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1. Introduction and main notation

We recall that if {2 is a bounded domain in R2, the classical Trudinger—Moser inequality (cf. [11,16])
asserts that e € LY(2) for all u € H}(£2) and a > 0. Moreover, there exists a constant C' = C(£2) > 0
such that

sup /eo‘"zdx <C, ifa<dn, (1.1)

”uHHcl)(Q)Sl oy

where ||lullgio) = ([, |Vu|?dx)'/?. Furthermore, (1.1) is sharp in the sense that if @ > 47 the supre-
mum (1.1) is +00. Related inequalities for unbounded domains have been proposed by Cao [7] and Ruf [12]
(and by Adachi-Tanaka [1], do O [8] and Li-Ruf [10] in general dimension). However in [1,7,8] they assumed
a growth e’ with a < 4, i.e. with subcritical growth. See also Adams [2]. In [12], the author proved that
there exists a constant d > 0 such that for any domain 2 C R?,

sup /(64’”2 —1)dz < d, (1.2)

llulls<1
2
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where [lulls = ([,(|Vul® + |[u[*)dz)'/2. Moreover, the inequality (1.2) is sharp in the sense that for any

aw® with o > 47 the supremum (1.2) is +o00. Furthermore, he proved that the supremum (1.2) is

growth e
attained whenever it is finite. On the other hand, Adimurthi-Sandeep [3] extended the Trudinger—Moser
inequality (1.1) for singular weights. More precisely, they proved that if 2 is a bounded domain in R?

containing the origin, u € Hg(£2) and 8 € [0,2), then

2
au” _q
sup /B—de<+oo & 0<a<dn(l-p8/2). (1.3)
lullmg ey <17, ||

Later, do O-de Souza in [9] investigated the Trudinger—-Moser type inequality also with a singular weight
for any domain 2 C R? containing the origin as well as some applications. More precisely, they proved
that if o > 0, B € [0,2) is such that a/4m + 3/2 < 1 and ||lup2(o) < M, then there exists a constant
C =C(a, M) > 0 (independent of £2) such that

au” _q
sup /eiﬂdx < C(a, M) (1.4)
IVl 2oy <1 ||

and the above inequality does not hold if a/4m + /2 > 1. We also refer the reader to [4] for a Trudinger—
Moser type inequality with a singular weight in high dimensions.
Throughout the note, we consider weight functions V' (]z|) and Q(|x|) satisfying the following assumptions:

(V) V e C(0,00), V(r) > 0 and there exist a,ap > —2 such that

lim sup m < oo and liminf vir)
r0 70 r—too 1

> 0.

(Q) Q € C(0,00), Q(r) > 0 and there exist b < (a — 2)/2 and —2 < by < 0 such that

Q(r) Q(r)

0 < liminf ——= <limsup —— < oo and limsup
r—0

Q(r)
rbo bo

< 0.
r—0 r r——400 rb

Remark 1.1.

1) Singular weight functions of the form
V(z) =|e|* and Q(x) = [z|7
with 2(8 4+ 1) < a < 0 are simple examples of functions that satisfy (V) and (Q), respectively. Indeed,
just take a = a9 = a and b = by = S.
2) Notice that the condition on V' at the origin in (V') implies that there exist rg > 0 and Cy > 0 such that
V(lz]) < Colz|*®, for all 0 < |z| < ro. (1.5)

Notation. In order to establish our main results, we need to recall some notation.

o In all the integrals we omit the symbol dz and we use C,Cy, C1,Cs,... to denote (possibly different)
positive constants.

e B, C R? denotes the open ball centered at the origin with radius 7 > 0 and Br\ B, denotes the annulus
with interior radius r and exterior radius R. For any set A C R2, A¢ denotes the complement of A.
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o C§°(R?) denotes the set of smooth functions with compact support.
e Cg, ad(R?) = {u € C§°(R?): w is radial}.

ian(Rz) denotes C’gorad(R?) under the norm ||Vu| g2 g2).

e If 1 <p < oo we define

LP(R% Q) = {u:R2 — R: u is measurable, /Q(|a:|)|u|p < oo}.

R2
Similarly we define L?(R?; V). Then we set

HL4(R%V) = D2 (R?) N L*(R% V),

rad

f3

which is a Hilbert space (see [2,15]) with the norm

1/2
Jul = ( / |Vu|2+v(|x|)|u2) .
]RQ
. H1

L (R V) will be denoted by E and its norm by || - ||.
o Let A C R? and define H,;(A; V) = {u),: ue H.4(R%V)}

2. Preliminaries and main result

With the aid of inequalities (1.1), (1.3) and inspired by similar arguments developed in [6,7,12], we obtain
what the title of this note states.

Theorem 2.1. Assume that (V)—(Q) hold. Then there holds

if and only if 0 < a < o = 2w (bg + 2). Moreover, the supremum (2.6) is attained provided 0 < o < /.
Remark 2.2. Theorem 2.1 complements (1.1)—(1.4) and the Trudinger—Moser type inequality obtained in [6].

Remark 2.3. In [5,6], the authors also used estimate (2.6) to study the existence and multiplicity of
solutions for some classes of nonlinear Schrodinger elliptic equations (and systems of equations) with un-
bounded, singular or decaying radial potentials and involving nonlinearities with exponential critical growth
of Trudinger—-Moser type. In the argument, they combined the inequality (2.6) and variational methods.

Before giving the proof of the main result, we need establish some embeddings from F into the weighted
Lebesgue space LP(R?%; Q).

Lemma 2.4. (See [15,1/].) Assume that (V') holds. Then, there exists C' > 0 such that for allu € E,
lu(@)] < Cllullle] =%, |2 > 1.
Lemma 2.5. (See [14].) Assume that (V)—~(Q) hold and let 1 < p < co. For any 0 < r < R < oo, with R > 1,

i) the embeddings H! ;(Br \ B,; V) < LP(Bg \ B; Q) are compact;
ii) the embedding H). ;(Br; V) < H(Bg) is continuous.
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In particular, as a consequence of ii) we have that HL ;(Bg;V) is compactly embedded in LI(Bg) for

all 1 < ¢ < oco. If we assume that (V)—(Q) hold, by using Lemmas 2.4 and 2.5, a Hardy inequality with
remainder terms (see [17]) and the same ideas from [14] we have:

Lemma 2.6. Assume that (V)—(Q) hold. Then the embeddings E — LP(R?; Q) are compact for all2 < p < cc.

In order to use similar arguments developed in [12] we need the following version of the Radial Lemma
for functions in L?(R%; V).

Lemma 2.7. Assume that (V') holds. Ifu € L*(R?; V) is a radial non-increasing function (i.e. 0 < u(x) < u(y)
if |x| > |y|), then one has

_at2
|u(x)| < COllullpz@evylz|” 2, |z > 1.

Proof. It follows from (V') that there exists Ry > 0 such that V' (|Jz|) > Cy|x|?, for |x| > Ry. Then for p > 0
such that p/2 > Ry, we have (setting p = |z|)

P )
||u||%z(R2;V) > 27 / V(s)u?(s)sds > 2nCou®(p) / 5% Tlds = Cp*2u?(p).
p/2 p/2

Thus we conclude that
_at2
lu(z)| < Cllullr2@e,vylz|”"2, V|z| > Ro.
Hence, the lemma is proved. O

In order to prove the sharpness of (2.6), recall the Moser’s function sequence (see [11]):

(logn)'/2, |z <r/n,
a5 1 logﬁ

Mn(ﬂf,’f‘) = (27‘(’)1/2 Togn)i/2°
0, |z| > r,

r/n<|z| <

with 0 < r < rg fixed and ro given in (1.5). We have the following estimate for || M,||:

Lemma 2.8. Under the hypothesis (V),

mr) gy,
gn(1+ (1)),

where m(r) = 2Cor®*2/(ag + 2)3.

Proof. It is easy to compute

— 1 1
M2 = — S |
/|V nl 27 / |z|? logn

R2 r/n<|z|<r
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On the other hand, (1.5) and integration by parts give

— log =)
[V S [ o S0 [ e B

27 27 logn
R? lz|<r/n r/n<|z|<r

200Ta0+2 1 ao+2 200Ta0+2 1 200Ta0+2 1 1 ao+2
(a0 +2)? (ap +2)3logn  (ag + 2)3 logn

n n

_ 2Cor“°+lzg(:o 2% (1 4 0n(1))
_ m(r)
~logn (1+0a(D),

and thus

AT 112 — AT 12 x AT 12 M o
A —RZIVMn + [VUDBEP <1+ 2 (14 0,(1).

R2

Hence, the lemma is proved. 0O

Proof of Theorem 2.1. By hypothesis (Q), there exist 0 < 7o < Ry such that

Q(|x\) < Co|x\b, for |z| > Ry,

Q(|z]) < Colz|*™, for 0 < |z| < ro.

Let R > 0 be large enough. We write

/Q(e““Q—l):/Q(eauz—l)—i—/cQ(eo‘“2—1).

YJMAA:18708

We are going to estimate each integral in (2.8). For the integral on Bg, we have two cases to consider:

Case 1. by = 0. From the second inequality in (2.7) and the continuity of Q(r), there exists
that

[aw <o [
BR BR

C > 0 such

(2.9)

As in [11,12], we use Schwarz symmetrization theory by defining the radially symmetric function u* as

follows: for all s > 0
|{z € Br: u*(z) > s}| = [{z € Br: u(z) > s}|.
It follows from the properties of this construction that:

e wu* is a non-increasing function in |x|;
o u* € Hy(Bg) and [z [Vu*? < [ [Vul

1 = [ e
R R
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Thus, we may assume that u in the second integral from (2.9) is non-increasing. Let
u(r) —w(R), if0<r <R;
o(r) =
0, if r > R.

By Lemma 2.7,

u2(r) = v2(r) + 2v(r)u(R) + u2(R)
<0 (r) + Co*(r) R D2 uf|3z gy + 1+ CR™ P22 |2 oy
=02 (r)[1 4+ CR™ 72|35 ga.)] + d(R).

Hence

1/2

u(r) < o(r)[1+ C'Rf(“+2)/2||u\|%2(R2;V)] +dY*(R) = w(r) + d**(R).

By assumption

[ 1o = [ 196P < 1= ulBagean,
Br Br

and so

—(a 1/2)2
/|Vw|2= /|w[1+cz«z @272y 2, 0]
Bgr Bgr

1+ CR 22 uf2, 0] / Vol
Br
< [1+ CR_(G+2)/2HUH%2(R2;V)] (1= NlullZz@e.v))
=1+ CR_(GH)/Q”U”%Q(R%V) - ||u||2L2(R2;V) - CR_(Q+2)/2HUH%2(R2;V)

<1

Since u?(r) < w?(r) + d(R) we get

/Q(eauz_l) Sc/eauz Scead/eauF.
Br Br

Br

Taking into account that w € H}(Bg) and lwll 1By = IVWllL2(8r) < 1, we conclude that

sup /Q(eo‘”2 — 1) < 400,
u€E;||ul|<1
Br

by the classical Trudinger—Moser inequality (1.1).
Case 2. —2 < by < 0. The estimates in B in this case and outside the ball (the second integral in (2.8))

follow by similar computations done in [6, Theorem 1.1]. Therefore, (2.6) holds.

Next we will show that (2.6) does not hold if a > o'. Set M, (z,r) = mMn(:ﬂ,r), then M,, belongs

to E with its support in B,(0) and ||M,]|| = 1. From Lemma 2.8, when |z| < r/n, we have
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9 1 logn -1 1
M) 2 g = (20) " Togn — (2m)m(r) + 0a(1).
2m 1+ 5 (14 0a(1))

By assumption (Q), Q(|z|) > Co|x|% for 0 < |x| < ry. Thus, for 0 < r < ro we have

gwwuw>/WM~n

B,/n
> Oy / |$|b0 (eo¢[(27r)71 log n—(2m) "*m(r)+on(1)] _ 1)
Br/n

— C’na(Qﬂ)il_(bO+2)eon(l) + On(l)

Consequently since —2 < by < 0, then a > o/ < «(27) ™! — (2 +by) > 0 and so we get

lim Q(eo“i — 1) = +o00,
n—oo
R2

concluding the first part of theorem. For the last part of theorem, we consider 0 < a < o’. Let (u,) C F
be a maximizing sequence, with ||u,|| < 1. Then, up to subsequences, we can assume that u, — uy weakly
in E and, by Lemma 2.6, u, — ug strongly in LP(R?; Q) for 2 < p < oo. Using the elementary inequality
le® —e¥| < |z —y|(e” + €Y), Va,y € R, we estimate

‘/Q(eo‘“i - eo‘“g) < a/Qeo‘“ﬂui — ug’ + a/Qea“g‘ui — ug| (2.10)
R2 R2 R2
Writing

[aesifu — )= [a(et — a2 — )+ [ Qlud - w2
R2 R2 R?

and taking r; > 1 sufficiently close to 1 such that r1a < o' (it is possible because we are assuming a < o)
and ry > 2 such that 1/r1 + 1/ry = 1, Holder’s inequality implies that

1/r1 1/ra
/Qeaui|u3_ug| < (/Q(emui _1)) (/Qyug_ug,w)
R2 R2 R2
1/2 1/2
+ </Q|Un —UO|2> </Q|Un+UQ|2>
R2 R2

and likewise for the integral in (2.10) containing eoua, Thus, it follows from the first part of theorem and
Lemma 2.6 that

Su + 0(1) = /Q(eaui )= /Q(eauﬁ —1) +0n(1).
RQ RZ

Finally, since |lug|| < 1, we see that ug is the required extremal function. This completes the proof of the
result. O
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Remark 2.9. The maximizer ug can be chosen unitary, i.e., ||ug|| = 1. Indeed, since for instance if ||uol| < 1,
then setting vo = ug/||uo||, we would have

R[Q(em’o 1) >R[Q(e°‘“0 ~1) = S,

which is a contradiction.
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