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1. Introduction and preliminaries

A non-symmetric affine connection space in the sense of Eisenhart’s definition [5] is a differentiable 
N -dimensional differentiable manifold equipped with an affine connection ∇ with torsion. The coefficients 
of this affine connection are Li

jk, L
i
jk �= Li

kj .
L. P. Eisenhart started research about non-symmetric affine connection spaces [5–7]. A. Einstein based 

the theory of relativity on non-symmetric affine connection [2–4].
The symmetric and anti-symmetric part of the coefficient Li

jk are

Li
jk = 1

2(Li
jk + Li

kj) and Li
jk
∨

= 1
2(Li

jk − Li
kj). (1)

The symmetric affine connection space AN equipped with the affine connection 
0
∇ whose coefficients are 

Li
jk is called the associated space of space GAN . The anti-symmetric part Li

jk
∨

is called the torsion tensor.
Symmetric affine connection spaces and mappings between them have studied many authors. Some of 

them are N. S. Sinyukov [19], J. Mikeš [10–13], I. Hinterleitner [9,10,12,13], S. E. Stepanov [21,22] and many 
others.
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Special non-symmetric affine connection spaces are semi-symmetric affine connection spaces. Torsion 
tensor of a semi-symmetric space has a special form [1,8].

Covariant derivative with regard to affine connection of the associated space AN is

aij|k = aij,k + Li
αka

α
j − Lα

jka
i
α. (2)

It exists only one Ricci-type identity with regard to this covariant differentiation. The curvature tensor of 
the associated space AN obtained from this Ricci-type identity is

Ri
jmn = Li

jm,n − Li
jn,m + Lα

jmLi
αn − Lα

jnL
i
αm. (3)

Four kinds of covariant differentiation with regard to non-symmetric affine connection are defined [14–16]. 
These derivatives of a tensor aij of the type (1,1) are:

aij |
1
k = aij,k + Li

αka
α
j − Lα

jka
i
α, aij |

2
k = aij,k + Li

kαa
α
j − Lα

kja
i
α,

aij |
3
k = aij,k + Li

αka
α
j − Lα

kja
i
α, aij |

4
k = aij,k + Li

kαa
α
j − Lα

jka
i
α.

(4)

From the corresponding twelve Ricci-type identities, it is obtained the corresponding curvature tensors 
of the space GAN (see [14–16]). These curvature tensors are elements of the family

Ki
jmn = Ri

jmn + uLi
jm
∨

|n + u′Li
jn
∨
|m + vLα

jm
∨
Li
αn
∨

+ v′Lα
jn
∨
Li
αm
∨

+ wLα
mn
∨
Li
αj
∨
, (5)

for real constants u, u′, v, v′, w. Five of the tensors in this family are linearly independent and the other 
ones may be expressed as linear combinations of these linearly independent tensors and the curvature tensor 
Ri

jmn of the associated space AN .
Geodesic mappings of symmetric affine connection space AN have been studied by many authors [11–13,

19]. Weyl projective tensor of the associated space AN

W i
jmn = Ri

jmn + 1
N + 1δ

i
jR[mn] + N

N2 − 1δ
i
[mRjn] + 1

N2 − 1δ
i
[mRn]j , (6)

is an invariant of geodesic mapping f : AN → AN .

Definition 1 ([16,17,20,23,24]). A mapping f : GAN → GAN is the geodesic mapping if any geodesic line 
of the space GAN turns into a geodesic line of space GAN . The geodesic mapping f is the equitorsion one 
if it preserves the torsion tensor.

Weyl projective tensor as an invariant of equitorsion geodesic mapping is generalized as (see [17,20,23,24])

E i
jmn = Ki

jmn + 1
N + 1δ

i
jK[mn] + N

N2 − 1δ
i
[mKjn] + 1

N2 − 1δ
i
[mKn]j −

u + u′

N + 1L
α
[mαL

i
jn
∨

]

− 1
(N + 1)2(N − 1)L

α
mα

[
2(N − 1)uδijL

β
βn
∨

+ (u−Nu′ −Nu− u′)δinL
β
jβ
∨

]

+ 1
(N + 1)2(N − 1)L

α
nα

[
2(N − 1)uδijL

β
βm
∨

+ (u−Nu′ −Nu− u′)δimLβ
jβ
∨

]

+ 1
N + 1

(
(u− u′)Lα

jαL
i
mn
∨

+ 2(N − 1)uδijLα
βαL

β
mn
∨

)
+ N(u′ − u) + u + u′

(N + 1)2(N − 1) δi[mLα
jαL

β
n]β
∨

+ 1
(N + 1)2L

α
βα

[
(Nu′ + u′ + Nu− u)δimLβ

jn
∨

+ 2uδinL
β
jm
∨

]
,

(7)

for the above defined family Ki
jmn of curvature tensors.
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U. C. De, Y. L. Han, P. B. Zhao [1], A. K. Mondal, U. C. De [18], Y. Han, H. T. Yun, P. Zhao [8] have 
studied the semi-symmetric affine connection spaces GAN .

An affine connection space GAN is called the semi-symmetric affine connection space if the torsion tensor 
Li
jk
∨

of the affine connection of this space has the form

Li
jk
∨

= ukδ
i
j − ujδ

i
k, (8)

for a 1-form uj . After contract this equation by indices i and k, we obtain that is

uj = − 1
N − 1L

α
jα
∨
. (9)

Our aim in this paper is to obtain invariants of equitorsion geodesic mapping of the space GAN . The 
main purpose of this paper is to generalize Weyl projective tensor as an invariant of an equitorsion geodesic 
mapping of a semi-symmetric affine connection space.

2. Invariants of equitorsion geodesic mappings

Let f : GAN → GAN be an equitorsion geodesic mapping. The basic equation of this mapping is

L
i

jk = Li
jk + ψjδ

i
k + ψkδ

i
j , (10)

for a 1-form ψj . From this equation, we obtain that the symmetric parts Li
jk and L

i

jk satisfy the equation

L
i

jk = Li
jk + ψjδ

i
k + ψkδ

i
j . (11)

After contract the last equation by indices i and k, we obtain that is

ψj = 1
N + 1

(
L
α

jα − Lα
jα

)
.

For this reason, the symmetric part of the deformation tensor P i
jk of the mapping f is

P i
jk = L

i

jk − Li
jk = 1

N + 1
(
L
α

jαδ
i
k + L

α

kαδ
i
j

)
− 1

N + 1
(
Lα
jαδ

i
k + Lα

kαδ
i
j

)
. (12)

From the equations (11), (12), it is obtained in [16] that a mapping f : GAN → GAN is an equitorsion 
geodesic mapping if and only if the generalized Thomas projective parameter

T i
jk = Li

jk − 1
N + 1

(
Lα
jαδ

i
k + Lα

kαδ
i
j

)
(13)

is an invariant of this mapping.
Based on the equation (12) and the invariance L

i

jk
∨

= Li
jk
∨

, we obtain that the following equations are 

satisfied equivalently:

L
i

jm
∨

||n − Li
jm
∨

|n = L
i

αnL
α

jm
∨

− L
α

jnL
i

αm
∨

− L
α

mnL
i

jα
∨
− Li

αnL
α
jm
∨

+ Lα
jnL

i
αm
∨

+ Lα
mnL

i
jα
∨
, (14)

L
i

jm
∨

||n − Li
jm
∨

|n = 1
N + 1δ

i
nL

β

αβL
α

jm
∨

+ 1
N + 1L

α

nαL
i

jm
∨

− L
α

jnL
i

αm
∨

− L
α

mnL
i

jα
∨

− 1
δinL

β
αβL

α
jm − 1

Lα
nαL

i
jm + Lα

jnL
i
αm + Lα

mnL
i
jα,

(15)
N + 1 ∨ N + 1 ∨ ∨ ∨
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L
i

jm
∨

||n − Li
jm
∨

|n = − 1
N + 1

(
L
α

jαL
i

nm
∨

+ L
α

nαL
i

jm
∨

)
+ L

i

αnL
α

jm
∨

− L
α

mnL
i

jα
∨

+ 1
N + 1

(
Lα
jαL

i
nm
∨

+ Lα
nαL

i
jm
∨

)
− Li

αnL
α
jm
∨

+ Lα
mnL

i
jα
∨
,

(16)

L
i

jm
∨

||n − Li
jm
∨

|n = − 1
N + 1

(
L
α

nαL
i

jm
∨

+ L
α

mαL
i

jn
∨

)
+ L

i

αnL
α

jm
∨

− L
α

jnL
i

αm
∨

+ 1
N + 1

(
Lα
nαL

i
jm
∨

+ Lα
mαL

i
jn
∨

)
− Li

αnL
α
jm
∨

+ Lα
jnL

i
αm
∨
,

(17)

L
i

jm
∨

||n − Li
jm
∨

|n = 1
N + 1δ

i
nL

β

αβL
α

jm
∨

− 1
N + 1L

α

jαL
i

nm
∨

− L
α

mnL
i

jα
∨

− 1
N + 1δ

i
nL

β
αβL

α
jm
∨

+ 1
N + 1L

α
jαL

i
nm
∨

+ Lα
mnL

i
jα
∨
,

(18)

L
i

jm
∨

||n − Li
jm
∨

|n = 1
N + 1δ

i
nL

β

αβL
α

jm
∨

− 1
N + 1L

α

mαL
i

jn
∨
− L

α

jnL
i

αm
∨

− 1
N + 1δ

i
nL

β
αβL

α
jm
∨

+ 1
N + 1L

α
mαL

i
jn
∨

+ Lα
jnL

i
αm
∨
,

(19)

L
i

jm
∨

||n − Li
jm
∨

|n = − 1
N + 1

(
L
α

jαL
i

nm
∨

+ L
α

mαL
i

jn
∨

+ 2Lα

nαL
i

jm
∨

)
+ L

i

αnL
α

jm
∨

+ 1
N + 1

(
Lα
jαL

i
nm
∨

+ Lα
mαL

i
jn
∨

+ 2Lα
nαL

i
jm
∨

)
− Li

αnL
α
jm
∨
,

(20)

L
i

jm
∨

||n − Li
jm
∨

|n = 1
N + 1δ

i
nL

β

αβL
α

jm
∨

− 1
N + 1

(
L
α

jαL
i

nm
∨

+ L
α

mαL
i

jn
∨

+ L
α

nαL
i

jm
∨

)

− 1
N + 1δ

i
nL

β
αβL

α
jm
∨

+ 1
N + 1

(
Lα
jαL

i
nm
∨

+ Lα
mαL

i
jn
∨

+ Lα
nαL

i
jm
∨

)
.

(21)

In this way, we proved that is

L
i

jm
∨

||n = Li
jm
∨

|n + η
(p)

i
jmn − η

(p)

i
jmn, (22)

p = 1, . . . , 8, for

η
(1)

i
jmn = Li

αnL
α
jm
∨

− Lα
jnL

i
αm
∨

− Lα
mnL

i
jα
∨
, (23)

η
(2)

i
jmn = 1

N + 1δ
i
nL

β
αβL

α
jm
∨

+ 1
N + 1L

α
nαL

i
jm
∨

− Lα
jnL

i
αm
∨

− Lα
mnL

i
jα
∨
, (24)

η
(3)

i
jmn = − 1

N + 1
(
Lα
jαL

i
nm
∨

+ Lα
nαL

i
jm
∨

)
+ Li

αnL
α
jm
∨

− Lα
mnL

i
jα
∨
, (25)

η
(4)

i
jmn = − 1

N + 1
(
Lα
nαL

i
jm
∨

+ Lα
mαL

i
jn
∨

)
+ Li

αnL
α
jm
∨

− Lα
jnL

i
αm
∨
, (26)

η
(5)

i
jmn = 1

N + 1δ
i
nL

β
αβL

α
jm
∨

− 1
N + 1L

α
jαL

i
nm
∨

− Lα
mnL

i
jα
∨
, (27)

η
(6)

i
jmn = 1

N + 1δ
i
nL

β
αβL

α
jm
∨

− 1
N + 1L

α
mαL

i
jn
∨
− Lα

jnL
i
αm
∨
, (28)

η
(7)

i
jmn = − 1

N + 1
(
Lα
jαL

i
nm
∨

+ Lα
mαL

i
jn
∨

+ 2Lα
nαL

i
jm
∨

)
+ Li

αnL
α
jm
∨
, (29)

η
(8)

i
jmn = 1

N + 1δ
i
nL

β
αβL

α
jm
∨

− 1
N + 1

(
Lα
jαL

i
nm
∨

+ Lα
mαL

i
jn
∨

+ Lα
nαL

i
jm
∨

)
, (30)

and the corresponding η i
jmn.
(p)
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Let us denote by

X
1
i
jmn =

(
L
i

αn − Li
αn

)
Lα
jm
∨
, X

2
i
jmn =

(
L
α

jn − Lα
jn

)
Li
αm
∨
, X

3
i
jmn =

(
L
α

mn − Lα
mn

)
Li
jα
∨
,

X
4
i
jmn = δin

(
L
β

αβ − Lβ
αβ

)
Lα
jm
∨
, X

5
i
jmn =

(
L
α

nα − Lα
nα

)
Li
jm
∨
, X

6
i
jmn =

(
L
α

jα − Lα
jα

)
Li
nm
∨
,

X
7
i
jmn =

(
L
α

mα − Lα
mα

)
Li
jn
∨
.

(31)

The equations (14)–(21) may be expressed in the forms:

(14) : L
i

jm
∨

||n − Li
jm
∨

|n = X
1
i
jmn −X

2
i
jmn −X

3
i
jmn, (32)

(15) : L
i

jm
∨

||n − Li
jm
∨

|n = −X
2
i
jmn −X

3
i
jmn + 1

N+1X4
i
jmn + 1

N+1X5
i
jmn, (33)

(16) : L
i

jm
∨

||n − Li
jm
∨

|n = X
1
i
jmn −X

3
i
jmn − 1

N+1X5
i
jmn − 1

N+1X6
i
jmn, (34)

(17) : L
i

jm
∨

||n − Li
jm
∨

|n = X
1
i
jmn −X

2
i
jmn − 1

N+1X5
i
jmn − 1

N+1X7
i
jmn, (35)

(18) : L
i

jm
∨

||n − Li
jm
∨

|n = −X
3
i
jmn + 1

N+1X4
i
jmn − 1

N+1X6
i
jmn, (36)

(19) : L
i

jm
∨

||n − Li
jm
∨

|n = X
2
i
jmn + 1

N+1X4
i
jmn − 1

N+1X7
i
jmn, (37)

(20) : L
i

jm
∨

||n − Li
jm
∨

|n = X
2
i
jmn − 2

N+1X5
i
jmn − 1

N+1X6
i
jmn − 1

N+1X7
i
jmn, (38)

(21) : L
i

jm
∨

||n − Li
jm
∨

|n = 1
N+1X4

i
jmn − 1

N+1X5
i
jmn − 1

N+1X6
i
jmn − 1

N+1X7
i
jmn. (39)

The p-th, p = 1, . . . , 8, of the equations (32)–(39) has the form

L
i

jm
∨

||n − Li
jm
∨

|n =
7∑

q=1
x
p
qX
q

i
jmn, (40)

for the corresponding real constants x
p
q.

The above defined geometrical objects X
p

i
jmn are linearly independent. The rank of matrix

X =

⎡
⎢⎢⎣
x
11 . . . x

17

...
. . .

...
x
81 . . . x

87

⎤
⎥⎥⎦

of the type 8 × 7 is 6. The following lemma is proved in this way.

Lemma 2.1. Let f : GAN → GAN be an equitorsion geodesic mapping. Six of equivalent rules of transfor-
mations (14)–(21) are linearly independent. �
2.1. Weyl projective tensor and other invariants of geodesic mappings

Based on the invariance

T
i

jm,n − T
i

jn,m + T
α

jmT
i

αn − T
α

jnT
i

αm = T i
jm,n − T i

jn,m + Tα
jmT i

αn − Tα
jnT

i
αm,
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for the above defined generalized Thomas projective parameter, we obtain that is

W
(1)

i
jmn = W

(1)
i
jmn,

for

W
(1)

i
jmn = Ri

jmn + 1
N + 1δ

i
jR[mn] −

1
(N + 1)2

(
(N + 1)Lα

jα|n + Lα
jαL

β
nβ

)
δim

+ 1
(N + 1)2

(
(N + 1)Lα

jα|m + Lα
jαL

β
mβ

)
δin,

(41)

and the corresponding W
(1)

i
jmn. After contract the equality

W
(1)

i
jmn −W

(1)
i
jmn = 0

by indices i and n, we obtain that Weyl projective tensor W
(2)

i
jmn = W i

jmn from the equation (6) is an 

invariant of the equitorsion geodesic mapping f : GAN → GAN .

Definition 2. The invariants W
(1)

i
jmn and W

(2)
i
jmn of geodesic mapping f : GAN → GAN are the first and the 

second Weyl projective tensor.

From the invariance of the geometrical object W
(1)

i
jmn and Weyl projective tensor (6), we establish that is

R
i

jmn = Ri
jmn + D

(ρ)
i
jmn − D

(ρ)
i
jmn, (42)

ρ = 1, 2, for

D
(1)

i
jmn = − 1

N + 1δ
i
jR[mn] + 1

(N + 1)2
(
(N + 1)Lα

jα|n + Lα
jαL

β
nβ

)
δim

− 1
(N + 1)2

(
(N + 1)Lα

jα|m + Lα
jαL

β
mβ

)
δin,

(43)

D
(2)

i
jmn = − 1

N + 1δ
i
jR[mn] −

1
N2 − 1δ

i
m

(
NRjn + Rnj

)
+ 1

N2 − 1δ
i
n

(
NRjm + Rmj

)
, (44)

and the corresponding D
(ρ)

i
jmn.

The following lemma holds:

Lemma 2.2. Let f : GAN → GAN be an equitorsion geodesic mapping. The geometrical objects W
(1)

i
jmn and 

W
(2)

i
jmn given by the equations (6, 41) are invariants of this mapping. �

Corollary 2.1. The invariants W
(1)

i
jmn and W

(2)
i
jmn of an equitorsion geodesic mapping f : GAN → GAN satisfy 

the equation

W
(2)

i
jmn = W

(1)
i
jmn + D

(1)
i
jmn − D

(2)
i
jmn, (45)

for the above defined D i
jmn and D i

jmn. �

(1) (2)
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From the equations (22), (42) we obtain that the family (5) of curvature tensors of the space GAN

satisfies the equation

K
i

jmn = Ki
jmn + D

(ρ)
i
jmn + u η

(p)

i
jmn + u′ η

(q)

i
jnm − D

(ρ)
i
jmn − u η

(p)

i
jmn − u′ η

(q)

i
jmn, (46)

ρ = 1, 2, for η
(p)

i
jmn, D(ρ)

i
jmn defined by the equations (23)–(30), (43), (44) and the corresponding η

(p)

i
jmn, D(ρ)

i
jmn. 

In this way, we proved that

W
(p,q)
(1)

i
jmn = W

(p,q)
(1)

i
jmn and W

(p,q)
(2)

i
jmn = W

(p,q)
(2)

i
jmn,

for

W
(p,q)
(1)

i
jmn = Ki

jmn − D
(1)

i
jmn − u η

(p)

i
jmn − u′ η

(q)

i
jnm, W

(p,q)
(2)

i
jmn = Ki

jmn − D
(2)

i
jmn − u η

(p)

i
jmn − u′ η

(q)

i
jnm, (47)

p, q = 1, . . . , 4, and the corresponding W
(p,q)
(1)

i
jmn, W(p,q)

(2)

i
jmn. The following theorem holds:

Theorem 2.1. Let f : GAN → GAN be an equitorsion geodesic mapping. The geometrical objects W
(p,q)
(ρ)

i
jmn, ρ =

1, 2; p, q = 1, . . . , 8, defined by the equation (47) are families of invariants of the mapping f . �
Corollary 2.2. A family of invariants W

(p,q)
(ρ)

i
jmn, ρ = 1, 2, and the invariant W

(ρ)
i
jmn satisfy the equation

W
(p,q)
(ρ)

i
jmn = W

(ρ)
i
jmn − u η

(p)

i
jmn − u′ η

(q)

i
jnm + vLα

jm
∨
Li
αn
∨

+ v′Lα
jn
∨
Li
αm
∨

+ wLα
mn
∨
Li
αj
∨
. (48)

The families of invariants W
(p,q)
(1)

i
jmn and W

(p,q)
(2)

i
jmn satisfy the equation

W
(p,q)
(2)

i
jmn = W

(p,q)
(1)

i
jmn + D

(1)
i
jmn − D

(2)
i
jmn, (49)

for the above defined D
(1)

i
jmn and D

(2)
i
jmn. �

To examine how many of the families of invariants W
(p,q)
(ρ0)

i
jmn given by the equation (47) are linearly 

independent, we need to define the following geometrical objects

Y
1
i
jmn = Li

αnL
α
jm
∨
, Y

2
i
jmn = Lα

jnL
i
αm
∨
, Y

3
i
jmn = Lα

mnL
i
jα
∨
, Y

4
i
jmn = δinL

β
αβL

α
jm
∨
,

Y
5
i
jmn = Lα

nαL
i
jm
∨
, Y

6
i
jmn = Lα

jαL
i
nm
∨
, Y

7
i
jmn = Lα

mαL
i
jn
∨
, Y

8
i
jmn = Li

αmLα
jn
∨
,

Y i
jmn = Lα

jmLi
αn, Y i

jmn = δimLβ
αβL

α
jn.

(50)
9 ∨ 10 ∨
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The (p, q)-th invariant (47) has the form

W
(p,q)
(ρ0)

i
jmn = Y

0
i
jmn +

10∑
r=1

p
y
q
rY
r

i
jmn, (51)

for Y
0
i
jmn = W

(ρ0)
i
jmn + vLα

jm
∨
Li
αn
∨

+ v′Lα
jn
∨
Li
αm
∨

+ wLα
mn
∨
Li
αj
∨

, the above defined Y
r

i
jmn and the corresponding 

real constants py
q
r, r = 1, . . . , 10.

Geometrical objects Y
0
i
jmn, Y1

i
jmn, . . . , Y10

i
jmn are linearly independent. The rank of matrix

Y =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1
y
1
1 . . .

1
y
1
10

...
...

. . .
...

1 1
y
8
1 . . .

1
y
8
10

...
...

. . .
...

1 8
y
1
1 . . .

8
y
1
10

...
...

. . .
...

1 8
y
8
1 . . .

8
y
8
10

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

is 8. The following theorem is proved in this way:

Theorem 2.2. Let f : GAN → GAN be an equitorsion geodesic mappings. There are eight linearly indepen-
dent families (47) of invariants of this mapping which are generalizations of Weyl projective tensor. �
Corollary 2.3. There are nine linearly independent families of invariants of an equitorsion geodesic mapping 
f : GAN → GAN which are elements of the set { W

(p,q)
(1)

i
jmn, W(p,q)

(2)

i
jmn}. �

2.2. Geodesic mappings of semi-symmetric spaces

Let f : GAN → GAN be an equitorsion geodesic mapping of a semi-symmetric space GAN . The geomet-
rical objects W

(1)
i
jmn and W

(2)
i
jmn = W i

jmn given by the equations (6), (41) are invariants of the mapping f .

In the case of semi-symmetric affine connection space GAN , the geometrical objects (23)–(30) are

η
(1)

i
jmn = Lα

jnδ
i
muα − Lα

mnδ
i
juα, (52)

η
(2)

i
jmn = 1

N + 1δ
i
n(Lα

jαum − Lα
mαuj) + 1

N + 1δ
i
j

(
Lα
nαum − Lα

mnuα

)

− 1
N + 1δ

i
m

(
Lα
nαuj − Lα

jnuα

)
− Li

jnum + Li
mnuj ,

(53)

η
(3)

i
jmn = − 1

N + 1δ
i
j

(
Lα
nαum + (N + 1)Lα

mnuα

)
+ 1

N + 1δ
i
m

(
Lα
jαun + Lα

nαuj

)

− 1
δinL

α
jαum + Li

jnum,

(54)
N + 1
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η
(4)

i
jmn = − 1

N + 1δ
i
j

(
Lα
nαum + Lα

mαun

)
+ 1

N + 1δ
i
m

(
Lα
nαum + (N + 1)Lα

jnuα

)

+ 1
N + 1δ

i
nL

α
mαuj − Li

mnuj ,

(55)

η
(5)

i
jmn = −δijL

α
mnuα + 1

N + 1δ
i
mLα

jαun − 1
N + 1δ

i
nL

α
mαuj + Li

mnuj , (56)

η
(6)

i
jmn = − 1

N + 1δ
i
jL

α
mαun + δimLα

jnuα + 1
N + 1δ

i
nL

α
jαum − Li

jnum, (57)

η
(7)

i
jmn = − 1

N + 1δ
i
j

(
Lα
mαun + 2Lα

nαum

)
+ 1

N + 1δ
i
m

(
Lα
jαun + 2Lα

nαuj

)

− 1
N + 1δ

i
nL

α
jαum + Li

jnum − Li
mnuj ,

(58)

η
(8)

i
jmn = 1

N + 1δ
i
j

(
Lα
mαun + Lα

mαun

)
+ 1

N + 1δ
i
m

(
Lα
jαun − Lα

nαuj

)
− 2

N + 1δ
i
nL

α
mαuj . (59)

With regard to semi-symmetric affine connection, we have that is

Lα
jm
∨
Li
αn
∨

= δijumun − δimujun. (60)

The family of curvature tensors (5) of the semi-symmetric space GAN is

Ki
jmn = Ri

jmn + u(um|nδ
i
j − uj|nδ

i
m) + u′(un|mδij − uj|mδin)

+ (v + v′)umunδ
i
j − (v − w)ujunδ

i
m − (v + w)ujumδin.

(61)

With regard to the equations (48), (52)–(59), (60), we conclude that the following theorem holds:

Theorem 2.3. Let f : GAN → GAN be an equitorsion geodesic mapping of semi-symmetric space GAN . The 
set of families of geometrical objects

W̃
(p,q)
(ρ)

i
jmn = W

(ρ)
i
jmn − u η

(p)

i
jmn − u′ η

(q)

i
jmn

+ u + u′

(N − 1)2 δ
i
jL

α
mα
∨
Lβ
nβ
∨
− u− w

(N − 1)2 δ
i
mLα

jα
∨
Lβ
nβ
∨
− u′ + w

(N − 1)2 δ
i
nL

α
jα
∨
Lβ
mβ
∨
,

(62)

is the family of invariants of the mapping f . �
Corollary 2.4. The invariant (62) of an equitorsion geodesic mapping f : GAN → GAN is

W̃
(p,q)
(ρ)

i
jmn = Ki

jmn − D
(ρ)

i
jmn − u η

(p)

i
jmn − u′ η

(q)

i
jnm,

(63)

for the above defined η
(p)

i
jmn, curvature tensor Ki

jmn of semi-symmetric space GAN and real constants 

u, u′. �
3. Conclusion

In this paper, we studied and developed the theory of invariants of equitorsion geodesic mappings of 
symmetric and non-symmetric affine connection spaces. At the start, we obtained the first and the second 
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Weyl projective tensor. Motivated by these findings, we found the invariants of equitorsion geodesic mappings 
of non-symmetric affine connection space GAN . Specially, we obtained the invariants of equitorsion geodesic 
mappings of a semi-symmetric affine connection space.
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