Xpa(F) is closed;
(2) if Xpa(F U{0}) is closed, then Yac(F) is closed.
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Proof. (1) Since 0 € F U {0}, by Lemma 2.4, Z := Xp4(F U {0}) is closed. Since AC has SVEP, we also
know that BA has SVEP by [5, Theorem 9]. Thus by Lemma 2.5, Xp4(F) is closed.
(2) It can be proved similarly to (1). O

When “B = C” and 0 ¢ F, the readers should compare the above lemma with [2, Theorem 2.5]. And, the
careful readers will have observed that there is a difference between them. In [2, Theorem 2.5], the authors
claimed that if Xp4(F) is closed, then Y p5(F) is closed. The proof was based on a fact that if Xr(F) is
closed, then Xr(F U {0}) is closed. As [1, Example 2.32] shows, this fact is not always true because there
exists T € B(X) such that Xr(0) is closed but X7({0}) is not closed. So there was a gap in the proof
of it. We bypass this gap and state in Lemma 2.6 that if Xp4(F U {0}) is closed, then Y p(F) is closed.
Fortunately, if T' € B(X) has Dunford’s property (C) and F is a closed subset of C such that 0 ¢ F', then
X7 (F U{0}) is closed, since F U {0} is closed. Thus, we have

Theorem 2.7. If A € B(X,Y) and B,C € B(Y,X) satisfy ABA = ACA, then AC has Dunford’s property
(C) if and only if BA has Dunford’s property (C).

Proof. It follows immediately from Lemmas 2.4 and 2.6. O
3. Quasi-nilpotent part and analytic core for AC and BA

Recall that K(T — X) = Xp(C\{A\}) = {z € X: X € pr(x)}, see [1, Theorem 2.18]. As an immediate
application of Theorem 2.3, we obtain

Theorem 3.1. If A € B(X,Y) and B,C € B(Y, X) satisfy ABA = ACA, then for all A # 0, K(AC — X) is
closed if and only if K(BA — \) is closed.

Proof. Suppose that K(AC— ) is closed. Let {z,,}22; be a sequence in K (BA—X) which converges to some
x € X. To show that K(BA — \) is closed, it suffices to prove that © € K(BA — \). Since z,, € K(BA—\),
X € ppa(zy,) for all n € N. Hence by Theorem 2.3(1), A € pac(Ax,), that is, Az, € K(AC — \). Since
Az, — Az and K(AC — ) is closed, Az € K(AC — \), that is, A € pac(Az). By Theorem 2.3(1) again,
A € ppa(z), that is, x € K(BA — \).

The converse implication follows by using Theorem 2.3(2) instead of Theorem 2.3(1). O

Lemma 3.2. (See [/].) Let A€ B(X,Y) and B € B(Y, X).

(1) If A is injective, then cap(Azx) = opa(x) for allz € X.
(2) If B is injective, then opa(By) = 0ap(y) forally €Y.

Corollary 3.3. Let A € B(X,Y) and B € B(Y, X).

(1) K(AB — )) is closed if and only if K(BA — ) is closed, for all A # 0.
(2) If moreover A and B are injective, then K(AB) is closed if and only if K(BA) is closed.

Proof. (1) Tt is a special case of Theorem 3.1.
(2) It can be proved similarly to Theorem 3.1, by using Lemma 3.2. O

Lemma 3.4. Let F' be a closed subset of C such that 0 € F. If A € B(X,Y) and B,C € B(Y, X) satisfy
ABA = ACA, then Yac(F) is closed if and only if Xpa(F) is closed.
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Proof. Suppose that Yac(F) is closed. Let {x,}22, be a sequence in Xp(F) which converges to some
x € X. To show that Xp4(F) is closed, it suffices to prove that x € Xp4(F). Since x,, € Xpa(F), for every
n € N there exists an analytic function f,, : C\F' — X such that

(BA—\)fu(\) ==, forall X e C\F.

Thus, A(BA — A)fa(A) = A(CA — N fn(N) = (AC — N Af,(N) = Az, and hence Ax,, € Yac(F). Since
Az, — Az and Yac(F) is closed, Ax € Yac(F). Thus, there exists an analytic function g : C\F' — Y such
that

(AC — N)g(\) = Az for all A € C\F.

As in the proof of Theorem 2.3(1), we obtain z = %;W for all A € C\F. Define

h(\) = 220V "T for all A € C\F.

Evidently, h : C\F — X is analytic and (BA — A)h(\) =z, so x € Xpa(F).

For the special case “B = C”, the previous paragraph shows that if Yap(F) is closed, then Xpa(F)
is closed. Then interchanging A and B, we find an equivalence statement: Y45 (F) is closed if and only if
Xpa(F) is closed.

Now suppose that Xp4(F) is closed. Then Y45 (F) is closed. Interchanging B and C in the first paragraph
of this proof, we infer that Xc4(F') is closed. Therefore, Yac(F') is closed. O

Recall that Ho(T — \) = Xr({\}), see [1, Theorem 2.20]. As an immediate consequence of Lemma 3.4,
we obtain

Theorem 3.5. If A € B(X,Y) and B,C € B(Y, X) satisfy ABA = ACA, then Hy(AC) is closed if and only
if Hy(BA) is closed.

Lemma 3.6. Let A € B(X,Y), B € B(Y,X) and F be a closed subset of C such that 0 ¢ F. If A and B are
injective, then Yap(F) is closed if and only if Xpa(F) is closed.

Proof. Suppose that Yap(F) is closed. Let {x,}22, be a sequence in Xp(F) which converges to some
x € X. To show that Xp4(F') is closed, it suffices to prove that © € Xp4(F). As in the proof of Lemma 3.4,
we obtain x = w for all A € C\(F U{0}) and x = Bg(0). Define

hOA {% A€ C\(F U {0});
Bg'(0), A=0.

Evidently, h : C\F — X is analytic and (BA — A)h(\) =z, so x € Xpa(F).
The converse implication follows by interchanging A and B. O

Corollary 3.7. Let A € B(X,Y) and B € B(Y, X).

(1) Ho(AB) is closed if and only if Hy(BA) is closed.

(2) If moreover A and B are injective, then for all X # 0, Hy(AB — X) is closed if and only if Hy(BA — \)
is closed.
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Proof. (1) It is a special case of Theorem 3.5.
(2) It follows from Lemma 3.6. O

Recall that an operator T' € B(X) is said to have property (Q) if Ho(T — ) is closed for all A € C.

Corollary 3.8. Let A € B(X,Y) and B € B(Y, X) be injective. Then AB has property (Q) if and only if BA
has property (Q).

As a consequence of [2; Theorem 2.5], the authors claimed that the above result is true without the
assumption of the injectivity of A and B. But, as we explain before Theorem 2.7, there was a gap in the
proof of [2, Theorem 2.5]. So, the following question is still open.

Question 3.9. Let A € B(X,Y) and B € B(Y, X). Is it true that AB has property (Q) if and only if BA has
property (Q)?
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