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1. Introduction

For n,r ¢ N ={0,1,2,...} and ag,...,an,S1,...,Br, 2z € C the truncated hypergeometric series ,11F
are defined by

[e%1 P Qo

ﬁl Br

%))
'r+1Fr

— (0)k - () 2
Z} =y oo (o 2
no =Bk (Br)e K
where () = a(a+1)---(a+ k — 1) is the Pochhammer symbol (rising factorial). Since (—a)x/(1)r =
(=1)*(%), sometimes we may write the truncated hypergeometric series as sums involving products of
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binomial coefficients. In the past decades, supercongruences involving truncated hypergeometric series have
been widely studied (cf. for example, [6,7,9-12,15,16,24-26,30,31]).
Via the p-adic Gamma function and the Gross-Koblitz formula, E. Mortenson [15,16] proved that for any

() o nfd 11 = (3) ot

_ (—72) (mod p?), 25{% (%1) (mod p?),

where (;) denotes the Legendre symbol. Actually, these congruences were first conjectured in [19] motivated
by hypergeometric families of Calabi-Yau manifolds. For any prime p > 3, Z.-W. Sun [25] showed further
that

prime p > 3 we have
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Y. e = (NPT PE, g (wod p?), (1.2)
k=0
G)°
Z 1k6k = —2p°E,_3 (mod p?), (1.3)
p/2<k<p

where E,_3 is the (p — 3)th Euler number. In fact, (1.2) and (1.3) are refinements of the first congruence in
(1.1). To see this, we note that (1)5/(1) = (Zkk) /4% for any k € N. Z.-W. Sun [26] also gave some extensions
of (1.1). In 2014, Z.-H. Sun [24] found that the congruences in (1.1) can be extended to a unified form.
For any odd prime p let Z, denote the ring of all p-adic integers. For any o € Z,, we use (a), to denote
the least nonnegative residue of o modulo p, i.e., the unique integer lying in {0,1,...,p — 1} such that
(a)p = a (mod p). Z.-H. Sun [24] proved that for any oo € Q N Z,, we have

1-—
2F1|:Ot 10[

1} = (=17 (mod p?). (1.4)

It is easy to see that the congruences in (1.1) are special cases of (1.4).

It is worth noting that Mortenson’s congruences in (1.1) all concern the hypergeometric series with
variable z = 1. In this paper, we shall confirm several congruences involving hypergeometric series with
variable z # 1, as conjectured by Z.-W. Sun.

It is rare that a sum of the form $°P_! ay is always congruent to 0 modulo p? for any prime p > 3.
The only known example we can recall is Wolstenholme’s congruence H,_1 = 0 (mod p?) (cf. [32]) for any
prime p > 3, where H,, denotes the harmonic number » ,_, . 1/k. Nevertheless, we establish the following
curious result which was first conjectured by Sun [25, Conjecture 5.14(i)].

Theorem 1.1. Let p > 3 be a prime. Then

(o) ()

48k

=0 (mod p?). (1.5)

=~
Il

0

Remark 1.1. Sun [29, Conjecture 17] conjectured further that for any prime p > 3 we have

p—1 ( 4k )(Qk) 5 ]
k k) _
TR = 1P B (

2 3) (mod p*) (1.6)
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and

= A8* p
p2; k- )@ (5) + 4 (mod 7). (17)

where Bj,_2(z) is the Bernoulli polynomial of degree p — 2. It is worth mentioning that (1.7) is related to
Sun’s conjectural identity

3 8" :Eii (1.8)
k:lk 2k—1)( )(%) 2 k=1 k2 .

(cf. [28, (1.23)]) and Sun would like to offer $480 as the prize for the first proof of (1.8).

Our second theorem concerns a variant of the second congruence in (1.1) and confirms a conjecture of
Z.-W. Sun in [25, Conjecture 5.13] and [29, Conjecture 16(i)].

Theorem 1.2. Let p > 3 be a prime. Then

ey [(GE9f) modp?)  ifp=1 (mod 3),

kwk = (1.9)
k=0 p/((?:lg)/gg) (mod p?) if p=2 (mod 3).
Remark 1.2. By Sun [26, (1.20)], for any prime p > 3 we have
p—1 (2k) <3k) —1 (2k\ (3k
k)\x) _ (P (k)(k) 2
D R = (3) D (—216)c (mod P):
k=0 k=0
Theorem 3.2 of Sun [27] with 2 = y = —z and a = 1 gives the following p-adic analogue of the Clausen
identity (cf. [1, p. 116]):
2 1
<2F1 {0‘ 1 1 z} ) =, [O‘ 1 1 @ 74201 - z)} (mod p?) (1.10)
p—1 p—1

for any odd prime p and «, z € Z,; this was given by Z.-H. Sun in the cases o = 1/3,1/4,1/6 (cf. [21-23]).
Applying (1.10) with @ = 1/3 and z = 9/8 and noting that (1/3),(2/3)x/(1)7 = (3")(3")/27* we obtain
that

(Z T )> 27((’“)19(2’)“2 (mod p?). (1.11)
k=0 k=0

It is known (cf. [2,3]) that for any prime p =1 (mod 3) with 4p = 22 + 27y? (z,y € Z) we have

(Cr=208) = (2) (2 2) (moa 2. .

Combining Theorem 1.2, (1.11) and (1.12) we immediately obtain the following result which was conjectured
by Z.-W. Sun in [25, Conjecture 5.6] and [29, Conjecture 24(i)] and partially proved by Z.-H. Sun [21,
Theorem 4.2].
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Corollary 1.1. Let p > 3 be a prime. Then

pil (2:)2 3k’f 2?2 —2p (mod p?) ifp=1 (mod 3) & 4p = 22 + 27y? (v,y € Z),
“190\k —
k=0 (-192) 0 (mod p?) if p=2 (mod 3).

The next result gives a companion of Theorem 1.2.

Theorem 1.3. Let p > 3 be a prime. Then

- (2p—2)/3 2 o
k) e [/ (Go)s) (med p?) ifp=1 (mod 3), -
a4k T . '
k=0 —(p+1) (((2;;%)/33) (mod p?) if p=2 (mod 3).

Combining Theorems 1.2 and 1.3 we confirm the following two conjectures of Sun [25, Conjecture 5.13].

Corollary 1.2. Let p > 3 be a prime. Then

LAY - B
Y = (- tya) ot 1
When p =1 (mod 3) and 4p = 2% + 27y* with v,y € Z and x = 2 (mod 3), we have
k42 /2k\ (3K )
gw<k>(k>=m(modz¢)~ (1.15)

Remark 1.3. To obtain (1.14), we note the following congruence relation obtained by Sun [26]:

mod p?),

p—1  (2k\ (3k p—1 ;. (2ky (3k
3 (%) (%) - m*27zk<k)(k) (
k= %
‘ (k+1)m 6 & m
where p > 3 is a prime and m is an integer with p{m. To get (1.15) we only need to substitute (1.12) into
(1.9) and (1.13).

The proofs of the above three theorems depend on some new hypergeometric identities motivated by the
strange identities obtained by S.B. Ekhad [5] and the Pfaff transformation (cf. [1, p. 68]); they will be given
in Sections 2—4. We can also prove some other results similar to Theorems 1.1-1.3 in the same way, however,
we will not give the detailed proofs of them; we shall list them and sketch their proofs in the last section.

2. Proof of Theorem 1.1

Let p be an odd prime. Let us recall the concept of the p-adic Gamma function introduced by Y. Morita
[14] as a p-adic analogue of the classical Gamma function. For each integer n > 1, define the p-adic Gamma
function

Tp(n) = (-1)" [] *

1<k<n
ptk

Moreover, set I',(0) = 1. It is clear that the definition of ', can be extended to Z,, since N is a dense subset
of Z,, with respect to p-adic norm | - |,. Thus, for all z € Z,, we can define
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L(a):= lim Tyn)
|z—n]p,—0

so that the function I'y(z) is p-adically continuous. The reader is referred to [14,18] for some properties of
the p-adic Gamma function. It is known (cf. [18, p. 369]) that for any x € Z,, we have

Tp(@)Tp(1 —a) = (=1)P~ "7 (2.1)
and
T,z +1) —z ifpta,
—_— = (2.2)
Iy (2) -1 ifp|a.

The following lemma gives a p-adic expansion of I',,.
Lemma 2.1. For any prime p > 3 and o, t € Z,, we have
Tp(a+tp) = Tp(a) (1+ tp(I,(0) + Hyp_1-(—ay,)) (mod p?), (2.3)
where T, (x) denotes the derivative of I'y(x) for any x € Z,,.
Proof. It is known (cf. [11, Theorem 14]) that
Tp(a+ tp) = Tp(a)(1 + tpL,(ar)) (mod p?).

By [31, Lemma 2.4] we have

T/(0) + Hy 1 (_a, (mod p).

Combining the above we immediately get the desired result. O
The following hypergeometric identity plays a key role in the proof of Theorem 1.1.

Lemma 2.2. For any nonnegative integer n and § € {0,1}, we have

NE

(2.4)

4

(4n+ 26 — k+ 1) (—n)p(2 — 5 —n)y, (4)’@ _ (3)2”” T(3)T2n+1+4)

1
= 2
(2n+0+k+1)(1)p(—4n —20), \3 F@2n+d6+1)

=
i

0

Proof. Denote the left-hand side of (2.4) by S(n). Via Zeilberger’s algorithm (cf. [17]) in Mathematica, we
find that

In+1)2n+25+1)S(n) —2(4n+26+1)(4n+25+3)S(n+1) =0
for any n € N and 6 € {0,1}. Then the identities can be verified by induction on n. 0O

For a prime p and an integer a # 0 (mod p), we use ¢,(a) to denote the Fermat quotient (a?~! — 1) /p.
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Lemma 2.3 (Lehmer [8]). For any prime p > 3, modulo p, we have the following congruences:

3 3
Hypray = =24p(2), Hips) = —50(3), Hipa) = =36p(2), Hype) = ~20p(2) — 545(3)-

Proof of Theorem 1.1. Note that (1/4)(3/4),/(1)2 = (;ﬁ) (215) /64%. Thus we can rewrite (1.5) as follows:

S (2k+1)(1)7 \3
Let
__@—ROERCE (1)
fe(x) = (% T+ k4 % (1 —x)p(Dg <3>
and
p—1
f@y= > fila)
k=0
k#(p—1)/2

Clearly, for any t € Z,, we have

f(tp) = £(0) + tpf'(0) (mod p*),

where f’(x) stands for the derivative of f(x). Thus we can easily obtain that

7(0) = 5(3(p) ~ 7(3p)) (mod p?).

On the other hand, it is easy to see that

where

c = (r— 1)(%)@71)/2(%)(1),1)/2 (%>(p—1)/2.
p(l)%pfl)/2 3

Combining (2.5) and (2.6) we arrive at

e 2633 (4)’“ :;»

Thus, by Lemma 2.1 we have

=e—Sflp)+ %f(f’)p) (mod p?).

(2.7)
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DI BT (1)

(
BT+ BT, ()2 (4) 7
= (s)

1 4\ (P=D/2 ,
= 1 (1 + pH|p)4) *PH(p—U/z) (§> (mod p*).

Note that

4\ /2 (2 ot 1)/2 2
<3) — 3(p=1)/ (3) = 3(p=1)/ (14+pgp(2) — pgp(3)) (mod p?).

Then, by (2.1) and Lemma 2.3 we immediately obtain
e=(=3)""V2(1+p - pgy(3)) (mod p?). (2:8)

Now we evaluate f(p) modulo p?. Obviously, f(,_1y/2(p) = 0 since

(L5, =0

Taking n = |p/4] and 6 = (1 — (=))/2 in Lemma 2.2 and using (2.1), Lemmas 2.1 and 2.3 we obtain

-1
p

(B) 302,55
I'(%) 2r—1 I'p(5)

1) = 10) + o) = (5

2
S A 4 (%) (1 + gH(p—n/z) (1-pap(2))
= (=3)P"V/2(1 - 2pg,(2)) (mod p?).

Finally, we consider f(3p) modulo p?. Taking n = |3p/4| and 6 = (1 + (_71))/2 in Lemma 2.2 we have

(3p=1)/2 p(1yp(3p+L
3) 7(2) § 2 >. (2.10)

f(3p) + fp—1)/2(3p) = (4

Similarly, as in (2.9), we deduce that

<§)<3p—”/2 rréss) ( b
4 i) T (32T (1) (2.11)
3
2

Observe that

—4pl(3 - I
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where we note that

F(% _ %)F(*i -9 _ _Prp(i — %)Pp(*% -9
F(% o %TP)F(% o %Tp) QFp(i o %Tp)rp(% o ??Tp)

Furthermore, in view of (2.1), Lemmas 2.1 and 2.3, we arrive at

(—3)P—1)/2

2 (1+4p — 6pgp(2) = pgy(3)) (mod p?). (2.12)

fo—1),2(3p) =

Now combining (2.7)—(2.12) we finally obtain

This completes the proof. 0O
3. Proof of Theorem 1.2

Lemma 3.1. For any nonnegative integer n we have

Ionl9 (3)n
F|" o =2 3.1
2 1[ —3n 8:|n 27’(%% ( )
and
—n —1_pl9 (2)
n g—n| 2 _ (g
QFl{ -3n-1 SL 20(2),,” (3.2)

Proof. Denote the left-hand sides of (3.1) and (3.2) by F(n) and G(n) respectively. By applying the Zeil-
berger algorithm in Mathematica, we find that

-32n+1)F(n)+43Bn+1)F(n+1)=0
and
—(6n +5)G(n) +4(8n+2)G(n+1) = 0.
Then Lemma 3.1 follows by induction on n. 0O
The next lemma is a p-adic analogue of the classical Gauss multiplication formula.

Lemma 3.2 (Robert [18, p. 371]). Let p be an odd prime. Then, for any x € Z,, and m € Z™* we have

J\ _ J ((L=p)ma+(—ma),)/p
I I r 4+ =) =T | I T p)/P 3.3
» (x m) p(ma) » (m) m (3.3)

0<j<m 0<j<m

Proof of Theorem 1.2. Assume that p =1 (mod 3). Clearly, for any «,t € Z,, we have

k—1
(a+tp) = () | 14+ tpz ﬁj (mod p?). (3.4)
=0
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Therefore, it is easy to verify that

Al Y]
2 =
1—p| 8 o1
p—1 /1 2 k k—1 k—1
(5)k(5)k (9>
=> ol -py =2 +pHy | (mod p)
= () 8 — 37 +1 i
and
2=2p 1=2p | 9
2F1[ =2 3 _]
L=2p| 8,
p—1 1 2 k k—1
(3)(5)x (9 1 9
= 20l | — 1-— -2 —— +2pH d .
;} 12 \8 1"23 +1 p;3j+2+pk (mod p)

9\" 1-p 2-p
) 522F1 3 1ip

9 2=2p  1=2p
| s[5
8p1

where

(2)p-1/3 (3)2p-2)/3
g1 ‘= 2(471))/3?177 and g9 1= 2(2721’)/3%
3/(p—1)/3 5)( 2p—2)/3

We first compute o; modulo p?. Note that

(2p—2)/3

(%)(pfl)/?, . ((;:1)/3) ~ (-p BI‘(% + %P)
B = 4ty (3.6)

(D p-1)/3 4(r—-1)/3 I‘(% +2)2

Therefore, by Lemmas 2.1 and 2.3 we have

w-1/3)@-1)/3

— 94— p)/3
1
w-1)/3(3)p-1)/3

SN PN
S] (o=

—
*uﬁ s
|
o]l
\’1/ S~ \./

(2-2pgy(2))

+ |+
oS |w
—
—
S
—
W
N~—

—

w

\]

=

where in the last step we note that T',(1/3)T,(2/3) = (—=1)'*2r=2/3 = 1 by (2.1) and H,_1_ =
Hj, (mod p) for any k € {0,1,...,p—1}.
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We now evaluate oo modulo p? in a similar way. By (3.6), Lemmas 2.1 and 2.3 we have

3
_ LW »
= Tt (D) (L g eis o)
IO RO, :
= 5n,er,m T 2e® ~ra) (med p.

So we have

Thus it suffices to show that

In fact, it is routine to verify that

(((25:12))//3?)) = m =-T, (;)3 (1 + %p (Hzp-2)/3 — H(p—1>/3)>

=T, (%)3 (mod p?).

This proves Theorem 1.2 in the case p =1 (mod 3).
Below we handle the case p = 2 (mod 3) in a similar way. It is easy to see that

1—2p 2—2p 9
F 3 3 Z
g 1|: 1_2p 8:|p—1
p—1 (l) 2 k k—1 k—1
_ 3 k(s)k 9 1 1 2
= —SL 8l 1-2 — =2 —— + 2pH, mod
2 (1 (8) p;o?)ﬁl p;33+2 pHi | (mod )

and
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F [QT 5 9}
211 3
1—-p| 8 ol
p—1 l 2 (9>k k—1 1 k—1 1
— 3 (3) 2
= 1—p2.——PZ,—+ka (mod p*).
2
— )i o 3j+1 = 37+ 2

Combining the above two congruences and putting n = (2p — 1)/3 in (3.1) and n = (p — 2)/3 in (3.2) we
deduce that

k
—) =03 — 04 (mod p?), (3.9)

where

5 1
o3 1= 9(5-p)/3 (g)(p—Q)/fi and oy = 20-20)/3 (?)(2:0—1)/3.
(5)w-2)/3 3)2p—1)/3

We first consider o3 modulo p?. Note that

(4p—2)/3
(Dep-ns _ (ep1/3) _ aoopys DB .
(Deep-1y/s 4GP0/ D(*52)?
Therefore, in view of (2.2) we have
1 2 1,2 2, 2 1 2
o3 =4x 2771 x 4(1—2P)/3w — 4 x 91 (5 + PG+ )G +350E)
i
L3I (5) L(3)T(z +F)INE)TB)
I, (1)2T,(2)2
p p(s) »(3) (InOde),

where we note that I'(1/6 + 2p/3)/T'(1/2),T'(2/3 + 2p/3)/T(1/3 + 4p/3) and T'(1/6 + p/3)/T'(5/6) contain
factors p/2,1/p and p/6, respectively. With the help of Lemma 3.2 and noting that I',(1/3)I',(2/3) =
(—1)2P+1/3 = 1 we obtain

Thus we get

o3 = %)F,, (—)3 (mod p?). (3.10)

We now consider o4. Clearly,

oy = 212 <(4p - 2)/3> (1

)217 ) (2p—1)/3 — 9l-2p
2p—1)/3) (3)2p-1)/3 (3
1
3

_l’_
L +
__ol=2p pl—‘p(l )F;D( ) pF( ) _p 1 ° 2
=L (%) (8 6 (5) tmoarn

(3.11)

Substituting (3.10) and (3.11) into (3.9) we have
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p—1 /1 2 k 3
(3)6(5)k (9 D 1 2
ST () ==, | = d . 3.12
prt (1)i 8 6 p 3 (mO D ) ( )
On the other hand,
3
p LG +5)?% _p. (1 >
G = e 2_p) = 6I‘p 3 (mod p*).
((p+1)/3) p\3 T3

This, together with (3.12), proves Theorem 1.2 in the case p = 2 (mod 3).
The proof of Theorem 1.2 is now complete. 0O

4. Proof of Theorem 1.3

Lemma 4.1. Let n be a nonnegative integer. Then

” (=me(z —me (9)* _ 43 PET(G +1)

;3n+k+2W(8> =3x2 F(;F(gﬂl) (4.1)
and

" (=g = (9\F _y 1 LEILG +0)

’;(Sn-l—k-l—?»)m (g) =3x2 F(;T%Hz) (4.2)

Proof. Denote the left-hand sides of (4.1) and (4.2) by J(n) and K(n) respectively. Via the Zeilberger
algorithm, we find that

(6n+7)J(n) —4Bn+1)J(n+1)=0
and
32n+3)K(n) —4(3n+2)K(n+1) = 0.
Then the identities can be verified by induction on n. O

The following lemma is the well-known Gauss multiplication formula whose p-adic analogue has been

stated in Lemma 3.2.

Lemma 4.2 (Robert [18, p. 871]). For any z € C and m € {2,3,...}, we have
I1r (z + ‘7) = (27) (M= D/2p(1=2m2) /2D (1) (4.3)
0<j<m m

Proof of Theorem 1.3. Suppose that p = 1 (mod 3). As in the proof of Theorem 1.2, by Lemma 4.1 we can

easily prove

p—1 1y (2 k
kZ:O(k + 1)% (2) = 05 — 0 (mod p?), (4.4)

where
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13
2\ 2\p(4pt5
o5 :=6 x 201/ 7(3)1 (5 and o := 3 x 20~ 2p)/31"(3)1"( 5 )
I'(5)r(%) L(3)0(F)
Note that
(2p—-2)/3
_DGHE  _ Ge-vs _ (emys) TG HE)
Lp()Tp(3+5)  (WDp-1ys 4071/ Lp(3+5)?
Therefore, by Lemmas 2.1, 3.2 and 4.2 we obtain
2p+5
oy = 2(11—21))/3F(_%)F( ) 2682 Bp Ty (— L& +5)
P(HT(EE°) 3 Tp(§)Tn(z + §) (45)
_ _4pr(%)Fp(§)2Fp(%) _ 4p (mod p?) .
Tp(3)2Th(3) r, (1)
Also,
6 2(5721})/31_‘(%1)1—‘(% +2) 2(2 ) 3pL, (FT, (3 + %)
BNEY ENED o
_ Spr(%)Fp(g)QFp(%) 3p d 2
- r,(1)2r 1) r,(%)3 (mod p7)
p\2)75 (3 P\3
Substituting (4.5) and (4.6) into (4.4) we get
p—1 l 2 k
(k+1) G5k (9) ___p
k=0 1 i 8 FP(%)B
On the other hand, from the proof of Theorem 1.2 we know
(2p—2)/3 1\°
((p 1)/3 =-T, 3 (mod p?).
This proves Theorem 1.3 in the case p = 1 (mod 3).
Now we assume p = 2 (mod 3). By Lemma 4.1 it is easy to verify that
e @G 9\
k(3)k
Z(k + 1)% <§) = 07 — 0g (mod p?), (4.7)
k=0 k
where
r T(2)T (4215
o7 =12 x 2(27’7)/3%2) and og =3 x 205720)/3 (33 ( - )
L(z)I(%) INCINGD
Note that
(2p—4)/3
T(—3+8)  _ Boos _ (oafs) _ oyl + %)
D3z +5)  We-2ys  4F72/3 Tp(3 +5)?

By Lemmas 2.1 and 2.3 we have
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_1 5,.p
0'7:—4><2(2*P)/3 p( 32)Fp(61+ 3)
FP(E)FP(§)
_ g xorr2Cs EDHEIE )
Tp(=5 + 5)n(3 + 5)0n(5) s
Lp(3)TH(3)
= 12 xotrpid _ele) (\ Py
Fp(g)rp(%) < 3 (p—2)/ )
_ 12 p ,
=57 (1 Pap(2) qu(?,)) (mod p?)
Also,
2 2
_ oo TEILEHR) oy D (DG + )
gg = 2 m T 5 — _3%9 3 1 s
F(§)F(§ + 3) Fp 3)1—\10(§ + 5)
_ 30 TG BTG + ) -
2T (3)2T, (=3 + 22)20, (2T, (3 + 2)
_ 6 .
- _rp(%):s (1-2pgp(2) —pgp(3)) (mod p~)

Combining (4.7)—(4.9) we have

pz_:(k+1)(%)k(

2
3
2
= (L

On the other hand, it is routine to verify that

((219 +2)/ 3>

(p+1)/3 6(1 —p) pE?I?z = L (mod p?).
3

Comparing the above two congruences we immediately obtain the desired result.
The proof of Theorem 1.3 is now complete. O

5. More results similar to Theorems 1.1-1.3

In this section, we list some congruences that can also be proved by some strange identities. However,
we only give the outlines of their proofs since the proofs are quite similar to the ones of Theorems 1.1-1.3.
Sun [25, Conjecture 5.14(i)] posed the following conjecture as a variant of the third congruence in (1.1).

Conjecture 5.1. Let p > 3 be a prime. If p =1 (mod 3) and p = 2® + 3y? (v,y € Z) with x = 1 (mod 3),
then we have

p—1 (2k\ (4k
Z (k4)8(k2k) — 9 _ % (mod p?) (5.1)
k=0
and
= k+ 12K\ [4k
> ﬁ ( k ) (2k> = (mod p°). i

k=0
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If p=2 (mod 3), then we have

p—1 (2k) (4k) 3
k) \ok) _ D 2
2 o= 2(%”“)/2) (mod p?). (5.3)
p+1)/6

(5.1) has been proved by G.-S. Mao and H. Pan [12] and its proof depends on the results concerning
Legendre polynomials obtained by M.J. Coster and L. Van Hamme [4]. In fact, we can confirm Conjecture 5.1
completely by using some strange hypergeometric identities.

Theorem 5.1. For any prime p > 3 we have

p—1 (Qk) (4k) (8:3@ (1 42 Lqp(2) — ??qup(fi)) (mod p?) ifp=1 (mod 3),

Ve (5.4)
h=0 3p/ (2(5513%)) (mod p?) if p=2 (mod 3),
and
k=0
. (5.5)
p/((z B%) (mod p?) if p=1 (mod 3),

(P08 (3 = 2 = 24,(2) + 5g,(3)) (mod p?)  if p=2 (mod 3).

Remark 5.1. It is known (cf. [2, p. 283]) that for any prime p = 22 + 3y? = 1 (mod 6) with z,y € Z and
=1 (mod 3) we have

((p— 1)/2> _ (235 N 2%) <1 _ %pqp(g) + %qp(3)> (mod p?).

This, together with (5.4), gives (5.1) and (5.2).

Applying (1.10) with @ = 1/4 and z = 4/3 and noting that (1/4),(3/4)x/(1)2 = (5;) (°F) /64% we arrive

at

2
p—1 2k\2 4k
) = Z M (mod p?). (5.6)
Therefore, combining (5.6) with Theorem 5.1 we can easily obtain the following result which was conjectured

and partially proved by Z.-H. Sun (cf. [20, Conjecture 2.2] and [22, Theorem 5.1]).

Corollary 5.1. Let p > 3 be a prime. Then

p—l Qk) (4k) 422 —2p (mod p?) ifp=1 (mod 3) & p = 2> + 3y? (x,y € Z),
k=0 —l44F 0 (mod p?) if p =2 (mod 3).

To show Theorem 5.1, we need the following identities which can be easily verified by Zeilberger’s algo-
rithm.
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Lemma 5.1. Let n be a nonnegative integer. Then we have the following identities:

;O% <§>k B (%> ES;Q (5.7)
SR (3 - () o
e T O + oo
e

Proof of Theorem 5.1. We should divide the proof into four cases that p = 1,5,7,11 (mod 12). We only
prove (5.4) for p =1 (mod 12) briefly since (5.4) in the other cases can be handled similarly.
By Lemma 5.1, it is easy to verify that

= § (3)(p_1)/4 (%)(p—l)/2 _ 1 (%)(317_1)/2 (%)(Sp 1)/2 (mod p2).
16 (3)p-1y72 2 \4 (3 @p-1)/2

From [13, Lemma 4.1] we know that for any positive integer n and integer a not divisible by p we have

n—1 1
-v/2_ (2 2 k n
2= (D)2 (7) oaten* moa 57 G.)
Thus we have
3 (3><“>/2 Bp-npe _3(, 1 2Y,(2)
2\4 (-2 2 2 Lp(5)Tp(5)

and

(Bp—1)/2 (2 9 /1 | 3p L
3 3 - 3 3 2T, (2 + 2),(5
(_) (;1),)(3;0 1)/2 . (1 T —pqp(S) _ 3PQp(2)> 3 pp(e 2 )3;(2)
(5)@p-1)2 8 L

Then we obtain

p—1 2K\ (4K 3
Z (k4)8(k2k) =-T, <%> (mod p?).

=0

X

On the other hand, it is routine to verify that

(5702) (- - $aa5) <1, (2) s

This completes the proof. O
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Sun [25, Conjecture 5.14(iii)] made the following conjecture.

Conjecture 5.2. For any prime p > 3, if p =1 (mod 4) and p = 2> + 4y* (z,y € Z) with x = 1 (mod 4),
then

T’il <2kk7)2(32) = (g) (233 — %) (mod p?) (5.12)
and
ok = <g) z (mod p?); (5.13)

if p =3 (mod 4), then

6) 2p 5
= <— — 75 (mod p?). (5.14)
B 2/ 3(i/A)

We shall prove these congruences by establish the following result.

Theorem 5.2. For any prime p > 3 we have

pb sy (G0 (1= 8gp(2) (mod p*)  ifp=1 (mod 4), 515

k=0 [ 2p(§)/(3(gigﬁ)) (mod p?) if p=3 (mod 4), .

and
e k-1 G
P 72k
5.16
[N tmoa ) Fp=1 (mod 4), (19
(O(EED G+ % - %24,(2)) (mod p?)  if p=3 (mod 4).

Remark 5.2. From [2, p. 281] we know for any prime p > 3, if p =1 (mod 4) and p = 22 +4y? with z,y € Z
and z = 1 (mod 4) we have

(-3

Combining this with Theorem 5.2 we obtain (5.12) and (5.13).

(2:c - 21x> (1 + gqp(Q)) (mod p?).

Applying (1.10) with o = 1/4 and z = 8/9 we arrive at
p—1 (4k) (Qk) 2 p-1 (2k)2(4k)
2k) \ k — k) \k 2
<,§=0 ok ) = gzo GIsk (mod p*). (5.17)

Therefore, combining (5.17) with Theorem 5.2 we can easily obtain the following result which was conjec-
tured and partially proved by Z.-H. Sun (cf. [20, Conjecture 2.1] and [22, Theorem 5.1]).
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Corollary 5.2. Let p > 3 be a prime. Then

if
if

422 — 2p (mod p?)

0 (mod p?)

To prove Theorem 5.2 we need the following
algorithm.

C. Wang, Z.-W. Sun / J. Math. Anal. Appl. 505 (2022) 125575

p=1 (mod 4) & p = 2% + 4y* with x,y € Z,

p =3 (mod 4).

preliminary result which can also be showed by Zeilberger’s

Lemma 5.2. Let n be a nonnegative integer. Then

Zi: : r ")k (g)k B 32n—1rr((%2)§f?)r(n)’ (5.18)
> G ’?: () - Tmee o)) -
U h DG (8P TOED
S pCn i (o) GRS e

Proof of Theorem 5.2. We only prove (5.15) for p = 1 (mod 4) since (

be deduced in a similar way.

=

5.15) in the case p = 3 (mod 4) can

By Lemma 5.2 we can easily verify that
-1 4k 3p—3 +1\1v/ 9p+5
CEOED . TAres)  strrreEhres
S 2 x 3p=1/2T(5)I(2) AT(3)T(3R)
Clearly, by Lemma 2.3 and (5.11) we have
(3T Tp(3)0p(*)

2 x 30 1)/2r< ()~

o)

2 x 30-D/2T, (B)T, ()

3 Lp(3)Tp(=3)
=(=)ls——+ 1+2x ——H 2 4
(p) < ‘Ip ( + (p+3)/4 (r— 5)/4) FP(_i)
f 3\ /1 p 3p 1 1\?
= (_1)t3)/a (2 - _F _2P oo\ () (2 2
(-1) ) (5-50® - Fa@ )1, (5)1(5) modr?)
Moreover, by Lemma 4.2 we have
3ODAT (NP AT + %) 3/ x LT, (DT, + %)
() PTG+ P) 2 X BT, (DT, (3 + )
2
_ 3 1 3p 3p 1 1
=0 (2) (5 Foo) (1 Frone) 1 (5) 0 (5)
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= o (2) (2240 - 201, (1)1, (1) mods?

Thus we obtain

S - (e, (1)r, (2)] oo

B)E)-(0) = §)-mrrr e

On the other hand, one may easily verify that

(520 0 ) =5 (3] ()

This completes the proof. O

since
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