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1. Introduction

Let M be an n-dimensional compact complex manifold with a hermitian metric F. We usually call a
hermitian metric F a Gauduchon metric if 90F™~! = 0. Gauduchon (cf. [1]) proved that there always
exists a smooth function f such that 0de/ F*~! = 0. That means Gauduchon metrics always exist on
compact complex manifolds. In [9], D. Popovici first defined the strongly Gauduchon metric in the study
of limits of projective manifolds under deformations. A strongly Gauduchon metric on a compact complex
n-dimensional manifold is a hermitian metric F such that 9F"~! is 0-exact. A compact complex manifold is
called a strongly Gauduchon manifold, if there exists a strongly Gauduchon metric on it. Note that 92 = 0
on a complex manifold, of course strongly Gauduchon metrics are Gauduchon metrics. However, a strongly
Gauduchon metric does not always exist on a compact complex manifold. In [9], D. Popovici proved that
a compact complex manifold M carries a strongly Gauduchon metric if and only if there is no non-zero
(1,1)-current T such that T > 0 and T is d-exact on M. In this paper, we want to introduce the concept
of strongly Gauduchon metric on compact almost complex manifold (M, J). But in general, 53 % 0 on an
almost complex manifold, which implies that d;F"~' = ;8 need not imply 9;0;F"' = 0. Hence, we
want to introduce a special kind of almost complex manifolds which are called g-integrable. We call J a
g-integrable almost complex structure if
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97 laen—r(ay=0, ¢ >k >2,

where 2n > ¢ > 2. An almost complex manifold (M, J) is called a g-integrable almost complex manifold if
J is a g-integrable almost complex structure. Then the definition of strongly Gauduchon metric in classical
complex analysis also makes sense on 2-integrable almost complex manifolds. In particular, we investigate
the existence of strongly Gauduchon metrics on compact 2-integrable almost complex manifolds.

Main Theorem. Let (M, J) be a compact 2-integrable almost complex manifold of dimension 2n such that

dim Héjfg‘]l)’(nfl’")(M, R) < co. Then (M, J) carries a strongly Gauduchon metric F if and only if there

are no nontrivial positive (05 + 0)-exact (1,1)-currents.

Acknowledgements. The author would like to thank Doctor Lingxu Meng for patiently discussing with me.
The author also would like to thank the referees for their valuable comments and suggestions.

2. Definitions and preliminaries

Let M be a closed oriented smooth 2n-manifold. An almost complex structure on M is a differentiable
endomorphism on the tangent bundle

J:TM — TM with J? = —id.

A manifold M with a fixed almost complex structure J is called an almost complex manifold denoted by
(M, J). Suppose that M is an almost complex manifold with almost complex structure J, then for any
x €M, T,(M)®r C which is the complexification of T, (M), has the following decomposition (cf. [3]):

To(M) ®g C =T 4 701,

where T9 and T2! are the eigenspaces of J corresponding to the eigenvalues v/—1 and —+/—1 respectively.
A complex tangent vector is of type (1,0) (resp. (0,1)) if it belongs to T30 (resp. T21). Let T(M) ®r C
be the complexification of the tangent bundle. Similarly, let 7*M ®g C denote the complexification of the
cotangent bundle 7*M. J can act on T*M ®g C as follows:

VaeT"M @r C, Ja() = —a(J-).
Hence T*M ®g C has the following decomposition according to the eigenvalues ++/—1:
T*M @r C = A° @ A%

We can form exterior bundle A% = APAY? @ AYAS'. Let Q59(M) denote the space of C™ sections of
the bundle A9, Then we have a direct sum decomposition Q*(M) = D, g=r 257 (M). We denote the
projections QF(M) — Q59(M) by II”%. Note the fact that the total differential form space Q(M) =

D, =0 27(M) is locally generated by Q?]’O(M), Q}]’O(M) and Qg’l(M) and from the following inclusions:

dQy° (M) c QY0 (M) @ Q5 (M), QY0 (M) c Q30 (M) @ QY (M) & Q5P (M),
A5t (M) < QM) @ Q5N (M) @ Q% (M).

The exterior differential operator acts on Q79(M) as follows ([3]):

dSy* (M) € QM (M) + Q5T (M) + Q5T (M) + QT (M), (2.1)
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Hence, d has the following decomposition:

d=A;00;90;0 Ay,
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(2.2)

where Ay 2 TIP~19+20d, §; 2 TP 19 0d, 9y 2 TIP9H o d and Ay 2 TIPT2971 o d. Let a be a (p, q)-form.

We have following formulas (cf. [8]):

8]0&(51,' : '76;04»17"7]17' : 'aﬁq)
p+1

- Z k+1§ka é.la : '75/6’ t '77711)

+ Z ( )kJrl ([€k7£l} gla"Vé\ka"Vélf"’ﬁq)

1<k<iI<p+1
+ Z (_1)k+l+p+1a([£kaﬁl]7§17"'aék?"'aﬁla"'vﬁq)v

1<k<p+1,1<I<q

5.]05(517 t ‘76}077717 ce 'aﬁqul)
q+1

= Z(_ k+p+1nka(£1a : '7ﬁk7 c '777q+1)

+ Z (_1)k+1a([ﬁk7ﬁl]7fl7'"aﬁk7"'aﬁla"'7ﬁq+1)
1<k<i<q+1

=+ Z (_1)k+l+pa([§kaﬁl]7§17 t 'aéka t 'aﬁla t '777q+1)7
1<k<p,1<I<q+1
AJO‘(&M o '75[)—1’7717 c '7ﬁq+2)
= Z (_1)k+la([ﬁkvﬁl],£lv'”aﬁk?"'aﬁla'"7ﬁq+2)

1<k<I<q+2

and

Ar]a(gla o '7§p+27ﬁ17 v ‘,ﬁqfl)
= Z ( )k—H ([fkagl] 61)'"7éka"'7él7"'aﬁq71)’

1<k<iI<p+2

where &1, -+, €pra, M1, - -, Ngt+2 are vector fields of type (1,0). It is easy to see that A; and A are R-linear

operators of order 0. Moreover, the operator S = A;,d;,d;, Ay satisfies the Leibnitz rule
S(anp)=SaAB+(—1)%% A SB.
After a simple calculation, we can get the following properties:

d=0;+05: QM) — QY(M);
Ajod;+d%4+A500;4+0%=0:0%M) — (Q2°(M) + Q%*(M));
6105J +5J08J =0: QO(M) — Q},’l(M);
07005 +0500;=0: Q"N M) — Q(M).
Here, we just explain the formula (2.7). For any a € Q""" (M),

dOé:(AJ+8J+5J+AJ)O[:(8J+5J)O¢

(2.3)

(2018), https://doi.org/10.1016/j.jmaa.2017.12.004

Please cite this article in press as: Q. Tan, On strongly Gauduchon metrics of almost complex manifolds, J. Math. Anal. Appl.




Doctopic: Complex Analysis YJMAA:21865

4 Q. Tan / J. Math. Anal. Appl. s (ssee) ese—see

and
0=d’a=d(d; +d;)a= (05 +d;)(0sa + da) = d;05a + 050,
Recall that on an almost complex manifold (M, J), there exists Nijenhuis tensor N as follows:
ANG =[JX,JY] - [X,Y] - J[X,JY] - J[JX,Y], (2.8)

where X, Y € TM. J is said to be integrable if N; = 0 (cf. [6]), then J is a complex structure and (M, J)
is a complex manifold. Moreover, we have the following equivalence on a compact almost complex manifold
(for details, see [3,7]):

J is integrable <= 9% = 0.

Generally speaking, the integrability is too strong for some almost complex structures. There are many
known almost complex manifolds which are not complex manifolds. Hence, we want to introduce a special
kind of almost complex manifolds which are called g-integrable.

Definition 2.1. Let (M, J) be an almost complex manifold of dimension 2n. We call J a g-integrable almost
complex structure if

53 |Q2"_l"'(]\/f): 07 q > k > 27

where 2n > ¢ > 2. An almost complex manifold (M, J) is called a g-integrable almost complex manifold if
J is a g-integrable almost complex structure.

It is easy to see that a 2n-integrable almost complex structure is just a complex structure.

Suppose (M, J) is a closed almost complex 2n-manifold. One can construct a J-invariant Riemannian
metric g on M. g could be constructed as g(-,-) = £{h(-,-) + h(J-, J-)} for some Riemannian metric . This
then in turn gives a J-compatible non-degenerate 2-form F by F(X,Y) = g(JX,Y), called the fundamental
2-form. Such a quadruple (M, g, J, F) is called a closed almost Hermitian manifold. For convenience, we call

F the almost Hermitian metric.

Definition 2.2. (cf. [9]) A strongly Gauduchon metric on a 2-integrable almost complex 2n-dimensional
manifold (M,.J) is an almost Hermitian metric F' such that 9;F"~! is dj-exact. A compact 2-integrable
almost complex manifold is called a strongly Gauduchon manifold, if there exists a strongly Gauduchon
metric on it.

3. Proof of main result

A form a € QF(M) is said to be real if it satisfies & = @. Denote the space of real k-forms on (M, J)
by QF(M)g. It is easy to see that all positive forms are real. The following proposition gives some relations
between strongly Gauduchon metrics and some special real forms.

Proposition 3.1. (c¢f. [5,9]) Let (M, J) be a compact 2-integrable almost complex manifold of dimension 2n.
Then the following properties are equivalent.

(1) (M, J) is a strongly Gauduchon manifold.
(2) There exists a strictly positive (n — 1,n — 1)-form Q, such that 8,5 is 0;-exact.
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Qn—l,n—l

(3) There exists a real (0 +0)-closed (2n — 2)-form Q whose (n—1,n — 1)-component is strictly

positive.

Proof. “(1) = (2)” Suppose that F is a strongly Gauduchon metric on (M, J). We choose ) to be F"~1.
By the definition of strongly Gauduchon metric, it is easy to see that = F"~1 is a strictly positive
(n—1,n —1)-form and 9, is 9 -exact.

“(2) = (1)” Suppose that  is a strictly positive (n—1,n—1)-form and 95 is 0;-exact. Then there exists
a unique strictly positive (1,1)-form F such that F"~! = Q (see [5, page 280], the proof is independent of
the integrability of J). It is easy to verify that F' is a strongly Gauduchon metric.

“(1) = (3)” Suppose that F'is a strongly Gauduchon metric on (M, J). Thus, there exists a (n, n—2)-form
f such that 0;F"~' = 9;83. Let Q = F*~' — 8 — 3. Obviously, the (n — 1,n — 1)-component of Q is F"~!
which is strictly positive. In addition, we have (9 + 0,)Q = 0, F"~ ' —9;8 +0,F" ' —9;8=0.

“(3) = (1)” Let Q = Q=11 4 Q=2 1 Q=27 he a real (9 + 0)-closed (2n — 2)-form and Q171
is strictly positive. Since (974 0;)Q = 9;Q7 171 49,0727 49,0717 —1 49,0772 = (, we can obtain

aJanl,nfl _ _5(]077,,71727 8JQn72,n _ _gJanl,nfl.

On the other hand, there exists a strictly positive (1,1)-form F such that F"~1 = Qn=1n=1 (see [5,
page 280]). Hence, 9, F"~1 = 9;(—Q™"~2). Therefore, F is a strongly Gauduchon metric. 0

By using Proposition 3.1, we can obtain the following interesting proposition.

Proposition 3.2. (¢f. [4,5]) Let (M, Jy) and (N, Jn) be compact 2-integrable almost complex manifolds of
dimension 2m and 2n, respectively.

(1) If f - (M, Jn) = (N, JIn) is a (Jpr, Jn)-holomorphic submersion and (M, Jyr) is a strongly Gauduchon
manifold, then (N, Jy) is a strongly Gauduchon manifold.

(2) (M xN,J=Jy xJn) is a strongly Gauduchon manifold if and only of (M, Jyr) and (N, Jn) are both
strongly Gauduchon manifolds.

Proof. (1) By Proposition 3.1, there exists a strictly positive (m — 1, m — 1)-form Qp;, such that 9s,,Qpr =
D7, B, where 3 is a (2m—2)-form on M. Define Qx = f.Q. Qu is simply the (2n—2)-form obtained by inte-
gration over the fibers of f (the proof of Proposition 1.9 in [5]). It is well known that a (Jas, Jn)-holomorphic
map f: (M, Jy) — (N, Jy) between two almost complex manifolds is a smooth map whose differential f,
satisfies fi.Jy = Jn f« at every point. Thus, we have

Oin QN = Oy [+ Q01 = [2050, Qs = £200,, 8 = Osp fo B

By the proof of Proposition 1.9 in [5] (the proof is independent of the integrability of Jy), we know Qp is
a strictly positive (n — 1,n — 1)-form. So (N, Jy) is a strongly Gauduchon manifold.

(2) Let (M, Jp) and (N, Jy) be both strongly Gauduchon manifolds. Suppose Fj; and Fiy are strongly
Gauduchon metrics on (M, Jys) and (N, Jy) respectively, such that 9, Fyr~! = 9,8 and 5, Fr ' =
dyy7y- Here B and v are (2m — 2) and (2n — 2)-form on M and N respectively. Denote by 7 and 7y
the projections m : (M x N,J) — (M, Jy) and 72 : (M x N,J) — (N, Jy) respectively. It is easy to
verify that both m and my are (J, Jyr)-holomorphic and (J, Jy)-holomorphic maps. We define a form on
M x N by F & 1{Fy + m3Fx. Then F =1 = Oy FY P A s FR + Com i Ff A msFn !, where Oy, Cy
are constants. Hence, 0;F" "1 = Cy75 (0, Frp ') ATsFR + Comi Fi A (9 FRt). For simplicity, we
will omit pullbacks 7} and 73 in the following proof. By direct calculation, we can obtain
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oy FminTl — C18JMFﬁ_1 A Fl 4 CoF A 8JNF]7\lI_1
Crdy BN F + CoFJE N Doy

87(C1B A FR) + 05(CoFl Ay)
87(CLB A FR + CoFf A ).

Hence, (M x N, J = Jy x Jy) is a strongly Gauduchon manifold.
The converse is an obvious result following (1). O

Let (M, J) be a compact 2-integrable almost complex manifold of dimension 2n. Suppose o € Q2" ~2(M ),
then (8; + y)a € [Q7" (M) @ Q1" (M)]g. Moreover, by (2.7), we have (3 + 9;)%a = 82a + d2a +
87070 + 87050 = 0. This gives a differential complex

Q022 (M) 22225 10 (M) @ Q0 (M) 22825 020 (M) (3.9)
Considering the cohomology associated with this complex leads us to introduce

ker(9y + 7)) N[N (M) @ Q" (M)]g

H(n,n—lh(n—lv”)(M, R) = - — o1 n—1,n ’
im (9 +8;) N[ (M) & Q5" (M)l

954+0s

(3.10)

(n,n—1),(n—1,n)
H3.7+5J

H3%~ ' (M,R). There’s a natural question: is the dimension of

If J is integrable, (M,R) is finite dimensional since it is just the de Rham cohomology

H(n’nfl)’(nfl’")(M, R) finite on a compact

85+0;
2-integrable almost complex manifold or under what condition the dimension of H é?.:éi, 1):(n=1.n) (M,R) is fi-
nite? In order to prove the following results, we need the technical condition dim H éﬁ:{;} Ly (n=1n) (M,R) < co.

Lemma 3.3. Suppose that (M, J) is a compact 2-integrable almost complex manifold of dimension 2n. If
dim Héjfg‘ll)’(nfl’")(M, R) < oo, then the operator
(0 +0g) : P2 (M) — (7" (M) @ Q57" (M)]e

has closed range.

Proof. Define Z{"" - =tm ). 2 (4 € QN M) ® QYN (M)]g (9 + d5)a = 0}. With the

condition dim gD (—1n)

045, (M,R) < co we can easily get that the image of

0y +0y) : Q7 2(M)g — Z{m D=t gy

has finite codimension. Therefore, by the classical theory of functional analysis the image of (0 + ;) is
closed in Z{"" ("L (Ve which, in turn, is closed in [ (M) @ Q31" (M)]g, hence, the image is

closed in the last space. 0O

Let (M, J) be a compact 2-integrable almost complex manifold of dimension 2n. Let (M) denote the
dual space of the Fréchet space QF(M). An element T' € (M) is called a current of dimension k (or a
(2n—k)-current). Similarly, let &, ;(M) denote the dual space of Q79(M). An element T' € &, 4(M) is called
a current of bidimension (p,q) (or a (n — p,n — ¢q)-current). The closed range theorem (cf. [10, Sect. 7 of
Chap. IV]) says that the adjoint of a map with closed range has closed range. Hence, we have the following
corollary.
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Corollary 3.4. (05 + a;) Emn—1(M) ® En1n(M)]r = Ean—2o(M)r has closed range too.

In the following, we will give a characterisation of strongly Gauduchon manifolds in terms of non-existence
of certain currents. Our approach is along the lines used in [2,9]. Let (M, J) be a compact 2-integrable
almost complex manifold of dimension 2n. Suppose that there exists a real (9 + 0;)-closed (2n — 2)-form
Q whose (n — 1,n — 1)-component Q"~1:n=1 ig strictly positive on (M, J). Then for any real (1, 1)-current
T = (95 + 0,)S, we have

(Q,T) = (2, (85 4+ 95)5) = (05 + 0,)2,5) = 0.
On the other hand, for each nontrivial positive (1, 1)-current T', we obtain
(Q,T)= Q"1 T)>0.

This means that if (M,J) admits a strongly Gauduchon metric, then there are no nontrivial positive
(05 + 0j)-exact (1,1)-currents. Moreover, we have the following theorem.

Theorem 3.5. Let (M,J) be a compact 2-integrable almost complex manifold of dimension 2n such that

dim Hé?f(;}l)’("fl’n)(M, R) < oco. Then (M, J) carries a strongly Gauduchon metric F if and only if there

are no nontrivial positive (05 + 0)-exact (1,1)-currents.

Proof. Let Q be any real smooth (2n — 2)-form on compact almost complex (M, .J). We claim that the
condition (95 4+ 0;)Q2 = 0 is equivalent to the property

/QA(6J+5J)T:0 (3.11)
M

for every real l-current T on (M, J). Indeed, by (2.3), we have 0;(QAT) = O;QAT + Q A ;T and
Dy QUAANT)=0;QANT + QA T. Then

/Q/\(8J+5J)T:/(8J+5J)(Q/\T)—/(8J+5J)Q/\T

M M M
— /(a] +5J)(Qn—1,n—1 /\Tl,O_’_Qn—l,n—l /\TO,l
M

+Qn—27n A Tl,O + Qn7n—2 A T071) _ /(&] + éJ)Q AT

M
= /(81 + 05+ Ay + Ap) QAT
M
+Qn71,n71 A TO,l 4 Qn72,n A Tl,O + Qn,n72 A TU,l)
—/(6J+5J)Q/\T
M
:/d(Q/\T) —/(6J+5J)QAT
M M
:_/(8J+5J)Q/\T, (3.12)
M
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where we write Q = Qr=tn=l 4 Q=2 4 =27 and T = T+ + T%L, On the other hand, the duality
between strictly positive smooth (n — 1,n — 1)-forms and non-zero positive (1, 1)-currents on (M, J) shows
that the condition Q"~1"~1 > ( is equivalent to the property

/Q AT = /Q"‘L"‘l AT >0 (3.13)
M M

for every non-zero positive (1,1)-current 7" on (M, J). Denote the space of real 2-currents on (M, J) by
E2(M)g = E9y_o(M)g which is a locally convex space. Define A = {real (9; + 0;)-exact 2-currents}. By
Corollary 3.4, we can get that A is a closed vector subspace of E2(M )g. If we fix a smooth, strictly positive
(n—1,n—1)-form F on (M, J), positive non-zero (1,1)-currents T on (M, J) can be normalised such that
/ » T'AF =1 and it suffices to guarantee property (3.13) for normalised currents. Clearly, these normalised
positive (1,1)-currents form a compact convex subset B of £2(M)g. Then the Hahn-Banach separation
Theorem for locally convex space (cf. [2]) implies that there exists a linear functional vanishing identically
on a given closed subset and assuming only positive values on a given compact subset if the two subsets are
convex and do not intersect. Thus, in our case, there exists a real (0 + 0;)-closed (2n — 2)-form Q whose
(n — 1,n — 1)-component Q"~1"~1 ig strictly positive (that is, there exists a real (2n — 2)-form satisfying
conditions (3.11) and (3.13)) if and only if AN B = . This amounts to there being no nontrivial positive
(5 4+ dy)-exact (1,1)-currents on (M,.J). O

By the above description, we know that A is a closed vector subspace on a compact 2-integrable al-

most complex manifold if dim Héj’:é;l)’(nfl’n)

dim Héjfg‘jl)’(nfl’n) (M,R) < c0? In follows we will consider the case without dim H(g?f(il)’(nfl’n) (M,R) <

co. Suppose that there exists a real (9 4 0)-closed (2n — 2)-form ©Q whose (n — 1,1 — 1)-component
Q=11 g strictly positive and T € AN B # 0. Moreover, suppose T = limy_, 40 (8; + 05)T} for
{T} C [Enn—1(M) ® Ey—1.n(M)]g, then we will get

(M,R) < 0. Is A also closed if we drop the assumption

0 < (Qutn=tT)
= (Q’ T)
=(Q, lim (9; +0,)Tk)

k—+oo

= lim (9,95 + 5J)Tk)

k—400

lim ((a] + 5])Q,Tk)

k— 400

=0.

It is a contradiction.

Corollary 3.6. Let (M, J) be a compact 2-integrable almost complex manifold of dimension 2n. Then (M, J)
carries a strongly Gauduchon metric F if and only if AN B = 0.
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