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1. Introduction

As we know, many nonlinear wave phenomena can be modeled by partial differential equations (PDEs).
These PDEs have their traveling wave systems given by ordinary differential equations (ODEs). The corre-
sponding solutions of these ODEs are traveling wave trajectories associated with PDEs. For more details,
see [1,7] and the references therein. Consider a nonlinear wave equation

0p0L ae™ 4+ e (1.1)

where a, § are real numbers and m, n are integers. It is called a generalized Tzitzéica—Dodd-Bullough—

Mikhailov equation, see [13] and the references cited therein. Make a variable transformation

u(p,t) =Inxz(§), £=p—ct,

where ¢ > 0 is the wave speed. Then, (1.1) becomes
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ci? — cxd = ar™? 4 Ba" 2,
which is equivalent to

2 m—+2 n+2
cy? — ax - Bz
=y, =2 —~ b (1.2)

as x # 0. Therefore, the solutions of (1.2) are the traveling wave solutions of (1.1). Clearly, the system (1.2)
has the form

(1.3)

where r, f and g are C* functions satisfying

In fact, many nonlinear wave equations, such as Kdv equation [3], KP equation and its generalized
equation proposed in [16], K(m,n) equation [12] and so on, also have the traveling wave equations of the
form (1.3). The system (1.3) has the same phase orbits as the system

i=f(x)y, §=g(x)+r@)y, (1.4)

in the region {(z,y) | f(z) # 0} with the same (as f(xz) > 0) or different (as f(z) < 0) orientation. For
example, (1.2) has the same phase portraits as the system

& =cxy, y=cy’®—azx™? - Gz"T? (1.5)

with the same or different orientation on z > 0 or x < 0 respectively. All possible phase portraits of (1.5)
were showed in Section 2.2.2 of [7] for n > m > 1.

By analyzing phase portraits of system (1.4), one can investigate the type of the traveling wave solutions
and even obtain their exact parametric representations, see [7,11,14] and the references therein. On the
other hand, one can obtain limit cycles by perturbing system (1.4). This problem is related to Hilbert’s 16
problem originated by [6] and there are many papers concerning it, see [4,8-10,15,17-20] and the references
quoted therein. Recently, the authors [2] have studied the phase portrait of (1.4) with n = 1 near the origin
and considered the problem of limit cycle bifurcation for its perturbed system, obtaining some new and
interesting results.

This paper is devoted to studying all possible phase portraits of (1.4) in the vicinity of the origin and
researching the problem of limit cycle bifurcation by perturbing (1.4) for n > 2. Obviously, the origin
is a degenerate singular point of (1.4). Thus, a fundamental problem in this case is to study the orbital
behavior of (1.4) near the point. Further, one assumes that system (1.4) has a family of ovals bounded by a
homoclinic loop with a singular point at the origin (see Theorem 2.1) and then study the expansion of the
first order Melnikov function near the homoclinic loop (see Theorem 2.2),; obtaining some general theory.
As an example, we apply our main results to consider a cubic polynomial system, finding 3 limit cycles near
a loop (see an example in Section 4).

The rest of the paper is organized as follows. In Section 2, some preliminary lemmas and the main
results are presented. In Section 3, the expansion of the first order Melnikov function is investigated near
a homoclinic loop to prove the main results. In Section 4, an example is provided as an application of the
main results.
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2. Preliminaries and the main results

We perturb system (1.4) inside a class of C* planar differential systems. That is to say, we study a
system of the form

i = f(x)y +ep(z,y,0), §=g(x)+r@)y®+eq(z,y,o), (2.1)

where ¢ is a small parameter, § € D C R with D bounded, and f, g, r, p, ¢ are C* functions satisfying

r(0) #0, f(x) =af(x), f(0)=1, g(z)=a"g(z), n>2 g(0)=1 or -1 (2:2)

and n is a positive integer. Here N stands for the positive integer constant. In (2.2), we have made f(0) = 1
and g(0) = £1. In fact, when f(0)g(0) # 0, one can make a variable transformation of the form

- ((F(0)3(0) 2. fO)y)  for F(O)3(0) >0,
T1,91) = _ 1 _
T (CRos0) e fow) o F0)50) <0

such that the resulting system satisfies (2.2). For € = 0, system (2.1) becomes (1.4), which is a reversible
system since (2.1)]c—o keeps invariant under the change (x,y,t) — (2, —y, —t). A general definition for a
reversible system can be found in [2].

Under the condition (2.2), system (1.4) has a degenerate singular point at (0,0) and an invariant straight
line x = 0. Thus, if system (1.4) has a homoclinic loop, it must lie on the region {(z,y) | * > 0}
or {(z,y) | x <0}. For definiteness, we assume that system (1.4) has a homoclinic loop on the region

{(z,y) [ =0}
From [2], (1.4) is an integrable system with an integrating factor of the form

wx) = —— j e p (2.3)
f
Hence, on the region x > 0, system (2.1) is equivalent to the following system

& = p(z)f(z)y +ep(z)p(z,y, ),
§ = w@)g(x) + p(z)r()y? + ep(x)q(z, y, 6). (2.4)

Clearly, one can see that (2.4)|.—o is a Hamiltonian system with the Hamiltonian function given by
1 2
H(z,y) = Su@)f(2)y” + s(z), (2.5)
where s(z) is a function satisfying

s'(x) = —p(x)g(@). (2.6)

Let us first discuss the distribution of the level curves of H(x,y) = h near the origin on the right-plane.
To do it, we need to obtain an expression of s(x) in (2.5). For the purpose, we have two lemmas below.

Lemma 2.1. Let (2.2) hold. Then, for x > 0, there exists a C* function i(x) with i(0) =1 such that
px) =z~ p(x), (2.7)

where o = 2r(0) + 1 # 1.
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Proof. Note that, for > 0, —2;23 = —QTT(m - %(@ —7(0)). Then, by (2.3), one has

=

w(z) = xfl(x) exp [72/@@3 - 2/%(%?) - ’I’(O))dl‘}

_ x72r(0)

i),

where
RS SRS I 0. C) By o
i) = o 0 (20, @) = [ L (55 o))

It is easy to prove that ji(z) is well defined at z = 0. This implies that ji(x) is a C* function for z > 0

with ji(0) = 0. Furthermore, from (2.2), we have f(0) = 1. Thus, ji(z) is a C* function on 2 > 0 satisfying
#(0) = 1. This ends the proof. O

For the function s(x) in (2.5), we have

Lemma 2.2. For x > 0, one of the expressions of s(x) in (2.5) can be written as

2.
5(z)Inwz, a=n+1, (28)

s(x) = { "ot s(x), a#n+1,

where 5(x) and 3(z) are C* in x with

5(0) = ——— =50, 5(0) = —9(0).
Proof. By (2.2) and (2.7), we have
p(x)g(z) = 2" p(w)g(e) = g(0)z"~* + 2"~ (A(x)g(x) — 9(0)).

Then, in view of (2.6), one achieves

where p(z) = [ 2" *(a(z)g(z) — g(0))dz.
When o # n + 1, we have from (2.9)

s(o) =anent (L0t

Obviously, % is well defined on x = 0, which means that it is a C* function on x > 0 with

p(z) =0.

=T |
Similarly, one can prove the case & = n + 1. The proof of the lemma is completed. O

Then, by Lemmas 2.1 and 2.2, one can get the following theorem, which gives all possible phase portraits
of (1.4) near the origin for z > 0.

Theorem 2.1. Let (2.2) be satisfied. Then, all possible phase portraits of (2.1)|.=0 or (1.4) are shown in
Figs. 2.1 and 2.2 for x > 0 sufficiently small.
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Fig. 2.1. Possible phase portraits of system (2.1)|c=o for 0 < < 1 with g(0) = 1.
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Fig. 2.2. Possible phase portraits of system (2.1)|.=¢ for 0 < z < 1 with g(0) = —1.
Proof. For oo # n + 1, inserting (2.8) into (2.5), together with (2.2) and (2.7), gives

H(w,y) = 5o @) f)y? +am =+ 5(w),

where ji(z)f(z), 5(z) are C> with (0)f(0) = 1, 5(0) = —2%_ Hence, for > 0 small, the equation

a—n—1"

H(z,y) = h becomes

2 _ 2771 — 2"t 5(2)) = Yi(2)Ya(z
Ve s (&) = Yi(a)Ya(o ), (2.10)
where

Yi(z) = 2001 207114+ 0(z)) >0, 0<z<1

@) f(@) ’ ’
Ya(x,h) = h — 2" “T5(x) = h — %x”_‘”l (1+0O(x)). (2.11)

If for = € (a, b)

Yi(x)Ya(z, h) >0, (2.12)

then by (2.10), we know that the equation H(x,y) = h has exactly two solutions gi(x,h) and ya(x, h),
where 1 (z, h) = —g2(x, h) = (Y1(z)Ya(z, h))%. This implies that for « € (a,b), there exist two symmetry
curves with respect to the x-axis. Furthermore, if one can find the value of the function Y7 (2)Ya(x, h) at the
endpoints a and b, then one easily knows each level curve of H(x,y) = h tends as x approaches to a or b.
In this direction, the level curves of H(x,y) = h can be plotted on the plane easily.
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From the above discussion, in order to finish the proof, it suffices to do two things below:

(1) Find the interval (a,b) of variable  such that (2.12) holds;
(2) Compute the value of the function y? (i.e. Y1 (z)Ya(z, h)) at the endpoints a and b.

Note that the interval (a,b) for Y;(z)Ya(z, h) > 0 is the same as the interval for Y3(x, h) > 0. Hence, we
only need to discuss the interval of x for Y3(z, h) > 0.
For the case (&« —n — 1)hg(0) <0, from (2.11), one can find that

Yo(z,h) >0, 0<z <1,

for g(0)=1,h>0,a<n+1land a#1orfor g(0)=—-1,h>0and o >n+ 1.
1
For the case (o —n — 1)hg(0) > 0, Ya(z, h) = 0 is equivalent to [%] mmet = x(1+ O(x)). Hence,

1
by the implicit function theorem, a unique function a(h) = [%] m=e 4+ O(|h] n—iﬂ) exists such that

Ya(a(h),h) = 0. Then, it follows that for (o —n — 1)hg(0) > 0

_ . x > a(h),
Yo(x,h) >0 g(0)(x —a(h)) >0, ie Ya(z,h)>0&
2(@,1) > 0 §(0)(z — a(h) >0, ie. Ya(a,h) {0<x<a(h)7
Then, summarizing the above discussion, it is easy to obtain the interval of = such that (2.12) holds.

More precisely,

For g(0) =1
alh) <z <1, for h>0, a>n+1,
Yi(z)Ya(z,h) >0 < a(h) <z <1, for h<0, a<n+1, a#l, (2.13)
l<rkl, for h>0, a<n+1, a#l;
For g(0) = —1,
<z K, for h>0, a>n+1,
Yi(z)Ya(z,h) >0& < 0<z <a(h), for h<0, a>n+1, (2.14)

0<z<a(h), for h>0, a<n+1, a#l.

Now, we compute the values of the function Y7 (z)Y2(x, k) at the end point of the corresponding interval
for each case in (2.13) and (2.14). That is,

For §(0) = 1,

,h) =400, for h >0, a<l; (2.15)
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Fig. 2.3. The homoclinic loop L under (H1) and (H2).

For g(0) = —1,
Y1(0)Y2(0,h) =0, for h>0, a>n+1,
Yi(a(h))Ya(a(h),h) = Y1(0)Y5(0,h) =0, for h<0, a>n-+1,
Yi(a(h))Ya(a(h),h) =Y1(0)Y2(0,h) =0, for h>0, 1<a<n+1,
Y1(0)Y2(0,h) = 400, Yi(a(h))Ya(a(h),h) =0, for h>0, a<l1. (2.16)

Therefore, by (2.13)-(2.16) and the above discussions, one can easily obtain the phase portrait of (2.1)|c=¢
for the case o # n + 1. By using the same arguments, the case & = n+ 1 can be discussed easily. The proof
is then ended. O

In view of Theorem 2.1 and (2.5), we further make the following two assumptions.

(H1) g0)=land a<n+1, a#1,
(H2) There exists a constant 5 > 0 such that the equation H(z,y) = h, h € (—f,0) defines a closed curve
Ly, on the region z > 0.

Obviously, if (H1) and (H2) hold, then as h tends to 07, the limit of L;, is a homoclinic loop denoted
by L, namely, lim Lj = L. In fact, for 1 < a < n + 1, there are infinitely many homoclinic loops passing
h—0~

through the origin, while for o« < 1, there exists a unique homoclinic loop, see Fig. 2.3.
Thus, associated with system (2.4), we have the first order Melnikov function

M(h.0) = f uads — updy., 1€ (-5.,0) (2.17)
Ly

Then, for 0 < —h < 1, we have the following

Theorem 2.2. Assume that (2.2), (H1) and (H2) are satisfied. Then, there exist constants B;, i > 0 and a
C™ function ¢(h,d) such that for 0 < —h < 1

M(h,s)= Y Bilp/"+ > Bilh|” In|h| + ¢(h,0), (2.18)
i>0,3;¢N i>0,8; €N

n—2a

4
n—a+1 + 2(n—a+1)

where §; = and N denotes the positive integers.

The proof of Theorem 2.2 will be given in the next section.
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3. The expansion of M (h, §)

The main task of this section is to understand the asymptotic expansions of M (h,d) in (2.17) near the
homoclinic loop L. By Green formula or integration by parts, we have from (2.17)

M(h,8) = ¢ q(z,y,0)dx, (3.1)
!
where
q(z,y,8) = p(z)g(x,y,0) — p(x)q(x,0,d) +/ (z,7,0)d (3.2)
0
satisfying
ay(@,y,0) = [u@)p(z,y,0)] , + [u(@)a(z,y,0)]  and q(z,0,8) = 0. (3.3)

Take a small constant x > 0 such that for 0 < —h < 1, the oval Ly, is split into two parts Lp1 = Lp|z<z,,
Lps = Lp|y>z, by the line segment « = xg. Then, by (3.1)

M(hv(s) = Il(h’(s) +12(ha5)3 (34)
in which
Li(h, 6) = / Gy, 0)dw, i—=1,2. (3.5)
Lp;

Since Iy € C* for 0 < —h < 1, we only need to investigate the expansion of Iy (h,d) at the origin. In the
light of i1, p, ¢ € C, then [, p, ¢ can be rewritten as for |z| + |y| > 0 small

n(a) = 2~ aa) = 2= 3 pad, o =1,
§>0

pla,y,0) = > aix'y’, qla,y,0)= > bya'y, (3.6)

i+5>0 435>0

where p, i1 and p, g are defined in (2.7) and (2.1) respectively. Then, one has

Lemma 3.1. Let (H1), (H2) and (3.6) hold. Then, I;(h,d) in (3.5) has the form

Ii(h,0) = Z / qk(:r)ykdx,

Rl
where
Qrt1(z) =27 126%3? >0,
1>0
aox = a::_a()k,
Qi = { J — a)pjaiy + Z i (G + Daipre + (B + l)bi,k+1):|7 [>1.

itj= i+j=l—1
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Proof. From (3.2) and (3.3), one obtains

CC y7 qu 7

k>1

in which
1o
(k+1)! oy*
1 k ok

T (k+1)! [M/(x)g—wp(% y,6) + M(x)a—yk(pw + qy) (x, y,é)} ‘

(ln@p(e,9,0)], + [n@)a(z,y,9)])

qer1(z) = =0

y=0'

Notice that

k
(@) =™t Y - a)uya, g—y]f?:Z ,Z%W g

j>0 Jjzk
o oF _ ) o
W(px +qy) = W< > G+ Daigr; + (G + 1)bi,j+1]wzyj)
Yy i+5>0
E 1)l S [+ Daigry + G+ Dbija]a'y’ "
>k >0
Then,
ok , ,
WG| = e DG g Y anat = Ka Y e
Yy >0 i>0 >0
ak
wz )a 7 (pe +ay ‘ - Z“ijk' Z Daigak + (k +1bi k1]’
- j>0 i>0
=kla™¢ Z bz’
7>0
where

Arp = Z (j—a)ujaik, ET]C = E 1o [(i+l)ai+1’k+(k-i—].)bi’]ﬁ,l], T, k>0.

i+j=7 i+j=T
Thus, by (3.9), we represent (3.8) as

Qr+1(z) = ( e 1Zark$ +x ZETMT)

>0 72>0

1
—a—1 ~ T+1
- T 4 T bT )
* (k+1§)akx k+1z h
x—a—l Zalk$l7
1>0
in which

aok  _ g + b1k
= ——=" [ >1.
k1 @ K+l T

aox =

Then, the conclusion follows from (3.5), (3.7), (3.10)—(3.12). This completes the proof. O

(3.10)

(3.11)

(3.12)
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Further, from the proof of Theorem 2.1, it is not hard to obtain the lemma below.

Lemma 3.2. Suppose (H1) and (H2) hold. Then the curve Lpy intersects the positive x-azxis at a point
A = (a(h),0), where

a(h) = [(@ = n — 1)h] 7= + O(|h|7=+¥1), 0< —h < 1.

Furthermore, for a(h) < x < x¢ with 0 < —h < 1, the equation H(x,y) = 0 has ezxactly two solutions
y1(z,w) and ya(x,w), where

with w = \/h — zn—ot+1g(x).
Then, by Lemmas 3.1 and 3.2, one obtains

Lemma 3.3. Assume that (H1), (H2) and (3.6) are satisfied. Then, we have

Ii(h,6) = Z ik du (hs uo), (3.13)
I+k>0
where
uo
I (h,ug) = / Wl D)= 52— goun—otlykts gy (3.14)
‘JL‘Hi%¢T
S0
and
rok = 2k+%@o,2k, Tk = 2k+%@l,2k + O(|ao 2k, G1,2k, -+ s G1—1,28]), 1> 1. (3.15)

Proof. From Lemmas 3.1 and 3.2, one can find that

xo a(h)
L9 =Y [ [ a@ee) + [ a@CnEe)]

k21 (h) zo

=% [ 1 G e (G )t
"= ta(n)

=y qk(x)(h—x”_“+1§(x))k+%dm, (3.16)
#20a(h)

where
G (@) = 2+ oy ()24 DO () ) 2, (3.17)

1
Let u = x(salg(a:)) nmeF 1 & o(z), where sg is given in Lemma 2.2. Then, for 2 > 0 small

o(x) =2+ 0(?), ¢ 'u)=u+0?). (3.18)
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Thus, make a transformation v = ¢(x) so that (3.16) becomes

Lhe) =Y / G (1) (h — sou™ 1Y+ du, (3.19)

k>0
|L| n—a+1
s0

where ug = ¢(xg) and

- k()
qr(u) = . 3.20
=22 (3.20)
By using (2.2), (3.17), (3.18) and Lemma 3.1, we have from (3.20)
3 a—1)—at3 — — 7 —k—%
() = okt g ghloa—1)-% leo ay, ! (u(x)f(gc)) ’
w(u) =
1+ O(.’IJ) z=u+0(u?)
3 a—1)— ot _
— ok+3 h(a—1)— 23 Z arorat (14 O(m))’z:u+0(u2)
1>0
— ok+§ ka1 -2 Z@u%ul(l + O(u)).
1>0
Combining (3.19) and the above gives (3.13)—(3.15). This ends the proof. O
The following lemma gives some information on the expressions of Ij;(h, ug) in (3.13) or (3.14).
Lemma 3.4. The functions Ij;(h,ug) in (3.14) have the expressions
Ilk(h UO) _ Blk|h|6nk+l + ¢lk(h7u0)a fOT’ ﬁnk+l ¢ N7 (321)
’ B | b+t |h| + ¢ig(hyuo),  for Barsi €N,
where each ¢y is a C*° function and
3 . nk+1 n n — 2o
T o+l 2(n—a+1)
1 _ Cki N
B — (n—a+1)|so| Pri+t—F=% 1%:0 i— Bkt for Buktr ¢ N, 3.9
tk = Ck Bt for Bury1 €N (3.22)
(n—a—i—l)\solﬂ”kﬂ‘k—% ’ nk+
with
1—1 1 .
Lo+ 35—
Cko = ]_7 Cki = (—1)1HJ70( 1 2 J), ) Z 1. (323)
i!
|L|ﬁ
Proof. Introduce a variable transformation v = —“¢——— to (3.14) to get that
|%|”*‘1"+1 ual k(a71)—°‘T+3+l h 1
k?Jr% |S_‘n7a+1
S0

|_ n—a+1 h
— S0 _
L (h, o) = oFla—1)— 341 ( on—atl ) )
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1
_a+3 | & |n=oFTug!
|h‘ Ko lvi‘owrl - |k+% b ' (1 — Un—a+1)k+%

pF(a@=1) = 2F2 414 (k+3) (n—a+1)+2

dv

k(a—1)— 243 4141 |
|50| n—a+1

[

|L|n+a+lual

S0

|h|ﬂnk+t (1 _ ,Unfo¢+1)k+%
,Ulfoz+%n+kn+l

e . .24
|50|5nk+l*k*% dv (3.24)

1

Further, one has

_ 1 _ i
(1 " a+1)k+2 _ E Ckﬂ/(n a+1)z7

i>0

which is uniformly convergent for v € [0,1], where cg;, @ > 0 are defined in (3.23). Note that
0<|2]™ T y=! < 1. Thus, from (3.24),

1
T—aFT -1
|%|n—a+1u0

o |h‘5nk+l (n a+1)i— 1+ozf—n kn—I1
L (R, uo) = |80|5nk+l k—1 ;Ckz dv
¢ 1
s |;fg|n+a+1u51
h nk+l .
R ||ank+l D (3.25)
0 i>0 1
If Brk+1 ¢ N, then from (3.25), one finds
1
|h|5nk+l Chi B . || n=aFT ug !t
Lik(h,up) = — - . o=t D) (i=Pnkt1)
(P, o) |sg|Pre+i—k—3 ; (n—a+1)(i— Bnktl) 1
_ Z Chi |h Brk+1 B Z Ckzua(n o+1)(i—Brr+1) ‘h|z (3.26)
i>0 (n =+ 1)(i = Brk1) |so| rrsi ks >0 (n =+ 1)(i = Bar+1) [so|~F~2

If Bukt1 € N, there exist ig € N such that S, = ip. In this case, from (3.25), we have

Ilk(h,uo)
[ c T g

S L] E— ki (n—a+1)(i—io) 1
- io—k—1 [ Z _ — .Y + Chiio n|v|}

|so|io k2 oo (n—a+1)(—ip) .

n—a+1)(i—1 i i

_ Z Cmuo( ) (i—io) || N Z |hio

50 kio (n—a+1)(i —io) |so|i=F~2 e —a+1)(z—zo) |so|fo—F—3

Chiollnug+ (n—a+1)"tnls . ,

k, o[ 0 ( ' 1 ) | 0‘] |h|Z° _ Ck,io . |h|10 In |h| (3.27)
|so|i0~F2 (n—a+1)|sgloF2

Then, by (3.26) and (3.27), we obtain (3.21)—(3.23). The proof is completed.
Now, by the above discussion, we are able to prove Theorem 2.2.
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Proof of Theorem 22. By applying (3.4), (3.13) and (3.21), one derives

M(h,0) = > ruplie(h,uo) + I2(h, uo)
1+k>0

= Z rue (Bug|hPr+ + e (B, uo) )
I+k>0,8nk+1¢N

+ > rix (Bik|h

I+k>0,Bnk+1EN
nk+1 n—2«a
— E rlk‘Blk|h|n7Q+l+2(n—a+1)
I+k>0,Bnk+1EN
+ E Tk Bk h

I+k>0,Bnr+1EN

T (S B S Bl ) + o(ho),

BritIn |h| + @ik (hy wo)) + T2 (h, uo)

PR n ] 4+ 6(h,9)

i>0,8;¢N i>0,8; €N
where
Bi= Y rmubBu, fim—— 2
i = ‘lk Lk Z_Tlfoéﬁ*l 2(7170[4’1)7
nk+l=1i
¢(h76) = Z T[k@b[k(h,”o) + IQ(ha UO) € COO
1+k>0

This ends the proof. 0O

Let ¢(h,ug) = Co + C1h + O(h?). Then, using Theorem 2.2, we can further derive the specific form for
the function M (h,d) in (2.18). In other words, we easily have

Corollary 3.1. Suppose that (2.2) and (H1), (H2) hold. Then,

(l) FOT’CMZ%+I€)I€:0,17~-~7[nTH];
rk—1 ik ["T“] s
M(h,5):ZBi|h|%+1—n +B,€1H|h|+co+ Z Bi|h|%+1_"
1=0 1=r+1
n n—+1 n—rtl ik
+([5)+ 1= [%5=1) Bl bl + Cih+ >~ Bin T
i=[31+2
+ Bn_pi2lh*In |h| + O(|A[).
(ii) FOT’a:%—/{,}%:l,27...7
[=5] " . -
M(h,8) = Bi|h| % (— 1- )Bﬂ h|1n|h
( ) CO+ZZ:% ||2 + [2}—'_ [ 9 } [2]+1‘|n||
n+r+1

itr
T+ Y BT 4 ByppolhP B + O(R?).
i=[3]+2
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(iii) For o € (%—I—/@',%—i—l—i—/{), /@:O,l,u-,[”TH] —lorac (%—l—/{,n—l—l), K= [”Tl]
il i n—2a [TLTH] i n—2a
M(h,8) =3 Blh|=asi 2030 4 Cp + Y Bylh|nasitaedn
i=0 i=r+1
n n+ 1 Ol i + n—2«
+(b}+1—[2 DB%Hﬂmqu+Cm+ > Bi|h|rert et
i=[5]+2
+ O(|h?).
(iv) Fora € (%—Ii,%+l—/€), k=1,2,--,
(5] v ) n nt1
- AT T 3t D) e _
MMF%+;&M+W<W+@H1[2D%MWM|
nintl k3 n—2a
+Ciht Y Bilh[ = 1 O(hP?).
i=[5]+2
Here, « # 1 and B;, i > 0 are given in (3.28).
Proof. From (2.18), it is easy to see that 8; = ip € N if and only if
2 — 2ig(n+ 1) +n = 2a(1 — o). (3.28)

Apparently, from (3.28) if ig = 1, then n is even. Otherwise, i = 5 + 1 ¢ N, this is a contradiction. This is
to say, only when n is even, the expansion of M (h,d) has the term |h|In |h|.
From (3.28), if iy = 0, then

and if 49 = 2, then

3 4
a=—it T 012,
2
Introduce two sets
.on . n n n+1 n
Gi={i+g<ntili=012f={5.5+1 [F57]+ 3}
4
g2:{7i+3n+ <n+1{i:0,172,...}
n+1 n n+1 n nn
_ -, _71’,,,’_7_717,,,}.
{[2]+2[2]+2 272
Then
nn n+1 n
_ [ _}
G NGy {T2+’ ,[2]+2

Thus, when « € Gy N Ga, the expansion of M (h,d) has both of the terms In |h|, |h|? In |h|, when o € G2 \ G,
the expansion of M (h,d) has the term |h|?In |h|, and when a ¢ Go, the expansion of M (h,d) has no both
of terms In |hl, |h|?In |h|.

By the above discussion, it is not hard to obtain the conclusions. The proof is then ended. O
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From the proof of Lemmas 3.4 and 3.5 in [2], it is easy to verify the following lemma, which gives the
formulas for Cy and C7 under special conditions.

Lemma 3.5. (i) If one of the following two cases holds: (a) o € [% + K, % +1+k), K =0,1,---,[2E] -1 or
a€[Z4+rn+l), k=[] and By=B1=-=B,; (b)a€[2 -k L2+1—k), k=1,2,--, then

Co = lim %uqdw — ppdy.
h—0—
Ly
(i) For v € (—oo,n+ 1)\ {1}, if Bo = By = -+ = Bnjy1 =0, then

Cr = lim @ [(up)e + (nq)y]dt.

Lp

Now, by using the expansion of M (h,d) in (2.2), we can study the problem of limit cycle bifurcation near
L for system (2.1). To do this, on account of Corollary 3.1, we write

M(h,6) = Ao|h|*® + A1[h|* + -+ + Apg—2|h|"*07> + Agy—1In |[h] + Agy|h|"*0
+ A/fo-i-l|h’|pkO+1 +oeee ‘41?71—2|h|pk1_2 + Ak1—1|h" In |h’| + Akl ‘h’|pkl
+ Apy B[Pt 4 Ay, o|h]PE22 4 Ay, o |B)PIn ||+ O(|R)?), (3.29)

where ko, k1, k2 € Nand p, = 7,7 =0, 1, 2.
Let

Ag= Ay, Aj= A

A0, im0ty G =1,2 0 kg — 1. (3.30)
Then, one has
Aj=A; +O(|Ag, A1, -+, Aj_q)).
Applying (3.29) and (3.30), one can get the following theorem similar to Theorem 3.2.3 in [5].

Theorem 3.1. Let the conditions of Theorem 2.2 hold. If there exist 0 <1 < ko — 1 and 6y € R™ such that

_ ) A A
Aj((SO)ZO, jZO,"',l—l, Al(éo)#ov ranka( o : ll)(50)217

8(61a Tty 6m)
then system (2.1) can have 1 limit cycles in the neighborhood of L for some (e,d) near (0,dp).

From the proof of Lemma 3.4, we have the formula

Bi= Y ruBu, (3.31)
nk+l=i

where 1, and By, are given in (3.15) and (3.22) respectively. However, from the formula (3.22), one only
finds values By, with §8; € N. For values of By, with ; ¢ N, we have
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Lemma 3.6. (i) For | < [*4],
B (n—oz—i—l)f vEL (1 — oot " ady
o= —a—1 :
(20 4+ n — 2a)|so| et
(ii) For [2]+2 <1< 3n+2—aq,
! —l—a+1 2
—(n—a+1
By = (n ot 7)a+2l71 ( J ki dv + )
(21 +n— 2a) |sg|2n=oFD) V1 —yn—otl (1 +41— v”—O‘H) n—20+2
(iii) Forl <min{§ +2 —a, § + 1},
/ 1 +1 1 2

JI = on—atT _
By = ) — 50Butio-
! |SO‘ QEXn a+1) l+ 2 dv + 2—n—2] 50 +.0

Proof. From (3.21) and (3.22), one derives
Olo(h,uo) 2 +n— sa-ne  Dug(h, o)
- _ * Bolh o= . 3.32
oh 2(n — +1) 10lh] T o (3:32)
In view of (3.14), we obtain
ug
1] 1 a -1
% = 5 / u_#'i'l(h_ soun_a+1) 2du (Let v = |—|n at+1q 1)
50
|L|n+a+1
50
1
—add | & |n=aFTug !
1|h| oast 2 n_ n—atly—1
= ) —ad3 i / vz l(l v +1) 2dv. (3~33)
n—a+1 1

|50l

For | < [241], from (3.33), it follows that

1
h = —1
ls5 1"l ug

—n42(1—1)

a]l()(h, UO) 1 |h| 2(n—atl)
= ] ( +

oh 2 |50| n—a+tl

)v%_l(l — "t T3 gy

o

—n42(1—1)
1 |h| 2(n—a+1) |:
2 |SO|7££++J

(1 —on=o+) =3y 1 0(|h|5<¢2—7$+1>)}

7y

V2

1 z l _ gn—atl 7%d’0 —nt20-1)
U L=

T2 \30|m

In this case, comparing (3.32) and the above formula, we obtain the conclusion (i)

For [2] +2 <1< 2n+2— a, by (3.33), we have
2 2

—nt20-1) ‘%ln*é““i
0110 (h, uo) 1[h| 2n—atl) V3 (1 e v”_a‘H) d
Aol %) e y
T [ 1 — gn—oatl
1

oh 2 |50
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830
h L —1
lsglm—oFlug

+ v2_ldv}

[

0 |h |m“0
1 ‘h| 2(71. 2il+11)) [ V2= (1 — /1= Un7a+1)
R < + ) dv
A /1 _ Un—a+l
1 0

) |so| ot
2 h  _n- I—1-2 2
_ 2('n. a+1) z -
T 21+2|5| to n—21+2]
—n+42(1—1) 0 n
_ 1 |p|2e=eFD ( % lmatl dv — 2 ) +0(1)
a1+l V1 — pn—a+l (1 +V1— vnfaJrl) n—20+2 ’

n—a+1

2 |50

which, together with (3.32), implies the conclusion (ii). Now, we prove the conclusion (iii). From (3.14)

uo
Ill(h, Uo) = / U(Oéfl)*aT%J"l(h _ Sounfori’l)(h] _ SouniaJrl) Zdu
||
Uug
= (b — squn Ot 2 du

[T )
=h / w22 (h — spu™™ a“)Zdust u

_h n7.11+1
l55 |
S0

(3.34)

‘L|n7}x+1
s0

= hIji(h,uo) — s0ln+10-
Perform a transformation v = |2 |"7<11+1 u~"! to the integral I;; (R, ug) in the above to obtain that

1
T,
|%|n7a+1u0

r%j;% i -1z n—a+1\1
— | "7t |h|2 v 2(l—w )2 dv

El(ha UO) = 7| 50
1

1
[
\%\"*““uo

) ‘h | 7= Q“u_l
(e VI— o=t — ] .
/ Y dv + / v*l*fdv] (3.35)
1

|h‘ 2(n—at1)
|

e

Note that
|2t gt
V1 —ypn—atl 1]
/ ) dv
0

1
‘%ln*OH’lu 0
1 — yn— a+1 +
JERD
1

1
1 —
/ n—o n—2a+4—
=— / 1= 1dv + O(|h| et ),
0

I+z
VT2
h\—itrr, -1
|§\”’°‘+ Ug
n —2l—n+2 n_
v dy = #’E’wﬁwl)u?z v #
2—n—2l"sy 2—n—2]
1

In view of (3.34), (3.35) and the above, we easily obtain the conclusion from (3.21). This ends the proof
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4. Applications

In this section, we will use the method established in Section 3 to study limit cycle bifurcation of a cubic
system. More precisely, we consider the following cubic system

3

. . 1 )
t=xy, y=ua>—2>+ §y2 + 5Zaix’y. (4.1)
=0
We easily see that (4.1)|.—o has an integrating factor =2 with a = —1 and its first integral has the from
2
) L o
H = — —x°.

Furthermore, (4.1)|c—p has an elementary center at (1,0) and a degenerate singular point at (0,0). The
equations

H(z,y)=h, he (—%,0)

define a family of ovals, which surround the center (1,0) and terminate at a homoclinic loop given by
{(z,y)|H(x,y) =0, x > 0} = L. For x > 0, the phase portrait of (4.1)|.—¢ is the same as Fig. 2.3(1). By [7],
one can easily obtain that for h € (—%, +00), the oval H(z,y) = h determines a smooth periodic wave and
the oval H(z,y) = 0, namely L determines a solitary wave solution.

Further, by Corollary 3.1, in the neighborhood of L, the Melnikov function on (4.1) is

M (h,8) = Bolh|™" + By In |h| + Co + Ba|h|In|h| + C1h + O(|h|* In |hl),
where, together with (3.31) and Lemma 3.5
By =rooBoo, Bi=r10B10, B2 = 120B20 + r01Bo1,

3
Colgy=B,=0 = lim E a;xt " 2yde,
h—0—

H(wy)=h =0

3
C1|By=B,=B,=0 = lim jq{ Zaixi_th.

h—0— o
H(z,y)=h "~

Based on the discussion in Section 3 and by the simple computation, we obtain from the above formula

BO = 0, Bl = 72\/5(10, B2 = \/50,1 + O(|a0|),

1+vIF2h
1
ColBy=B,=0 = 2 lim / (alx_l + as + asx) \/2:L‘(h +x— ixz)dx
h—0—
1-vIF2R

1
(alx_l + a9 + agx) 2x(x — §x2)da:

—

co <

3 a1+ —as + ——as

y
(o o g5,
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14+v1+2h )
a2% + asx
Cl|Bo—B1—Bz =0 — 2 liz{]l_ 1 dx
) _ 1.2
_ o r(h+2z — 52?)

2
4
2/ axz + azx® _OT AT 43 (as + Sag).
0

2a(x — $a?) 3
Solving the equations By = By = Cy = 0, we obtain ag = a1 = 0, ag = —%(Lg. In this case, we further
have
2 0(B1, Bs, C
2 f3ay, det 2BLB2C0)
3 a(a07 ag, aQ)

which means that system (4.1) can have three limit cycles near L from Theorem 3.1 for some (ag, a1, as3)
near (0,0, —Za) if ag # 0.
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