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1. Introduction

We will study traveling wave solutions to the equation

%(m,t) =" /a+(a: — yu(y, t)dy — mu(z,t) — u(z,t) G(u(z, 1)),
e (1.1)
G(u(z,t)) = squ(z,t) + %ng/a_ (x — y)u(y, t)dy.

]Rd
Here d € N; 27, m > 0 and s, 56,0 > 0 are constants, such that
2" 1= 2ty + sy > O (1.2)

the kernels 0 < a® € L'(R?) are probability densities, i.e. Jga at(y)dy = 1.
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The present paper is a continuation of [15]; they both are based on thesis [29] and, in the particular case
»¢ = 0, on our unpublished preprint [13]. For the case of the local nonlinearity in (1.1), when s¢,0 = 0, the
equation (1.1) was considered, in particular, in [1,5,6,20,23,25-27,31,33]. For a nonlocal nonlinearity and,
especially, for the case s, = 0in (1.1), see e.g. [8,10-13,16,19,24,32]. For details, see the introduction to [15]
and also the comments below.

The solution u = u(x,t) describes the local density of a species at the point z € R? at the moment
of time ¢t > 0. The individuals of the species spread over the space R? according to the dispersion kernel
a*t and the fecundity rate s». The individuals may die according to both constant mortality rate m and
density dependent competition, described by the rate »~. The competition may be local, when the density
u(x,t) at a point x is influenced by itself only, with the rate sz, or nonlocal, when the density u(x,t) is
influenced by all values u(y,t), y € RY, averaged over R? according to the competition kernel a~ with the
rate s¢,¢. See also [2,5,8,10,11,19,24-26].

Under assumption

x> m, (A1)

the equation (1.1) has two constant stationary solutions: u = 0 and u = 6, where

Moreover, one can then also rewrite the equation in a reaction-diffusion form

8—u(x, t) = »*t /a+(x —y) (u(y, t) — u(z,t))dy + u(z,t) (6 — G(u(a:,t))),

ot
Rd

where 8 = »T —m > 0. We treat then (1.1) as a doubly nonlocal Fisher-KPP equation, see the introduction
to [15] for details.

By a (monotone) traveling wave solution to (1.1) in a direction ¢ € S?~! (the unit sphere in R?), we will
understand a solution of the form

u(z,t) =z -&—ct), t>0, aa xR

W(—00) =0,  P(+00) =0, 4

where ¢ € R is called the speed of the wave and the function ¢ € My(R) is called the profile of the wave.
Here Mjy(R) denotes the set of all decreasing and right-continuous functions f : R — [0, 6], and z - £ denotes
the scalar product in R%.

In [15, Propositions 3.7], we have shown (cf. also [5]) that the study of a traveling wave solution (1.4)
with a fixed £ € S9! can be reduced to the study of the one-dimensional version of (1.1) with the kernels

a*(s) := / at (s +n)dn, s€ER, (1.5)
{3+

where {¢}t = {r € R? | 2-£ =0}. Ford=1and ¢ € S° = {—1,1}, (1.5) reads as follows: a*(s) = a™(s£),
s € R. Clearly, [, a*(s)ds = 1.

For simplicity, we omit & from the notations for functions a*

, assuming that the direction & € S% 1 is
fixed for the sequel. We denote also

Jo(s) := »Fta™(s) — 05,00 (5), s€ER. (1.6)
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Under (A1), we assume that

and that there exists p = p(§) > 0, such that

/a+(x)e“””‘5 dx = /a+(s)e”s ds < 0. (A3)

R4 R

Suppose also, that a* is not degenerated in the direction & € S%71, i.e.

there exist r = (&) >0, p=p(&) >0, 6 = d(&) > 0, such that

(Ad)
at(s) > p, fora.a.ser—dr+94|.
A sufficient condition for (A4) is that a®(z) > p’ for a.a. € R? such that |z —r¢| < &, for some p/, 6" > 0.
By [17], (A2) implies the comparison principle for the mentioned one-dimensional version of (1.1), that
was a background for results we obtained in [15], see Theorem 1.1 below. Stress that the assumption (A2) is
redundant for the case of the local nonlinearity in (1.1), when 3¢, = 0. For s, > 0, note that (A2) always
holds, in particular, for equal kernels, a~ = a™ (or just a= = a™), because of (1.2) and (1.3). On the other
hand, if s,p > 0 and (A2) fails, the bifurcation of the constant solution u = 6 is possible, developing an
infinite family of spatially periodic stationary solutions (see [22] for more details). For example, consider,
for some h € R,

1 2 1 _(s=h)? (s+h)?
4 4

a’(s):m(e +e 1), seR.

Then, under (A1), there exists hg such that, for all A < |hg|, the assumption (A2) holds true, and, for all
h > |hgl, it does not hold.

The assumption (A3) is necessary for existence of traveling waves (see [14, Proposition 1.4]). In fact, if
(A3) fails, then the solution propagates with a superlinear rate which depends on the asymptotic of a™. See
e.g. [3,16,20] for more details.

Theorem 1.1 ([15, Theorem 1.1, Propositions 3.7, 3.1/, 8.15]). Let £ € S?~1 be fived and suppose that (A1),
(A2), (A3) hold. Then there exists c. = c.(§) € R, such that, for any ¢ < c., a traveling wave solution to
(1.1) of the form (1.4) with ¢ € Mg(R) does not exist; whereas for any ¢ > ¢,

1) there exists a traveling wave solution to (1.1) with the speed ¢ and a profile v € My(R) such that (1.4)
holds;

2) if ¢ # 0, then the profile ¢ € Cg°(R) (the class of infinitely many times differentiable functions on R
with bounded derivatives); if c =0 (in the case ¢, <0), then ¢ € C(R);

3) there exists u = p(c,a™, 5 ,0) > 0 such that

/w(s)e“s ds < oo; (1.7)
R

4) if, additionally, (A4) holds, then, for any ¢ # 0, there exists v > 0, such that (t)e”t is a strictly
increasing function;
5) if, additionally, (A4) holds with r = 0, then the profile ¥ is a strictly decreasing function on R.
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The smoothness of the profile ¢ implies, see [15, Proposition 3.11] for details, that 1) satisfies the equation

et (s) + 5" (a™ % 9)(s) = map(s) — sanetb(s)(a™ *9)(s) — sg)(s) = 0 (1.8)

for all s € R. Here * denotes the classical convolution of functions on R, i.e.

(a* % ¥)(s) := /ai(s —7m)Y(r)dr, seR.

R

To study (1.8), we will use a bilateral-type Laplace transform
(£NH)(z) = /f(s)ezs ds, Rez >0, fe L>*R). (1.9)
R

For each f € L*°(R), there exists o(f) € [0, 0], called the abscissa of f, such that the integral in (1.9) is
convergent for 0 < Rez < o(f) and divergent for Rez > o(f), see Lemma 2.1 below for details.
We assume that

at e L®(R), (A5)
that is evidently fulfilled if e.g. at € L>°(R?). Then, under (A3) and (A5), there exists o(a®) € (0, 00].
Similarly, because of (1.7), for any profile ¢ of a traveling wave solution to (1.1), there exists () € (0, 00].
Finally, for the fixed £ € S9!, we assume that
/|x Elat(z)dx = /|s|a+(s) ds < 0. (A6)
R R

Under assumption (A6), we define

me :z/xf a+(x)dx:/sa+(s) ds. (1.10)

R4 R

We formulate now the first main result of the present paper.

Theorem 1.2. Let, for the fized &€ € S, the conditions (A1)~(AG6) hold. Let c, = c.(€) € R be the minimal
traveling wave speed according to Theorem 1.1, and let, for any ¢ > ¢4, the function ¢ = . € My(R) be a
traveling wave profile corresponding to the speed c. Then

1. There exists a unique A, € R, such that

(1.11)

Il
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2. For any ¢ > ¢, the abscissa of the corresponding profile 1. is finite:

o(te) € (0, Ad], (1.12)
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and the mapping (0, \i] 3 o(1).) — ¢ € [cx, 00) is a (strictly) decreasing bijection, given by

c= % (;ﬁ R/cﬁ(s)ev(wc) Sds — m>. (1.13)
In particular,
o(Ye.) = As. (1.14)
3. For any ¢ > c.,
(£4e) (o)) = oo. (1.15)

Note that, in light of (1.11), the kernel a® may be so slanted to the direction opposite to &, that ¢, (£) < 0.
A sufficient condition to exclude this, by the inequality in (1.11), is that m¢ = 0; in particular, this evidently
holds if a* is symmetric.

We will show also that o(¢.,) = A\« < o(a™). We will distinguish two cases: the non-critical case when
o(1e,) < o(a™), and the critical case when o(¢.,) = o(a™). Note that a kernel a™ which is compactly
supported or decreases faster than any exponential function corresponds to the non-critical case, as then
A <00 =o(at).

The critical case is characterized by the following conditions (cf. Proposition 2.5 and Definition 2.6 below)

7 :=0(a") < o, /(1 + |s])a™ (s)e?* ds < oo, (1.16)
R

m < st /(1 — Gs)at(s)e?® ds. (1.17)
R

Note that, informally, (1.17) implies upper bounds for both m and &; cf. also the example (1.21) below.
Our second main result is about the asymptotic and the uniqueness (up to a shift) of the profile for a
traveling wave with a given speed ¢ > ¢, (€), ¢ # 0.

Theorem 1.3. Let £ € S?~1 be fized, and let conditions (A1)~(AG) hold. Let ¢, = c.(€) € R be the minimal
traveling wave speed given by (1.11), and let, for any speed ¢ > ¢, . € My(R) be the corresponding profile
with the abscissa o(v.). If (1.16) holds and if, cf. (1.17), for ¢ = o(a™),

m =" /(1 —s)at(s)e”* ds, (1.18)
R
we assume, additionally, that
/s%ﬁ(s)eas ds < 0. (1.19)
R

Let ¢ > ¢, and ¢ # 0; then the following holds.
1) There exists D > 0, such that

Ve(s) ~ DI e WS 5 o0, (1.20)



D. Finkelshtein et al. / J. Math. Anal. Appl. 475 (2019) 94-122 99

Here j =1 in two cases: 1) ¢ > ci; 2) ¢ = ¢i and (1.16) holds as well as the strict inequality in (1.17).
Otherwise, j = 2, i.e. when ¢ = ¢, and either (1.16) fails or both (1.16) and (1.18) hold. Moreover,
D = D; may be chosen equal to 1 by a shift of ..

2) If, additionally, there exist p,6 > 0, such that

Jo(s) > p, for a.a. |s| <0, (AT)

then the traveling wave profile . is unique up to a shift.

Clearly, (A7) implies that (A4) holds with r = 0. If, additionally, (A4) holds with r = 0, e.g. if a™ is
separated from 0 in a neighborhood of the origin, then (A7) holds as well.

Therefore, in the non-critical case, the profile of a traveling wave with a non-minimal speed decays
exponentially at infinity with the rate equal to the abscissa of the profile, whereas for the minimal speed
it decays slower: with an additional linear factor. However, in the critical case, the profile of the traveling
wave with the minimal speed will not have that additional factor, unless both (1.16) and (1.18) hold (and
we can prove the latter under the additional assumption (1.19) only).

To demonstrate the critical case, consider the kernel

a _ae o eR 0, u>0 1.21
= > .
(S) 1 |S|q7 S , g =2 U, > ) ( )

where o > 0 is a normalizing constant. Then (A3)—(AG) evidently hold and & = o(a™*) = p. In Example 2.8
below, we will show that, for ¢ > 2, there exist ju, > 0 and m, € (0,"), such that o(¢., () = 0, if only
w € (0, i) and m € (0,m,]. The condition (1.19) does not take place only for ¢ € (2,3], u € (0, us] and
m = m,.

Another specific of the critical case is visible from the behavior on the positive half-line of the so-called
characteristic function b ., corresponding to the traveling wave with a speed ¢ > ¢, see (3.1) and Propo-
sition 3.1 below:

hec(A) == > (Lat)(N) —m — e,

cf. e.g. [25]. (This function is equal to infinity for A > &.) Then the minimal positive root of he . is o(?).).
The sketches on Fig. 1 reflect the difference between the critical and non-critical cases for the function be ..

In the case of the local nonlinearity in (1.1), when 3,, = 0, the results of Theorems 1.2-1.3 were mainly
known in the literature under additional assumptions. For example, in [26], the kernel a™ was symmetric
and compactly supported; in [5], the kernel at was anisotropic, but a* was supposed to be compactly
supported; whereas the conditions in [33] corresponded to a symmetric at, such that the inequality in (A3)
holds for all p > 0. In these both cases, ¢ = o(a™) = oo; and hence, recall, (¢, () < 0. In [I], an
anisotropic kernel which satisfies (A3) was considered (that allows & < co as well), however, it was assumed
that o (., (e)) < &. The critical case (1., (¢)) = 7, therefore, remained an open problem.

For a nonlocal nonlinearity in (1.1), i.e. when s¢,¢ # 0, the only known results [32] also concerned the
more simple case o(a™) = oo.

The paper is organized as follows: in Section 2 we prove Theorem 1.2 for both critical and non-critical
cases, and in Section 3 we discuss properties of the function bh¢ . and prove Theorem 1.3.
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be.c
be.c
I I
A A
a(z/zc)\/ o< o0 o(e,) <00
(a) The non-critical case; ¢ > c. (b) The non-critical case; ¢ = c«
be.c be.c
~ A ~
o(Ye) =0 < o0 0(Ye,) =0 < 00
(c) The critical case; (1.18) fails; (d) The critical case; (1.18) holds;
c>cx ¢ = c4; the graph touches \-axis

Fig. 1. Sketches of the characteristic function b . for the critical (where (1.16)—(1.17) hold) and the non-critical cases.

2. Speed and profile of a traveling wave
2.1. Properties of the bilateral-type Laplace transform

For an f € L>®(R), let £f be the bilateral-type Laplace transform of f given by (1.9), cf. [30, Chapter VI].
We collect several results about £ in the following lemma.

Lemma 2.1. Let f € L*>°(R).

(L1) There exists o(f) € [0,00] such that the integral (1.9) converges in the strip {0 < Rez < o(f)}
(provided that o(f) > 0) and diverges in the half plane {Rez > o(f)} (provided that o(f) < o0).
(L2) Let o(f) > 0. Then (L£f)(z) is analytic in {0 < Rez < o(f)}, and, for any n € N,

d%(ﬂf)(Z) = /e“s"f(s)ds, 0 <Rez < o(f).

R

(L3) Let f >0 a.e. and 0 < o(f) < oco. Then (L£f)(2) has a singularity at z = o(f). In particular, £f has
not an analytic extension to a strip 0 < Rez < v, with v > o(f).

(L4) Let f':= L fe L®(R), f(c0) =0, and o(f’) > 0. Then o(f) > o(f’) and, for any 0 < Rez < o(f’),

(£f)(2) = —2(£f)(2). (2.1)

(L5) Let g € L>®(R) N LY(R) and o(f) > 0, o(g) > 0. Then o(f * g) > min{o(f),o(g9)} and, for any
0 < Rez < min{o(f),c(g)},

(£(f *9))(2) = (££)(2)(Lg)(2). (2.2)
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(L6) Let 0 < f € LY(R)N L>®(R) and o(f) > 0. Then
Jim (200 = [ f(s)ds.
R

(L7) Let f >0, o(f) € (0,00) and A := [, f(s)e”P*ds < co. Then

A%ltig(rjlc)_(!lf)(k) = A

(L8) Let f > 0 be decreasing on R, and let o(f) > 0. Then, for any 0 < X\ < o(f),

f(s) < —)\e/\ (Sf)()\)e As seR (2 3)
er—1 ’ ' '
Moreover,

a(f?) = 20(f), (2.4)

and for any 0 < g € L=¥(R) N LY(R), o(g) > 0,

o(flg* 1) = o(f) +min{o(g),o(f)}. (2:5)

Proof. We can rewrite £ = £ 4+ £, where

(L5 (2) = [ f(s)e**ds, Rez>0,
/

R; =1[0,00), R_ = (00,0]. Let £ denote the classical (unilateral) Laplace transform:

(f)(2) = / fls)e ds,
Ry

and s(f) be its abscissa of convergence (see details, e.g. in [30, Chapter II]). Then, clearly, (£*f)(z) =
(LA (=2), (£ 1) (2) =(Lf)(z), where f~(s) = f(—s), s € R. As a result, o(f) = —s(f).

It is easily seen that, for f € L>®°(R), s(f~) < 0, in particular, the function (£~ f)(z) is analytic on
Rez > 0.

Therefore, the Properties (I.1)—(L3) are direct consequences of [30, Theorems II.1, II.5a, I1.5b], respec-
tively. The Property (L4) may be easily derived from [30, Theorem I1.2.3a, I1.2.3b], taking into account that
f(c0) = 0. The Property (L5) one gets by a straightforward computation, cf. [30, Theorem VI.16a]; note
that fx g € L*(R).

Next, o(f) > 0 implies s5(f) < 0, therefore, £ f can be analytically continued to 0. If s(f~
£~ f can be analytically continued to 0 as well, and (L.6) will be evident. Otherwise, if s(f~) =

) < 0, then
0 then (L6)
follows from [30, Theorem V.1]. Similar arguments prove (L7).

To prove (L8) for a decreasing nonnegative f, note that, for any 0 < A < o(f),

S

f(s)/e)‘TdTS /f(T)e/\TdTS(ﬂf)()\), s €R,
s—1

s—1
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that implies (2.3). Next, by (L5), o(g * f) > 0, and conditions on g yield that g * f > 0 is decreasing as
well. Therefore, by (2.3), for any 0 < A < o(g * f),

(&g * M) ()] < / F(s)(g * F)(s)e™ = ds
R

et

<
—er—1

(E(g * f))()\) /f(s)efS)‘eSRez ds < o0,

R

provided that Rez < o(f) + XA < o(f) + (g * f). As a result, o(f(g* f)) > o(f) + o(g = f) that, by (L5),
implies (2.5). Similarly one can prove (2.4). O

2.2. Proof of Theorem 1.2

Through the rest of the paper we will always assume that (A1) holds. Note also, that (A2) and (A5)
imply a~ € L*(R).

Remark 2.2. By [15, Remark 3.6], if » € My(R), ¢ € R gets (1.4) then, for any s € R, ¢ (- + s) is a traveling
wave to (1.1) with the same c.

Fix any ¢ € S9=1. For u > 0, we denote, cf. (1.5),
ag(p) == /a+(ac)e’“”'5 dex = /a+(5)e”s ds € (0, 00]. (2.6)
R4 R
Under (A2), (A3) and (A5), o(a™) > 0 and
ag(p) = (La™)(u) < o0, 0<p<ola®).
Consider, the following complex-valued function, cf. (A3),

Ge(z) = %Jr(gaz(z) — m, Rez >0, (2.7)

which is well-defined on 0 < Rez < o(a™). We have proved in [15, formula (3.18)] that

cu(€) < inf Ge(N), (2.8)

where ¢, (£) is the minimal speed of traveling waves, cf. Theorem 1.1. We will show below that in fact there
exists equality in (2.8).
We start with the following notations to simplify the further statements.

Definition 2.3. Let m > 0, 7 > 0, 5¢5, 50,0 > 0, 0 < a~ € L(R) be fixed, and (A1) and (1.2) hold. For an
arbitrary ¢ € S9!, denote by U the subset of functions 0 < a* € L}(R) such that (A2)—(A6) hold.
For a® € U, denote also the interval I C (0,00) by

(0, 0), if o(a™) = oo,
Ie:={ (0,0(a™)), if o(a*) <oo and (La*)(o(a®)) = oo, (29)

(0,0(a™)], ifo(a™) <oo and (La™)(c(a™)) < occ.
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Proposition 2.4. Let £ € S~ be fized and a™ € Ue. Then there exists a unique A\, = A\ (§) € I¢ such that

. _ . _ +
)1\1;% Ge(\) = /I\IélII; Ge(N) = Ge(Ay) > s me. (2.10)

Moreover, G is strictly decreasing on (0, .| and G¢ is strictly increasing on I¢ \ (0, Ai] (the latter interval
may be empty).

Proof. We continue to use the notation o := o(a™) € (0, 00]. Denote also

Fe(X) = 3T ag(\) —m = AGe(N), Ae ;. (2.11)
By (L2), for any X € (0,0),
ag (A) = /52a+(3)€>\5 ds > 0, (2.12)
R

therefore, ag(A) is increasing on (0,5); in particular, by (AG), we have, for any A € (0,7),

/scﬁ(s)e’\S ds = ag(\) > az(0) = /sa+(s) ds = meg. (2.13)
R R

Next, by (L6), Fe(0+) = " —m > 0, hence,

Ge(04) = . (2.14)

Finally, for A € (0,0), we have
Ge(A) = A2 (AFLA) — Fe(N) = A (FLN) — Ge(N)), (2.15)
G{(\) = ANTHFL (M) — 2GL(N). (2.16)

We will distinguish two cases.
Case 1. There exists pu € (0,0) with G¢(u) = 0. Then, by (2.16), (2.12),

G{(p) = p ' F (n) = p~ 't af () > 0.

Hence any stationary point of G¢ is with necessity a point of local minimum, therefore, G¢ has at most one
such a point, thus it will be a global minimum. Moreover, by (2.15), (2.13), G'(1) = 0 implies

Ge() = FL) = " o) > " me. (2.17)

Therefore, in the Case 1, one can choose A\, = p (which is unique then) to fulfill the statement.
List the conditions under which the Case 1 is possible.

1. Let & = oo. Then, by (A4),

r+4
1 1 1
Xag(/\) > X / at(s)er ds > Pz (e)‘(TJr‘S) - e”) — 00, (2.18)

r

as A — oo. Then, in such a case, G¢(c0) = oo. Therefore, by (2.14), there exists a zero of Gy.
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2. Let 0 < 0o and a¢(0) = oo. Then, again, (2.14) implies the existence of a zero of Gy on (0,7).
3. Let 6 < 0o and ag(d) < oo. By (2.11), (2.15),

g& NGe(N) = —Fe(04) = — (3" —m) <0.

Therefore, the function G’g has a zero on (0,0) if and only if takes a positive value at some point

from (0, 7).

Now, one can formulate and consider the opposite to the Case 1.
Case 2. Let 7 < 00, a¢(0) < 00, and

G:(A) <0, Xe(0,0). (2.19)
Therefore,
inf Ge(A) = ke%fU]G ¢(\) = lim Ge(A) = Ge(0), (2:20)

by (L7). Hence we have the first equality in (2.10), by setting A\, := 7. To prove the second inequality in
(2.10), note that, by (2.15), the inequality (2.19) is equivalent to F{(\) < G¢(A), A € (0,7). Therefore, by
(2.20), (2.11), (2.13),

~

5)= inf > inf F! ol (2 +
Ge(@) ,\61(112 ,U)G 39 _Ael(n ) e = 5(2) C e

where we used again that, by (2.12), a’£ and hence F, 5’ are increasing on (0, 7). The statement is fully proved
now. [O

The second case in the proof of Proposition 2.4 requires additional analysis. Let £ € S~ ! be fixed and
at €U, 0 :=0c(a™). By (L2), one can define the following function

te(N) == " /(1 — Xs)at (s)e? ds € R, A €10,0). (2.21)
R
Note that
/ |slat (s)e”® ds < oo, (2.22)
R_

and fR+ sat(s)e? ds € (0,00] is well-defined. Then, in the case & < 0o and a¢(5) < oo, one can continue t;
at o, namely,

te(G) == »" /(1 — Gs)at(s)e?* ds € [—o0, x). (2.23)
R
To prove the latter inclusion, i.e. the strict inequality t¢(0) < »7, consider the function fo(s) :=
(1 —Gs)e?, s € R. Then, fj(s) = —52se”, and thus fo(s) < fo(0) = 1, s # 0. Moreover, the func-
tion go(s) = fo(—s) — fo(s), s > 0 is such that gj(s) = 5%s(e? —e™%%) > 0, s > 0. As a result, for any
d >0, fo(—=0) > fo(d), and

/fo 5)ds < fo(—0) / s)ds + / a’ ds</ t(s)ds = 1.

\[7676] [ 6’6]
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Proposition 2.5. Let £ € S9! be fized and a™ € Ug. Suppose also that G := o(a™) < oo and ag(F) < oo.
Then (2.19) holds iff

te(5) € (0,7), (2.24)
m < (). (2.25)

Proof. Define the function, cf. (2.11),
He(X) == AF{(N) — Fe(N), A€ (0,0). (2.26)

By (2.15), the condition (2.19) holds iff H is negative on (0, 7). By (2.26), (2.12), one has H{()\) = AF{'(}) >
0, A € (0,0) and, therefore, H is (strictly) increasing on (0,5). By Proposition 2.4, G’f, and hence He, are
negative on a right-neighborhood of 0. As a result, He¢(A) < 0 on (0,0) iff

lim He(\) < 0. (2.27)
A—o—

On the other hand, by (2.11), (2.21), one can rewrite H¢(\) as follows:
He(A\)=—te(A)+m, Xe(0,0). (2.28)
By the monotone convergence theorem,

)\lirp (As — 1D)a*t(s)e** ds = /(85 —1)at(s)e”* ds € (—1, 00].
—o—
Therefore, by (2.22), (2.28), t¢(o) € R iff H¢(7) = Alilrg H¢(\) € R. Next, clearly, He(0) € (m — 1,0
—o—

holds true iff both (2.25) and (2.24) hold.

As a result, (2.19) is equivalent to (2.27) and the latter, by (2.22), implies that t;(6) € R and hence
He(G) € (m — 3", 0]. Vice versa, (2.24) yields t¢(o) € R that together with (2.25) give that H¢(d) <0, i.e.
that (2.19) holds. O

According to the above, it is natural to consider two subclasses of functions from U, cf. Definition 2.3.

Definition 2.6. Let ¢ € S?! be fixed. We denote by Ve the class of all kernels a™ € Ue such that one of the
following assumptions does hold:

1. 0:=0(at) = oc;
2. 0 < o0 and a¢(0) = oo;
3. 0 < 00, ag(0) < 0o and t¢(0) € [—o0, m), where t¢(7) is given by (2.23).

Correspondingly, we denote by W the class of all kernels a™ € Ug such that & < oo, ag(d) < oo, and
te(0) € [m, »1). Clearly, Uy = Ve UW.

As a result, combining the proofs and statements of Propositions 2.4 and 2.5, one immediately gets the
following corollary.

Corollary 2.7. Let £ € S%! be fized, at € Ue, and A, be the same as in Proposition 2.4. Then A\, < ¢ :=
o(a™) iff at € Ve; moreover, then G'(\.) = 0. Correspondingly, A\« =3 iff a™ € We; in this case,

. ryy M= te(0)
Jim G ==

<o. (2.29)
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Example 2.8. To demonstrate the cases of Definition 2.6 on an example, consider the following family of
functions, cf. (1.21),

ae—Hlsl®

o) —
a™(s): T+ o/

, seERp>0,g>0,u>0, (2.30)

where o > 0 is a normalizing constant to get [, a™(s) ds = 1. Clearly, the case p € [0,1) implies o(a™) = 0,
that is impossible under assumption (A3). Next, p > 1 leads to o(a™) = oo, in particular, the corresponding
at € Ve. Let now p = 1, then o(a™) = p. The case ¢ € [0,1] gives a¢(6) = oo, i.e. a™ € Ve as well.
In the case ¢ € (1,2], we will have that a¢(5) < co, however, [; sa™(s)e* ds = oo, i.e. te(u) = —o0, and
again a™ € Ve. Let ¢ > 2; then, by (2.21),

1—ps 1—pus
t :%'*'a/ig‘“ds—&—% a/ ds
¢(w) pr T

s4
1—ps Tal 1
Z%*a/ a ds=ﬂ% . — ,u2 >m,
1+ s q sin T gin 2%
B, q q
if only pn < 2cos 7 — Fl-sin <F 27 (note that ¢ > 2 implies sin 2% > 0); then we have a™ € W. On the other

hand, using the inequality te=* < e~!, ¢t > 0, one gets

(14 ps)e " +1 — us
te() = %+a/ — ds (2.31)

R

1+ £ +1-— +
§%+a/ + 5+ /Lst:W%a 1—|—'4e_ W <m,
1+ s4 q 2esin T sin 2%
B, q q
if only p > 1tie cos g — 9 sin 27 then we have a™ € V. Since

d
@((1 + ps)e 41— ps) = —se 5 (1+2sp) —s <0, s>0,1>0,

we have from (2.31), that t¢(u) is strictly decreasing and continuous in p, therefore, there exists a critical
value

m T m m 2m
q (44 eHcos— — 4 gin ),

T
€ (2 cos — —
Ho q xtar q q xTar q

such that, for all u > p,, a® € Ve, whereas, for p € (0, ps], a™ € We.

Now we are ready to prove the main statement of this subsection.
Theorem 2.9. Let £ € S be fized and a™ € Ue. Let c.(§) be the minimal traveling wave speed according
to Theorem 1.1, and let, for any ¢ > ci(§), the function v = . € My(R) be a traveling wave profile

corresponding to the speed c. Let N, € I¢ be the same as in Proposition 2.J. Denote, as usual,  := o(a™).
Then
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1. Theorem 1.2 holds.
2. For at € Ve, one has A, <@ and there exists another representation for the minimal speed than (1.13),
namely,

e (§) = %+/m cEat(x)eMT dr

Rd
(2.32)
=" /sa+(s)e>‘*s ds > s me.
R
Moreover, for all X € (0, \],
te(A) > m, (2.33)

and the equality holds for A = A\, only.
3. For a™ € We, one has \. = . Moreover, the inequality (2.33) also holds as well as, for all X € (0, \.],

c> " / sa™ (s)e™ ds, (2.34)
R

whereas the equalities in (2.33) and (2.34) hold true now for m =1¢(7), A = Ay, ¢ = c.(§) only.

Proof. By Theorem 1.1, for any ¢ > ¢, (&), there exists a profile ©» € My(R), cf. Remark 2.2, which define
a traveling wave solution (1.4) to (1.1) in the direction £. Then, by (1.8), we get

ey (s) = 3 (@ )(s) — map(s)
— e (s) = seae(s)(a” % 9)(s), s € R, (2.35)

Step 1. By (1.7), we have that o(¢) > 0. Rewrite (A2) as follows
)ta®(s) > snfa(s), aa. seER, (2.36)
therefore, o(a™) > o(a™) > 0, if 5,0 > 0. Take any z € C with

0<Rez< mln{a }
< min{o(¥?),o(¢(a ) (2.37)

where the later inequality holds by (2.4) and (2.5). As a result, by (L5), (L.8), being multiplied on e** the
Lh.s. of (2.35) will be integrable (in s) over R. Hence, for any z which satisfies (2.37), (£¢')(z) converges.

By (L4), it yields o(¢)) > o(¢’) > min{o(a™),o()}.
Therefore, by (2.1), (2.2), we get from (2.35)

cz(&¥)(2) = 2" (La™)(2)(£4)(2) — m(L)(2)
— 52 (L(¥%)) (2) = sene (E(W(a™ x ) (2), (2.38)

if only

0 <Rez <min{c(a),o(¥)}. (2.39)
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Since ¢ # 0, we have that (£¢)(z) # 0, therefore, one can rewrite (2.38) as follows

0 (L£(1?)) (2) + e (L((a % 1)) (2)
Ge(z) —c= , 2.40
) (20 240
if (2.39) holds. By (2.37), both nominator and denominator in the r.h.s. of (2.40) are analytic on 0 < Rez <
o (1)), therefore. Suppose that o (1)) > o(a™), then (2.40) holds on 0 < Rez < o(a™), however, the r.h.s. of
(2.40) would be analytic at z = o(a™), whereas, by (L3), the Lh.s. of (2.40) has a singularity at this point.
As a result,

a(a®) = o(v), (2.41)

for any traveling wave profile ¢ € My(R). Thus one gets that (2.40) holds true on 0 < Re z < o ().
Prove that

o(y) < 0. (2.42)
Since 0 < ¢ < 0 yields 0 < a™ x 1 < 0, one gets from (2.40) that, for any 0 < A < o(¢),

0 2t (Lat)(N) — "
> ) . (2.43)

> Ge(A) — 2™

If o(at) < oo then (2.42) holds by (2.41). Suppose that o(a™) = co. By (2.18), the r.h.s. of (2.43) tends to
00 as A — 0o, thus the latter inequality cannot hold for all A > 0; and, as a result, (2.42) does hold.
Step 2. Recall that (2.8) holds. Suppose that ¢ > ¢, (&) is such that, cf. (2.10),

> Ge(A) = Inf  Ge(A) = inf Ge(N). 2.44

0> Ge(h) = _inf Ge(h) = inf Ge() (2.44)

Then, by Proposition 2.4, the equation G¢(A) = ¢, A € I¢, has one or two solutions. Let A. be the unique
solution in the first case or the smaller of the solutions in the second one. Since G¢ is decreasing on (0, \,],
we have A\, < A,. Since the nominator in the r.h.s. of (2.40) is positive, we immediately get from (2.40) that

(L)(Ae) = o0, (2.45)
therefore, A. > (). On the other hand, one can rewrite (2.40) as follows

w0 (£(9?)) (2) + s (E(W(a” x9))) (2)
2(Ge(2) —¢) '

By (2.40), G¢(2) # ¢, for all 0 < Rez < o(¢)) < Ae < A < o(a™). As a result, by (2.37), (L1), and (L3),
Ae = o(v), that together with (2.45) proves (1.12) and (1.15), for waves whose speeds satisfy (2.44). By
(A3), (2.6), we immediately get, for such speeds, (1.13) as well. Moreover, (1.13) defines a strictly monotone
function (0, A\i] 3 o(¢) = ¢ € [Ge(As), 0).

Next, by (2.21), (L2), (2.11), (2.15), we have that, for any A € I,

(LY)(z) = (2.46)

te(A) = s ac (V) — s Aab(N) = m + Fe(A) — AFL(A) = m — A2GL(N). (2.47)

Recall that, by Proposition 2.4, the function G¢ is strictly decreasing on (0, A,). Then (2.47) implies that
te(A) > m, A € (0,A,). On the other hand, by the second equality in (2.15), the inequality G()\) < 0,
A € (0, \.), yields G¢(A) > F{()), for such a X. Let ¢ > Ge¢(A). By (1.13), (2.11), we have then ¢ > »Ta;()),
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for all A € [o(¢), Ax). By (2.12), Fy is increasing, hence, by (L2), the strict inequality in (2.34) does hold,
for A € (0, \).

Let again ¢ > G¢(A.), and let a™ € Ve. Then, by Corollary 2.7, A, < o(a™) and G'(A,) = 0. By (2.15),
the latter equality and (2.47) give t¢(\.) = m, that fulfills the proof of (2.33), for such a™ and m. Moreover,
by (2.17),

Ge(A) = setag(A) = »F / sat(s)er* ds. (2.48)
R

Let a™ € Wk, then A\, = o(a™). It means that t¢(\.) = m if m = t¢(7) only, otherwise, t¢(\.) > m. Next,
we get from (2.44), (2.15) (2.29),

> Ge(A) > lim F{(A) =" /saJr(s)e)‘*S ds, (2.49)
A=Ay —
R

where the latter equality may be easily verified if we rewrite, for A € (0, \,),

F{(\) = " / sat(s)e™ ds + » " / sat(s)e™ ds, (2.50)

R_ Ry

and apply the dominated convergence theorem to the first integral and the monotone convergence theorem
for the second one. On the other hand, (2.29) implies that the second inequality in (2.49) will be strict iff
m < t¢(7), whereas, for ¢ = G¢(\s) = )i\n% Ge(N) and m = t¢(7), we will get all equalities in (2.49).
>
Step 3. Let now ¢ > ¢, (§) and suppose that o(at) > o(¢). Prove that (2.44) does hold. On the contrary,
suppose that the c is such that

< i =i . .
e(§) <e< N Ge(A) = inf Ge(X) (2.51)

Again, by (2.40), G¢(z) # ¢, for all 0 < Rez < o(¢), and (2.46) holds, for such a z. Since we supposed
that o(a™) > (1), one gets from (2.37), that both nominator and denominator of the r.h.s. of (2.46) are
analytic on

{0<Rez<rv}2{0<Rez<o(®)},

where v = min{c(a%),o(¢(a” 1)), o(¥?)}. On the other hand, (L3) implies that £4 has a singularity at
z = o(v). Since

min{ (£(4?)) (o (¥)), (LW (a™ *¥)))(a(¥))} > 0,

the equality (2.46) would be possible if only G¢(o(¢)) = ¢, that contradicts (2.51).

Step 4. By (2.41), it remains to prove that, for ¢ > ¢, (§), (2.44) does holds, provided that we have
o(at) = o(1)). Again on the contrary, suppose that (2.51) holds. For 0 < Rez < o(¢), we can rewrite (2.38)
as follows

2(89)(2)(Ge(2) — ©) = 52 (L(¥*)) (2) + 30 (LW (a™ %)) (2)- (2.52)

In the notations of the proof of Lemma 2.1, the functions £t and £ a' are analytic on Rez > 0.
Moreover, (£74)(X) and (£Ta™)()\) are increasing on 0 < XA < o(a™) = o(¢)). Then, cf. (2.50), by the
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monotone convergence theorem, we will get from (2.52) and (2.37), that

/1/}(5)6”(1/’)5 ds < oo, /cﬁ(s)e”(aﬂs ds < 0. (2.53)
R R

We are going to apply now [15, Proposition 2.10], in the case d = 1, to the equation

0
a—(f(s,t) = (a™ * @) (s,t) — mo(s,t) — 300> (s,t)
—sed(s,)(@” € 0)(s,1),  1>0, aa sER, (2:34)
#(s,0) = ¥(s), a.a. s € R,
where the initial condition 1 is a wave profile with the speed ¢ which satisfies (2.51). Namely, we set
Ag:=(—00,R) /'R, R — oo and

at(s) == 1a,(s)at(s), s€ER, (2.55)
AF = /ai(z) dx /1, R — occ. (2.56)
AR

Consider a strictly monotone sequence {R,, | n € N}, such that 0 < R,, — 00, n — oo and
m
Al > = € (0,1). (2.57)
Let 6,, := 0r, be given by

%*AE —m

Or =60, R,— . (2.58)

n

%nlA;Zn, + s

Then, by [15, formula (2.17)], 6, <0, n € N.

Fix an arbitrary n € N. Consider the ‘truncated’ equation (2.54) with a* replaced by aﬁn, and the initial
condition wp(s) = min{y(s),0,} € Cup(R). By [15, Proposition 2.10], there exists the unique solution
w(”)(s, t) of the latter equation. Moreover, if we denote the corresponding nonlinear mapping by QE”), we
will have from [15, formulas (2.15)—(2.16)], that

(Qwo)(s) < 0o, sERE>0, (2.59)
and
(QMwo)(s) < dls, 1), (2.60)

where ¢ solves (2.54).
By [15, Remark 3.4], we get from (2.60) that (an)wo)(ﬁ—c) < 4(s), s € R. The latter inequality together
with (2.59) imply

(QVwo) (s + ¢) < wols). (2.61)

Then, by the same arguments as in the proof of [15, Theorem 1.1], we obtain from [31, Theorem 5] that there
exists a traveling wave v, for the equation (2.54) with a® replaced by aﬁn, whose speed will be exactly ¢
(and c satisfies (2.51)).
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Now we are going to get a contradiction, by proving that

f =1 £ G (A 2.62
fuf, Gel) = Jim fuf GOV, (262
where Gén) is given by (2.7) with a* replaced by a := at &, - The sequence of functions G( is point-wise

monotone in n and it converges to G¢ point-wise, for 0 < A < o(a™); note we may 1nclude o(a™) here,
according to (2.53). Moreover, Gén)(/\) < Ge(N), 0 < A <o(a"). As a result, for any n € N,

(n)y(n)y _ )y : —
Gy (A) = inf G (N < )1\r>1% Ge(N) = Ge(As). (2.63)

A>0

Hence if we suppose that (2.62) does not hold, then

nf Ge() = lim_inf GV > 0.

Therefore, there exist § > 0 and N € N, such that

(n) (y(n)y _ ™))\ < i —5= — >
Gy A7) )1\1;%(}' (\) )1\2%6'50\) d=Ge¢(A) =0, n>N. (2.64)

Clearly, (2.55) with Ag, = (—o0, R,,) implies that o(a;") = oo, hence G(gn) is analytic on Rez > 0. One
can repeat all considerations of the first three steps of this proof for the equation (2.54). Let c&") (€) be the

corresponding minimal traveling wave speed, according to Theorem 1.1. Then the corresponding inequality
(2.42) will show that the abscissa of an arbitrary traveling wave to (2.54) (with a* replaced by aﬁn) is less

than o(a}) = co. As a result, the inequality o )(f) < )1\1;1(‘) Gén)()\), cf. (2.51), is impossible, and hence, by
the Step 3,
(n) ey (n) _ (n)y(n)
> () = inf GIY(\) = (m)y, 2.
c>e(€) )1\1;0 (A) =G (AT (2.65)

where A" is the unique zero of the function %Gén)()\). Let tén) be given on (0,00) by (2.21) with a™
replaced by a;F. Then

Ry
d (n
até )(A) = —Asxt / at(s)s?erds <0, \>0. (2.66)

By (2.33), the unique point of intersection of the strictly decreasing function y = tén) (M) and the horizontal
line y = m is exactly the point (/\Skn)7 0).

Prove that there exist Ay > 0, such that )\in) > A, n > N, and there exists Ny > N, such that
tén)()\) < tém)()\), n>m > Ni, A > A\1. Recall that (2.57) holds; we have

/\Gén)(/\) =" /a:(s)(ekS —1)ds+ %JFAEn —-m

> st / at(s)(eM —1)ds + %+AE1 —m,

—00

and the inequality 1 —e™° <'s, s > 0 implies that
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0 0

‘/a:(s)(eks—nds <) / a:(s)|s|dsgA/a+(s)\s\ds<oo,
. R

— 00

by (A6). As a result, if we set

A= (et AL, —m) (;ﬁ /a+(s)|s\ ds + |G5()\*)|) B >0,

R
then, for any A € (0, A1), we have

AGLI(N) 2 ot A, —m =t [ af (s)lslds = MlGe(h)| 2 AGe(1),
R

ie. Gén)(/\) > Ge(As) = )i\nfo Ge¢(N). Then, for any n > N, (2.64) implies that A" being the minimum point
>

for Gé"), does not belong to the interval (0, \;). Next, let Ny > N be such that R, > /\%, for all n > Nj.
Then, for any A > Ay, and for any n > m > Ni, we have R, > R,, and

Ry

té”)(/\) — tém)()\) = T /(1 _ )\s)a+(s)e’\3 ds
Ry
R,
<t /(1 — Mis)at(s)eM ds < 0.
R,

As a result, the sequence {/\,(kn) | n > Ny} C [A1,00) is monotonically decreasing (cf. (2.66)). We set

9= lim A" >\ (2.67)
n— oo
Next, for any n,m € N, n > m > Ny,
G M) > G M) > G ), (2.68)

)

where we used that Gén) is increasing in n and )\gm is the minimum point of Gém). Therefore, the sequence

{Gén)()\in))} is increasing and, by (2.64), is bounded. Then, there exists

lim GV (M) =i g < Ge(\) - 6. (2.69)

n—oo

Fix m > Nj in (2.68) and pass n to infinity; then, by the continuity of Gé"),

> = >
g> )\hr{r91+ G (N) =G 7 (0) = G 7 (A™), (2.70)

in particular, ¥ > 0, as Gém)(O—i—) = 00. Next, if we pass m to oo in (2.70), we will get from (2.69)

lim G{™(9) = g < Ge(A) — 8 < Ge(\). (2.71)

m—o0

If 0 <9 <o(a™) then
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: (m) —

Tim_GI(8) = Ge(9) > Ge(M),

that contradicts (2.71). If ¥ > o(a™), then lim Gém) (9) = oo (recall again that £~ (a™)()) is analytic and
m—r oo

£7(a™)()\) is monotone in \), that contradicts (2.71) as well.

The contradiction we obtained shows that (2.62) does hold. Then, for the chosen ¢ > ¢.(§) which
satisfies (2.51), one can find n big enough to ensure that, cf. (2.65),

< inf G () = (9.
¢ < inf G¢7(A) = e (¢)
However, as it was shown above, for this n there exists a profile 1,, of a traveling wave to the ‘truncated’
equation (2.54) with a® replaced by ali;zn. The latter contradicts the statement of Theorem 1.1 applied to
this equation, as c&")(g) has to be a minimal possible speed for such waves.

Therefore, the strict inequality in (2.51) is impossible, hence, we have equality in (2.8). As a result, (A3)

and (2.6) imply (1.11), and (2.48) may be read as (2.32). The rest of the statement is evident now. 0O

Remark 2.10. Clearly, the assumption a®(—z) = a™(z), 2 € R?, implies m¢ = 0, for any £ € S?71. As a
result, all speeds of traveling waves in any directions are positive, by (1.11).

3. Asymptotic and uniqueness

In this subsection we will prove the uniqueness (up to shifts) of a profile ¢ for a traveling wave with
given speed ¢ > ¢.(€), ¢ # 0. We will use the almost traditional now approach, namely, we find an a priori
asymptotic for ¥(t), t — oo, cf. e.g. [1,4] and the references therein.

We start with the so-called characteristic function of the equation (1.1). Namely, for a given ¢ € S9!
and for any ¢ € [c.(£), x0), we set

heo(z) =" (LaT)(2) —m — zc = 2Ge¢(2) — zc, Rez € I¢. (3.1)

Proposition 3.1. Let £ € S9! be fived, a* € U, T := o(a™), c.(€) be the minimal traveling wave speed in
the direction . Let, for any ¢ > c.(§), the function v € My(R) be a traveling wave profile corresponding to
the speed c. For the case a™ € We with m = t¢(0), we will assume, additionally, that

/52a+(5)6§5 ds < oo. (3.2)
R

Then the function be . is analytic on {0 < Rez < o(¢)}. Moreover, for any B € (0,0(1))), the function be .
is continuous and does not equal to 0 on the closed strip {f < Rez < o(v)}, except the root at z = o(v),
whose multiplicity 7 may be 1 or 2 only.

Proof. By (2.40) and the arguments around, b (2) = 2(Ge(z) — ¢) is analytic on {0 < Rez < o(¢0)} C I¢
and does not equal to 0 there. Then, by (1.13) and Proposition 2.4, the smallest positive root of the function
he,c(A) on Ris exactly o(¢). Prove that if zg := o(¢)) + i is a root of he ., then § = 0. Indeed, b¢ (20) =0
yields

P /a+(s)e‘7(w)s cos Bsds =m + co(v),
R

that together with (1.13) leads to
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P /a*(s)e”(d’)s(cos Bs —1)ds =0,
R

and thus § = 0.

Regarding multiplicity of the root z = o(¢), we note that, by Proposition 2.4 and Corollary 2.7, there
exist two possibilities. If at € Vg, then o(v)) < A\, < o(a™) and, therefore, G¢ is analytic at z = o(¢)). By
the second equality in (3.1), the multiplicity j of this root for b . is the same as for the function G¢(z) —c.
By Proposition 2.4, G¢ is strictly decreasing on (0, A,) and, therefore, j = 1 for ¢ > ¢, (£). By Corollary 2.7,
for ¢ = c.(§), we have G¢(o(¥)) = G;(A\«) = 0 and, since by (7) > 0, one gets j = 2.

Let now a™ € We. Then, we recall, A\, =7 := o(a™) < 00, G¢(0) < 0o and (2.29) hold. For ¢ > ¢.(§),
the arguments are the same as before, and they yield j = 1. Let ¢ = ¢.(§). Then h¢ () = 0, and, for all
z € C,Rez € (0,0), one has

he,o(0—2) =be (0 —2) —heo(0) = P /a+(7)(e(3_2)7 — e?”)dT +cz

R
= z(—%+ /a"’(T)e?’T/e_zs dsdr + c>. (3.3)
R 0
Let z = o+ Bi, a € (0,5). Then [eTe™*%| = €77, Next, for 7 > 0, s € [0,7], we have e7~2% < ¢77;

whereas, for 7 < 0, s € [r,0], one has efTas = go0(1=5)e(0-)s < 1. Ags a result, eaTe_zS| < O max{r,0}

Then, using that at € W implies fR at (7‘)63 max{r,0} s < o0, one can apply the dominated convergence
theorem to the double integral in (3.3); we get then

lim Decl@ = 2) = " /a+(7)6377'dr +ec. (3.4)
Re z—0+ 4
Im z—0 R

According to the statement 3 of Theorem 2.9, for m < t¢(9), the r.h.s. of (3.4) is positive, i.e. j =1 in such
a case. Let now m = t¢(7), then the r.h.s. of (3.4) is equal to 0. It is easily seen that one can rewrite then
(3.3) as follows

7‘)5@(3 —2) =" a+(7')e?” T(l — e *%)dsdr
[ror]

z
z%+/a+(7')e€”//efzt dtdsdr. (3.5)
R 00

Similarly to the above, for Rez € (0,5), one has that [e?7=%!| < 7™@{70} Then, by (3.2) and the
dominated convergence theorem, we get from (3.5) that

N G A Gr_2

1 — = + oTrd 0 .
e ZII_I>10+ e 5 a™ (1)e’Tredr € (0,00)
Im 2—0 R

Thus j = 2 in such a case. The statement is fully proved now. 0O

Remark 3.2. Combining results of Theorem 2.9 and Proposition 3.1, we immediately get that, for the case
j = 2, the minimal traveling wave speed c.(§) always satisfies (2.32).
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Remark 3.3. If o™ is given by (2.30), then, cf. Example 2.8, the case at € We, m = t¢(0) together with
(3.2) requires p = 1, p < s, g > 3.

In order to include the critical case o(at) = o (3., ), we consider the following analogue of the Tkehara
complex Tauberian theorem, cf. [7,21,28]. Let, for any D C C, H(D) be the class of all holomorphic functions
on D.

Proposition 3.4 ([18, Theorem 2]). Let ¢ : Ry — Ry :=[0,00) be a non-increasing function such that, for
some >0, v >0,

the function e”'¢(t) is non-decreasing, (3.6)
and
oo
/e”dgp(t) <oo, 0<Rez<p. (3.7)
0

Let also the following assumptions hold.

1. There exist a constant j > 0 and complez-valued functions
H e H(0 <Rez < p), FeHO<Rez<pu)NCO<Rez < p),

such that the following representation holds

i F(2)
zt _
/e p(t)dt = (= 2) +H(z), 0<Rez<p. (3.8)
0
2. Forany T > 0,
lim g¢;(0) sup |F(pn—20 —it) — F(p— o —it)| =0, (3.9)
o—0+ ‘TlST
where, for o > 0,
o7l 0<ji<1,
qi(0) = qlogo, j=1, (3.10)

1, 7> 1.
Then ¢ has the following asymptotic

(t) ~ %tj_le_“t,

Now, we can apply Proposition 3.4 to find the asymptotic of the profile of a traveling wave.

t — o0. (3.11)

Proposition 3.5. In conditions and notations of Proposition 3.1, for ¢ # 0, there exists D = D; > 0, such
that

Y(t) ~ De 7 WHI=1 ¢ oo, (3.12)
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Proof. We set u:= o(1)) and

f(2) = 20(L(W?)) (2) + sne (LW (a™ %)) (2),95(z) := %
r i) (3.13)
H(z) = __Zo P(t)e*dt, F(z):= )

For any > >0, T > 0, we set
Kg = {z eC ‘ B<Rez<p, Imz] < T}.

By (2.37) and Lemma 2.1, we have that f, H € H(0 < Rez < p); in particular, for any 7' > 0, 8 > 0,

f:= sup |f(2)] < 0. (3.14)

ZGK[—LH,T
By Proposition 3.1, the function g; is continuous and does not equal to 0 on the strip {0 < Rez < p}, in
particular, for any 7" > 0, 5 > 0,

g; ‘= i . 1
9= ot l9(z)| >0 (3.15)

Therefore, F' € H(0 < Rez < ) N C(0 < Rez < p). As a result, one can rewrite (2.46) in the form (3.8),
with ¢ =1 and with F', H as in (3.13).

Taking into account the fourth statement of Theorem 1.1, to apply Proposition 3.4 it is enough to prove
that (3.9) holds. Assume that 0 < 20 < p.

Let j = 2. Clearly, F € C(0 < Rez < p) implies that F is uniformly continuous on Kg , 7. Then, for
any ¢ > 0 there exists § > 0 such that, for any 7 € [=T, T, the inequality

lo| = (i — 20 —it) — (u—0 —iT)| <6,
implies
|F(p—20 —it) — F(p—o —it)| <&,

and hence (3.9) holds (with j = 2).

Let now j = 1. If F € H(Kp,,, ), we have, evidently, that F’ is bounded on Kz , 7, and one can apply
a mean-value-type theorem for complex-valued functions, see e.g. [9], to get that F is a Lipschitz function
on Kg , 7. Therefore, for some K > 0,

|F(p—20 —it) — F(p— o —i1)| < Klo|,

for all 7 € [=T,T], that yields (3.9) (with j = 1). By Proposition 2.4 and Corollary 2.7, the inclusion
F € H(Kp,, 1) always holds for ¢ > ¢,; whereas, for ¢ = ¢, it does hold iff a™ € V¢. Moreover, the case
a®t € We with m = t¢(0) and ¢ = ¢, implies, by Proposition 3.1, j = 2 and hence it was considered above.

Therefore, it remains to prove (3.9) for the case a® € We with m < ¢(0), ¢ = ¢, (then j = 1). Denote,
for simplicity,

21 = [l — 0 — IT, 29 := | — 20 — IT. (3.16)
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Then, by (3.13), (3.14), (3.15), one has

f(z2) f(z1) f(z1) f(=1)
[Fa) = P <[5 - oS+ [
< %\f(zz) ~ fa)| + gf—%glw — gi(). (3.17)

Note that, if 0 < ¢ € L>°(R) N L*(R) be such that o(¢) > u then

(£6)(22) — (£6)(21)] < / o(8)eh e — oods
R

0
P(s)e"=3sds + o / B(s)e" 2935/ ds = O(o), (3.18)

— 00

<o

as o — 0+, where we used that sup,_q e ~27)%|s| < 00, 0 < 20 < p, and that (1.2) holds. Applying (3.18)
to ¢ = YP(a” *) < 6%2a~ € L'(R) N L>®(R), one gets

sup }f(ZQ) — f(z1)|=0(0), 0—0+.
T€[-T,T]

Therefore, by (3.17), it remains to show that

lim logo  sup |g1(21) — g1(22)[ = 0. (3.19)
o—0+ r€[-T,T]

Recall that, in the considered case ¢ = ¢y, one has he () = 0. Therefore, by (3.1), (3.13), (3.16), we have

1(21) — g1 (20)] = | Do) Zheeltt) _ beelz2) = bee(r) ’

21— MU 20 — W
_ | (Lat)(z1) — > (LaF)(p) T (LaT)(22) — %*(Scﬁ)(u)’
21— K Zo — W
1— (—o—iT)s 1— (—20—1i7)s
< %Jr/aJr(s)e”S ¢ - - ¢ - ds
o+T 20 +1iT

R
_ %Jr /aJr(s)ep,s /(6(707i7)t _ 6(720'71’7')15) dt‘ ds

R 0
<t /a+(s)e“s /|e_‘7t —e %" dtds

0 0

0 0
+ 3" / at(s)e!* /}67‘” —e 2" dtds (3.20)

and since, for t >0, [e=7" — e727!| < ot; and, for s < ¢ <0,
|e—0't o e—2ot _ e—2at|eot o 1| < 6—20'80_|t|,

one can continue (3.20)
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o 0
1 1
< §U%+/a+(s)e"552 ds + EU%JF / at(s)eh29552 4.
0 —o0

Since p > 20, one has sup e(*~29)552 < oo, therefore, by (3.2), one gets
s<0

sup |g1(21) — g1(22)| < const - o,
TE[-T,T]

that proves (3.19). The statement is fully proved now. O

Remark 3.6. By (3.11) and (3.13), one has that the constant D = D; in (3.12) is given by

—)J
D=D = £ 2 + £ Tk li M7
(%) = (52 (L(?)) (1) + 2ne (LW (a™ x9))) (1)) )
where u = o(v¢). Note that, by Proposition 3.1, the limit above is finite and does not depend on 1. Next,
by Remark 2.2, for any ¢ € R, 9,(s) := ¥ (s+¢q), s € R is a traveling wave with the same speed, and hence,
by Theorem 2.9, o(1),) = o(1)). Moreover,

(£(ala™ *e))) (1) = / W5+ ) / 0 (O)(s — t + q) dt e ds
R R

— e (S(p(a + 1)) (1),
(S2) () = / (s + q)erds = e (2(42)) (1),

Thus, for a traveling wave profile ¢ one can always choose a ¢ € R such that, for the shifted profile ¢, the
corresponding D = D(1,) will be equal to 1.

Finally, we are ready to prove the uniqueness result.

Theorem 3.7. Let £ € S%1 be fized and a* € Ue. Suppose, additionally, that (A7) holds. Let c.(&) be
the minimal traveling wave speed according to Theorem 1.1. For the case a* € We with m = t¢(7), we
will assume, additionally, that (3.2) holds. Then, for any ¢ > c., such that ¢ # 0, there exists a unique,
up to a shift, traveling wave profile ¢ for (1.1).

Proof. We will follow the sliding technique from [5]. Let 91,12 € C1(R) NMy(R) are traveling wave profiles
with a speed ¢ > ¢4, ¢ # 0, cf. Theorem 1.1. By Proposition 3.5 and Remark 3.6, we may assume, without
lost of generality, that (3.12) holds for both #; and s with D = 1. By the proof of Proposition 3.1,
the corresponding j € {1,2} depends on a*, s, m only, and does not depend on the choice of vy, ¥s.
By Theorem 2.9, o(¢1) = o(¢2) =: Ac € (0, 00).

Step 1. Prove that, for any 7 > 0, there exists T = T'(7) > 0, such that

P1(8) == 1(s— 1) > tha(s), s>T. (3.21)

Indeed, take an arbitrary 7 > 0. Then (3.12) with D =1 yields

lim vils) — 1= lim —%20)

S—00 (5 — T)jfle*/\c(S*T) S—00 gjfle*)\cs :
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Then, for any £ > 0, there exists 71 = Ty (¢) > 7, such that, for any s > T3,

Ui (s)

(S _ T)jflefx\c(sf'r)

—1> —¢, L(S) —1l<e.
gi—le—Acs

As a result, for s > T > 7,

U(6) i) > (1= e)(s = 1) e M0r) — (14 )l

. j—1 j—1
= e ((1 e R T (S 1))
S s
. Jj—1
Z S]—le—)\cs <(1 _ L) e)\cT — 1= E(e)\c‘r + 1)) > 07 (322)
if only

T\J—1
1 —) AT
( )

O<e<
© ere™ + 1

=:g(7,T1). (3.23)

For j = 1, the nominator in the r.h.s. of (3.23) is positive. For j = 2, consider f(¢) := (1 — Til)ekct -1,
t > 0. Then f'(t) = A-e*'(A\Ty — At — 1) > 0, if only Ty > ¢ + 5=, that implies f(t) > f(0) = 0,
te (0,71 — ).

As a result, choose ¢ = (1) > 0 with € < g(T,T + )\%), then, without loss of generality, suppose that
Ty =Ti(e)=Ti(1)>71+ /\% > 7. Therefore, 0 < & < g(7,7 + }\%) < g(1,T1), that fulfills (3.23), and hence
(3.22) yields (3.21), with any T > T.

Step 2. Prove that there exists v > 0, such that, cf. (3.21),

P(s) = a(s), seR. (3.24)

Let 7 > 0 be arbitrary and T'= T'(7) be as above. Choose any € (0, g). By (1.4), and the dominated
convergence theorem,

s——00 s——00
R

lim (a” *12)(s) = lim /a*(T)ilzg(s —T7)dr =6 >4. (3.25)

Then, one can choose Ty = T5(d) > T, such that, for all s < —T5,

Yi(s) >0 -9, (3.26)
sg2(8) + 2e(a™ * o) (s) > 0. (3.27)

Note also that (3.21) holds, for all s > Ty > T, as well. Clearly, for any v > T,
VY (s) =1hi(s —v) 2 i(s = 7) > Ya(s), s> To.

Next, 1i_>m Y (Te) = 0 > o(—Tz) implies that there exists v; = 141(To) = v1(d) > 7, such that, for all
v >,

Pi(s) 2 Y1 (T2) > Ya(—T2) = a(s), s € [~To, To].

Let such a v > 11 be chosen and fixed. As a result,
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VY (s) = a(s), s= Ty, (3.28)
and, by (3.26),
YI(8) +0 >0 >1s(s), s<-To. (3.29)
For the v > v; chosen above, define
eu(s) =1 (s) —1h2(s), seR. (3.30)

To prove (3.24), it is enough to show that ¢, (s) >0, s € R.
On the contrary, suppose that ¢, takes negative values. By (3.28), (3.29),

ou(s) > =0, s<-Tz;  ¢u(5) 20, s>-T. (3.31)
Since sgr_noo ¢, (8) =0 and ¢, € C1(R), our assumption implies that there exists so < —T%, such that
uls0) = min g, (s) € [-2.0). (3.32)
We set also
8+ 1= —pu(s0) = Y2(s0) — ¥¥(s0) € (0,0]. (3.33)

Next, both ¢} and v, solve (1.8). By (1.6), [ Jo(s) ds = " —,00. Denote Ly := Jyxp— (3t —36,00) 0.
Then one can rewrite (1.8)

ct)'(s) + (Lo)(s) + (0 — 1(s)) (st (5) + sene(a” * ¥)(5)) = 0.

Writing the latter equation for ¢y and 2 and subtracting the results, one gets

cp,(s) + (Lowy)(s) + A(s) =0
A(s) = (0 = 97 (5)) (2007 (8) + sene(a”™ * ¥7)(s)) (3.34)
—(0 = 1a(5)) (32 (s) + senea™ *1)2)(s)).

Consider (3.34) at the point sg. By (3.32),

@,(s0) =0,  (Lop,)(s0) > 0. (3.35)

Next, (3.33) yields

A(s0) =(0 — 7 (s0)) (32091 (s0) + sene(a”™ * 97)(s0))
+ (62 — (0 — Y (50)) (30¢2(50) + 22ne(a™ % 12)(s0))
( =YY (50)) (3000 (50) + 2ne(a™ * 1) (s0))
(%ﬂ/}g(s )+ sene(a * 1/)2)(80))
=( ¥1 (50)) (5200 (30) + stne(a™ * (@ + 84))(50))
8. (s20t2(50) + sne(a™ * 2)(s0) — (6 — %Y (s0)))
>0, (3.36)
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because of (3.32), (3.26), and (3.27). The strict inequality in (3.36) together with (3.35) contradict to (3.34).
Therefore, (3.24) holds, for any v > v4.
Step 3. Prove that, cf. (3.24),

¥, :=inf{ > 0| YV (s) > 1y(s),s € R} = 0. (3.37)

On the contrary, suppose that ¢, > 0. Let @, := @y, be given by (3.30). By the continuity of the profiles,
Yy > 0.

First, assume that ¢.(so) = 0, for some s¢ € R, i.e. ¢, attains its minimum at sg. Then (3.35) holds with
9 replaced by ¥, and, moreover, cf. (3.34),

A(s0) = sne(0 — ¥ (50)) (@™ * @) (s0) > 0.

Therefore, (3.34) implies

(Lows)(s0) = 0. (3.38)

By the same arguments as in the proof of Proposition 2.4, one can show that (A7) implies that the function
Jy also satisfies (A7), for d = 1, with some another constants. Then, arguing in the same way as in the
proof of [17, Proposition 5.2] (with d = 1 and a™ replaced by Jy), one gets that (3.38) implies that o, is a
constant, and thus . =0, i.e. 17" = 1o. The latter contradicts (3.21).

Therefore, @.(s) > 0, i.e. 17 (s) > 1a(s), s € R. By (3.21) and (3.25), there exists T3 = T3(?,) > 0, such
that 1/)1%*(5) > 1ha(s), s > T3, and also, for any s < —T3, (3.27) holds and (3.29) holds with ¢ replaced by

Dy
19—2* (for some fixed § € (0, g)). For any € € (O, %), w?“s > 1),> , therefore,

Y7 T (s) > a(s), s> T,

and also (3.29) holds with ¥ replaced by ¥, — ¢, for s < —T3. We set

;= inf V() — > 0.

aim il (0 (s) — a(o)

Since the family {wf“s | e € (0,%)} is monotone in €, and lirr%) VYT (t) = ¢V (t), t € R, we have, by Dini’s
e—

theorem, that the latter convergence is uniform on [—T3,T5]. As a result, there exists ¢ = ¢(a) € (0, %),

such that

PP (s) > U T (s) > a(s), s € [T, T3

Then, the same arguments as in the Step 2 prove that ¥V °(s) > 15(s), for all s € R, that contradicts the
definition (3.37) of V..

As a result, 9, = 0, and by the continuity of profiles, ¥; > 5. By the same arguments, 1o > 11, that
fulfills the statement. O
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