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1 Introduction

The classical Cahn—Hilliard equation and the so-called viscous Cahn—Hilliard equation
(see [4, 10, 11]) in their simplest forms read

Oy—Aw=0 and w=710y—Ay+p(y)+7n(y)—g inQx(0,7), (1.1)
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according to the case 7 = 0 or 7 > 0, respectively. Some significant extensions and a
comparative discussion on the modeling approach for phase separation and atom mobility
between cells can be found in [12, 15, 19, 8]).

In (1.1), y denotes the order parameter and w represents the chemical potential.
Moreover, 3 and 7 are the derivatives of the convex part 3 and of the concave perturbation
7 of a double well potential W, and ¢ is a source term. Important examples of W are the
everywhere defined regular potential W,., and the logarithmic double-well potential W,
given by

W, (r) = %(ﬁ _1?2, reR (1.2)
Wiog(r) = (L +7r)In(l+7)+ (1 —r)In(l — 7)) —er®, 7€ (=1,1) (1.3)

where ¢ > 0 in the latter is large enough in order to kill convexity. Another important
example refers to the so-called double-obstacle problem and corresponds to the nonsmooth
potential Wap specified by

W20bst (T) =

{ c(1—r?) if |r| <1 (1.4)

+ o0 if |r]>1

In this case 3 is no longer a derivative, but it represents the subdifferential 9I;_ ;) of the
indicator function of the interval [—1, 1], that is,

<0 if r=-1
s€ 0l _1y(r) ifandonlyif s ¢ =0 if —1<r<1 . (1.5)
>0 if r=1

We are interested to the coupling of (1.1) with the usual no-flux condition for the chemical
potential

(Onw)

and with the dynamic boundary condition

=0 onT x(0,7) (1.6)

(0ny)p + Owyr — Aryr + Br(yr) + mr(yr) = gr on I'x (0,7) (L.7)

where yr denotes the trace y. on the boundary T' of €, —Ar stands for the Laplace-
Beltrami operator on I', fr and 7p are nonlinearities playing the same role as  and 7 but
now acting on the boundary value of the order parameter, and finally gr is a boundary
source term with no relation with ¢ acting on the bulk.

The physical meaning and free energy derivation of the boundary value problem given
by (1.1) and (1.6)-(1.7) have been discussed specifically in [13]. The Cahn-Hilliard equa-
tion (1.1), endowed with the dynamic boundary condition (1.7), has drawn much attention
in recent years: we quote, among other contributions, [6, 16, 18, 20, 21, 23|. In particular,
the existence and uniqueness of solutions as well as the behavior of the solutions as time
goes to infinity have been studied for regular potentials W and Wy = B + 7ir. Moreover,
a wide class of potentials, including especially singular potentials like (1.3) and (1.4), has
been considered in [13, 14]: in these two papers the authors were able to overcome the
difficulties due to singularities and to show well-posedness results along with the long-time
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behavior of solutions. The approach of [13, 14] is based on a set of assumptions for 3, 7
and Pr, mr that gives the role of the dominating potential to W instead of to Wr and
entails some technical difficulties.

In this note, we follow a strategy developed in [5] to investigate the Allen—Cahn equa-
tion with dynamic boundary condition, which consists in letting Wr be the leading po-
tential between the two. This approach simplifies the analysis and allows for a unified
treatment of the initial value problem for (1.1), (1.6), (1.7) and for a linearized version
thereof. This was a main motivation for this paper, namely to complement and improve
the results of [13]. Another input for the realization of this article was the related project
of investigating the optimal control problem for the Cahn—Hilliard equation with dynamic
boundary condition. In view of the already realized contributions for the corresponding
Allen—Cahn equation (see [9] and [7]), a work program for the more difficult Cahn—Hilliard
setting appeared to be natural and worth pursuing. This will be the subject of a forth-
coming contribution, which will make intense use of the results established here.

Concerning the optimal control problems, let us mention that in [9] both the cases of
distributed and boundary controls have been adressed for logarithmic-type potentials as
in (1.3): after showing the existence of optimal controls and checking that the control-to-
state mapping is twice continuously Fréchet differentiable, first-order necessary optimality
conditions were established in terms of a variational inequality and the adjoint state equa-
tion, and second-order sufficient optimality conditions were proved. The related paper
[7] deals with (non-differentiable) double obstacle potentials (see (1.4)) and contains the
proofs of the existence of optimal controls and the derivation of first-order necessary con-
ditions of optimality. Using the results from [9] for the case of (differentiable) logarithmic
potentials, a so-called “deep quench limit” is performed to derive first-order necessary
optimality conditions.

With the above motivation in mind, we study here the initial and boundary value
problem

dy—Aw=0 in Q:=Qx(0,T) (1.8)
w=T10y=Ay+pBy)+7y)—g inQ (1.9)
duw =0 on ¥ =T x (0,7) (1.10)
yr =y and Gyr + (Ony)p — Aryr + Br(yr) + mr(yr) =gr on ¥ (1.11)
y(0) =y, in O (1.12)

as well as a linearization thereof, in which 5(y)+7(y) and Sr(yr)+7r(yr) are replaced by
Ay and Aryr, for some given and a.e. bounded functions A and Ar on @) and X3, respectively.
We investigate both the viscous case 7 > 0 and the pure case 7 = 0, making the necessary
distinctions and specifications. We show existence, uniqueness and regularity results,
which are already introduced and made precise in the next section. Section 3 develops
the details of the continuous dependence estimate that is also leading to uniqueness. The
final Section 4 is concerned with the proofs of existence and of the various regularity
results presented in our contribution: in particular, we prove the global boundedness of
both 3 and yr in our general framework for potentials W, Wr and graphs 3, fr.
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2 Main results

In this section, we describe the problem under study and state our results. As in the
Introduction, € is the body where the evolution takes place. Being clear that just minor
changes are needed to treat the lower-dimensional cases, we assume 2 C R? to be open,
bounded, connected, and smooth and we write |Q2| for its Lebesgue measure. Moreover,
we still denote the boundary of €2, the outward normal derivative, the surface gradient
and the Laplace—Beltrami operator by ', 9,, VI and Ar, respectively. Given a finite final
time T, we set for convenience

Qi:=2x(0,t) and %, :=T x (0,t) for every t € (0,7] (2.1)
Q:=Qr, and X:=2Xp.

Now, we make the assumptions on the structure of our system precise. However, besides
the Cahn-Hilliard equations with or without viscosity, we are interested in solving the
corresponding linearized problem around some solution as well. As the latter corresponds
to replace 5(y)+m(y) and fr(yr)+nr(yr) by Ay and Apyr in (1.9) and (1.11), respectively,
where A and Ar are some functions on ¢) and 3, we consider a problem that is slightly
more general in order to unify the treatment. So, we assume that we are given structural
functions 3, Br, w, mr, two functions A, A\r and a constant 7 satisfying the conditions
listed below.

o~

B,Br : R — [0, +00] are convex, proper, and Ls.c. and 5(0) = Br(0) =
m,mr : R — R are Lipschitz continuous with 7(0) = 7p(0) =0

A€ L>(Q) and Ap e L>(X)

720

A€ L0, T;WH(Q) ifr=0.

A~~~ /—~ /—~ —~
-~ O Ot = W
~— — — ~— ~—

We define the graphs  and fr in R x R by

B:=0F and fr:=0dfr (2.8)

and note that both § and fr are maximal monotone with some effective domains D(/3)
and D(fr). Due to (2.3), we have 5(0) 2 0 and 5r(0) 3 0. In the sequel, for any maximal
monotone graph v : R — 2% we use the notation (see, e.g., [2, p. 28])

7°(r) is the element of v(r) having minimum modulus (2.9)

7Y is the Yosida regularization of v at level ¢, for € > 0. (2.10)

Moreover, we still write the symbol v (and, e.g., 7Y as a particular case) for the maximal
monotone operator induced by v on the space L*(Q). For the graphs 3 and Sr we assume
the following compatibility condition

D(Br) € D(B) and [B°(r)] < nlfp(r)|+C
for some 7, C' > 0 and every r € D(fr) (2.11)

and note that, roughly speaking, it is opposite to the one postulated in [13]. On the
contrary, condition (2.11) is the same as the one introduced in the paper [5], which
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however deals with the Allen—Cahn equation. For those reasons, the results we obtain are
completely new. Next, in order to simplify the notation, we set

Vi.=H'(Q), H:=1L*Q), Hp:=L*T), Vr:=HT) (2.12)
Vi={veV:y,eW} (2.13)

and endow the former spaces with their usual norms and the latter with the graph norm.
For the norms in the generic Banach space X and in any power of it, we write || -||x.
However, simpler symbols are used in particular cases. For instance, for 1 <p < oo, || - ||,
is the usual norm in LP(Q2) and || - ||. denotes a precise norm in V* introduced later on
(see the forthcoming (2.54)). Such a norm is equivalent to the standard dual norm.
Furthermore, the symbol (-, -) stands for the duality pairing between V* and V. In the
sequel, it is understood that H is embedded in V* in the usual way, i.e., in order that
(u,v) = (u,v), the inner product of H, for every u € H and v € V. Finally, we define the
generalized mean value of any v* € V* by setting

1
Vg = 9] (v*,1) for v* € V*. (2.14)

Clearly, (2.14) gives the usual mean value when applied to elements of H.

At this point, we can describe our problem, which consists in the variational formula-
tion of system (1.8)—(1.12). To prepare the assumptions we need for our main existence
result (the problem is meaningful and a uniqueness type theorem holds under much weaker
hypotheses, indeed), we give the data g, gr, and y, satisfying

ge L*0,T;H) and gp € L*(0,T; Hy) (2.15)
ge H (0, T;H) ifr=0 (2.16)
Yo €V, Bly) €L (Q) and Br(yo,) € L'(T) (2.17)
mo := (yo)o lies in the interior of D(fr). (2.18)

Our problem consists in looking for a quintuplet (y, yr,w, &, &r) such that

y € HY0,T; V)N L>=(0,T;V)N L*0,T; H*(Q)) and 7y € L*(0,T; H)
yr € H'(0,T; Hr) N L>(0,T; Vr) N L*(0,T; H*(T))

yr(t) =y(t) foraa.tec(0,T)

w e L*0,T;V)

€€ L*0,T;H) and €€ B(y) ae. inQ

& € L2(0,T; Hr) and & € fBr(yr) ae.on X

and satisfying for a.a. t € (0,7T") the variational equations

(Opy(t) / Vuw(t =0 (2.25)

/Qw(t)vz/QTaty(t) /8typ v /va -V + Fprp(t)-vpv
+/Q(§(t)+)\(t)7r(y(t)) () v+ | (&) + () mrlyr(t) —gr(t)) v (2.26)
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for every v € V' and every v € V. respectively, and the Cauchy condition

y(0) = vo. (2.27)

For simplicity, we have used the same symbol v for both the test function and its trace on
the boundary, and we do so in the sequel if no misunderstanding can arise. Moreover, we
write products by 7 (like the pointwise value 70,y(t) in (2.26) which might be meaningless,
in principle) for the sake of conciseness, also in the sequel. In such cases, is understood
that the product vanishes for 7 = 0. We note that an equivalent formulation of (2.25)-
(2.26) is given by

/T@y() u(t) dt+/Vw Vo =0 (2.28)

/wv_/fatyw/atypw/w Vot [ Vese - Vi

+ /Q(§ +Am(y) — g) v+ /E(ﬁp + Armr(yr) — gp) v (2.29)

for every v € L*(0,T;V) and every v € L?(0,T;V), respectively.

Remark 2.1. Even though what we say is completely standard for Cahn—Hilliard equa-
tions, it is worth to note it. By testing (2.25) by the constant 1/|€|, we obtain

(Oy(t))q =0 foraa.te (0,7) and y(t)og=my foreveryt e [0,T] (2.30)
with the notations (2.14) and (2.18).

As far as uniqueness and continuous dependence are concerned, we have

Theorem 2.2. Assume (2.3)~(2.8) and let (g;, gri,Yo:), @ = 1,2, be two sets of data
satisfying (2.15) and such that Yo 1, Yo 2 belong to V' and have the same mean value. Then,
if (Vi yri, wi, &, &ri) are any two corresponding solutions to problem (2.19)(2.27), the
mequality

lly1 — yQH%OO(O,T;V*) + 7y — y2”%°°(O,T;H) + [lyra — yr,zH%oo(o,T;Hr)
+ V(1 — y2)

< c{llyos = w022 + llyon = yo2l3s + Ity — voair I

|%2(O,T;H) + IVr(yr: — 3/1“,2)||2L2(0,T;HF)

+ g1 = gall3aqo zoany + gt — 923 oz | (2.31)

holds true with a constant ¢ that depends only on €2, T', the Lipschitz constants of m and 7
and on the norms |||~y and ||Ap||Le(x). In particular, any two solutions to problem
(2.19)—(2.27) have the same components y, yr and &r. Moreover, even the components w
and & of such solutions are the same if 3 is single-valued.

The above theorem is quite similar to the results stated in [13, Thm. 1 and Rem. 9].
In the same paper (see [13, Rem. 4 and Rem. 8]), it is also shown that partial uniqueness
and conditionally full uniqueness as in the above statement are the best one can prove.
At this point, we are maily interested in existence and regularity and what we prove is
new with respect to [13], as already observed. Here is our first result in that direction.
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Theorem 2.3. Assume (2.3)-(2.8), (2.11) and (2.15)—(2.18). Then, there exists a quin-
tuplet (y,yr, w, &, &ér) satisfying (2.19)—(2.24) and solving problem (2.25)—(2.27).

Our next goal is regularity, and we present several results. First, we want to prove that
the unique solution to problem (2.25)—(2.27) given by the above theorems also satisfies

y € Whe(0,T; V)N HY0,T; V)N L®(0,T; H*(Q)) and 7oy € L>=(0,T;H) (2.32)

yr € Wh(0,T; Hr) N HY(0,7T; V) N L0, T; H*(T)) (2.33)
whence also
y e L*(Q) and yr € LX(X). (2.34)
To this aim, besides (2.5) and (2.7) we suppose that
AE W0, T; H) and M € W'(0,T; Hr). (2.35)
As far as the data are concerned, we also assume
g€ H'(0,T;H) and gr € H'(0,T; Hy) (2.36)
Yo € H*(Q), Onyop =0 and yo. € H*(D) (2.37)
there exists § € H such that & € B(yo) a.e. in Q (2.38)
there exists rp € Hr such that & € Br(yo)) a.e. on ¥ (2.39)
and, if 7 = 0, we reinforce (2.38) by requiring that
the family {—Ayo — B-(v0) — g(0) : € (0,£9)} is bounded in V (2.40)

for some €y > 0. Clearly, in order to ensure (2.40), one can assume that Ay, + g(0) € V
and that (.(yo) remains bounded in V' for € small enough, and a sufficient condition for
the latter is the following: there exist ry,7/. € R such that " < r_ <y < ryp <7/,
a.e. in Q, (r’,7.) C D(B) and the restriction of 5 to (r’_,r’ ) is a single-valued Lipschitz
continuous function.

Here is our first regularity result.

Theorem 2.4. Assume (2.3)—(2.8), (2.11) and (2.35) on the structure and suppose that
the data satisfy (2.36)—(2.39) and (2.18). Then, the unique solution to problem (2.25)—
(2.27) given by Theorems 2.2 and 2.3 also satisfies (2.32)—(2.34). Moreover, we have
that

we L*0,T;V), £e€L>0,T;H), & € L>(0,T;Hy). (2.41)

We present at once a consequence of our results, which is obtained by simply taking
B(r)y=Ppr(r)=0 and 7(r)=mp(r)=r forevery r € R.

Corollary 2.5. Assume 7 > 0 and (2.5). Moreover, assume (2.36) and (2.37). Then,
there exists a unique triplet (y,yr,w) satisfying the reqularity requirements (2.32)—(2.34),
(2.22) and the Cauchy condition (2.27), and solving the variational equations (2.25) for
everyv € V and

/Qw(t)v—/QT(()ty(t)v+/F8typ(t)v+/QVy(t)-Vv—i—/Fprp(t)-va
+ [ O = g) ot [ (ele)uelt) — gr(t)

for everyv € V.
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Such a corollary, which is more significant if 7 > 0, as we have assumed, can be applied
to the problem obtained by linearizing (2.19)—(2.27) around its solution. Therefore, it is
useful in the control problem associated to (2.19)—(2.27) we are going to discuss in a
forthcoming paper. Our second regularity result that deals with the general case is the
following

Theorem 2.6. In addition to the assumptions of Theorem 2.4, suppose that T > 0 and
that

g€ LX@Q), grel™(X) and B°(yo) € L=(Q). (2.42)
Then, the solution to problem (2.25)—(2.27) also satisfies
w e L=0,T; H* () € L™(Q) and & € L™(Q). (2.43)

The regularity result just stated has an interesting consequence in the case of operators
[ and fr satisfying the following assumptions

D(3) is an open interval I and D(fr) = D(pB). (2.44)

The first (2.44) is fulfilled if 3 is, for instance, the everywhere smooth potential (1.2)
or the logarithmic potential (1.3). On the contrary, potentials whose convex part is an
indicator function are excluded. We observe that, if I is not the whole of R and 7 is an
end-point of it, then £° has an infinite limit at rg since the interval I is open. Due to
the second condition in (2.44), the same remarks hold for 2. The result we state easily
follows from (2.44), on account of (2.34) (to be used if I is unbounded) and the second
property in (2.43). Therefore, we do not prove it.

Corollary 2.7. In addition to the assumptions of Theorem 2.4, suppose that 7 > 0 and
that (2.42) and (2.44) are satisfied. Moreover, assume that A =1 and A\r = 1. Then, the
following conclusions hold true: i) for the solution (y,yr, w, &, &r) to problem (2.19)—(2.27)
we have

y(x,t) € K for a.a. (z,t) € Q and some compact subset K C I. (2.45)

In particular, even &r is bounded. ii) Assume that B and PBr are single-valued C* functions.
Then, the functions B'(y) and Bi(yr) are bounded as well. iii) Assume that 3, fr, m and
7t are of class C?, in addition. Then

B'(y) +7'(y) € L0, T;V)NLX(Q)  and  Pr(y) + mp(y) € L0, T Vp) N L2(X).

The rest of the section is devoted to recall some facts that are well known and to
introduce some notation that is widely used in the sequel. First of all, we often owe to
the Young inequality (mainly with p = p’ = 2, thus with 6=7/? = §-1)

5 5P /p

ab < —a’ + —

p p
where p’ := p/(p — 1), and to the Holder inequality. Moreover, we account for the well-
known embeddings and the related inequalities, as well as the Poincaré inequality, namely

v for every a,b> 0,8 >0and p > 1 (2.46)

[v]loo < Cllv||m2) for every v € H?*(Q) (2.47)

[v]lso < Cllvl|g2ry for every v e H*(T) (2.48)

[v][} < C(|[Voll3 + |val?)  for every v € V (2.49)
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where C' depends only on 2. Furthermore, we observe that the identity ||v||% = (v,v) for
v € V easily implies the inequality

lv||% < ||Vl + csl|v]|?  for every v € V (2.50)

for every 6 > 0 and some constant cs depending on § and €2 as well. Next, we recall a tool
that is generally used in the context of problems related to the Cahn—Hilliard equations.
We define

domN:={v" e V*: v5=0} and N:domN — {veV: vg=0} (2.51)

by setting for v* € dom N
Nv* eV, (Nv')q=0, and / VNv* - Vz = (v, z) forevery zeV (2.52)
Q

i.e., Nv* is the solution v to the generalized Neumann problem for —A with datum ov*
that satisfies vy, = 0. As  is bounded, smooth, and connected, it turns out that (2.52)
yields a well-defined isomorphism, which satisfies

(u*,Nv*y = (v*, Nu*) = /(VNU*) (VNv*)  for u*,v* € domN. (2.53)
Q

Moreover, if we define || - ||, : V* — [0, +00) by the formula

[v )12 = VN = (@)a)ll + |(v7)e)[* for v* € V* (2.54)
it is straightforward to prove that ||-||. is a norm that makes V* a Hilbert space. It
follows that || - ||+ is equivalent to the usual dual norm by the open mapping theorem and

it thus can be used as a norm in V*. It follows that
|(v*,v)| < C||v*|s||v]|y for every v* € V¥ and v € V
where C' depends only on ). Note that
(v*, Nv*) = |[v*||? for every v* € domN (2.55)

by (2.53)—(2.54). Finally, owing to (2.53) once more, we see that
d d
2(0v* (t), Nv*(t)) = a/ |V Nv* (1)]? = 7 |lv*(t)||? for a.a. t € (0,T) (2.56)
Q

for every v* € H'(0,T; V*) satisfying v*(t)q = 0 for every t € [0, T].

We conclude this section by stating a general rule we use as far as constants are
concerned, in order to avoid a boring notation. Throughout the paper, the small-case
symbol ¢ stands for different constants which depend only on €2, on the final time T,
and on the constants and the norms of the functions involved in the assumptions of our
statements. In particular, ¢ is independent of the approximation parameter € we introduce
later on. A notation like ¢s allows the constant to depend on the positive parameter 9,
in addition. Hence, the meaning of ¢ and ¢s might change from line to line and even in
the same chain of inequalities. On the contrary, we use capital letters to denote precise
constants which we could refer to (see, e.g., (2.47)).
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3 Uniqueness and continuous dependence

This section is devoted to the proof of Theorem 2.2. We closely follow [13, Thm. 1] and
just adapt the argument used there. For convenience, we set y := y; — y» and similarly
define yr, w, &, &r, g, gr and yo. As the initial data have the same mean value, by
Remark 2.1 applied to y; for ¢ = 1,2, we see that y(t) has zero mean value and thus
belongs to the domain of N for every t € [0,T]. Therefore, we can write (2.25) at any
time s for both solutions and test the difference by Ny(s). Then, we integrate over (0, t)
with respect to s, where ¢t € (0, T] is arbitrary. At the same time, we write (2.26) for both
solutions and take —y as test function. Finally, we add the obtained equalities to each
other. We have

[ Ot Notsas+ [ Vv - [y

Q1 Qt
T T 1 1
T N 2+ t2——/ 2
+2/Q|y()! Q/Q\yo\ +2/F|yr()l o r|yO'F|

" / Ty + / Veyrf? + / v+ | oo
- / (Ar(w2) — () + ) y + / (e (ya)) — 70 (yea) + or) i

t PP
Now, we transform the first term on the left-hand side with the help of (2.56) and cancel
the next two integrals thanks to (2.52). Moreover, we neglect the last two integrals on the
left-hand side since they are nonnegative for § and fr are monotone. Finally, we exploit
assumptions (2.4)—(2.5) and use the elementary Young inequality. We obtain

1 s 1 2, T 2 T 2 1 2 1 2
5 @I = 5 lyolls + 5 Tyl = 5 Nyollz + 5 Ny @1l — 5 ol pll7,

+/ ‘VZ/‘Q“‘/ |Vryr|?
t P

1 1
<cf i g [ loP e [ g [ Lo
Q1 Qt it P

At this point, we take advantage of (2.50) to infer that

t
W <6 [ IVl +es / ly(s)|2 ds.
Qt Qt 0

Therefore, it suffices to choose § < 1 and apply the Gronwall lemma to obtain (2.31).
The sentence of the statement regarding partial uniqueness easily follows, as we show at
once. Clearly, (2.31) with the same data implies y = 0 and yr = 0 with the notation
we have introduced at the beginning, so that the difference of the equation (2.26) simply
reduces to

/Qw(t) v = /Qé(t) v+ /Fép(t) v fora.a.te (0,7) and every v € V. (3.1)

In view of (2.25), it turns out that w is a function depending only on time (i.e., for
a.a. t € (0,7) w(t) is constant in §2). Taking now test functions v € D(Q) in (3.1), we
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easily infer that £(t) = w(t) for a.a. t € (0,7). Next, letting v vary in V we also deduce
that {r(t) = 0 for a.a. t € (0,7). Assume now [ to be single-valued. Then, we have
¢ =01n (3.1) as well. We immediately conclude that w = 0 and the proof is complete.

4 Existence and regularity

In this section, we prove our existence and regularity results. The method we use relies
on a regularization depending on the parameter € € (0, 1) that will tend to zero. Namely,
we introduce the approximating problem of finding a pair (y.,w.) such that a suitably
corresponding quintuplet (y., yre, we, &, &) solves the system obtained by replacing the
graphs # and fr by the everywhere defined functions 3. and fr. we make precise below
and g by a suitably regularized datum. For clarity, we write both the construction of the
corresponding quintuplet and the regularized problem, at once:

yFs( ) - ya( |p for a.a. t € (0 T>> f& = 6€(y5) and fF,a = BF,E(Z/F,E) (41)

8tya /vwe - 0
/wE(t)v = TE/ Oy-(t)v —i—/(’)tyng(t)v—i- / Vy.(t)- Vv —i—/prEg(t) - Vo
Q Q r Q r

+ /Q(ﬁa(t) + A1) m(ye(t) — g:(t) v + /F(ér,e(t) +Ar(t) mr(yee(t) — gr(t) v (4.3)

Y=(0) = o (4.4)

(4.2)

where (4.2) and (4.3) are required to hold for every v € V and every v € V, respec-
tively, and
T.o=7 if7>0 and 7.:=¢ if7=0. (4.5)

Thus, we first solve problem (4.2)-(4.4) in the proper functional framework. Then, we
perform a number of a priori estimates and use compactness and monotonicity techniques
that ensure that the e-solution converges to a solution to the original problem in a proper
topology as € tends to zero. Due to uniqueness, the whole family of approximating solution
will converge, even though it is necessary to take convergent subsequences, in principle.
The power of the estimates we can derive (thus, the topology of the convergence that
follows) depends on the assumptions on the data we can account for, i.e., on the theorem
we want to prove. We start with Theorem 2.3 and suppose that just (2.15)—(2.18) are
fulfilled. However, the whole argument partially works for the proof of the regularity
results as well. Just further a priori estimates are necessary for the latter, indeed. For
the approximating solution we postulate the following regularity

y. € HY(0,T; H) N L>®(0,T; V) N L*(0,T; H*(2)) (4.6)
yr. € H'(0,T; Hr) N L™®(0,T; Vr) N L*(0,T; H*(T)) (4.7)
w, € L*(0,T;V). (4.8)

Thus, we look for a pair (y.,w.) such that the quintuplet (y.,yre, w., &, &re) defined by
(4.1) satisfies (4.6)—(4.8) and solves (4.2)—(4.4).
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Let us come to the definition of the regularized monotone operators. Inspired by [5],
for each graph, we take the proper Yosida regularization (see (2.10)), namely

B.:=pY and fBr.:= (ﬂp);fe (4.9)
where 7 is the the same as in (2.11). Such a choice yields (see [5, Lemma 4.4])
1B-(r)| < n|pre(r)| +C for every r € R and ¢ € (0,1) (4.10)

where C' is some positive constant and 7 still is the same as in (2.11). We also define for
convenience

Ba(r) := /OT B.(s)ds and PBr.(r) = /OT Bre(s)ds forr € R (4.11)

and recall that the set of properties

L(r) < B(r), Be(r) ~B(r) monotonically as € \, 0 (4.12)
|B-(r)] < |B°(r)|, B-(r) tends to °(r) monotonically as € \, 0 (4.13)

and the analogue for BDE and fr. hold true (see, e.g., [2, Prop. 2.11, p. 39]). Notice that
inequality (4.10) implies

B.(r) < nPBre(r) + Clr| for every r € R and € € (0,1) (4.14)

since B:(0) = Pre(0) = 0 by (2.3), whence . and fr. have the same sign. For the
approximating datum g., we require the following regularity and convergence properties

g- € H'(0,T;H) and g. — g strongly in L*(0,T;H) if 7 >0 (4.15)
g- =g ifT=0. (4.16)

To start with our program, we first have to solve the approximating problem.

Theorem 4.1. Assume (2.3)-(2.8), (2.15)-(2.18), (4.5), (4.9) and (4.15)—(4.16). Then,
there is a unique pair (Y., w.) such that the corresponding quintuplet (Y., yre, we, e, Ere)
satisfies the reqularity given by (4.6)—(4.8) and solves problem (4.2)—(4.4).

Proof. Uniqueness follows from Theorem 2.2 as a particular case. As far as existence
is concerned, we can first quote [13, Thm. 3|, even though 7 and 7 are multiplied by
coefficients that depend on z and . Indeed, minor changes in the proof are sufficient to
adapt the argument and obtain the generalized result we need here, namely, the existence
of a solution satisfying

y- € H'(0,T; H)N L™(0,T;V), yre € H'(0,T; Hp) N L>(0,T; Vr)
and w. € L*(0,T;V).

For completeness, we note that the cited result regards everywhere defined monotone
operators 3 and fr satisfying suitable growth conditions (that include the sublinear case
of the operators (. and fr.) instead of compatibility conditions, and data satisfying
assumptions that are implied by (2.15)-(2.18) and (4.15)—(4.16). Thus, we only have to
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show that the solution we have found is smoother than expected, that is, it satisfies (4.6)—
(4.7). In this direction, we could quote [13, Rem. 12]; however, we detail the argument
for the reader’s convenience. We observe that the variational equation (4.3) implies that
1. solves the partial differential equation

We = Teatye - Aye + 6€(y€) + Aﬂ(ya) — ¢ In Q (417)

at least in the sense of distributions. Due to the regularity assumed for g. and the Lipschitz
continuity of 3., all the terms of (4.17) but Ay. belong to L*(0,T; H). By comparison,
we deduce that Ay. € L*(0,T; H). On the other hand, yr. € L?(0,T;Vr). Thus, the
elliptic regularity theory yields y. € L*(0,T; H**(Q)), whence also 8,y € L*(0,T; Hr)
(see, e.g., [17, Thms. 7.4 and 7.3, pp. 187-188] or [3, Thm. 3.2, p. 1.79, and Thm. 2.27,
p. 1.64]). In particular, all the terms of the integration by part formula for the Laplace
operator are functions and we deduce that the variational equation (4.3) also implies

OnYe|p + Oyre — Aryre + Bre(yre) + Armr(yre) = gr on X (4.18)

at least in a generalized sense, in principle. Arguing as before, we see that Ayr. €
L*(0,T; Hr), whence yr. € L*(0,T; H*(T')) by the boundary version of the elliptic regu-
larity theory. Coming back to y., we infer that y. € L*(0,T; H*(Q)). 0O

At this point, we start estimating. We are widely inspired by the techniques used
in [13]. However, since our assumptions and statements are different, it is necessary to
detail the argument. We remind the reader that our assumptions on the data reduce

to (2.15)—(2.18) and (4.15)—(4.16). Moreover we recall the definition (2.18) of my and
observe that Remark 2.1 obviously applies to the approximating problem as well, i.e.

(Oe(t))o =0 fora.a.te (0,7) and y.(t)g=mo foreveryte[0,T]. (4.19)
Furthermore, we recall the useful inequalities

Pe(r)(r —mo) = 0| 5e(r)] = Co and P (r)(r —mo) = do|re(r)| — Co
for some 0y, Cy > 0 and every r € R and ¢ € (0,1)  (4.20)

which hold whenever 5(0) = Br(0) = 0 and my lies in the interior of the domains of
and fr (and ¢y and Cy depend on the position of my), thus under our assumptions (see
(2.3), (2.18) and the inclusion in (2.11)). For a detailed proof, see [13, p. 908]; see also
[18, Appendix, Prop. A.1].

First a priori estimate. We write (4.2) at the time s and take v = N(y.(s) — mo),
which is meaningful by (4.19) (see (2.51)). Then, we integrate over (0,t) with respect
to s, where ¢ is arbitrary in (0,7]. At the same time, we analogously behave with (4.3)
by choosing —(y. —mg) as a test function. Then, we sum the obtained equalities to each
other and use (2.56) and (2.52) in order to transform the first integral we get and to cancel
the next two ones. Finally, we add two additional terms to both sides for convenience.
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We obtain
1 2, Te 2 2
§||ye(t)—moH*+— [y=(t) —mol” + 5 [ lyre(t) —mol
Q

+ |V?Ja’2 + ’VFyF,€|2
Q¢ 3¢

1 Te 1
= 5 o= moll+ 5 [ o=+ 5 [ oy = mof? = Brc(mo) | (v = m)
Q r Xt
+ / (ge - )\W(ye))(ye - mO) + / (gF - AFWF(yRE))(ye N mO)- (421)
t PO

The last two integrals on the left-hand side are nonnegative by monotonicity and one term
on the right-hand side can be dealt with this way

—5F,e(mo)/ (yre — mo) < ¢ |Pre(mo)|” + lyre —mo|*> < ¢+ lyre — mol?
Et 2t Zt

thanks to the analogue of (4.13) for fr. and to assumption (2.18) on my. On the other
hand, we can take (2.4)—(2.5) and (2.15) into account and apply (2.50) to y. — myg, in
order to estimate the sum of the last two terms on the right-hand side of (4.21) as follows

/ (9: = Am(ye)) (y= — mo) + / (gr — Arr(yre) ) (ye — mo)

t i

<c+c lye = mo|* + ¢ lyre — mo?
Q P3N

1 t
§C+§ ‘vy€|2—|—6/ Hys(s)_mOHid‘S—'—c ’yF:E_moyz'
Q1 0 Xt

At this point, we combine (4.21) with the above inequalities, rearrage a little and apply
the Gronwall lemma. Then, we easily eliminate mg in the estimate we obtain. By using
(2.50) once more, we recover the L? norm of y. through the norm of its gradient and
eventually conclude that

|Yell oo (0,13v ) L2057 + 7'51/2||ya||L°°(o,T;H) + yrell o (0,050 20,1y < €. (4.22)

Consequence. In view of (2.4)—(2.5), we immediately deduce that
IAT(We)ll L2025y + [[Armr (yre) | 20 i) < € (4.23)
Moreover, by virtue of (2.7) if 7 =0, we have
VAT ()| = |7 (ye) VA + A7 (ye) Ve < ¢ (IVA[ [ye| + [Ve]) -

Hence, by also accounting for the Holder inequality and the continuous embedding V' C
L5(2), we deduce that

IVAT(y))l20,0:m) < ell VA Lo 0,758 ) 1¥e L2 0,528 @)) + ellyell20,mv) < ¢
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and conclude that
AT (Ye)ll 20,y < € if 7= 0. (4.24)

Second a priori estimate. We recall (4.19) and test (4.2) and (4.3) written at the
time s by N(0y-(s)) and —0y.(s), respectively. We sum the obtained equalities and
integrate over (0,t). Then, recalling (2.52) and (2.55) once more, we have that

t
[ o zds+n [ o+ [ o
0 Q: e
1 1 ~ A
45 [P+ 5 [ 1M 0P + [ 5.0.0)+ [ B o)
2 Q 2 r Q r

1 Te 1 ~ =
— w2+ Z / ol? + + / ol J? + / B.(y0) + / Br-(v0,)
2 2 Jo 2 Jr Q r
+ / (ge - Aﬂ(ye))atys + / (QF - )\I‘T"F(yl“,e))atyl“,e- (425)
i p3

Note that all the terms on the left-hand side are nonnegative (cf. (4.12)) and recall that
(2.17) holds. Then, the upper inequalities in (4.12), holding for 1. and fr as well, allow

us to infer
/QBe(yO)J'_/FBI‘,a(yOF) < /Qg(yo)-i-/rgr(ymr) <ec

Thus, just the last two integrals on the right-hand side need some treatement. By (2.15),
(4.23) and the Young inequality (2.46), we immediately have

1
/ (gr - AFWF(yne))atyDe <c+ ) ||atyf,€|‘%2(0,T;Hr)‘
¢

On the contrary, the analogous integral over (); is more delicate and we distinguish the
cases T > 0 and 7 = 0. In the former, we write

T T
/ (gg - )\W(ys))atys <lge — )‘7T(y6>||%2(0,T;H) + ) HatyEH%Q(O,T;H) < c+ ) HatyEH%Q(O,T;H)'

t

Hence, the last term can be absorbed by the left-hand side of (4.25). If 7 = 0, we
have g. = ¢g and can account for (2.16). In view of (4.22), (4.24) and the interpolation
inequality (2.50), we obtain

/ 00 = / gty (t) - / 90— | 2.

< HQH%W(O,T;H) + Hye(t)H%r +c+ ||8tgH2L?(O,T;H) + HyEH%Q(O,T;H)
1 1
<5 [ V0@ + el +e< 5 [ Tu@F +c
Q Q

and

1 [t 1 [t
= [ Ao < 5 [ 10w ds + ATy < 5 [ 10092 ds +c.
0 0

t
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Thus, the left-hand side of (4.25) dominates also in this case. Therefore, we conclude that

HyeHHl(o,T;V*)nLoo(o,T;V) + Tgl/QHyeHHl(O,T;H) + ||yr,eHHl(o,T;Hr)mLoo(o,T;Vr)
+ 1Byl 0,21 ) + | Bre(yre) | o,rr ) < c. (4.26)

Third a priori estimate. From (4.26), we first deduce an estimate for Vw. by us-
ing (4.2) with v = w.(t) — (w.(t))q and the Poincaré inequality (2.49). We have for
a.a. te (0,7)

/ﬂles(lf)l2 = /Q |V (we(t) — (we(t))a) [* = (Guye(t), we(t) — (we(t)))
< Cloye @)« lwe(t) = (w(#)allv < %/Q\Vwe(t)IQ + el o1

Hence, (4.26) immediately yields
vas||L2(O,T;H) S C. (427)

In order to recover the full V-norm, we have to estimate the mean value. Inspired by
[13, p. 908], we test equations (4.2) and (4.3) as we did for our first estimate, i.e., by
N(ye — mg) and —(y. — my), respectively, but we do not integrate with respect to time.
Also in the present case, two terms cancel thanks to (2.52). Thus, for a.a. t € (0,7") (and
we avoid writing ¢ in the sequel, for brevity) we have

/Q Yyl + /F Ve + /ﬂ €y, —mo) + /F T
= F. := — (01, N(y — mo)) + /Q(gs — Am(ye) — T-0uy:) (ye — mo)

+ /(91“ — Ar7r(yne) — Oyne) (Yre — mo). (4.28)
r

Now, we account for (4.20) and deduce that

e\Ye — 5 e _5 e\Ye 5 5 5 - L. 4
/Qg(y mo)+/F§F,(Z/F, m0)>O/QW(Z/)HO/FWE(QRN e (429)

On the other hand, recalling (2.54) and that y. and yr. are bounded in L*>°(0,7; V') and
in L>°(0,T; V1), respectively (see (4.26)), we deduce for a.a. t € (0,7)

| Eel < cllOuells lye — molls + (lgeller + A7 (el + 7el1Bsyellr) e — mollz
+ (lgrllme + IAeme (yr) lae + [10yrella) lyee — mol
< cl|Oyells + c(llgellmr + ATyl + 710y | )
+c(llgellay + IAeme (el + 10syrel ).
Hence, F. is bounded in L?*(0,T) thanks to (4.26), (4.23) and assumptions (2.15), (4.15)
on the data. Therefore, even the integrals on the right-hand side of (4.29) are estimated

in L?(0,7T). By choosing v = 1 in (4.3), we immediately deduce that the same holds for
the space integral of w., whence

H(wf)QHIﬁ(o,T) =c (4.30)
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i.e., the mean value of w. is estimated in L?(0,7T"). By combining this and (4.27) and
using the Poincaré inequality (2.49), we eventually infer that
2oy <. (431

Fourth a priori estimate. Our aim is to find a bound for & in L?(Q). To this end,
we take v = & in (4.3) and integrate over Q2. We have

/Q B1(4e) | Ve + / B (yee) | Ve + /Q 2 + / B (ye) 8- (e

- /S;(g - )‘W(ye) + We — Tatys)ge + A(QF - )\FT‘-F(yF,e) ~ atyl‘,e)ﬁe(yl‘,e)‘ (432)

The first three terms on the left-hand side are nonnegative. For the last one, we recall
the compatibility condition (4.10): note that the functions 5. and fr,. have the same sign
since they are non-decreasing and null at 0 (due to (2.3)). Then, we deduce that

[ Byt = 5 [ (18:0m0P = ClBtaral) = 5 [ 18P —c.

Let us come to the right-hand side of (4.32). The first two terms are bounded thanks
o (4.12), (4.14) and (2.17). Furthermore, using the Young inequality (2.46) we can
estimate the last integrals as follows

1 1
/(g - )‘W(ys) + We — Tatys)ge < 5/ ‘58’2 + 5”9 - /\W(ys) + we — TatyEH%I
Q Q
1
/(gr - Arﬂr(yne) - atyr,e)ﬁe(yne) < % / |Be(yr,e)|2 +nllgr — )\FWF(yDa) - 5'tyr,e||%(F
r r

and remark that, thanks to (4.23), (4.26) and (4.31), the last terms in the above inequalites
are uniformly bounded in L'(0,7T). Hence, by combining and integrating over (0,7'), we
find out that

&1l L2 0,30y < c. (4.33)

Consequence. By partially repeating the argument used in the proof of Theorem 4.1
and noting that each deduction has a corresponding estimate, we derive the following
chain of bounds

| Ayell 20,71y < € ||ya||L2(o,T;H3/2(Q)) < Hanyﬁ\r||L2(0,T;Hr) <c

By comparison in (4.18) with the help of (4.26), we conclude that

| =Aryre + Bre(yre) | 20,0y < c- (4.34)

Fifth a priori estimate. By (4.34), we can simply write

—Aryre + Bre(yre) = Fo, with HFEHL?(O,T;HF) <c
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and multiply such an equation by fr.(yr.). We immediately obtain

1
[ et e+ [ (st = [ FoBrotond) <5 [ relurP o+
P b P b))

and infer that
[1Bre (Yre) | 220,70y < - (4.35)

Consequence. By entering the proof of Theorem 4.1 once more and arguing as above,
we deduce the following chain of bounds

|Aryrell 2oy < ¢ Nynellzommeay)y < el o) < c.

Therefore, we conclude that

lyrellc2orm2ayy < ¢ and  ||ye||p2o,mm20) < € (4.36)

whence also
[yrell2omizemy < ¢ and  lyell2om=@) < ¢ (4.37)
thanks to the continuous embeddings (2.47)-(2.48).

Conclusion of the proof of Theorem 2.3. Recalling all the estimates we have ob-
tained, we see that the following convergence holds true

y. — vy  weakly star in H1(0,T;V*) N L>(0,T;V) N L*0,T; H*())
O — Oy weakly in L*(0,T; H) if 7 >0
yre — yr  weakly star in H*(0,7; Hr) N L>=(0,T; Vr) N L*(0,T; H*(T))
w. — w  weakly in L*(0,T;V)
& — & weakly in L*(0,T; H)
&re — & weakly in L?(0,7T; Hr)

at least for a subsequence, in principle. Clearly, y satisfies the Cauchy condition (2.27),
yr is the trace of y, and the quintuplet (y,yr,w,§,&r) satisfies (2.28) and a variational
equation like (2.29), where the terms related to 7 and 7 are not yet identified. Moreover,
the relationships contained in (2.23)—(2.24) have to be proved. Thanks to, e.g., [22, Sect. 8,
Cor. 4], it is not difficult to infer that

Y. — vy strongly in C°([0,T]; H) (4.44)
yre — yr strongly in C°([0,T]; H). (4.45)

Then, recalling (2.4), we deduce that 7(y.) and 7p(yr.) converge to 7(y) and to mp(yr)
in C°([0,T]; H) and in C°([0,T]; Hr), respectively. Moreover, by applying well-known
results on maximal monotone operators (see, e.g., [1, Lemma 1.3, p. 42]), we infer that
¢ € B(y) ae. in Q and & € Br(yr) a.e. on X. This completes the proof of Theorem 2.3.
[

The rest of the section is devoted to the proof of our regularity results. We start
with Theorem 2.4 and thus suppose that its assumptions are satisfied. Then we can take
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g. = ¢ in both cases. As observed at the beginning, just further a priori estimates on the
solution to the approximating problem are necessary. In order to confine the length of the
paper, we proceed formally, by assuming that the solution to the approximating problem
is as smooth as needed. We prepare a lemma.

Lemma 4.2. We have

100 01 + 7272[10ey= (0) 111 + 1Orye (O < . (4.46)

Proof. The values 0yy-(0) and O:yr.(0) can be obtained by taking ¢t = 0 in (4.2)—(4.3).
Hence, they satisfy

(Oyy=(0),v) + /QVIUE(O) -Vu=0 (4.47)

/ng(O)v:TE/Qc(?tyE(O)v%—/FE)tynE(O)v—i—/QVyo-Vv—i—/rvp(yoF)-va
" / (B(0) + M0) (o) — g-(0))w + / (Brae(oly) + Ar(0) 7 (u0y,) — gr(0)) v (4.48)

for every v € V and every v € V, respectively. We choose v = N(9y-(0)) and v = —0,y-(0)
in (4.47) and in (4.48), respectively, sum the obtained equalities to each other and exploit
(2.52) and (2.55), as usual. By observing that 0yyr,.(0) = (9;y.(0)). (since y. is smooth),
integrating by parts both in © (with the help of our assumption (2.37) on y,) and on I',
and rearranging a little, we have

OO + 70 Oy + 1= O,
= [ (-8 Bla) + AO) (0 — (0200

— (= Beaut 4 Bron,) + Ae(0) 7 o1) = 90(0) 0

The last integral can be easily handled by using (2.37), (2.39), (4.13), assumptions (2.4)-
(2.5) on 7 and Ar, and (2.36). Then, we deduce that

- /F(—ArymF + Bre (o)) + Ar(0) 7r(yo ) — 9r(0)) Dy (0) < % 10y (0)[|7 + ¢

We can deal with the integral over 2 in a similar way if 7 > 0 (e.g., (2.38) replaces (2.39)
in the argument). In this case, we obtain

— [ (=800 8w+ A©) 7(00) = 9:(0))0(0) < F 10O + <.

On the contrary, if 7 = 0, the treatment of the integral is more delicate and requires the
help of (2.40), (2.7) and (2.50). We have

- /Q(—Ayo + B:(y0) + A(0) 7(y0) — 9(0)) Arye(0)
<1 10ry(0) 12 + ¢ [l =Ayo + B=(yo) + A0) 7(y0) — g-(0)I¥-

1 1
<3 10y ()2 + cll=Ayo + B- (o) — ge ()3 + ¢ [IN0) 7 (yo) I < 3 10:ye (0)[3 + .

In both cases, we can combine and conclude that (4.46) holds true. OJ
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Sixth a priori estimate. We differentiate equations (4.2) and (4.3) with respect to
time and obtain for a.a. t € (0,7) (but we avoid writing the time ¢ everywhere, for
brevity)

(OFy.,v) + / Vouw, - Vv =0 (4.49)
Q

/ Qw0 = 7’5/ nyg v+ / Q?yng v+ / Vo, - Vv + / Vrowre - Vv
Q Q r Q r

+ / (B(9:)ete + (ON) w(ye) + A7 (4:) By — Brge) v

+ /(5},5(%@)@%5 + (O Ar)Tr(yre) + Armh (Yne) Oyre — Owgr) v (4.50)
r

where (4.2) and (4.3) are required to hold for every v € V and every v € 'V, respectively.
Now, we note that (4.19) implies 0y.(t) € D(N) for a.a. t € (0,7) (cf. (2.51)). So, we
test the above equations by N(d,y.) and —d,y., integrate over (0,¢), sum up, and account
for (2.52) and (2.55), as usual. We obtain

1 Te 1
3 |0y (1)]17 + 5/ |0y (1)” + 5 / Oy (t)
Q r

+ |V8ty5|2 + |vFatyF,€‘2 + B;(y€>|atye|2 + 5{‘,5(yf,6)|8tyn€‘2
Q1 ¢ Qt poM

1 Te 1
— 51000+ % [ 1000 + 5 [ 1. (0
Q r

+/ (atg5 o (atA)ﬂ-(yE) - >‘7T,<y€)atya)atys

-I—/ (atgF - (atAF)'/TF(yI‘,a) - )\Fﬂlr(yr,g)atyns)atyns- (4-51)
3t

All the integrals on the left-hand side are nonnegative and the first three terms on the
right-hand side are bounded thanks to Lemma 4.2. The next integral is estimated as
follows

[ @~ @n(u) A 0)30.) .

t

< C/Q ’atye‘Q + ||atg€||%2(0,T;H) + ||(at)‘)7T<y€)||2L?(O,T;H)
t

<o / 10l + ¢ + AN oo 1920212
t

1 t
<! / Vol + e / 10 ()2 ds + ¢
2 Qt 0

thanks to (2.35), the boundedness of 7" (cf. (2.4)), (2.36), the interpolation inequal-
ity (2.50) and (4.37). As the last integral can be treated in a similar and even simpler
way, from (4.51) we conclude that

10we | Lo o.3v+) + T2 N0use | oo 0,0:0) + 10smel | Lo (0,717
+ 10well L20.mv) + 11 Oeyrell L2071y < € (4.52)
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Conclusion of the proof of Theorem 2.4. Due to the existence proof, we already
know that (y., yr., we, &, &ne) converges to the solution to problem (2.19)-(2.27). Thus,
the last estimate of ours just improves the regularity of the limit (as well as the topology
of the convergence), and (2.32)—(2.33) are partially proved. In order to achieve the H?
regularity requirements of the statement, one can argue as in the proof of Theorem 2.3,
going from the Third a priori estimate to the Conclusion of the proof. In the argument
used there, time was just a parameter, indeed, since everything was based on the theory
of elliptic regularity and traces in 2. In the present case one immediately checks that L
instead of L? bounds hold with respect to time. Hence, we get, in this order,

lwel| Lo 0,750 < €

1€ell Loe 0.2y < €

1€nellzeo.rim) < €

192 ow 0,132(0)) + [[Ynell oo o120y < €
i.e., the last part of (2.32)—(2.33) as well as (2.41). This completes the proof. O
Proof of Theorem 2.6. We recall that 7 > 0. Hence, 0y, is bounded in L>(0,T; H).

On the other hand, equation (4.2) implies that d;y. — Aw. = 0 in @ and J,w. = 0 on the
boundary, whence

We||L=(0,1;H) S € all We||Loo(0,T;H2(Q)) = C. .
[[Aw| < d e < (4.57)

This implies the first conclusion in (2.43). In order to prove boundedness for &, it suffices
to find an a priori estimate for the LP norm of £, that is uniform with respect to both p
and e. Thus, in the sequel, the dependence on p of the constants is explicitely written
and carefully controlled. In order to perform our estimate, we write (4.3) as

T/&yewr/atyr,ngr/Vys-Vv+/Vryr,s-Vrv+/ﬁs(ys)v+/ﬁns(yns)v

Q r Q r Q r

= / fev+ / frev  a.e.in (0,7) and for every v € V (4.58)
Q r

where f. :=w+ g — A7(y.) and fr. := gr — Ap7r(yre), and observe that

[fellze@ < ¢ and [ frellzerm) < ¢ (4.59)

due to (2.42) and (4.56)—(4.57). Then, we test (4.58) by |B.(y.)|P~! sign y. with an arbi-
trary p > 2, where the sign function is extended by sign0 = 0, and integrate over (0,t).
We have

TA&AMW+A&A%#”
+@—UL@@M&@W2W%PHp+QA@@Q%@MPﬂ%m$

+ | 1By )P+ | Bre(yre) |B-(y-) [P~ signyr.

Qt 3t
=7 [ Betn) + [ Buetom)
Q T
+ [ folBe(y) P signye + [ frelBe(yre) [P sign yr. (4.60)
Qt 3¢
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where we have set
B, (r) = / |B-(s)[P ' signsds for r € R. (4.61)
0

We recall that . and fr. are monotone functions that vanish at the origine. It follows
that they and the identity map have the same sign, whence all the terms on the left-hand
side of (4.60) are nonnegative. Moreover, the last of them can be estimated from below
on account of the compatibility condition (2.11) and of the Young inequality (2.46) (with
p’ in place of p and § > 0 to be chosen) as follows

6F,5(yl“,5) ’5€(y€)|p—1 Sign Ure 2 / (n’ﬁs(yﬂsﬂp ¥ C‘B@(yﬂs)’p_l)

P 3t

5 i
>  (yro )| — — B (ypo) |~ P
2 [ iamap = [ (S10n) )

/

§5—P/P )

o
=10 [ 1Byro)l” = = | [Bune)lP — ¢
Et p Et

By choosing 6 = np’/2, we conclude that

Br-(yre) |B=(ye) P signyne > 2 [ |B-(yre)|P — & (4.62)

Et 2 Et

Let us come to the right-hand side and denote by M the L> norm of 5°(yo) (cf. (2.42)).
By (4.13), we deduce that

1Be(yo)| <M ae. inQ and [B.(yop)| <M ae onl.

Thus, on account of (4.61) and of the L* bound that follows from (4.56), we can estimate
the sum of the first two integrals this way

T/ Bp,e(yo) +/BP,€(yOF) < CMP—I < P
Q r

Now, we consider the volume integral. We recall (4.59), apply the Young inequality and
have

1 1 / 1
aﬁa £ p_ISin ES/ _Cp+_6s € (=1)p Scp+_ BE € p_
| ortsm < [ (Cos nwr ) <@ [ 1)

t

Arguing as for (4.62), we obtain

FrelBolyn) P signyp. < / 1B (yra) P + €.
po

pP

By collecting (4.60) (where we neglect a number of nonnegative terms on the left-hand
side), (4.62) and the last two estimates, and rearranging, we infer that

1 1
> sor+ 1 [ jsmor < e
P Jq. DY

and easily conclude that

18=(ye)llLr @) + 1P (yre)llLr(z) < €.
This completes the proof. O
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Remark 4.3. The above proof also provides an L> bound for f.(yr.). This implies that

Be(yre) — ¢ weakly star in L®(X)

for some ¢ € L>(X) and at least for a subsequence. This and the strong convergence of
Yre, .., in L*(X) yield ¢ € f(yr) by maximal monotonicity. Hence, we have also proved
that some selection of 5(yr) is bounded on . On the contrary, nothing can be inferred as
far as fr(yr) is concerned, unless the assumptions of Corollary 2.7 are supposed to hold.
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