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Abstract The first integrals of n-th order autonomous systems are considered. By getting integrating
factors using n — 1 first integrals of the systems, a necessary condition on the existence of global first integrals
of n-th order autonomous systems is presented. It is also proved that n — 1 functionally independent first
integrals of an n-th order autonomous system can be obtained if the system possesses n — 1 functionally
independent integrating factors. Based on one-parameter Lie groups admitted by n-th order autonomous
systems, several methods to obtain first integrals of the systems are presented. Simultaneously, several related

examples are given to illustrate the feasibility and the effectiveness of the proposed method.
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1 Introduction

We mainly concentrate on n-th order autonomous systems of the following form,

dx

“_p 1

where © = (21,22, ...,2,) € D C R"(or C"), P(z) = (P1(2), ..., Po(x)), Pi(z) : D — R(or C). Pi(x) €
Coo(D) and ¢ € R(or C). Associated to system (1), there is the vector field X = Y7 | Pz(glc)i The

8:61‘
0P,
divergence is divX = Z?:l 3 *. For n-th order non-autonomous systems
Ly
dx
— = P(t 2
7 = L), (2)

it is often easy to be converted into the (n + 1)-th order autonomous systems by letting ¢ = z¢. In
this paper, we are interested in first integrals in the sense that the open set D C R"™ where the first
integral is well defined. A function ®(z) € C'(D),®(x) : D — R is called a first integral of system
(1) if it satisfies the following differential equation at every point in D,

X®(z) = 0.

First integrals are powerful tool in the study of ordinary differential equations and partial differ-
ential equations (see for instance Ref. [1]-[10] and the references therein). As we know, searching
for first integrals of a differential equations system plays a very important role for integrating the
system. The importance of the existence of a non-constant first integral ®(x) of the vector field X
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lies in the fact that the trajectories of the vector field X leave invariant the level sets of the function
®(z), and hence this is a strong constraint on the dynamical behavior of the vector field. So, one
often wants to recognize if an autonomous system has first integrals, and how to get first integrals
of the system. Many different methods have been used for studying the existence and searching for
first integrals of ordinary differential systems. For example, the Lie groups ([1, 11]), the Darboux
theory of integrability ([12]), the Painlevé analysis ([13]), the use of Lax pairs ([14]), etc. In [15],
The necessary conditions for the existence of functionally independent generalized local rational first
integrals of ordinary differential systems via resonances are studied. The main results in the paper
extend some of the previous related ones. In [16], The relations between the existence of local analytic
first integrals and resonance are studied, and a necessary condition for general nonlinear systems to
have rational first integrals is given. By using the so-called Kowalevsky exponents, the author also
presents a criterion for the nonexistence of rational first integrals for semiquasihomogeneous systems
in [16].

As we know, there are two important tools, which can be used to search for first integrals of
an autonomous system: One is inverse integrating factors and the other is Lie groups admitted by
the autonomous system. The fact that the existence of Lie group gives rise to study first integrals
is well known since Lie’s work [1, 11]. Let’s recall some basic concepts. We say that a function
u(x) € C*(D) is an inverse integrating factor of the vector field X if X pu(x) = p(z)divX. Actually,

1
if pu(z) is an inverse integrating factor of the vector field X, ﬂ(u(m) # 0) is an integrating factor,
w(x
1
that is, div(ﬂX ) = 0. A one-parameter Lie group G with the following generator
w(z
0 0
V=Vi—+4..+V,—
16:61 N "0z
is admitted by system (1) if every transformations of G leave system (1) invariant, that is, [X, V] =
A(x)X for some function A(z) € C°°(D), where [-,-] stands for the Lie bracket. Some recent results

about first integrals can be consulted in [17]-[26] and references therein. In [17], a sufficient condition
for the existence of explicit first integrals for vector fields which admit an integrating factor is proved,
and the result of the literature extends existing results on the integrability of vector fields.

In this paper, we further consider the first integrals of n-th order systems. Firstly, a necessary
condition on the existence of global first integrals of n-th order autonomous systems is presented and
proved. A method to get integrating factors using n — 1 first integrals of the systems is obtained. We
also prove that an n-th order autonomous system has n — 1 functionally independent first integrals
under knowing n — 1 functionally independent integrating factors of the system. Based on the Lie
groups admitted by n-th order autonomous systems, several methods to obtain the first integrals of
the systems are presented. Simultaneously, the corresponding results of n-th non-autonomous systems
are given. Finally, several related examples are given to illustrate the feasibility and the effectiveness
of the proposed methods.

2 The existence of global first integrals of n-th order au-

tonomous systems

Definition 2.1 System (1) is called a conservative system or X is called a volume-preserving vector
field if divX = 0.

Obviously, a conservative system has a divergence-free vector field X, and has a constant integrat-
ing factor. A conservative system has many excellent properties. Hamiltonian vector fields are a class
of typical conservative vector fields.



Definition 2.2 If system (1) and other autonomous system have the same trajectories (except for
individual points) in a subset of D, then we call that two system are equivalent in the subset.

Lemma 2.1 If system (1) has a non-constant integrating factor p(z) in D, then system (1) is
equivalent to a conservative system.

d
Proof. Multiplying system (1) by u(z), and let dr = ﬁ’ we have
w(z
dx
7 = H(@)P(2). (3)

Obviously, system (1) has the same trajectories with system (3) except for individual points in D, that
is, they are equivalent in D owing to Definition 2.2. Because pu(x) is an integrating factor of system
(1), div(p(z)X) = 0. p(z)X is a volume-preserving vector field. So, system (3) is a conservative
system.

In physics or mechanics, conservative systems (or being equivalent to conservative systems) are a
class of important systems in nature, and their vector fields maintain a constant volume of phase space.
As we know, in the neighborhood of ordinary points of system (1), the system has n — 1 functionally
independent first integrals. In the neighborhood of equilibrium points of system (1), there is the
complexity on the existence of first integrals of the system. Up to the present, we can see many
literatures to study the existence of the first integral of autonomous systems in the neighborhood of
the equilibrium points, see [15, 16] and the references therein. In this section, we consider the necessary

on the existence of global first integrals of system (1) by getting integrating factors of system (1).
Theorem 2.1 If system (1) has n — 1 functionally independent global first integrals ®;(x)(i =
L, D(®y,..., D,
1,2,...,n—1) in D, then system (1) has an integrating factor p(z) = B where L,, = W|
is the Jacobi determinant.
Proof. Because ®;(z)(i = 1,2,...,n — 1) are n — 1 functionally independent global first integrals

of system (1), that is, X®;(z) = 0,i = 1,2,...,n — 1, we have the following formulas in D,

0P, 0Py
—lp+.. P, =0,
8$1 1+ + a:L'n
99, 00 "
n—1 n—1
P+ ... P, =0.
0x 1t ox, "

The above equations can be considered as a linear system in the unknown Py, Ps, ..., P,_1. Be-

cause ®,;(i = 1,2,...,n — 1) are functionally independent of each other in D, the Jacobi determinant
|D(<I>1, ey @p1)

| # 0. Denote the determinant by L, :
D(.Tl, ceey xn—l)

D(®y,...,8,_1) |

Ly, = .
) ‘ D(.’lfh...,.rn_l)

According to (4), Py, Pa, ..., P,—1 can be expressed by P, as follows,

P, i
Po= )" Ly =12
D(®q,...,0,,_ . Ly,
where L; = | (@1, ®1) [, i=1,2,...,n—1. Let u(x) = ==, one has
D(w17x27"‘7$i71ami+17“'71‘n) Pn
L;
F = ( 1)nfz'u/(r)7 Z:1a27 777,—1
Therefore,
Lz = ( 1)7L7Z/'L(x)Pi7i - 1727 , N — 1 (5)



Morover, we have

% .y D(®y,...,Pp—1) 4] D(®q,...,D,1) P D(®y,...,Pp,—1) |
833'1 D(.I'2717.Z'3,...7$n) D($2,$3,1,...,J}n) D(:L‘27‘..,£L‘n,1,.’l‘n’1) ’
% — D(®q,...,P,-1) 4] D(®q,...,P,-1) [ D(®q,...,P,-1)
0o D($1,27I37-~-7$n) D($17$3,27~--,$n) D($1,$37-~-7$n—1,$n,2) '
oL, _ D(®y,...,Pp—1) 4] D(®y,..., 1) P D(®q,...,Dp,1) |
8$n D(l‘l’n,ﬁﬂg,...,xnfl) D(l‘17l‘2,n,...,$n,1) D(.I'17...7.I'n41’n) ’
where
09, 0?®, 09, 09, 20,
| l)(q)17 - q)n—l) | _ 8131 89518951 6932-_1 al‘i+1 aIn
D(.T,‘l,.TQ, oo Tlgy "'7$i—17$i+17"'7xn) a®n—1 82@77,—1 8@71_1 8®n—1 8@71_1
8.1'1 81‘[81’1 (9$i,1 (9$i+1 (%cn
Based on direct calculation, one can obtain
0L, OLo 50L3 _,0L,
-1 —1)"—+ ... " —=0
0x1 )81'2 + ) 0xs3 + (-1) oxy,

That is,

i—1 Oz i—1 9z

that is,

S AR)

ox; N
i=1 t
L, . . 4
So, p(z) = =~ is an integrating factor of system (1).
Li —i - Ln Lz _
Based on Theorem 2.1, F(—l)" ‘i=1,2,..,n—1are all equal to u(x) = B and F(—l)" ti=

1,2,...,n — 1 are also integralting factors of system (1).
Theorem 2.2 If system (1) has n — 1 functionally independent global first integrals ®,(x)(i =

1,2,...,n—1) in D, then system (1) is a conservative system or is equivalent to a conservative system.

Proof. Because p(z) = % is an integrating factor of system (1), system (1) is equivalent to a
conservative system by using Lemma 2.1. When u(x) is constant, system (1) is actually a conservative
system.

Obviously, from the necessary condition on the existence of global first integrals of n-th order
autonomous systems above, we have the following result.

Corollary 2.1 If system (1) is not a conservative system or is not equivalent to a conservative
system, then it has not n — 1 functionally independent global first integrals in D.

For a conservative system (or a system being equivalent to a conservative system), under what
conditions does it has n — 1 functionally independent global first integrals? To begin this topic, we
consider a system of two equations (n = 2). To look for a first integral for a given system (1) of n = 2



is an equivalent problem as to look for an integrating factor. As we know, If there exists a function
w(z1,x2) € D satistying

w(xy, o) (Padry — Prdas) = dQ(z1, 22),
then we call p(x1,x2) an integrating factor, and 2(z1,x2) a first integral of system (1). The first
integral Q(z1,x2) associated to the integrating factor can be computed through the integral

Q(xl,mg) = //1/(1'171'2)(P2dx1 — Ple'Q).

Because a conservative system has a constant integrating factor, the system can be integrated directly.

For n-th order autonomous systems, We have the following result.

Theorem 2.3 If system (1) has n — 1 functionally independent integrating factors in D, then it
has n — 1 functionally independent first integrals in an open subset of D.

Proof. Let p1 (21, .cc;@n)y ooy frn—1(21, ..., ) be n— 1 functionally independent integrating factors
of system (1). Then we have

Api(x1, .y xp) P O(pi(x1, ..oy xy) P O(pi (1, .y xp) Py .
(1i(1 Tn) 1)Jr (pi(z1 Tn) 2)+...+ (pi(21 Tn) ):0,2:1,2,...,n71.
T o T
Furthermore, some easy calculations show that L, i =1,2,...,n — 2 is not a constant and
Hn—1
Hi
X(——) =0,
(un_l)

i

ie. , i =1,2,...,n — 2 are nontrivial first integrals of system (1). Because p, ..., tt,—1 are

Hn—1
functionally independent,

M1 Hn—2
Hn—1 & Hn—1
are functionally independent. Without loss of generality, we introduce the invertible transformation,
v =1 n—2,
Hn—1
Yn—1 = Tn-1, (6)
Yn = Tn-

Denote this transformation by y = G(x). Then under it, system (1) is transformed to the following

system,
Ui =0,71=1,...,n—2,
In1 = Pua(G7HY)), (7)
I =Pu(GTH ()

Apparently, system (7) has the first integrals ;(y) = v;, ¢ = 1,...,n — 2. In addition, we can know
that system (7) has the integrating factor,

v(y) = -1 (G ()IDy G~ (y)],
where |D,G~1(y)| denotes the Jacobian determinant of G~!(y) with respect to y.

In fact, because p,,—1(x) is an integrating factor of system (1), we have

a n— n— n— n
(tn—1P1) +8(H 1P2) +.__+3(H 1Pn)
T o Tn

~0. (8)

One can get the partial derivatives of p,_1P; with respect to y1, 42, ..., Yn,

a(ﬂnflfﬁ)‘i a(ﬂnflfﬁ) 81'1 6(anlfﬁ) 8%2 a(ﬂnflfﬁ) axn
= —_—t =+ —

Y1 x1 oy Z2 oy, Tn oy
a(ﬂn—lpl) o a(ﬂn—lpl) 65[1 a(ﬂn—lpl) 6552 6(N7L—1P1) azn
= Rt T Uk L At S L A ,

Y2 x1 Y2 x2 0y Tn 0y
8(Mn—1P1) _ 3(ltn—1P1) Oz 3(un—1P1) Oxa a(un_1p1) Oxy,
= et =+ .+ .

Yn x1 OYn T2 OYn Tn OYn

5



The above equations system can be considered as a linear system in
Ipn—1P1) O(pn—1P1)  O(pun—1P1)

X1 ’ T2 » T
O(pp—1 P
We can obtain the expression of %7
1
Npn-1Pr) _ 1\ Dlptn1 Py, ),
1 | A D(y1,y2, s Yn)

D(x1, 29, ..., Ty)

where A =
D(ylayQa 7yn)

. Obviously, by using (6), we have

‘A‘ _ ‘D(.rl,l'g,...,l'n,g)
D(y1»y2»---’yn72)

Similarly, one can calculate the partial derivatives of y,,_1 P> with respect to y1, ¥y, ..., Yn. Then, from a

|- 9)

O(thrn—1P2) O(pp_1P: O(pp—1 P . . O(pp_1P.
linear system in (1 2), (1 2),..., (K1 2)7 one can obtain the expression of M,
1 To Ty T2
8(un_1P2) _ L D(.Z‘l,pn_lpg,.rg,...,xn)|
X2 |A| D(ylayQa 7y7’b)
I pp—_1 P I pn-1 P,
Similarly, one can also obtain the expressions of (n 1 Ps) S (n1Pn) as follows,
X3 In
8(Mn—1Pz) _ i D(m17x27"'7'Ti—17IU‘n—IPiaxi+17~~'axn) |’ i= 3’4’ T
Z; |A‘ D(y17y27"'7yn)
M pn—1P;) . . . .
Substituting M, i=1,2,...,n into (8) and expanding each determinant
Xg
|D($1,[E2,...,$i,1,,u,n,1Pi,Ii+1,...,(En)‘
D(yl>y2a"'ayn)
in the i-th column, by using (9), we have
D(/Lrn71P17‘T2, ---7‘Tn) D($17x2, -~~7xn737/1'n71Pn727xn717xn)
== [ = |
_ HPn—14n—1 _ Hn—14n—1 L1, 225y Tn—2
(-1 RS LIL) gy (qns TRl [+
a( P’!)/n—l) D( ) Yn—2 (y17y27"'7yn—37yn—1)
HUn—1Ln—1 L1, T2y ey Tn—2
(- Rt | (10)
Y1 D(y27'“7yn71)
+(_1)2n—26(ﬂnflpn)|A‘+(_1)2n—38(ﬂnflpn) D(x1,72, ..., T, 2) |+
9 %‘]n D ayn72 D(ylvy%---vynf?nyn)
+(71)n (/‘Lgfl 7L)|D(x17x2’.”’x"72 ‘:0
Y1 (y27~-~7yn—27yn)
Therefore, (10) can be rewritten as
a(,u‘n—lan—1|A’4|) + 8(#n—1pn‘AD
8yn—l 32/71
_l_HD(/Lnflplam% ,!L'n) | + + ‘D(xlax% -~-7xn73alf/nflpnf2axnflamn)‘
D(ylby(27"'7yp’ﬂ) ) a( D%17y27"'7g76) )
n— HPn—14n—1 n— Hn—14n—1 L1, L2y 00y Tn—2
o2 S gy (s Sl [+
a( Pg/n ) ( ) Yn—2 (y17y27--~7yn—37yn—1)
Hn—1Ln—1 L1;,L2; -y Tn—2
(- Rt | (11)
Y1 (y27'“7yn71)
+(_1)2n 2 (Mn 1 n)|A‘+ QTL_Sa(/Jznfan) D($1,$2,...,xn,2) |+
Oyn OYn—2  D(Y1,Y2, -, Yn—3,Yn)
+(_1)na(un,1Pn)|D($1,I2,...,mn72)
agh&” D(y27 "'7y7‘7,—27y’n)
7ﬂn71Pn718 - ,U/n,1P
Yn—1




For every equations of (6), one can get partial derivatives with respect to y; by the chain rule,

H1 M1 M1
o(—— o(—— 0
1:£.%+£.%+ +£.%
3ﬁ1 Oy 5%;2 Oy 31?22—2 Oy
(2 (2 (2
0:7(‘”"_1 %4, (‘u'”i_l) %4, + 7(#'”_1 .8$n_2
Oxq 0y, 0z o O0%p_o o ’
...... s s s
0 o(——= 0
0= ('u’”*l .%4_7(”"*1).%4_ +7('u”*1 .—61"72
dz1 Oy 0z Oy 022 oy
o1
The above equations can be considered as a linear system in a—xz, (i1=1,2,....,n —2). So, we get
31
Ay ) . 9Gs) O(sy)
6331 8131'_1 6Ii+1 8mn_2
a(-H2) O(2-) A(H2) A(H2—)
axi 1 gn—l a#n—l 6Hn—l aﬂn-l Lo 5
I Ton— 1 Ti—1 Tit1 Tn—2 y t=1,4,...,—
ayl ‘D(,Unil’ 7#71_?)‘
Do) T oy o) o= o)
8I1 (9513‘1'_1 81‘i+1 3xn_2
Oz . .
Similarly, we can get the expressions of — 8 , J = 2,...,n— 2. Substituting — dy;’ i,7=1,2,. -2,
Y.

j
into the determinants of (11), by very tedious computation one can get the follovvlng formula,

|D(,un—1pl7x2a~-~7$n)| + +|D(l‘17x27"'7xn—37:U'n—lpn—%xn—lwrn)|
D(y17y27“'7yn) D(ylayQa“'ayn)
+(_1)2n_28 :unflpnfl) |A| + (_1)2n_36 Hn—1Pn—1 (.171,93'2, --'axnf2) ‘ + o
OYn—1 OYyn—2 D(y1, Y25 s Yn—3,Yn—1)
+(_1)n a(ﬂnflpnfl) ‘D(xlaw% ---axn72) |
aayl P D(y27"'7yn—lg P D
+(71)2n72 (Nn—l n |A| + (*1)27173 (/VLn—l 'n,)‘ (1?173327 ...,l‘n_g) ‘ 4
8yn 8yn—2 D(y17y27 "'7yn—37yn)
_’_(_l)na(ﬂn—lpn) D($1,$2,...,$n_2)|
86%1‘14' D(y27 7yT|L ‘Q,yn)
" HMn— Pn— - HMn— n — O
fn=1 1ayn71 ! ayn

From (11), one can get directly

O ji 1Py A
(ftn—1Pn—1] |)Jr
aynfl

a(,un71Pn|A|)
Oyn

:O7

where |A]| is actually |D,G*
of system (7).

(y)|. That means that yu,—1(G~*(y))|D, G~

L(y)| is an integrating factor

This shows that the two dimensional differential system

yn—l = I'n— I(G (y))
i (12)
{ in = PuG)
has the integrating factor
V(Yn-1,Yn) = pa-1(GTH (1)) DyGTHQ(Y), s Qu-2(y), Yn—1,Yn)

where Q4 (y), ..., 2,—2(y) are constants. Hence, system (12) has the first integral

s (Yot ) = / VPG (1)) dyn—1 — VP (G (4))dun.
7



Obviously, €2, is functionally independent of 4, ..., €2,,_o because the latter are independent of y,,_1
and y,. Applying (6) to 1,...,Q,_1, we can get n — 1 functionally independent first integrals

O (2) = (G (), ooy U () = Qo1 (G(2))

of system (1). The proof is completed.

3 A necessary condition on the existence of global first inte-

grals of n-th order non-autonomous systems

We consider n-th order non-autonomous systems (2), where x = (z1, 22, ...,z,) € D C R"(or C"), P(t,x) =
(Pr(t, 21, @2, ooy @)y ooey Po(t, 21, 22, oy T0)), Pi(t, 1, T2, .y @) : RXD — R(or C). Pi(t, 21, %2, ...,2n) €
Coo(RxD) and t € R(or C). Let t = g, system (2) can be rewritten as an (n+1)-th order autonomous

system,
dx
E :P($07x1,$27.--,$n)- (13)
n 0
Associated to system (13) there is the vector field X = > " | Pi(x)a—, where Py(xo, 21, ..., xn) = 1.
Li
oPp;
The divergence is divX = Z?:l 3 ' It is easy to have the following results.
Li
Theorem 3.1 If system (2) has n functionally independent global first integrals ®;(z)(: =
L Do, ey Py
0,1,...,n—1) in RxD, then system (2) has an integrating factor u(z) = —*, where L,, = \07—7"1)
Pn D(ZL’Q,...,Z’TL_l)

is the Jacobi determinant.

L; .
Similarly, one can have that —(—1)""%,i =0,1,...,n — 1 are all also integrating factors of system
i

D(®g, ..., P, . .
(2), where L; = | (%0, .. ) |, i=0,1,...,n — 1. Specially,
D(I07$17~-~7$i—17$i+17-~~7-Tn)
D(®g, ..., ®_1)
L= | 220 Fnl) qyn
0= D(x1,...;y,) (=17

is an integrating factor of system (2).

Theorem 3.2 If system (2) has n functionally independent global first integrals ®;(x)(i =
0,1,...,n — 1) in R x D, then system (2) has a volume-preserving vector field (is a conservative
system) or is equivalent to a system having volume-preserving vector field (a conservative system).

Corollary 3.1 If system (2) has not a volume-preserving vector field (is a conservative system)
or is not equivalent to a system having volume-preserving vector field (a conservative system), then
it has not n functionally independent global first integrals in R x D.

Theorem 3.3 If system (2) has n functionally independent integrating factors in D, then it has
n functionally independent first integrals in subset of D.

The following simple example are given to illustrate the feasibility and the effectiveness of the
above proposed methods.

Example 3.1 Consider the following third order ordinary differential equation,

" (Syl - 1)3/"2
Yy = y—,2



Let us rewrite the equation as an autonomous system ,

iz =1
y = =z
z = w (14)
3z — Dw?
w = B2 _ Jw?
z
0 0 0 3z —1Lw? 9
Its corresponding vector field is X = — 42— +w— + M ——. The system has the following
or Oy 0z z2 ow

first integrals in W = {(z,y, z,w)|z > 0,w > 0},

Z2

91(37711;271”) =T —=Y—-—
w
23
QQ($7y7Z,’LU) = 7y+ —
w

and 9
Qs(z,y,z,w) =2Inw—6lnz — —.
z

One can obtain
D(Q1,9Q9,93) 6 2

Ly = =2 _ 2
4= D(z,y,z) | z 22

Based on Theorem 3.1, one can get an integrating factor of system (14),

( ) Ly 2
T,Y,2,W) = — = —.
M 7y7 ) P4 w2
L L L Ly L L
By directly calculating, we can obtain Fz = Fi and Fi = (—1)4*132, Fz = (—1)4*3Fj So, system

(14) is equivalent to a volume-preserving vector field (is equivalent to a conservative system) in W.

4 Methods to obtain first integrals of n-th order autonomous

systems

In this section, we will discuss several flexible methods to obtain first integrals of n-th order au-
tonomous system using one-parameter Lie groups admitted by the system. As we know, for a La-
grange system, Noether theorem ensures that one can get a first integral by knowing a one-parameter
Lie group admitted by the system [27]. For an n-th order autonomous system, in order to obtain first
integrals, multiple-parameter Lie groups admitted by the system are required in traditional theory of
Lie groups [1, 11]. Generally, it is more complicated to calculate a multiple-parameter Lie group ad-
mitted by a given system. In [7], for avoiding the multiple-parameter Lie group, the spacial structure
spanned by generators of a system of one-parameter Lie groups admitted by an n-th order autonomous
system is studied, and the possibility and the flexibility of finding first integrals of the system by using
several one-parameter Lie groups admitted by the system are revealed. Several methods to obtain first
integrals of n-th order autonomous system by using one-parameter Lie groups are given and discussed
in [7]. In order to make the paper be integrity, here first let us introduce simply the ideas of the
methods and related contents.

Let
m:;@(m,xz,...,xn)%j (i=1,2,...,n—1) (15)
be the generators of n — 1 independent one-parameter Lie groups admitted by system (1).
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Lemma 4.1(22] Tf there exist functions Ai(z) € Cx satistying [X, Vi] = 4;(2)X (i =1,2,...,n—1),
then system (1) admits the Lie groups G; (i = 1,2,...,n — 1) generated by V;(i = 1,2,...,n — 1).

Lemma 4.2221 If V is a generator of a one-parameter Lie group admitted by system (1) and Q(x)
is a first integral of system (1), then VQ(z) = f(x), where f(x) is either a first integral of system (1),
or a constant.

In [22], the following results are also proved.

Theorem 4.1 If V;,i = 1,2,...,n — 1 are the generators of n — 1 independent one-parameter Lie
groups admitted by system (1), then under the operation of the Lie brackets,

Vi, V] = SR CF (@) Vi + O (2) X,

where the coefficients C’fd (x)(i,j,k = 1,2,...,n — 1) are either the first integrals of system (1) or
constants, while Cg ;(z) may be arbitrary functions.

Theorem 4.2 If V;, (i = 1,2,...,n — 1) are the generators of n — 1 independent one-parameter
Lie groups admitted by system (1), then the one-parameter Lie group with a given generator V is
admitted by system (1) if and only if the generator V' can be expressed by

V =a(x)X + 27 ai(2)V;

3

where a;(z),i = 1,2,...,n — 1 are either first integrals or constants, and a(z) is an arbitrary function.
Theorem 4.1 shows that Cf,j(ﬂc), 1,7,k = 1,2,...,n — 1 may be first integrals of system (1) if
Ci’fj(x), 1,5,k =1,2,...,n — 1 are functions. If Cffj(x),i,j,k =1,2,...,n — 1 are all constants, a first
integral of system (1) can still be found according to the method presented in [7, 23].
We can construct the following system of equations using the generators V;(i = 1,2,...,n — 1) of
Lie groups admitted by system (1),

Pl P2 P’n f1 0
& & ... & fo a
Y 4V~ 4 = (16)
T N et fa n_1

where a;(i = 1,2,...,n — 1) are constants or first integrals of (1). By the independence of V;(i =
1,2,...,n — 1), we know that (16) has only a unique set of solutions f1, fa, ..., fn.

Theorem 4.3[71Tf there exists a set of constants or first integrals ay, ag, ..., a,—1 of (1) such that
the solutions fi, fa, ..., fn, of equation (16) satisfies

ofi  Of; . .

= =1,2,..
axj axz ) Z? j ) ) ) n
then the following first integral of (1) can be obtained,

Q= /fldl'l + fodxo + ... frdxy,.

In fact, we often only know m(< n — 1) independent one-parameter Lie groups admitted by (1).
In this case, by constructing the similar equation for obtaining f1, fo, ..., fn, one can still obtain a first
integral of system (1) under selecting appropriate aj,as, ..., a,—1 according to the idea in Theorem
4.3. The selected ay,as9, ...,a,—1 in the above method are important for obtaining a first integral. A
set of suitable a1, as, ..., an—1 can help us to get a first integral. In [23], the sufficient and necessary
condition satisfied by a set of ay, as, ..., a,_1 is given for searching for a first integral of the system by
the above method. Based on Theorem 4.3, the authors continue to discuss the method of obtaining
first integrals of an n-th autonomous system when the system accepts a series of one-parameter Lie
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groups with the certain solvability in [24]. When an n-th autonomous system accepts a series of
one-parameter Lie groups with the certain solvability, a first integral of the system can be obtained
under the set of ai,as, ..., a,—1 equating concrete constants[24].

Next, a more flexible method to obtain first integrals using one-parameter Lie group admitted
by m-th order autonomous systems is presented, which need not be considered to select a set of

A1,02y ey Ap—1-
Let
Py P ... P,
1 1 1
G & - &
M(-T17:E27"'7‘r7l) = . . . .
n—1 n—1 n—1
1 2 n

Since V; (i =1,2,...,n — 1) are independent, u(x1,za,...,z,) # 0 holds.
1

W@y, o, .oy )
Theorem 4.4 If V;(i = 1,2,...,n — 1) are generators of n — 1 independent one-parameter Lie

Lemma 4.3(29] is an integrating factor of system (1).

groups admitted by system (1), then
1

————) +div(Vi) — Ai(x1, 22, ..., ) (i=1,2,...,m — 1
M($1,$2,...,$n))+ iw(V;) (w1, 22 xy) (i n—1)

W@y, @, oy ) Vi

are all first integrals of system (1), where A;(x1, 22, ..., x,) satisfies [X, V;] = A;(x1, 22, ..., 2,) X, and

[-,-] stands for the Lie bracket.
1

Proof. Let Q = p(z1, 22, ..., 2p) Vi(————
ﬂ(x17$27 "’7$n)

) + div(V;) — Ai(z1, 22, ..., Tp,). One has

X(Q) = X(—%Vi(m) ©X(din(Vi) — X (A)
- %X(u)Vi(u) - ixwz-(u)) + X (div(Ve)) — X (4)
= %(udivX)Vz‘(u) - %(divX)Vi(u) 3 %m(de) - %Ai(udz’vX) + X(div(V;)) — X(A)

= —Vi(divX) — AidivX + X (div(V;)) — X A;.
(17)
The above last equality can be obtained by using the definition of inverse integrating factor and

Lemma 4.1. By direct calculation, we have

‘ o OXy 0V Vi X1 ,0Vin o,
div(V; X) —VZ(de)+a—xl(ax1 + ..+ 8In)+...+ 6$n(a$1 ot 67;”) (18)
and Vi X X Vi DX X
w(XV;) = X(divV; L Gt R M ) B S S fuinin SRR ey | 1
div(XV;) (divV;) + o, (5’1131 oz, )+ e (83:1 + .+ 83:n) (19)
Obviously,
09Xy, 0Vi oV 0X1  0Vin oV,
— + .+ )+ oo+ —( I )
Oxy " Oz ox 0xy, ~ Ox Oox
7 ﬂ(b+ +5X1)+ +<§”V;n(éxn+ +5‘Xn)
Oz Oy Oxn, Oy 0z Oxpn
Substituting (18) and (19) to the last equality of (17), we have
X(Q) = div(XV;) — div(V; X) — AidivX — X (A;). (20)

Because V; (i = 1,2,...,n — 1) are all the generators of Lie groups admitted by system (1), one has
XV, -V, X =A,X
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and
div(XV; — V; X) = div(A; X) = AydivX + X (A;).
Substituting the above formulae to (20), we have X (€2) = 0. The proof is completed.

Remark 4.1 Theorem 4.4 presents a method to obtain first integrals of system (1) using Lie
groups admitted by the system. If system (1) is a conservative system, that is, divX = 0, then system
(1) has the constant integrating factor u(xz) = 1. One may get directly a first integral under knowing
only a one-parameter Lie group admitted by system (1). If system (1) is not a conservative system,
that is, divX # 0, one may get n — 1 first integrals under knowing n — 1 independent one-parameter
Lie groups admitted by system (1).

Remark 4.2 By Theorem 4.4, we know

1
Q=pVi(=)+div(V;) — Ai(i =1,2,....n — 1)
7
are all first integrals of system (1). The first integrals can also be written as

1,1 1

Vi(=) + —div(V;) — —A;

() div(Vi) = =
1

1

0=

So, one can have
1 1

1
Vi(=)+ —div(V;) — —A; (i=1,2,..,n—1)
TR "
being also all integrating factors of system (1).

From Theorem 4.4, we can get the following result.

Corollary 4.1 If V;(i = 1,2,...,n — 1) are generators of n — 1 independent one-parameter Lie
groups admitted by system (1), then Q = V;(Vi(...(R2)))) (¢ = 1,2, ...,n — 1) are also first integrals of
system (1), where V; is applied k£ > 1 times on .

Proof. Because [X,V;] =XV, -V, X = A4, X,i=1,2,....,n— 1,

X(Vi() =Vi(X(Q)) + 4, X(Q)
=0.
The proof is completed.

Example 4.1 Consider the following autonomous system,

T =
Ty = Y

21
B = —day(a? +ad) @)
g2 = —dao(ai +a3).

0 0 0
Its corresponding vector field is X = y;—— + yo=— — da1(2? + 22) =— — dao(z? + 23)——, and
P g Y1 B Y2 O (2 + 2)8y1 2 (21 2)8y2
divX = 0. It is easy to check that this system admits one Lie group with the following generator,

1
V = (r1y2 — y122) [ (21

0 L0 0 0,
B o1, ) Y1 Y2 s

0xo oy 0ya
and .
[X, V] = —5(961212 —y122)X.
Based on Theorem 4.4, one can get a first integral of system (21),
Q= div(V)— A(x)
7 1

= 5(3”11/2 —y1T2) + 5(3313/2 — Y172)

= 4A(z1y2 — x2U1)-
12



Apparently, one has V() = 6(x1y2 — zoy1)?. It is a first integral of system (21). It is only not a new
first integral because of the integral Q = 4(x1y2 — x2y1).

The following simple system is integrable. Here it is only for illustrating the feasibility and the

effectiveness of the proposed methods in Theorem 4.4.
Example 4.2 Consider the following high order ordinary differential equation,
ms

y(iv) _ a%y

where a > 0. Let us rewrite the equation as an autonomous system ,

T 1
y = =
Z = (22)
o= w
14
w asws.
: . 0 0 0 140 .
Its corresponding vector field is X = — 4+ 2— + v— + w— + a3w3 —. It is easy to check that
Jx dy 0z ov Jw
this system admits five Lie groups with the following generators,
Vl = 27
Y
VZ = 5
dy
Vi = :r3 + 3
B a% 0z’ 5 )
Vi =22~ +22— +2——
Vs =a— —2— — 20— — 3w—
° Yor %oz T80 " ouw

and
(X, Vi]=0, i=1,2,....,4; [X,V5]=X.

The following inverse integrating factor can be obtained,

1z v w  aiws

1 0 O 0 0
wx,y,z,o,w) =10 x 1 0 0

0 22 2 2 0

zx 0 —z —2v 3w

= aswi (2zz — 2220) + 3w(z2w + 22 — 27v).
Based on Theorem 4.4, by direct computing, one can get first integrals of system (22),
1 .
0 = —;Vl(u) + div(V1) — A1 ()

203 w3 (2 — 2av) + 6w(zw — v)

asws (222 — 2020) + 3w(z?w + 2z — 2av)

Q3

1 ;
Vi) + din(13) - Aafa)
2(aF w3z + 3w)
aswi (2zz — 2220) + 3w(z?w + 2z — 2zv)

The above first integrals are independent of each other. One can also get new first integrals V;(€;), i =

1,2,....5; j =1,3,5, For example,
Q. = Vi)
B 4(aw)3 (2220% — 2zvz 4 22) 4 12(aw) 3 2(2w — 2zvw + 20%) + 18(22w? + 202 — 2wz — 2zvw)
[2a3w3 (2 — 2v)x + (22w + 22 — 220)]? .
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5 Conclusions

In this paper, we have studied the first integrals of n-th order autonomous systems. By considering
the integrating factors generated by the global first integrals of n-th order autonomous systems,
the necessary condition on the existence of n — 1 functionally independent global first integrals is
obtained, that is, if system (1) has n — 1 functionally independent global first integrals ®;(x)(i =
1,2,...,n—1) in D, then system (1) is a conservative system or is equivalent to a conservative system.
In physics or mechanics, conservative systems (or being equivalent to conservative systems) are a
class of important systems in nature, and their vector fields maintain a constant volume of phase
space. Celestial mechanics is an important source of conservative systems. We also prove that an
n-th order autonomous system has n — 1 functionally independent first integrals under knowing n — 1
functionally independent integrating factors of the system. From the above investigation, we see
that n-th autonomous systems having n — 1 functionally independent global first integrals in D are
conservative systems or are equivalent to conservative systems. The n — 1 independent global first
integrals of the system can also help us get integrating factors of the system. We have also presented
several flexible methods to obtain first integrals of the system under knowing one-parameter Lie groups
admitted by the system. In particular, when system (1) is a conservative system or is equivalent to a
conservative system, one can get directly a first integral under knowing only one one-parameter Lie
group admitted by system (1). At last, several related examples are given to illustrate the feasibility
and the effectiveness of the proposed method.
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