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1. Introduction and preliminaries

A non-symmetric affine connection space in the sense of Eisenhart’s definition [5] is a differentiable
N-dimensional differentiable manifold equipped with an affine connection V with torsion. The coefficients
of this affine connection are L;k, L; 5 7 LLj.

L. P. Eisenhart started research about non-symmetric affine connection spaces [5-7]. A. Einstein based
the theory of relativity on non-symmetric affine connection [2-4].

The symmetric and anti-symmetric part of the coefficient L; . are

i [ i i [ i

0
The symmetric affine connection space Ay equipped with the affine connection V whose coefficients are
L;k is called the associated space of space GA . The anti-symmetric part L;k is called the torsion tensor.

Symmetric affine connection spaces and mappings between them have stlvldied many authors. Some of
them are N. S. Sinyukov [19], J. Mikes [10-13], I. Hinterleitner [9,10,12,13], S. E. Stepanov [21,22] and many
others.

E-mail addresses: vesko1985@pmf.ni.ac.rs (N.O. Vesié¢), zlatmilan@yahoo.com (M.Lj. Zlatanovié), velimirovic018@gmail.com
(A.M. Velimirovié).

https://doi.org/10.1016/j.jmaa.2018.12.009
0022-247X/© 2018 Elsevier Inc. All rights reserved.

Please cite this article in press as: N.O. Vesi¢ et al., Projective invariants for equitorsion geodesic mappings of semi-symmetric
affine connection spaces, J. Math. Anal. Appl. (2018), https://doi.org/10.1016/j.jmaa.2018.12.009



https://doi.org/10.1016/j.jmaa.2018.12.009
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:vesko1985@pmf.ni.ac.rs
mailto:zlatmilan@yahoo.com
mailto:velimirovic018@gmail.com
https://doi.org/10.1016/j.jmaa.2018.12.009

Doctopic: Partial Differential Equations YJMAA:22779

2 N.O. Vesié et al. / J. Math. Anal. Appl. ess (sees) see—see

Special non-symmetric affine connection spaces are semi-symmetric affine connection spaces. Torsion
tensor of a semi-symmetric space has a special form [1,8].
Covariant derivative with regard to affine connection of the associated space Ay is
e = ajp + Loy — Ljaq- (2)
It exists only one Ricci-type identity with regard to this covariant differentiation. The curvature tensor of
the associated space Ay obtained from this Ricci-type identity is
R;mn = L;m n L;n m T L;XmLZan - L;lnL?sz (3)
Four kinds of covariant differentiation with regard to non-symmetric affine connection are defined [14-16].
These derivatives of a tensor a; of the type (1,1) are:
aélk:a§k+Lgka‘?‘—L?kafl, ajlk—a]k—i—Lka & —Lya al,
1 2

(4)

ajl —ajk—i—L — Lg,aq, ajl —ajk—i—L,m ¥ L]ka
3 4

From the corresponding twelve Ricci-type identities, it is obtained the corresponding curvature tensors
of the space GAy (see [14-16]). These curvature tensors are elements of the family

K. =R —+ulL

jmn imn +u'Lt +oL® L'+ /LY L 4+ wLl® Lt (5)

Jm|n ]n\m jm an jn am mn ag’
for real constants u,u’,v,v’,w. Five of the tensors in this family are linearly independent and the other
ones may be expressed as linear combinations of these linearly independent tensors and the curvature tensor
R’ of the associated space Ay .

Geodesic mappings of symmetric affine connection space Ay have been studied by many authors [11-13,

19]. Weyl projective tensor of the associated space Ay

'L 1 7/ N
ijn = ijn — 0 R -l- 5[ngn] +

Nt+1% Nz — 1 Om s (6)

is an invariant of geodesic mapping f : Ay — An.

Definition 1 (/16,17,20,23,2/]). A mapping f : GAy — GAy is the geodesic mapping if any geodesic line
of the space GAy turns into a geodesic line of space GA . The geodesic mapping f is the equitorsion one
if it preserves the torsion tensor.

Weyl projective tensor as an invariant of equitorsion geodesic mapping is generalized as (see [17,20,23,24])

i @ N ]' 7 u+ u a i
Emn = K + 57 15JK[mn] 71 O Bl Fa =g OBty — Fr o Ll L)

1 o i / Nngi B
TINF RN 1) e [2(N = DudLj, + (u = Nu' = Nu - )5, L]

Lo [2(N — )uéZLgm

+(N+1)2(N—1) (u—Nu'—Nu—u)éﬁanﬂ] (7)

1 ; N(u—u)+u+u
———((u— )L, L} N —1)udtLg, L] 8 L, LY
g (OBl + 2N = Ve L L) + =y 1y el
1
i 78 irB
+ mLL[(NU +u —|—Nu—u)5mL]n +2u5nLJm}

for the above defined family K;mn of curvature tensors.
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U. C. De, Y. L. Han, P. B. Zhao [1], A. K. Mondal, U. C. De [18], Y. Han, H. T. Yun, P. Zhao [8] have
studied the semi-symmetric affine connection spaces GA .

An affine connection space GA y is called the semi-symmetric affine connection space if the torsion tensor
L;k of the affine connection of this space has the form

L;k = ukéj» — ujéfc, (8)

for a 1-form u;. After contract this equation by indices ¢ and k, we obtain that is

1 a

Our aim in this paper is to obtain invariants of equitorsion geodesic mapping of the space GApy. The
main purpose of this paper is to generalize Weyl projective tensor as an invariant of an equitorsion geodesic
mapping of a semi-symmetric affine connection space.

2. Invariants of equitorsion geodesic mappings

Let f: GAy — GAy be an equitorsion geodesic mapping. The basic equation of this mapping is
Lj = Lij + ;0% + by, (10)

for a 1-form ;. From this equation, we obtain that the symmetric parts L;;k and f;_k satisfy the equation

Lﬂz L;i+¢j52 +¢k6;~. (11)
After contract the last equation by indices 7 and k, we obtain that is

1 =

V= N—H(LE—LE)-

For this reason, the symmetric part of the deformation tensor Plk of the mapping f is

i -1 i 1 - o Fa o

ik ik k™ N+ 6k+Lka ]) (12)

v

From the equations (11), (12), it is obtained in [16] that a mapping f : GAy — GAy is an equitorsion
geodesic mapping if and only if the generalized Thomas projective parameter

7 7 1 o
o= L = g (Badi + La)) (12)

is an invariant of this mapping. '
Based on the equation (12) and the invariance f;k = Lé. > we obtain that the following equations are
Vv \

satisfied equivalently:

-1

ijHn - L]m|n Lanij - L]nLam - Lan]oz - LlomL?m + L;anf)ml + L‘rxnnL;ow (14)
Liniin = Limin = 7 : 15; aﬁLm ¥ leLJm — L5, Loy Lo L
1 (15)

_ —51 Lﬁ a

N+1na,6]m N+1 na]m Jjn cxm
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—3 i 1 —a =1
L]mHn - Lgm|n = N +1 (L]aan + Lnaij) + LanL]m - Lanja
v \% \ (16)
Nl (L?QLZm + LgaL;m) Lzoan?m + L?‘nnL§a,
Fi i _
ngn\ln ngnln T ON+1 (LnaLJm + LmaLJn) + LanLJm - LJnLam an
1 a T @ i i ey a 711
N +1 (Lnaij + LmaLJn) LomLJm + L]nLa'rru
—i i 1 PR 1 —a =i —a =i
Bapin = Ligin = 37 0w anlip = 577 anten = ol as)
1
_ SELP 1o LY LG L It
N+1 n aﬁ ]m+N+1 joo nm+ mn ja’
—i i 1 B o 1 —a —i —a —i
chn\ln - Ljylln = N—-l-l nHaBim T N ijn - Lj_nLavm 19)
1
_ 61 L,@ « e Lz e Lz
N+1 n-ap jm+N+1 ma jn+ JnHam»
. . 1
LJULHn - L]1v'n|n = N +1 (L]aan + LmaLjn + 2LnaLJm) + LanL]m (20)
1 a T @ i a 7i i
+ N—H (L]aan + LmaLjn + 2Lnaij) LomL;lm’
FARNRND S SR T [ fl SRy oty /Y oy AR sl A
jcmHn ch|n - N 1" aB jm N 41V iarnm mao ]n na jm (21)
B
— N—Héleaﬁ j‘m + NI (Lj‘aLﬁm + LfnaL;n + LgaL;m).
In this way, we proved that is
L]mHn = L§m|n + ﬁ_zjmn -7 ;mn’ (22)
v v (p) (p)
p=1,...,8, for
N jmn = Lloan(;m - L;lanlm LgnnL;a’ (23)
1
i i 1B e « i o T « i
(Z)jmn - N ¥ 16nLaﬁ jm + N + 1Lnaij - L]nLam Lanjou (24)
i 1 a 11 a 71 i a @ i
(’g)jmn = _N +1 (Ljaan + LnaL]m) + LanLJm - Lanjaa (25)
i 1 (e} % i (e (e &
(Z)jmn = _N—H(Lnal’jm + LmaLjn) + Lanij - L]nLam’ (26)
PR S 0 7 N S 3y S 0 % 27
(’g)]mn N+ 1°n a,@ jm N + 1 datnm mn jou ( )
irB ra 1 @ i a 7i
(g)jmn = N + 1671 aﬁ gm - N + 1LmaLjn L]nLam7 (28)
i 1 a 11 a i a 71 i a
Q)jmn = N +1 (Ljoanm + LmozLjn + 2LnaL]m) + Lanijw (29)
) 1
——— S L L + Lo L + LS L 30
(g)jmn N+1no¢ﬁ gm N+1( jo nm+ mao gn+ na ]m) ( )

and the corresponding 7 ;mn
P
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Let us denote by
Xbn = (Can = Lin) L Xbn = (G = L) L K = L — L) Lo
X;mn =4, (_ L )L?m’ X;mn = (ZZ_EX — Ly, )Lﬁvm ‘)G(Emn = (ng - L? )Lilm’ (31)
Kt = (T = Lina) L
The equations (14)—(21) may be expressed in the forms:
(14 Tin = L = Ximn = Xon = X (32)
(15) : Z;C”H” - L§Cn|n = _)Q(;Wnn %(;mn + N—HX;mn + N—HX;"W’ (33)
(16): Ziin = Limia = Ximn = Koo = 757 X = 757 K (34)
(17) : Zz'cnlln - L§Cn|n = )fémn - ‘)Q(Emn - N+1X;m7l - N+1X;mn’ (35)
(18) : fi';nnn L = =K+ w51 X = 551 K (36)
(19 Tiin = Liia = Xbmn + 757 Xomn = w7 ¥ b (37)
(20) : Zj’cﬂlln - L;Crzln = ‘é(;mn - NLH%(;WL" N%Hszn - N+1 )gzmn’ (38)
D+ Tin = Limia = 7575 $mn = 751 X = 557K bn = w57 X (39)

The p-th, p=1,...,8, of the equations (32)—(39) has the form

ij”ni ]m\n ZIQ Jmn’ (40)

for the corresponding real constants xq.

The above defined geometrical obJects Xt X jmn are linearly independent. The rank of matrix

x x
1 17
X =
X xr
81 87

of the type 8 x 7 is 6. The following lemma is proved in this way.

Lemma 2.1. Let f : GAy — GApy be an equitorsion geodesic mapping. Siz of equivalent rules of transfor-
mations (14)—(21) are linearly independent. O

2.1. Weyl projective tensor and other invariants of geodesic mappings

Based on the invariance

T T 4T T 7T i i paoqio_pampi

jm,n jn,m jm=— an jn— am jm,n jn,m jm=an jn—am>
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for the above defined generalized Thomas projective parameter, we obtain that is

A7t i

. =W
@®Im@?m

for
7 7 i 1 a 18 i
H/)]mn = ijn N + 16]R[mn - (N-|- 1) ((N+ 1) jaln +L]OéLnﬁ)6m
(41)
1 a 78 i
- (N +1)2 ((N +1)L7, jalm + LJaLmﬂ)‘sn’

and the corresponding W]m After contract the equality

n°

%;’mn - E/K;mn =0

by indices ¢ and n, we obtain that Weyl projective tensor ijn = W]Zmn from the equation (6) is an

invariant of the equitorsion geodesic mapping f : GAy — GAN.
Definition 2. The invariants Wémn and W;mn of geodesic mapping f : GAy — GAy are the first and the

second Weyl projective tensor

From the invariance of the geometrical object E/V);mn and Weyl projective tensor (6), we establish that is
1

R =R __4+Di _Di (42)

Im jmn jmn jmn>
(p) (p)

p=1,2 for

. 1 : 1 i
i _ i B i
g)jmn =~y B + e 5 (N + 1)L + LaLs) 00 "
1 i
- (N + 1)2 ((N + 1) ja\m + Lja m,B)(S

1

% 1 i 1 %
D = =370 Rimm — 3z —70m (N Rjn + Bnj) + 37—

@) N+1% N2 0 (NRjm + Runj), (44)

and the corresponding g Smn:

The following lemma holds:

Lemma 2.2. Let f : GAy — GAy be an equitorsion geodesic mapping. The geometrical objects %émn and

sz);m” given by the equations (6, 41) are invariants of this mapping. O

Corollary 2.1. The invariants E/Vi.m and I/VZ of an equitorsion geodesic mapping f : GAx — GAy satisfy
1

)g n jmn

the equation

Wi =W + D — D! o
(2)]mn (1)]mn + (1)]mn (2)]mn7 ( )
for the above defined gjm" and g;mn o
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From the equations (22), (42) we obtain that the family (5) of curvature tensors of the space GAy
satisfies the equation

Fi- = Klmn Dlmn +u ﬁ i'mn + U/ ﬁ i’nm - Dzmn —un lmn - ul n Zl'mn? (46)
im J (0’ ®’ (a) ()’ @®’ (@’

p=1,2"for n’ . gém" defined by the equations (23)-(30), (43), (44) and the corresponding 7 ,,,,,, (ﬁ);m"
() P () e
In this way, we proved that

=W and Wit = W?i

(p,q)”"” ()" .’ )’

&) 1) (2 (2)

for

Wzmn_Klmn_ Dlmn_u Z-‘mn_u i’nm’ w mn_Klmn_ Dimn_u i’mn_u Z-‘n'ﬂw 47
g = g = G = 8 g =l e = Ky = Gy = 8 B = B s (47
(1) (2)

p,q=1,...,4, and the corresponding W i W);mn. The following theorem holds:
& @
Theorem 2.1. Let f : GAy — GAy be an equitorsion geodesic mapping. The geometrical objects (W

)jmmp

(p)
1,2;p,q=1,...,8, defined by the equation (47) are families of invariants of the mapping f. O

Corollary 2.2. A family of invariants W [ p=1,2, and the invariant W;mn satisfy the equation
(P)

W 7W§mn7un;ﬁmn7u’n§nm+um L, +v L3 L, +wLe, L} (48)

jmn Jm an ]n (xm mn a]‘
(p,9) (p) (p) (q

(p)

The families of invariants (%);m" and W);mn satisfy the equation

1) ()

w Zrnn =W Zl‘mn + D mn Dlmnﬂ 49
(ra)’ (pa)’ m’ @’ (49)
(2) (1)

for the above defined gjm and D* O

n (2 )jmn

To examine how many of the families of invariants (W);mn given by the equation (47) are linearly
p.q

(po)
independent, we need to define the following geometrical objects

B
Yzmn - L?JmL?nw Yémn - LjanL?)cm? Y;mn = L(TlnnL;a’ Y;mn = 5;1La,8L?m’
Y = L%aLémv Yimn = Lialnm:  Yimn = L?naLém Y = LémLﬁ‘m (50)
Y;mn = L?leoz’rw Y;mn = 6ran§5La .
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The (p, g)-th invariant (47) has the form

10
. A b o
(W);mn - }g;mn + ZyT}:;mn’ (51)
(o) =
0
for }()/;mn = (I;/K Y +OLS, L, + U’L;?‘nLi@n + wLg,, Lt,;, the above defined lﬁmn and the corresponding
\ v \ v v
real constants ggr, r=1,...,10.
q
Geometrical objects %/;'mm ){;mn, e %;mn are linearly independent. The rank of matrix
- -
L Y10
1 1
1 1
L Y10
8 8
Y= :
8 8
L Y10
1 1
8 8
1 Yyr ... Y10
L8 g

is 8. The following theorem is proved in this way:

Theorem 2.2. Let f : GAy — GAy be an equitorsion geodesic mappings. There are eight linearly indepen-
dent families (A7) of invariants of this mapping which are generalizations of Weyl projective tensor. O

Corollary 2.3. There are nine linearly independent families of invariants of an equitorsion geodesic mapping
f:GAN — GAy which are elements of the set {(W);mn, (W);mn}. O
p.q p.q

(€] (2)

2.2. Geodesic mappings of semi-symmetric spaces

Let f: GAy — GAy be an equitorsion geodesic mapping of a semi-symmetric space GAy. The geomet-
rical objects E/V)z and Y[/)" = ;mn given by the equations (6), (41) are invariants of the mapping f.
1 2

jmn jmn

In the case of semi-symmetric affine connection space GAy, the geometrical objects (23)—(30) are

n ;-mn = L;inéf;nua — L%J5§ua, (52)
(1)
: —;W’(Lau - LY u-)+;5i(LO‘u — L% ua)
(Z)jman_Fln jam ma ™) N+1j na~'m mn o
) (53)
- 51 (Logtj — Liyta) = Ly tim + Lip,u;,
7 1 1 a « 1 7 a a
(Z)jmn = 7N—+15j (qum + (N + l)Lmua) + N—-I-].(Sm (Lﬂun + qu]‘)
(54)

1 ) )
(3 « 1
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(17);’"” = —N—H(s; (Lot + L, g un) + N—Hcs;n (Lagum + (N + 1)L, uq) )
+ N—_H&Lgm ;— Lininuj,
(757)3-,”” = —5;L§mua + N——H(S:” ;la n — N—HCS;L%(X i+ Lj'Muj, (56)
A 1 1 .
(Z);mn = N 16; Ly oun + 5inL§‘nua g 16;L§‘aum L;_num, (57)
(777);1mn = —ﬁa; (Lpnatin + 2L5 4 tum) + N#Hézn(Lgﬁun +2L5 ;) -
- ﬁ&;L?‘aum + L jntm — L’
(Z)émn =N :_ T 5; (L”‘ n+ Lyt ) N 16” (L;"_aun — L%ﬁauj) Ni— 15;L,°;La e (59)
With regard to semi-symmetric affine connection, we have that is
LJO‘mLfm = 5§umun — 5inujun. (60)
The family of curvature tensors (5) of the semi-symmetric space GAy is
Kl = R + w(n 6 — w51,0%,) + 1/ (tnm 6 — 1 0}) (61)

+ (0 + 0 )umund; — (v —w)ujundy, — (v+ w)tuns),.
With regard to the equations (48), (52)—(59), (60), we conclude that the following theorem holds:

Theorem 2.3. Let f : GAy — GAy be an equitorsion geodesic mapping of semi-symmetric space GAy. The
set of families of geometrical objects

mn — Wlmn —u i’mn —u i'mn
(p,q)j (0’ (Z)J (Z)]
u+u U — u +w

(2 [e% B (2 [e% ﬁ T [e% ﬁ
+m6ijaLnﬁ m&,anLnB m(SanLmﬁ,

is the family of invariants of the mapping f. O
Corollary 2.4. The invariant (62) of an equitorsion geodesic mapping f : GAy — GAy is

W 7 _ KZ Dl _ ’L" ,
(7, q)jmn jmn (r )]mn UM jmn — 77 jnm (63)

(p) (9)
(p)

of semi-symmetric space GAn and real constants

for the above defined (n)émn, curvature tensor K;mn

P
u,v’. O

3. Conclusion

In this paper, we studied and developed the theory of invariants of equitorsion geodesic mappings of
symmetric and non-symmetric affine connection spaces. At the start, we obtained the first and the second

Please cite this article in press as: N.O. Vesi¢ et al., Projective invariants for equitorsion geodesic mappings of semi-symmetric
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Weyl projective tensor. Motivated by these findings, we found the invariants of equitorsion geodesic mappings
of non-symmetric affine connection space GA . Specially, we obtained the invariants of equitorsion geodesic
mappings of a semi-symmetric affine connection space.
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