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1. Introduction

The spectral theory for difference equations and systems, which include discrete analogs of Sturm-—
Liouville and Hamiltonian systems of differential equations, has a long history and a considerable literature
which we will not attempt to delineate here other than to cite the following works, and the references
therein, to give the reader a sense of the scope of the subject in time and content, cf. [2,7,10-13,34,35,39].
In connection with this, the development of a Weyl-Titchmarsh theory for discrete Hamiltonian and
symplectic systems parallel to that which exists for Hamiltonian systems of differential equations is of

relatively recent origin, cf. [3-5,9,10,14,26,29,33,36,37]. Our current paper contributes to this ongoing de-
velopment.
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We investigate the nonhomogeneous problem as well as the basic development of linear relations associated
with discrete symplectic systems written in the so-called time-reversed form given by

Zk()\) = Sk()\)szrl()\) with Sk()\) =8+ AV, and k € Ng, (S)\)
where A € C is the spectral parameter, Ny := [0, 00) NZ, and S; and Vi, are complex 2n X 2n matrices such
that

S;ISk=J, S; TV, is Hermitian, ViIVEL =0, and ¥ :=JSJViJ =0, (1.1)

where J represents a 2n x 2n skew-symmetric matrix given by J := (BI é)
We note (viz. Lemma 2.2) that the first, second, and third identities in (1.1), i.e., (1.1)(i)—(iii), can be

combined into the single equality
SENTSk(\) =J forall A € C and k € Ny, (1.2)

where St(A) := (Sg(A))*. Identity (1.2) justifies the terminology symplectic system for (S, ), though sys-
tem (S, ) corresponds to the well-known time-reversed discrete symplectic system introduced in [8, Remark 4]
only when A € R; particularly, the case when A = 0. In addition, system (S, ) can also be viewed as a pertur-
bation of the original symplectic system zp = Skzk11, i-e., of (S)) with A = 0, but for which the fundamental
properties of symplectic systems remain true with appropriate, natural, modifications.

In [9,14], the Weyl-Titchmarsh theory was first established for discrete symplectic systems given by

Zer1(N) =St ze(N), k€ N, (1.3)

in which a special form for Vj is assumed; the proper generalization is later derived in [37], see also [38].
The results given in [37] for system (1.3) remain valid for system (S, ) with standard changes given for the
definition of the semi-inner product, viz. (2.13) (cf. [37, Theorem 2.8 and Section 4]), and for the associated
weight function, viz. (1.1)(iv) (cf. [37, Identity (1.1)(iv)]).

Consideration here of the time-reversed form given in system (S, ), rather than that given in system (1.3),
is motivated, in part, by a desire to produce more natural calculations involving the semi-inner product and
in particular a more natural form for a Green function associated with nonhomogeneous discrete symplectic
systems, viz. Lemma 4.2. We can also associate with system (S, ) a densely defined operator, because there
is no shift in the associated semi-inner product (cf. Theorem 5.4 and [28]). Moreover, this approach will
enable us in subsequent research to generalize these results and unify them with the continuous time case
by means of the time scale theory.

Given the inherent semi-definiteness of the function ¥ defined in (1.1) (cf. (2.2)), it is natural to consider
the construction of linear relations in association with (S,), their extensions and their associated spectral
theory. The theory of linear relations provides powerful tools for the study of multivalued linear operators
in a Hilbert space, especially for non-densely defined linear operators. The study of linear relations in this
context traces back to [1]; see also [15-17,20] and the references therein. For linear Hamiltonian differential
systems given by

— T () = [H(t) + AW (1)) 2(8), (1.4)

where H(t) and W (t) are Hermitian and W () is positive semi-definite, this approach was initiated in [27]
and further developed, e.g., in [6,21,22,25].
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In [30], linear relations are considered in association with the linear Hamiltonian difference system

(1]
Lk Th+1 Ar By 0 W, >
A = (Hi + \W , Hy = , Wy = , 1.5
(uk) (H ) ( Uk ) b (Ck —AZ) k (WE] 0 (1.5)

where B and C}, are Hermitian matrices, Wk[;j] > 0,7 =1,2, and the matrix Ay, := I — Ay, is invertible. Here,

we note that the invertibility assumption and the additional requirement W,EU (I — Ak)_lWE] = 0 imply
that system (1.5) can be written as a discrete system whose form is given by (S, ); cf. [31, Formula (2.3)]. On
the other hand, with the supplementary assumption concerning the invertibility of the n X n matrix in the
left upper block of the matrix Sk()A), k € Ny, system (S ) can be written as the linear Hamiltonian difference
system but with a nonlinear dependence on the spectral parameter, see [38]. Moreover, using the time scale
theory, see e.g. [18], it can be seen that the discrete symplectic systems given by (S,) provide a proper
discrete analogue of linear Hamiltonian differential systems. Finally, let us note that system (S)) includes
any even order Sturm-Liouville difference equation; cf. [8, Remark 2], [40], and see also Example 3.4.

Hence, we shall introduce minimal and maximal linear relations associated with our discrete symplectic
system and establish fundamental properties for them in analogy with [25, Section 2] for system (1.4) and
[30, Section 5] for system (1.5). Moreover, the reader can observe an essential difference, one which appears
natural in the context of the time scale theory, in the assumptions for systems (1.4) and (S)) concerning
the invertibility of W and ¥, respectively. While the matrix W can be invertible, the matrix Wy is singular
for every k € N, see (1.1).

The remainder of this paper is organized as follows. In Section 2, we present fundamental properties
of system (S,) and recall some basic facts from the theory of linear relations. In Section 3 we discuss
the definiteness condition for system (S)), which plays a crucial role in the spectral theory, and derive
some equivalent characterizations. A nonhomogeneous discrete symplectic system is studied in Section 4.
Concluding with Section 5, the maximal and minimal linear relations associated with the discrete symplectic
systems are introduced and their fundamental properties, such as a relationship between the deficiency
indices of the minimal relation in a suitable Hilbert space and the number of square summable solutions
of system (S)), are established. In this final section, we also present a sufficient condition providing the
existence of a densely defined operator associated with the discrete symplectic system.

2. Preliminaries
2.1. Notation

Throughout this paper, matrices will be considered over the field of complex numbers C. For any A € C
we denote its imaginary part by $(A). By C"™*¢ r, s € N, we mean the space of  x s complex matrices and
C"*! will be denoted by C” for r € N. With M € C™** let M T denote the transpose, and let M* denote
the adjoint or conjugate transpose of the matrix M; for parameter dependent matrices, M*(\) := M (A\)*.
Let M > 0 and M < 0 indicate that M is positive or negative semi-definite, respectively. Similarly, M > 0
(respectively, M < 0) denotes a positive definite (respectively, negative definite) matrix. By J we denote
the real 2n x 2n skew-symmetric matrix given as

0 I,
j:-(_In 0), (2.1)

If 7 denotes an interval in R, then the associated discrete interval in the set of integers, Z, is denoted

where I, is the n x n identity matrix.

by Zz := Z N Z. In particular, N = [1,00)z, and Ny = [0, 00)z. However, in practice, Zz will be referred as
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the discrete interval Z. Hence, for the discrete interval Z, by C(Z)"** we denote the space of sequences,
defined on Z, of complex r X s matrices, where typically r € {n,2n} and 1 < s < 2n. If § € C(Z)"**,
then S(k) := Sk for k € Z; if S(A) € C(Z)"*#, then S(\, k) := Sk(\) for k € Z. When § € C(Z)™**, and
T € C(Z)**™, then ST € C(Z)™*", where (ST )k := STk, k € Z. The set Cy(Z)"** represents the subspace
of C(Z)"** consisting of sequences compactly supported in the discrete interval Z. The symbol A means the
forward difference operator acting on C(Z)"**, where (Az)y := zx41 — 2x, for all k € 7 and all z € C(Z)"**.
We shall also use the customary equivalence given by (Az)y := Azg. Moreover, we let 2|7 := 2z, — zpm.

2.2. Time-reversed discrete symplectic systems

The basic relations given in the next lemma are easily shown and used throughout.

Lemma 2.1. The following is true with J defined as in (2.1), and S,V,¥ € C?"*2n;
(i) S*IS =T if and only if STS* =T ;

(i) S* IS =J if and only if S~' = —-JS*T;

(iii) if V= TJ*0S = —-JUS, where S*TS = T, and

U=,  WJV =0, (2.2)

then
(V*JS)* =V'7JS, (VJS*)* =VJS*, VIV =VJV* =0, (2.3)

and ¥ = JSJV*J. However, if S*JS = J and V € C?"*2" satisfies (2.3), then ¥ := JSIV*T
satisfies (2.2), and V = J*¥S.

Lemma 2.1 establishes a correspondence between the matrix pairs {S,¥} and {S,V} in which S satisfies
S*'TS = J, ¥ satisfies (2.2) and V satisfies (2.3). The first part of the next result is also easily verified,
while the second part follows as in the proof of [37, Lemma 2.2]. Let us note a typo in the latter reference,
where the absolute value is missing.

Lemma 2.2. Let S(\) = S + \V, where S,V € C*"*2" X\ € C. Then S*(\)J S(\) = J for all X € C if and
only if S*XTS = J, and V satisfies (2.3). Moreover, |det S(\)| = 1.

Relevant to these two lemmas, we assume that the next conditions hold for the remainder of the pa-
per.

Hypothesis 2.3. For S, ¥ € C(Ny)?"*?" and for each k € Ny, the following is assumed:
(i) S§ISk =JT;
(ii) ¥y satisfies (2.2) and ¥y, > 0;
(111) Sk()\) =8k + AV, where Vy, 1= —JV.Sk.
Given this hypothesis, note that Vi satisfies (2.3) for all k € Ny, then by Lemma 2.1 we have

U =JSIViT, k€N,

and by Lemma 2.2 also S{(A\)J Sk(A\) = J for all k € Ny and all A € C.
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The discrete symplectic system in time-reversed form is now given by
2k(A) = Sk(MN)zk+1(A), Kk € No, (Sx)

where 2(\) € C(Np)?"*™ and 1 < m < 2n. In the future, (S,) will denote a system of the form given in (S))
with the parameter A replaced by v. Note that identity (1.2), the invertibility of Sk(A) from Lemma 2.2,
and J ! = —7 imply, for all k € Ny and all A € C, that

St (V) = ~TSi(NJT, (2.4)
with the consequent existence of unique solutions on Ny, z(\) € C?"*™(Nj), for system (Sy).

Lemma 2.4 (Wronskian-type identity). Let A € C and m € N. For solutions z(\) € C(Ng)?"*™ and z(\) €
C(Np)?™™™ of (S,) and (Sy), respectively, we have, for all k € Ny,

(N T2k (N) = 25N T 20(N).
Proof. This follows directly from Lemma 2.2 since
N T 2(X) = 2511 (NSEANT SN 2r41 (V) = 2541 (V)T 21 (V)
forall k € Ng, A e C. O

Throughout, we shall let #(\) € C(Np)?"*2" denote a fundamental system of solutions for (S, ). If this
fundamental system is such that, for some k¢ € Ny,

@;;0 ()‘)jgpko (5‘) =J, (25)
then, as an immediate consequence of the preceding lemmas,
NI =T, (N =-TBNT,  PNITP(N) =T, (2.6)

for all k € Nog. When &, () = &y, (\) = C € C*™*2" note that (2.5) simply states that C is a symplectic
matrix.
We associate with the homogeneous system (S, ) the following nonhomogeneous system

26(A) = Sp(N)zkg1(A) = T fre, k€ No, (S{)

where f € C(Ng)?"*™, 1 < m < 2n. In analogy to previous notation, (S?) denotes the nonhomogeneous
system of the form given in (Sﬁ), but with A replaced by v and f replaced by g. When convenient, we shall
suppress the dependence of z on A when A = 0. Note also that (S,) is equivalent to (SY).

The next result presents an essential tool used throughout; cf. [37, Theorem 2.6] and [14, Identity (5.3)].

Theorem 2.5 (Extended Lagrange identity). Let \,v € C and 1 < m < 2n. If 2(\) € C(Ny)*"*™ and
u(v) € C(Ng)?"*™ are solutions of systems (S;) and (SY), respectively, with f,g € C(No)>"*™. Then,

Al N Tur(v)] = (A = )N ur(v) + filiur(v) = 2 () Pegr, (2.7)

k
EHOINAICAIN M (A Zz VWiu;(v) + Z [iWju;(v Z 27 (N);g;. (2.8)

j=0
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Proof. By Lemma 2.1 (cf. (1.1)) and (2.4), we see that

P Nz ) = ST NI ] T[S 0)uk (v) = S 0) Tgr] — 2 () Tun(v)
R[S 1( )T S (V) = TJuk(v) + filiun(v) — 25 (\) g

= (A =)z (MNrur (v) + frur(v) — 25 (A)Prgr,

Az Tur@)] = [8

which yields (2.7); which in turn, by summation, yields (2.8). O

Finally, the following equivalent expression of system (Sf\) will play a key role in the results established
in Section 5

Lemma 2.6. System (S;) can be written equivalently as
T (z6(N) = Seze1(N)) = MWz (A) + W fu, &k € No. (2.9)
Proof. Since one can easily observe from the identities in (2.3) that it holds
Sk(A) = (I = ATW)Sy,  for all k € Ny, (2.10)
system (S{\) can be also expressed as
zk(AN) = (I = ATP)Skzi+1(N) — TP fi, k€ No. (2.11)
Since (I — AJ¥;)~t = (I + A\J¥}), which follows immediately from (2.2), we obtain from (2.11) that
Skzk41(A) = 25(N) + AT Wz (A) + TP fr, k€ Ny,
which after multiplication by the matrix J from the left yields (2.9). O
If we denote the left side of (2.9) by
f(z()\))k =T (2(A) — Skzir1(N)), (2.12a)
then it follows from Lemma 2.6 that system (Sf\) is equivalent to
Z(2(N), = MWze(N) + W fr, ke No. (2.12b)

Hence .Z represents a linear map on C(Ng)?"*™ with 1 < m < 2n, and (2.12) will be summarized by writing
L(z(N) = \z(\) + ¥ f.

2.8. Sequence spaces

With respect to the assumption in Hypothesis 2.3 that ¥ € C(Np)?"*2?" is a sequence with positive
semi-definite terms, we define a semi-inner product for C(Ng)2" by

(z,w)p 1 = Z 2wy, (2.13)
keZ

where z,w € C(Ng)?", and Z C Ny is a discrete subinterval. The associated linear space of all square
summable sequences is denoted by
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Zg,(I) = {z IS (C(NO)Q" ’ lz||lw,z < oo}7

where ||-||lw,z 1= \/(-,)w,z denotes the associated semi-norm. When Z = Ny the corresponding semi-inner
product and semi-norm will be denoted by (-,-)y, and |||, respectively. The quotient space obtained by
factoring out the kernel of the semi-norm is denoted by

03(T) = 63 (T)/{z € C(No)*" | |||

I = 0}.

Then, with respect to the equivalence classes z € @% (Z), we see that Z% (Z) is a Banach space with respect to
the norm generated by the quotient space map, m(z) = Z, and a Hilbert space with respect to the associated
inner product where (Z, W)y 7 := (2, w)y 1 (cf. [31, Lemma 2.5]).

In light of this notation, we define

Eg?,O(NO) = {Z € (CQ(NQ)Q" ‘ 20 = 0},
and
3 1(No) := {z € C(Ng)** | 3N € Ny such that ¥z, =0 for k > N}.
2.4. Linear relations

We now recall some basic facts from the theory of linear relations relevant to the case at hand; cf.
[15-17,20]. Let ¢ denote a Hilbert space over the field of complex numbers, C, with an inner product (-,-).
A (closed) linear relation T in 7 is a (closed) linear subspace of the product space 2 := J x J, i.e., the
Hilbert space of all ordered pairs {z, f} such that z, f € 5. The domain, range, kernel, and the multivalued
part of T are respectively defined as

domT::{z€%|EIf€<%”, {z,f}GT}7 ranT = {f€<%ﬂ|3,z€<%ﬂ, {z,f}GT},
ker T := {z € A } {z,0} e T}, mulT := {f € H# | {0,f} eT}.

In general, we let T'(z) := {f € 4 | {z,f} € T}, and note that a linear relation, T, is the graph of
a linear operator in 2 when T'(0) = {0}, i.e., when the subspace mul T is trivial. The inverse of T', denoted
as T, is the linear relation

T = {{f,2} [ {=. [y €T}

and note that dom7 ! =ranT, ranT~! =dom T, ker T~! = mul T, and mul7T~! = ker T. The adjoint T*
of the linear relation T is defined by

T = {{y.9} € #7 | (z.9) = (f,u), V{=. [} € T} (2.14)

The definition of T™ reduces to the standard definition for the graph of the adjoint operator when T is
a densely defined operator. Then T is a closed linear relation and we have

T =(T)", T =T, ker 7% = (ranT)* = (ranT)*, and (domT)* =mulT*, (2.15)

where T denotes the closure of 7. A linear relation 7T is said to be symmetric (or Hermitian) if T C T*,
and it is said to be self-adjoint if T* = T. It is easily seen that T' is a symmetric linear relation if and only

if (z,9) = (f,y) for all {z, f}.{y,g} € T.
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With A € C, and with T" a linear relation, we define the linear relation, T'— AI, by
T — M :={{z,f -z} | {2, f} €T}, (2.16)
and note that (T — A\I)* = T* — AI. Then,
M(T) :=ran(T — \)* (2.17)
is said to be the defect subspace of T and A, and its dimension, i.e.,
d\(T) := dim(ran(T — \)™*), (2.18)
is said to be the deficiency index of T and A. Since
ran(T — M)t =ker(T* — \) = {z € # | {z, X2} € T*},
the deficiency indices of 7' and T with the same A are equal by (2.15); cf. [32, Lemma 2.4]. We let
d(T) = di(T), d—(T) == d_i(T),

denote the so-called positive and negative deficiency indices of T, respectively. If T' is a symmetric linear
relation, the values of dy(T') are constant in the open upper and lower half-planes of C; cf. [32, Theorem 2.13].
The linear relation 7' has self-adjoint extensions if and only if the positive and negative deficiency indices
are equal; cf. [17, Corollary 6.4]. Finally, for a closed symmetric linear relation 7', it was shown in [25,
Lemma 2.25], when A € R and ker(T — AI) = {0}, that

A\(T) < d(T). (2.19)
3. Definiteness

In this section, we characterize the definiteness condition associated with the semi-inner product (2.13)
when the sequence, ¥ € C(Ng)?"*2"  possesses positive semi-definite elements. This condition plays
a significant role in the spectral theory, particularly the Weyl-Titchmarsh theory, associated with the linear
expression £ given in (2.12); cf. [37]. The condition is frequently called as the Atkinson condition; cf. [2,
Inequality (3.7.10)]. Similar treatment in connection with the linear Hamiltonian differential and difference
systems can be found in [6,25,30], respectively.

Definition 3.1. System (S, ) is said to be definite on a nonempty discrete interval Z C Ny if, for each A € C
and for every nontrivial solution z(\) of system (S,), i.e., Z(2(A))r = \Wpz(A) for k € Z,

>z (N Tzr(X) > 0. (3.1)
kel

Remark 3.2. Alternatively, the definiteness condition for (S, ) can be stated in the following way: System (S, )
is definite on the discrete interval Z C Ny when, for every A € C, every solution z(\) of (S, ), for which

> 2i(Neze(N) =0, (3.2)

keZ

is trivial on Z, i.e. zx(A) =0, k € Z, and as a consequence of invertibility for Si(\) (cf. (2.4)) trivial on Ny.
Furthermore, from the assumption that ¥, > 0, k € Ny, it follows from
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ST HNTaN) <D AWV, TSI

ke kel

N

N07

that the definiteness of (S,) on Z implies definiteness of (S)) on every discrete interval superset f, and
in particular on Ny. Hence, definiteness of system (S)) on some finite discrete subinterval Z implies, for
every A € C, that every nontrivial solution of (S,) has a nonzero semi-norm ||-||y. The converse of this last
statement will be shown in Lemma 3.5.

In the next lemma, we see that for (S, ) to be definite on a discrete interval Z, it suffices to verify (3.1)
for nontrivial solutions of the system for only one A € C.

Lemma 3.3. System (S)) is definite on the discrete interval T C Ny if and only if, for some Mg € C, each
solution z(Xg) of (Sx,), which satisfies

Z 2 (Ao) k2 (Ao) = 0, (3.3)
ez

is trivial on I, i.e., zx(Ao) =0 for k € T.

Proof. We begin by assuming, for A\g € C, that each solution z(Ag) of (Sy,) satisfying (3.3) is necessarily
trivial on Z, i.e., zi(Ao) =0, k € Z. Let A € C be arbitrary and let z(\) be a solution of system (S,) such
that (3.2) holds. Given Remark 3.2, it suffices to show that z(\) is trivial on Z. However, since Wz, (\) = 0
for k € Z, we see, by (2.12), that z(A) is also a solution of system (Sy,) on Z. Then, by the assumed
definiteness of (Sy,) on Z, (3.2) indeed implies that z;(A\) = 0, for k € Z. The converse is trivial. O

Example 3.4. The particular discrete symplectic systems investigated in [37, viz. Examples 5.1, 5.2, and
5.3] are not definite, because they possess nontrivial solutions with semi-norm equal to zero. On the other
hand, we can provide a simple example of system (S, ) being definite on Np; cf. Theorem 3.11. Consider the
following system:

T 1 —1/pr41 ) ($k+1) . (wk 0)
= with ¥ = , ke Ng, 3.4
(Uk) (% —dw, 1+ (Awi — qr)/Prt1 Uk+1 k 0 0 0 (3.4)

where {pr}720, {q6 1720, and {wy}72, are real-valued sequences such that wy > 0, pry1 > 0 for k € Ny and
wy > 0 for k € [a — 1,b|z, where a,b € [1,00)z and a < b. System (3.4) corresponds to the second order
Sturm-Liouville difference equation A(pxAyk—1) + qryr = AMwgyg. With respect to Lemma 3.3 it suffices to
focus on the definiteness of this system only for A = 0. Denote by z = (x,u)"
with A = 0 such that ¥z, = 0 for k € Ny, i.e., it holds

a solution of system (3.4)

Uk+1 qdk
Az = , Auy, = —QkT+1 +
Pr+1 Prk+1

ukr1, and wirp =0, k€ Np. (3.5)

From the assumptions and the third condition in (3.5) we obtain zx = 0 for k € [a — 1,b]z and then by the
first equality in (3.5) also ur = 0 for k € [a, b]z. Hence z = 0 on [a, b]z, which implies z = 0 on Ny, because
the coefficient matrix in (3.4) is invertible. Therefore, system (3.4) is definite on [a, b]z and, in fact, on the
whole interval Ny by Remark 3.2. O

For the remainder of this section, we assume that ¢(\) represents a fundamental system of the solutions
for (Sy) such that @y, (A) = Iz, for some kg € Ny. Note, as a consequence, that the terms of ¢(\) satisfy (2.6)
for all £ € Ny.
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The next result provides a characterization for definiteness of (S)) which is analogous to that for (1.4),
as seen in [6, Proposition 2.11].

Lemma 3.5. System (S)) is definite on Ng if and only if there exists a finite discrete interval Z over which
the system is definite.

Proof. From Remark 3.2 we see that definiteness of (S,) on a finite discrete interval Z implies definiteness
on Ny. Thus, it remains to show the converse.

Assume that (S)) is definite on Ny. In light of Lemma 3.3, we need only to show the existence of a finite
discrete interval Z over which (S)) is definite for one value A\g € C. Thus, let A\g € C and for each finite
discrete subinterval Z, define the set s(Z):

s(T) := {§ cC™

el =1, 3" €1 0) B (Ao)é = o},

ke

where ||-|| denotes a norm for C2"; s(Z) is compact and s(Z) C s(Z) whenever T C 7.
Consider a collection {Z,,, } men of nested, finite, discrete intervals such that UmeN Ty, = Ny. Next, assume
that there exists a vector £ € C?" with ||¢]| = 1 such that for every m € N,

3 £ B (Mo) T Br(Mo)é = 0.

k€L,

As a consequence,

keNy

Then, definiteness on Ny of (S,) implies that @;(Ag)¢ = 0 for all k& € Ny, and hence that £ = 0; thus
contradicting the assumption that ||£|| = 1. As consequence, for the nested collection of compact sets given

by {S(Im)}mGNa

m s$(Zn) = 0.

meN

Thus, $(Z,,,) = 0 for some my € N, hence demonstrating the definiteness of (S,) on the finite discrete
interval Z,,,. O

Remark 3.6. Definiteness of (S)) on Ny plays a significant role in the development of the Weyl-Titchmarsh
theory for the case of a positive semi-definite weight in the definition of semi-inner product. In [14, Hypoth-
esis 2.4] and [37, Hypothesis 4.11], existence is assumed for an Ny € Ny such that

for every A € C and every nontrivial solution, z(\), of (S,). With respect to Lemma 3.5, this assumption
is equivalent to the definiteness of (Sy) on Ny for some A € C. Note also that [9, Assumption 2.2] requires
satisfaction of inequality (3.1) on every nonempty finite subinterval of Ny: a condition significantly stronger
than requiring definiteness of (S)) on Ny as seen when (S)) is definite on [0, Ng|]z C Ny and ¥, = 0 for
k> Ng—+1.
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We now give another characterization of the definiteness for (S, ), analogous to that given for systems (1.4)
and (1.5) in [25, Sections 2.3 and 2.4] and [30, Sections 3 and 4], respectively.

For a discrete finite subinterval Z C Ny, with k3 € Z, we define the 2n x 2n positive semi-definite
matrix

PNT) =) PLANTD(N) (3.6)

kel

in terms of the fundamental system @(\) for (Sy) where @y, (A) = Iz, for all A € C. While ¢(A,Z) depends
on A and Z, we next show that the kernel and the range of ¢(A,Z) do not depend on A, and hence that the
rank of ¢ is independent of .

Lemma 3.7. For a discrete finite subinterval T C Ny, the subspaces ker p(\,Z) and ran p(\,Z) are indepen-
dent of A € C.

Proof. Fix A € C and & € ker p(A,Z), and let z := ®(A)€. Then z solves (Sy) on Z, i.e., L (2)r = AWz, for
k € Z, while satisfying the initial condition zj, = £. As a consequence, ¥z, = ¥ Pr(A)E = 0 for k € Z. Note,
for an arbitrary v € C, that z also solves (S,) on Z, i.e., Z(2); = vW¥z, k € Z, with 2z, = P, (V)€ = £.
Hence, z = &(\)§ = &(v)E, which implies

0=8"0\D)E =Y 2i Wz, = £ p(v, T)S.
kel

Therefore, ker p(\,Z) C ker p(v,Z). By reversing the roles of A and v we obtain ker p(\,Z) = ker p(v,7)
for all \,v € C. The independence of ran¢(A,Z) on A € C follows from the fact that as defined in (3.6),
©(\,Z) is Hermitian; thus, ran (X, Z) = ran p*(\,Z) = ker p(\, 2)+. O

In general, given Lemma 3.7, we shall suppress A in the following notation: ker (A, Z) = ker p(Z),
ran (A, Z) = ran p(Z), and rank (A, Z) = rank ¢(Z) for A € C.

Lemma 3.8. There exists a discrete finite interval T, with ko € T C Ny, such that for any discrete finite
interval T satisfying T C T C Ny,

o~ ~

rank p(Z) = rank ¢(Z), ran p(Z) = ran (7). (3.7)

Proof. For discrete finite intervals Z and Z of Np, where kg € Z C 7cC Np, by the definition of ¢ in (3.6),

~

we see that ker o(Z) C ker ¢(Z). Then, given that ¢ is Hermitian, we see that

~

ran o(Z) = ker o(Z)* C ker p(Z)* = ran o(Z),

~

and hence that rank ¢(Z) < rank (7). Since rank ¢(-) < 2n, there must be a finite discrete interval Z such
that rank p(Z) = rank ¢(Z), and ran ¢(Z) = ran ¢(Z) for all finite discrete intervals Z containing Z. O

Next, we describe the connection between the definiteness of (S)) and the matrix ¢(\,Z) for a finite
discrete interval 7 C Ng.

Theorem 3.9. For a discrete finite interval T C Ny, and with p(A\,Z) defined in (3.6), the following statements
are equivalent:

(i) rank ¢(Z) = 2n.

(ii) ker p(Z) = {0}.
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(iii) For some A € C, every nontrivial solution, z(\), of (Sx) satisfies Y, .7 2; (\)Wrz(A) > 0.
(iv) For some A\ € C, a solution, z(\), of (S\) is necessarily trivial, i.e. zx(A\) = 0, k € Z, when
>z Z(M)Przie(A) = 0.

Proof. Equivalence of (i) and (ii) is clear, while equivalence of (iii) and (iv) follows form Lemma 3.3. It
suffices then to show that statements (ii) and (iii) are equivalent.

Assume that (ii) is true. Any nontrivial solution z(\) of (S)) can be expressed as z(A) = &(A)¢ for some
& € C?\ {0}. By (ii), ¢(\,Z)¢ # 0, and by the positive semi-definiteness of p(\,Z), we see that

D 2Tz (V) = D E BT (NE = Ep(A, T)E > 0.

kel keZ

Conversely, assume that (iii) is true, and for £ € C?* \ {0} let 2(\) := ®(N)E. Then z(\) is a nontrivial
solution of (S,) and, by (iii),

EeNT)E =Y 2k (VT (N) > 0.
kel

Thus @(A,Z)€ # 0, and hence ker ¢(Z) = {0}; implying that statement (ii) is satisfied. O
As a consequence of Lemma 3.5 and Theorem 3.9 we get the following corollary, cf. [25, Definition 2.14].

Corollary 3.10. System (S)) is definite on Ny if and only if, for some finite discrete interval T C Ny, one of
the conditions listed in Theorem 5.9 is satisfied.

For the special case of linear dependence on A as studied in [9,14], i.e., where the spectral parameter A
appears only in the second equation of the system, we can show the following sufficient condition for the
definiteness of system (Sy) on Ny; q.v. Example 3.4.

Theorem 3.11. Let A € C and Sg(\) = (Cr;\A;VkAk Drf\gf/vklfk> with Ay, Bk, Ck, Dk, Wi, € C*"*™ satisfy

identity (1.2) for all k € Ny. If there exists an index | € [1,00)z such that the matrices Bi—1, Wi—1, and W),
are invertible (in fact, Wi,—1 and W, are positive definite), then system (S)) is definite on Ny.

Proof. First we note that the form of the matrix S;(\) implies ¥, = diag{W, 0} for all k € Ny by (1.1)(iv).
Let z(\) = (x()\),u()\)) T be any nontrivial solution of (S ) such that ¥y z(\), i.e., Wizr()\) = 0, for k € Ny.
By Lemma 3.3 we have to show that z(A) = 0 on Ny. From the invertibility of W;_; and W, we obtain
x;—1(A) = x;(A) = 0. Hence

0= 33171()\) = Alflxl()\) + Blflul()\) = Blflul()\)

and the invertibility of B;_; implies also u;(A) = 0, i.e., z;(A) = 0. Since the matrix Si(\) is invertible for
every k € Ny, it follows 2(A\) =0 on Nyg. O

4. Nonhomogeneous problem

The origin of the Weyl-Titchmarsh theory for discrete symplectic systems can be found in [9,14], where
the system with the spectral parameter appearing only in the second equation was studied. Recently, these
results were generalized and further extended for discrete symplectic systems with general linear dependence
on the spectral parameter in [37]. Given that Weyl-Titchmarsh theory has been established for discrete
symplectic systems of the form (1.3), one can verify that these results remain valid for the time-reversed
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symplectic systems (S, ) with appropriate changes in the definition of the semi-inner product and its weight
matrix as noted in the introduction.

In this section, we take the nonhomogeneous problem into consideration as in [14, Section 5] and begin
by recalling some fundamental results from [37] which are related to the study of system (br ) and refer the
reader to [37] for more details.

Throughout this section, we assume that system (S, ) is definite on Ny, and fix the matrix « € I', where

={aeC”: aa* =1, aJa* =0}.

By ®(A, a) we denote the fundamental matrix of system (S,) such that $o(A, o) = (a*, =T "), and we
emphasize its partition into 2n x n blocks by the notation ®(\, «) := (Z(\, a), Z(\, «)).
For M € C™*"™ the function

*

Xe(N) == BN, ) (I M*) (4.1)

represents a Weyl solution (cf. [37, Definition 2.11]), and the set
Dip(A) :=={M € C™"™: &,(M) <0}, where (M) :=i6(X) Xy (A\)T X ()

and §(A) := sgn (N), is said to be the Weyl disk; cf. [37, Definition 3.1]. Since system (S,) is assumed
to be definite on Ny, the set D, (\) := limy_, o Di(A) exists and it is closed, convex and nonempty; cf.
[37, Definition 3.10]. It is also well known that the columns of the Weyl solution X'(\) defined as in (4.1)
for k € Ny through M € D, ()) are linearly independent square summable solutions of (Sy); cf. [37
Theorem 4.2]. Thus system (S)) has at least n (the limit point case) and at most 2n (the limit circle case)
linearly independent square summable solutions.

By My (\) we denote the half-line Weyl-Titchmarsh M (X)-functions, defined in accordance with [37,
Remark 3.17], and note that

Mi(\) =Mi(\), XeC\R (4.2)
If systems (S, ) and (S,), where A\,v € C\ R, are both in the limit point or in the limit circle case, then
Jim XHNTXH(v) =0, (4.3)
—00

where X+ ()\) and XT(v) represent Weyl solutions for systems (S)) and (S,) defined by (4.1) for k € Ny,
corresponding to the matrices My (A) and M, (v), respectively; cf. [37, Theorem 4.12].
For A € C\ R and k,! € Ny we introduce the Green function

Gri(N) = {Zk( ) (_ ), ke[0,1z, w

k
P ) (A, ke[l+1,00)z.

In the literature, we also find the terminology resolvent kernel for an analogous function in the continuous
time case; cf. [23, p. 15]. The function Gy () can be equivalently written as

le()\): (/\) l( )7 lE[O,k}—l]Z,
7 ZeWXT ), L€ [k 00)z.

Lemma 4.1. Let a € I', A € C\ R, and system (S)) be definite on No. Then

XFNZEN) = ZeWXTN) = T for all k € Ny. (4.6)
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Proof. Identity (4.6) then follows by a direct calculation from the definition of X*(-) and identities (2.6)(iii)
and (4.2). O

In the next lemma, some fundamental properties of the Green function, G()\), are established. We note
that the given identities are presented in a more symmetric form, with respect to the variables k,[, than
the corresponding identities for the Green function in the case of the discrete symplectic system with the
special linear dependence on the spectral parameter given in [14, Lemma 5.1].

Lemma 4.2. Let o € I', A € C\ R, and system (S)) be definite on Nyo. Then the function G..(\) possesses
the following properties:
(i) Gii(N) = Gux(N) for all k1 € No such that k # 1;
(i) Gy (A) = Grk(A) + T for all k € No;
(iii) for every k,l € Ny such that k ¢ T(l), the function G. (\) solves the homogeneous system (Sy) on the
set T (1), where

T)={reNy: 7#l}

(iv) Grr(X) =SEg(A)Grg1,6(A) — T for every k € Ny;
v) the columns of G.;(\) belong to €2,(Ngy) for every | € Ny and the columns of Gy..(\) belong to £2,(Ny
; 2 ; o
for every k € Ng.

Proof. The first property follows directly from the definition of Gy ;(A) in (4.4). The second property can
be obtained from (4.4) by means of identity (4.6). To prove the third property, it is necessary to distinguish
between k and [ in the relation: the statement follows from the fact that the functions X (\) and Z())
solve system (S,) with respect to k. Property (iv) can be proven using the definition of G()) in (4.4) and
identities (4.2) and (2.6). Finally, the columns of G. ;(\) belong to £2 (Ng) for every | € Ny by the definition
of the Green function, because

1
o sl = 5 Sz 0

k=0

+erZy(A ( > AT WkX,:'(/\)>Z;(5\)ej<oo,
k=Il+1

while the columns of G .(\) are in £%(Np) for every k € Ny by part (i). O

We associate with the nonhomogeneous system (SA) the function

Zle Wifi, k€N, (4.7)

which is well defined for all f € ¢2,(Np), because the columns of Gy, .(\) are square summable by the previous
lemma. In addition, by (4.5), we can write

00 k—1
{Z"‘Z}le W fi = X5 (V) D ZF Vi + Zi(A ZX+ M fi. (4.8)
=0 = 1=0

Similarly as in [14, Theorem 5.2] we show that the above defined function 2(\) represents a square summable
solution of system (3{\)
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Theorem 4.3. Let o € I, A € C\R, f € 02 (Np), and system (S,) be definite on No. The function 2(\)
defined in (4.7) solves system (Sf\), satisfies the initial condition azo(A) = 0, is square summable, i.e.,
2(\) € £2,(Ny), and it holds

X 1
Mly < W\Ifllw- (4.9)

In addition, if system (Sy) is in the limit point or limit circle case for all X € C\ R, then

lim X, (v)T2,(\) =0  for every v € C\R. (4.10)

k—oo

Proof. The form of 2;(\) given in (4.8) together with a similar expression of ;. 1()), the facts that X+ (\)
and Z(X) solve (S)), and identity (4.6) yield

2 (A) — Sp(N)Zr41(A Z Z7 (A N f + Zk()\) Z Xl"'*(;\)%fl
1=k
k
— Sk N Y ZE i — Sk(N) Zia (A Z XN
1=0 I=h+1

—[XFENZED) = ZeNXE V] O fe = —T W fre,

i.e., the function 2(\) solves system (%f\‘) The fulfillment of the boundary condition follows by the simple
calculation

at(N) = aZo(N) Y AT Nf = —ada” Z;ﬁ N f; =0,
=0

=0

because Zo(A) = —Ja* and o € I".
Next, we prove the estimate in (4.9) which together with the assumption f € ¢%(Ng) will imply that
2(\) € £2,(Np). For every r € Ny we define the function

. {fka k c [O,T]Z,
ko 0, ker+1,00)z,

and the function

Q[T] ZGH Y fi = Zle W fi.

The function z,[:] (M) solves system (9{\) with f replaced by fl"l. Applying the extended Lagrange identity

from Theorem 2.5, we obtain

hm kT1( )jAkH( ):2([)7“]*(/\)\72([)7'] Z 217l () /\)
k=0
AT = oA (4.11)
k=0 k=0

Since Zo(\) = —Ja* and a € I', we see that
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T ) <ZX+ szz) NI Zo(A <ZX+ szz) =0,
where, for every k € [r 4+ 1,00)z, we can write
SO) = (Vg (), where g,(A) = Y ZF (Vi (4.12)

This, together with the fact M, (\) € Dy (\), yields

- Jim S 0T 0 = 27’?;3) g (Jim 20T () ()
- mgw)(kllnéogkﬂ(MHA)))gT(A) <0.

Using the Cauchy—Schwarz inequality, ¥ > 0, and identity (4.11), we see that

Alr 2 - Alr]* Alr 1 d r|* Alr d r
el = 3 & o) w(foU U0 = AT OO )
k=0 k=0 k=0
IS ]
ST | 2 :
r /2 , 4 1/2
1 A% 4[] [rlxg plr]
< 2 (A)WRZL (A Ir Ykl
|(\}(/\)|<k_0 ( ) ( ) kzzo k k
1
<3 I
IS(A)]
thereby yielding the inequality
Alr 1 r
1)y < 7l < g - (113)

For any k,r € Ny, we now see that

&) - 27 Z Gr (AN fi.

I=r+1
Let m € [0, 7]z be fixed. By the definition of G()\) in (4.4), we obtain for every k € [0, m]z that

oo

20— 200 =Ze) Y AP, (4.14)
l=r+1

Since the columns of X+ (\) and the function f belong to £2 (Np), it follows that the right-hand side of (4.14)
tends to zero as r — oo for every k € [0,m]z. Hence 21! converges uniformly to the function 2()\) on the
interval [0,m]z. Since 2(A\) = 2"/(X) on [0,m]z and ¥ > 0, we see by (4.13) that

m

AlT|* AT Alr ].
S malo) < 2 )2 < soop 1%

k=0
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Then, as a consequence of the uniform convergence for r — oo on [0, m]z, we see that

m

PIEACV 20N |()|2||f||w (4.15)

k=0

Upon taking the limit for m — oo in (4.15) the desired estimate in (4.9) follows.
Finally, to establish the existence of the limit in (4.10), assume that system (S)) is in the limit point case
for all A € C\ R. From the extended Lagrange identity in Theorem 2.5, for any k,r € Ny, we obtain

[ )T = @ ZW* IZE 40} Z;v** )5 £ (0. (4.16)

For k € [r + 1, 00)z identity (4.12) holds, and, by (4.3), we obtain
lim 27 (v )Tz () = lim 25 )T (Mg (V) = 0.

In the limit, as k — oo, (4.16) yields

oo

X TN = (A=) Y X ) e () + Z X ) £ (. (4.17)

Jj=0

It was proven earlier that 2[T]()\) converges uniformly on finite subintervals of Ny as r — oo. Then,
from (4.17), we see that

X W) T20(N) = (A= Z}ﬁ* +ZX+* )@ £ (). (4.18)

On the other hand, by the extended Lagrange identity, for every k& € Ny, we obtain

k k

[ @) T5 W]y = =2 DX 0850 = 3 X @0 £(00). (4.19)

Jj=0 Jj=0

Letting k — oo in (4.19), and using inequality (4.18), the limit in (4.10) is established.

An argument, similar to that given above, can be used in the limit circle case to show the existence of
the limit in (4.10), because all solutions of (S)) are square summable. However, an alternative and more
direct method of the proof is available.

By (4.8) we have for every k € Ny that

X W) T2\ = X () T X (A ZZ? W fy + X (1) T Ze (A Z}ﬁ A, fi. (4.20)

The limit of the first term on the right-hand side in (4.20) is equal to zero because X, * ()T X, (\) tends to
zero by (4.3) and it is multiplied by a sum which converges as k — oco. The second term on the right-hand
side of (4.20) tends also to zero, because the columns of Z()) are square summable. This implies that the
function X+*(v)J Z (M) is bounded and it is multiplied by a sum converging to zero as k — oo; thereby
establishing the limit in (4.10). O

In the last result of this section, we extend [14, Corollary 5.3] to the case of general linear dependence
on the spectral parameter.
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Corollary 4.4. Let a € I', A € C\R, f € ¢%(Ny), and v € C". Let system (S,) be definite on Ny, and define
the function

@k(/\) = XI:'_()\)U + ﬁk()\), k € No, (4.21)

where 2(\) is given in (4.7). Then, §(\) represents a square summable solution of system (S{\) satisfying
the initial condition o jo(\) = v and

. 1
y(/\)HW < W”JIHW + HXJF(/\)UH@' (4.22)

If system (Sy) is in the limit point or in the limit circle case for all A € C\ R, we have

klim X W) Tgk(N) =0 for every v € C\ R. (4.23)
—0o0

Moreover, in the limit point case, the function §(\) is the unique square summable solution of system (Sﬁ)
satisfying ago(\) = v, while in the limit circle case §(\) is the unique solution of (Sf\) being in €% (Ng) such
that ago(N) = v and

Jim X (NT9k(\) = 0. (4.24)

Proof. Since X+ (A\)v solves system (S, ) and ®o(A, a) = (a*, —Ta*), it follows from Theorem 4.3 that §(\)
solves the nonhomogeneous system (S;) and satisfies a§o(A) = a X, (\)v = v. The estimate in (4.22)
follows directly from (4.21) and (4.9) by the triangle inequality. The limit in (4.23) follows in the limit circle
or in the limit point case from (4.3), (4.10), and from the calculation

Jim X7 (AT ge(N) = lim {7 )T XD + 27 ()T 2N} = 0.

Finally, we prove the uniqueness of the solution in the limit point and in the limit circle case. Assume that
y(\) and y2/(\) are two square summable solutions of (b;) satisfying ay([)l] N =v= ay([)Q]()\). Then the
function yi(A) := y,[j]()\) - y,[f]()\), k € Ny, represents a square summable solution of system (S, ), which
satisfies ayo(A) = 0. Since y(\) = ®(\, a) ¢ for some ¢ € C?", the initial condition ayo()\) = 0 implies that
ye(N) = Zx(\) d for some d € C™. If system (S, ) is in the limit point case, we have y(\) ¢ 2 (Np) for d # 0,
because the columns of Z(A) do not belong to (2, (Np) in this case; cf. [37, Theorem 4.4]. Therefore d = 0
and the uniqueness follows. On the other hand, in the limit circle case we obtain from the previous part of

the proof, from the limit in (4.24), and from the first identity in (2.6) that

k— o0
which implies the uniqueness of the solution §(\) also in this case. O
5. Maximal and minimal linear relations
5.1. Linear relations and definiteness
We now return to the topic of linear relations introduced in Section 2.4 and focus on a pair of linear

relations defined in terms of the linear map, ., introduced in (2.12) in association with the discrete sym-
plectic system (S,). We point out that similar results in association with linear Hamiltonian differential
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and difference systems can be found in [6,25,30]. We first introduce the maximal linear relation, Tiax, as
a subspace of £2,(Ng)? := /2 (Np) x £2,(Ny) defined by

Tmax == {{Z, f} € £3(No)? | Ju € % such that L (u) = ¥f}. (5.1)

Note that when Z(u) = ¥f, then £ (u) = ¥g for all g € f. Similarly, we define a pre-minimal linear
relation, Ty, by

To := {{2, f} € 03(No)? | Ju € 2N €5 1(No) such that L (u) = ¥f} C Thax, (5.2)
and, by (2.16), we define
To — M == {{z,f} € 03(No)? | Ju € 2N 5 ,(No) such that L (u) — \Pu =¥f} C Trnax — AL (5.3)

The consideration of linear relations in our current context is natural given that the weight represented
by ¥, present in (Sf\) and the sequence spaces associated with Ti,.x and Ty, has terms none ‘of which are
positive definite, but all of which are positive semi-definite; cf. (2.2). A simple example for (S{\), analogous
to that found in [25, Section 2] in association with (1.4), illustrates.

Example 5.1. For the system (Sg) with n =1, let

(1]
_(t 0 _ (10 (1 [
Sk—<0 1>, %—(0 0>, fk—( ]£2]>, Zk—(Uk>7 k € Np. (5.4)

Then Z(z) and (ng ), respectively, can be written as

L(z) = (? _01> Az, Az= <iz>

Then, for any f € ¢2(Np),

Il
7 N\
|
= O
=
~__

(5.5)

0
zo =0, 2, = _ , keN,
’ § (z;;é f}”)

is a solution of (Sg) in (5.5). In particular, z € 0 and as a consequence, {0, f} € Tinax for any f # 0. Hence,
mul T.x, as defined in Section 2.4, is nontrivial, and Ti,.x, while a linear relation, is not a linear operator.
Note also that a solution of (S{) in (5.5) which is an element of 22 (Np) of necessity is such that z; = 0
for all k € Ny with the consequence that dom Ty = {0}. O /

The system (S, ) given by (5.4) in Example 5.1 is not definite. The next result, characterizes definiteness
of (S)) in terms of the domain of Tiax-

Theorem 5.2. System (Sy) is definite on Ng if and only if for any {2, f} € Thax there exists a unique u € Z
such that L (u) =W f.

Proof. Assume that system (S)) be definite. Let {2, f} € Thax, let 21,22 € 2 and let y := 21 — 2P,
Then y € 0 € £2(Np), and hence Wy, = 0, for all k € Ny. Moreover, .Z(y) = 0 implies that y is a solution
of (Sy) for A = 0. Then, by Remark 3.2, the definiteness of (S, ) implies that y = 0.

To show the converse, assume that there is only one u € Z for which £ (u) = ¥ f, when {Z, f } € Thax-
Let Z C Ny be a discrete finite interval such that rank ¢(Z) is maximal; cf. Lemma 3.8. If rank p(Z) < 2n,
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then there is € C** \ {0} such that n*p(0,2)n = >,z N PPy = 0, where &), = &;(0). If
Y oken, M Pr¥Prn = 0, then u = &n € £3(Ny). Moreover, £ (u) = 0, and u € 0. Given that 0 is the
unique sequence in 0 satisfying £ (z) = 0, then u = &5 = 0 and as a consequence, n = 0, which contradicts
the assumption that 1 £ 0. Hence, there is a discrete finite interval superset, f, of Z such that @(O,f)n #0.
As a result, ker o(Z) C ker (Z), and hence, ran o(Z) C ran ¢(Z); thereby contradicting the maximality of
rank ¢(Z). Thus, rank o(Z) = 2n and (S,) is definite by Theorem 3.9. O

Remark 5.3. Example 5.1 shows that the linear relation given by .Z does not determine an operator; neither
its domain is dense in £2(Ng). Moreover, consider the definite system in (3.4) from Example 3.4 with
=1, q = O and wy = 1 for all k € Ny. If we put fy = ((1)) and f = (g) for k € N with the notation

fr=(f [1] fk )T for k € Ny, then the corresponding nonhomogeneous system (Sg), ie.,

()= (o )G+ (i)

= i ONE

Uk 0 1 Uk+1 k

possesses the solution zj, = (,+ ) such that zo = ((1)) and z, = (8) for k € N, i.e., there exists f # 0 such that
{0, f } € Tax. This shows that definiteness of system (S)) does not suffice to prove that mul Tyy., = {0},
cf. [33].

Thus, to guarantee that the linear relation defines an operator, we need to assume explicitly that
mul Thax = {0}, ie., if there exists z € 0 such that £(z) = ¥f for f € ¢2(Ng) on Ny, then z = 0, cf.
[24, p. 666]. In other words, we assume the definiteness of system (Sg) for every f € £2,(Np). In addition,
this assumption implies that system (S, ) is definite as it follows from the choice f = 0, by Theorem 3.9(iii)
and Corollary 3.10. This assumption establishes the density of dom Tj in E?I,(NO), cf. [24, Theorem 7.6]. As
noted in [3], a similar assumption is also needed for operators associated with system (1.5) in [31].

Theorem 5.4. If system (Sg) is definite on Ny, then dom Ty is dense in £3,(Ny).

Proof. Assume that dom T} is not dense in 3 (Np). Then there exists f € dom(Tp)" such that || f||s # 0.
Let Z € dom Ty be such that £(2) = ¥f and § € dom Ty be such that £(y) = ¥g for some g € £2(Ny).
Then, by the extended Lagrange identity from Theorem 2.5, we obtain

(9,200 =y, flo = lim yp T2k —ygJ 20 =0,
k—o0
because y, z € K%)O(NO), i.e., we have

(9,2)0 =y, flw = 0. (5.6)

Since g € (3 (No) was chosen arbitrarily and z € 3, ,(No), we can take g = z and the solution of £ (y) = ¥z
can be obtained as yp = P J Zk ! @7W;z;. Then, (5.6) implies that (z,2)y =0, i.e., ¥z, = 0 on No. Thus
we have Z(z) = Wf and z € 0, which yields z = 0 by the definiteness assumption for system (S(J; ). Then
Ui fr. = 0 on Ny, i.e., f € 0, and the density of dom Ty in E?I,(NO) is thus established. O

5.2. The orthogonal decomposition of sequence spaces

Next, we introduce a linear map which will allow an orthogonal decomposition of l% (), where T C Ny
denotes a discrete finite interval. First, note that the sum ), ., @5 (\)Wyuy, is independent of u € % € £2(T),
and let Ky 7 denote the linear map defined by
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IC,\)I : ZQQ,(I) — (CQn, ]C>\ Z Z@k !szk,
keZ

which we will abbreviate as Xz when \ = 0.

Lemma 5.5. Let T C Ny denote a finite discrete subinterval, and let A € C. Then, ranKCy 1 is independent
of A € C; in particular,

ran Ky 7 = {£ € C*" | W, (\)E =0, Vk € I}J' = ran (7). (5.7)
Furthermore, l% (Z) admits the following orthogonal sum decomposition:
GZ(T)=ker Kaz @ {z e 2 (1) ’ 2z =B\, € €ran o(I)}. (5.8)

Proof. For any ¢ € C*" and 4 € (2,(Z),

(&, KA z(@))pan = Zf B (M) Wuy, = (P (;\)57“>w,z

kel

Hence, K} 7 : C*" — (3,(Z), where K3 7(£) = Z, and z = $(M)E, for £ € C*". In particular,
ran K} 7 = {2 € (3,(T) | z = D(N)E, £ € C*},
and
ker K 7 = {€ € C*" | | @V, = 0} = {€ € C*" | %Dk (N = 0, Vk € I}

Thus, the first of the equalities in (5.7) follows from the fact that rankCy 7 = ker(lCin)l.

Next, note that Z%(I) =ker Kz @ker(Kyz)t =ker Ky 7z @ ran K3 7. Let f € C?", and E =1+ ¢, where
n €ranKyz, and ¢ € ran(Ky 7)t = = ker K3 7. Then, let 2 = D(\ )«f, u = ®(\)n, and v = H(N\)¢, and note
that [[v]lg.z = [|[#(A\)¢|lw.z = 0. Thus, & = 0 € £2(Z), and as a consequence, Z = i, and hence

ran Ky 7 = {Z € 2 (1) | z= ®(N\)n, n € ranky 7}

Thus, to complete the demonstration of (5.7) and (5.8), it remains to show that ran ICy 7 = ran ¢(7).
Let Z € £3,(Z). Then # = & + @, where @ € ker Ky 7, and u = &(\)n, where 7 € ran Ky 7. Then,

Kxz(2) =Ky z(a quk @i (AN)n = (X, I)n,

kel

and hence, ran Ky 7 C ran ¢(Z). On the other hand, if ¢ € C>* and z = $(\)¢, then

PND)E =D B NTPL(NE =D Ph (N Tz = K z(2),

keZ kel

thus showing that ran Ky z =ran¢(Z). O

In analogy with Ky 7, we define the linear map

’C)\ :g%,l(No) — (C2n, Z ¢k szka

keNp
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which we abbreviate as K when A = 0. We note that the sum > keny Pr(A)¥uy is independent of u €
zZ e fzgl’l(No).

For the next two lemmas, recall from Lemma 3.8 (viz. (3.7)) that there is a discrete finite interval Z C Ny
for which rank ¢(Z) is maximal; that is, rank o(Z) = rank ¢(Z), for any discrete finite interval Z such that
IC7T. By (5.7), it also follows that if Z is a discrete finite interval for which rank ¢(Z) is maximal, then
ran K, 7z = ran Ky 7, when 7 is a discrete finite interval for which T - 7.

Lemma 5.6. Let Z C Ny be a discrete finite interval for which rank o(Z) is mazimal. Then, ran Ky =
ran(Z), for all X € C; in particular, ran Ky is independent of \.

Proof. Let Z € dom /Ky = E%)l(No). Then, there exists an N € Ny such that Wiz, = 0 for & > N;
hence, z € £2([0,N]z), and 2 € £2([0,N]z) = dom KC) jo,ny,- In particular, Ky o n},(2) = Ka(Z), and
thus, ran Ky C ran Ky o, n1,. Without loss of generality, we may assume that Z C [0, N]z, and hence that
ran Ky 7 = ran Ky o, N, 2 Tan K.

Conversely, suppose that Z € /2(Z) = dom Ky 7. Let u € {3 1(No) be defined by

" — 2k, k€T,
7lo, kel

Then, K z(2) = > ez PNzt = D pen, Pr(MWruy = K (1). Hence, ran Ky 7 C ran Ky, thus ran Ky =
ran Ky 7; which by Lemma 5.5 yields ran Ky =rano(Z). O

Lemma 5.7. Let T C Ny be a discrete finite interval for which rank ¢(Z) is mazimal. Then,
E%’I(No) =ker K\ @ {2 € Zé,l(No) ’ z = @(X)f, £ €ran LP(I)}
and codim(ker Ky ) = rank ¢(Z).
Proof. In the complete analogy with the argument given in the proof of Lemma 5.5, one can show that
gzw’l(No) = ker Ky, @ ker(Ky)* = ker K @ ran K3,
where
ran K} = {Z € g@jl(No) |z = DN, €€ ran (Z)},
and that
ran(K))* =ker Ki = {€ € C*" | || #(N)¢||, =0} = {€ € C*" | %D, (V)€ =0, Vk € No}.
Let &, j = 1,...,m, denote a basis for ran p(Z) = ran Ky, let ulll := &(\)¢;, and thus 4! € ran K3, for

j=1,...,m. Suppose that 37" a;ill =0 € 23, (Np). Then, u'/k@k(/_\)(zgnzl a;&;) =0, for all k € Ny. As
a consequence,

Zajgj € ran Ky Nran(Ky)* = {0},
j=1

and hence, a; = 0, j = 1,...,m; thus, @Vl € ranK3, j = 1,...,m, are independent in l%’l(No). Hence,
codim(ker KCy) = dim(ran(K3)) = rank ¢(Z). O
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5.83. The minimal relation and its deficiency indices

Before we define the minimal linear relation T,,;, and establish the fundamental relation between T, .«
and Tpi,, we prove two auxiliary lemmas.

Lemma 5.8. We have ker Ky C ran(Ty — AI) for every A € C.

Proof. Let A € C and f € ker K, C l% 1(N0) Then, there is N € Ny such that ¥,g, = 0 for all £ > N and
all g € f. Moreover, Kx(f) = > keng Pu(MN)¥igr = 0 for all g € f.
For g € f, we note that

_ * ( )jZN lqﬁ*( )ngjv S [OvN_”Zv
k= —Pr(A jZ@ Jgj_{o’ b Y., (5.9)

defines a sequence z € (2% (Ny) such that £(2) = Az + Wg (cf. [19, Theorem 3.17]) for which 2o =
PDo(A)TKa(g) = 0. Thus, as defined, z € 3 ;(Ng) and satisfies Z(z) — AWz = Wg; thereby showing that
f eran(Ty — AI); cf. (5.3). O

Lemma 5.9. We have (f,§)¢ = (Z,3)w for every {2, f} € Ty and {§, 7} € Tmax-

Proof. Let {Z, f} € Ty and {7, §} € Tiax. Let z € {3 0(No) such that 2 (z) = ¥ f, and let y € (3 (Ny) such
that £ (y) = ¥g. Then, by the extended Lagrange identity in (2.8) with A = v = 0, we see that

k
k1 . . k1
(z, 9w ok, = =27 TYi|l, + ij Viy; = —2;Tyil,  + {0 w0k
=0

However, z € E%’O(NO) implies that zg = 0 and that z; = 0 for sufficiently large £ € Ny. As a consequence
we see that (z,9)¢ = (f,y)w, and hence, (u,g)y = (f,w)g forallu € z, and w € §. O

By Lemma 5.9 and (2.14), one obtains
To C Thmax C 17, (5.10)

from which we conclude that T} is symmetric in EED(NO)Q, and hence closable. We then define the minimal
operator, Tiin, by

Tmin = ITO
Another approach to defining a minimal operator is to let Ty := Tiay; cf. [25, Definition 2.3] and [6,
Identity (4.2)]. In the examples cited, this is equivalent to our choice of definition for Ti,i,. The next
theorem demonstrates this for the operators at hand. We note also that an alternative demonstration of the

next result can be patterned after that presented in [6, pp. 1354—1355] using the results in Section 4 and [6,
Proposition A.2].

Theorem 5.10. For Ty.x and Ty as defined in (5.1) and (5.2), respectively,

15 =T

min

= Tax- (5.11)
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Proof. By (5.10), note that Tax C Tg = To* = T%;,- Thus, it remains to show that T¢ C Tiax; or
equivalently, given {Z, f} € T, that there is a v € Z € £3,(Np) such that £ (v) = ¥f.

Now, let {@,g} € Ty and note that there exists y € @ such that y € (3 ((No) and £ (y)r = Wrg for
k € Np. Next let w € C(Np)?" be a sequence such that £ (w) = ¥f, where f € Tg(%). Then, by the
Lagrange identity (2.8), we see that (w, g)w 0.k, = wjJTY; ’g“ + (f,¥)w,j0,k),- Given that yo = 0 and the
yr = 0 for sufficiently large k € Ny, we see that (w,g)y = (f,y)w. From the definition of T, note that
(2,9)w = (f,@)w. As a consequence, (z —w, g)y = 0 for any z € Z € dom T}, and any g € § € ran Ty. Recall
from Lemma 5.8, with A = 0, that ker L C ranT; C l%’l(No). Then, for every g € § € ker K we see that
(z—w, g)p =0, and that >, . Pr¥gr = 0 (i.c., Dy = P4 (0)); and as a consequence, for any & € C*", that

Z(Zk —wg — Pr&) " Urgr = 0. (5.12)
k=0

Next, let Z C Ny be a finite discrete interval such that rank ¢(Z) = m < 2n is maximal as noted
in Lemma 3.8. Then, by Lemma 5.7, we see that 3 (No) = ker K @ ker K* and that there is a basis,
g, g e l%yl(No), for ker K, in which yU! = @€l and where €V], j = 1,...,m, forms a basis for
ran (Z). Then, there is discrete finite interval Z = [0, N]z, where Z C Z, for which

Tyl =0, k=N, j=1,...,m. (5.13)

Now, suppose that g € ker K, 7, then, for j =1,...,m,

<ym79>¢j =YV g, = 5“]*/@,2(9) =0;
kel

and thus, gl € ker(IC, f){ forj=1,...,m.
Let 2 € £3 ,(No) be defined by

{zk—wk, kEf,
T = ~
0, kENo\I,

where {2, f} € Ty and w € C(Ng)?" with Z(w) = ¥f. Now, & € ¢2(Z) and, by Lemma 5.5, there is
o € ker(K, 7)*, where v = & for some 1 € ran¢(Z), such that & — & € kerK, 7. As a consequence
(@ — ﬁ,gj“bwf =0forall j =1,...,m. Then, by (5.13), we obtain, for j =1,...,m, that

37 (o — wi — Ban) Wiy =3 (e — wi, — D) Wy = (& - 5,5, 5 = 0. (5.14)

s

keNg kel

Together, (5.12) and (5.14) show that (z —w — &1, h)y = 0 for all h € €5, (Np); in particular, for

My — Zko — Wky — ¢k0777 k= k07
k= 0, kENo\{ko}

Thus, for any ko € Ny, we see that Wy, (25, — Wk, — Pryn) = 0, and hence ||z — (w + P7)||g = 0. In summary,
we get that w+®n € Z where {Z, f} € T, and further that . (w+$n) = £ (w) = ¥ f; hence, showing that
15 C Thax- O



S.L. Clark, P. Zemdnek / J. Math. Anal. Appl. 421 (2015) 779-805 803

Recalling the definition of deficiency subspaces and indices from Section 2.4 (viz. (2.17), (2.18)), let

My = {z € l3(No) | L(2)x = W2k, k € No}, dy = dim M,
M/)\ = {5 S gg—,(No) | {Z,)\Z} € Thax = T;lin}, Ci)\ = dimM)\.

In other words, the subspace M) C Ki(No) consists of all square summable solutions of (S)), while dx
denotes the number of linearly independent square summable solutions of (S)). Then, M. N = M. A(Tmin)
represents the deficiency space, and dy = JA(Tmin) the deficiency index, for Ti,;n and A € C. It was shown
in Theorem 5.10 that T, is a closed, symmetric linear relation, and hence CZ)\ is constant on each of the
open upper and lower half-planes of C; cf. [32, Theorem 2.13]. Thus we let (L_ =d; = dy, for \ € Cy,
and d_ := d_; = dy, for A\ € C_. Then, with the aid of [6, Proposition A.1] we obtain the following
von Neumann decomposition of the maximal linear relation Ty, in terms of the minimal linear relation
Tin and the defect subspaces 1\7,\ and ZTJ/;\, ie.,

Tmax = Tmin + M)\ + MX7

where the direct sum + is orthogonal if A = 4.
Assuming that rank ¢(Z) is maximal, as described in Lemma 3.8, we next show a relationship between
d)\ and CZ)\.

Theorem 5.11. Let T C Ny be a discrete finite interval such that rank ¢(Z) is mazximal. Then, for any A € C,
dy = dy + 2n — rank (7). (5.15)

Proof. Let A € C, and % € M. Then there exists z €  which solves system (S)), i.e., z € M. With m
denoting the restriction of the quotient space map of Section 2.3 given by 71 := m|pr, : My — M), we note
that

kerm = {z € (%2 (Ng) | L(2)r = Wz, and Yz, =0 for k € No}.

Then 2 € kerm if and only if 2z = @¢ for some § € ), ker ¢([0,n]z) = ker p(Z). Hence dim(kerm;) =
dim(ker ¢(7)) = 2n — rank p(Z). Since the map m is surjective,

dim M, = dim MA + dim(ker ),
which implies (5.15). O
The following properties for dy and dy are a direct consequence of (5.15).

Corollary 5.12. Let A € C. Then,
(i) dx = dy if and only if system (S,) is definite on Ny;
(i) dx — dy is nonnegative and constant for X € C;
(iii) dx is constant in C4 :={A € C| () > 0} and in C_ :={A € C| () < 0}.

Proof. The first statement follows directly from (5.15) and Theorem 3.9, while the second statement is
a consequence of (5.15) and Lemma 3.7. Since the linear relation Ty is symmetric (cf. (5.10)), the number d
is constant in C; and C_ by [32, Theorem 2.13]. Hence, the value of dy is also constant in C; and C_ by
Theorem 5.11, and by the independence of rank ¢(Z) on the value of A established in Lemma 3.7. 0O
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Remark 5.13. The last statement of Corollary 5.12 extends the enumeration and analysis of linearly inde-
pendent square summable solutions for system (S, ) found in [37] (viz. [37, Theorem 4.9]) by showing that
r(A) defined in [37, Identity (4.1)] is constant in C4 and C_.

Theorem 5.14. For \ € C we have
ker(Timin — M) = {0}. (5.16)
Moreover, for every A € R we have dy < d-+.

Proof. First, note that l%,’l(No) is dense in /2 (Np). Then, for A € C and f € l%,’l(NO), and with z € £, (N)
as defined in (5.9), we note, by the construction given in Lemma 5.8, that {Z, f } € Tax — M. This shows
that 3, (Ng) C ran(Tmax — M) and hence that ran(Tpmax — M) is dense in /3 (Ng) for any A € C. As
a consequence of (5.11), we get that ker(Tjin — M) = ran(Tiax — M)+ = {0}.

The remaining assertion follows from [25, Lemma 2.25] and (5.16), as noted in the comments associated
with (2.19) at the end of Section 2.4. O

By Corollary 3.10, Corollary 5.12(i), and Theorem 5.14 we obtain the following statement.

Corollary 5.15. When system (S)) is definite on Ny, then dy < dy for any X € R.
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