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Abstract

By investigating n-dimensional complete maximal spacelike hypersurfaces with two distinct principal
curvatures in an (n + 1)-dimensional anti-de Sitter space H;Hl(—l), we give a new characterization of
hyperbolic cylinder H” (—4-) x H" ™" (—+2-) in Hf""l (=1).
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Let M ;’H(c) be an (n + 1)-dimensional Lorentzian manifold of constant curvature c, we
also call it a Lorentzian space form. When ¢ > 0, M1 (c) = S () (i.e., (n + 1)-dimensional
de Sitter space); when ¢ =0, M ?‘H (c) = L™t (i.e., (n + 1)-dimensional Lorentz—Minkowski
space); when ¢ < 0, M f“ (c) = le‘“ (c) (i.e., (n 4+ 1)-dimensional anti-de Sitter space). A hy-
persurface M of Mf“(c) is said to be spacelike if the induced metric on M from that of the
ambient space is positive definite.

E. Calabi [1] first studied the Bernstein problem for a maximal spacelike entire graph in L"*!
and proved that it has to be hyperplane, when n < 4. S.Y. Cheng and S.T. Yau [2] proved that
the conclusion remains true for all n. As a generalization of the Bernstein type problem, Cheng
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and Yau [2] and T. Ishihara [3] proved that a complete maximal spacelike submanifold M of
M {' +1 (¢) (c = 0) is totally geodesic. T. Ishihara [3] also proved the following well-known result:

Theorem 1.1. [3] Let M be an n-dimensional (n > 2) complete maximal spacelike hypersurface
in anti-de Sitter space H 1”“ (—1), then the norm square of the second fundamental form of M
satisfies

S<n, (1.1)
and S =n ifand only if M" = H" (—72) x H" " (—-2_) (I<m <n—1).

In this paper, we prove the following result, which gives a new characterization of hyperbolic
cylinder in anti-de Sitter space H{’H (=1).

Theorem 1.2. Let M be an n-dimensional (n > 3) complete maximal spacelike hypersurface with
two distinct principal curvatures ). and p in anti-de Sitter space HI”H(—I). Ifinf(A — )% > 0,
then M = H™ (—2) x H" ™" (—2) (1<m <n—1).

n—m

2. Preliminaries

Let M be an n-dimensional complete spacelike hypersurface of anti-de Sitter space H 1”“ (-1.
For any p € M, we choose a local orthonormal frame ey, ..., e,, e,+1 in H{’H(—l) around p
such that ey, ..., e, are tangent to M. Take the corresponding dual coframe wy, ..., @, Wy+1
with the matrix of connection one forms being w;;. The metric of H1"+1(—1) is given by

ds? = Zi a)lz — a)ﬁ |- We make the convention on the range of indices that 1 < i, j, k <n.

A well-known argument [2] shows that the forms w;,+1 may be expressed as wi,+1 =
>_jhijwj, hij = hj;. The second fundamental form is B =}, ; hijw; ® w;. The mean cur-
vature of M is given by H = %Z, h;. If H=0, then M is said to be maximal. The Gauss

equations are

Rijr = —8ikdj1 — 8i1djk) — (hirhji — hith ji), 2.1)

Rij=—(n— 1)5ij_”thij+Zhikhkjs (2.2)
k

nin—1)(R+1)=—n’H>+5, (2.3)

where R is the normalized scalar curvature of M and the norm square of the second fundamental
form is

S = Z(h[j)z. (2.4)
i,j

The Codazzi equations are
hijk = hixj, (2.5)

where the covariant derivative of 4;; is defined by

Zhijkwk =dh;; + thjwki + Zhikwkj. (2.6)
k k k
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The second covariant derivative of #;; is defined by

Zhijklwl =dhijr + Zhljkwli + Zhilkwlj + Zhijla)lk- 2.7
I I ! l
By exterior differentiation of (2.6), we have the following Ricci identities:
hijki — hijix = thj Ruiki + Zhim Rujki- (2.8)
m m
We may choose a frame field {e1, ..., e;+1} such that
Winy1 = Ajw;, thatis h;; =X;6;, i=1,2,...,n, 2.9)

where A; are principal curvatures. If we assume that M is a maximal spacelike hypersurface with
two distinct principal curvatures, then we may put

M=A==ky=A, App1=-—=A=uU, rA#pu,
and we obtain
mi+ (n —m)u =0. (2.10)

Example. Hyperbolic cylinder:

anm=fm<—ﬁ>xHWW<——ﬁ—> A<m<n—1).
m n—m
We know (see [3]) that M, ,—, is a complete maximal spacelike hypersurface in HI"‘H(—I)
with two distinct principal curvatures A and u, where

n—m m

)\,1:~--:)\,m=)\,= B )\m+1="'=)tn=ﬂ=_ .
m n—m

By direct computation, we get that the square norm of the second fundamental form
of My, n—m satisfy S =n.

Now we have to consider two cases.
Case 1.2 < m < n — 2. In this case, we make the convention on range of indices that
1<a,b,c<m, m+1<ao,B,y<n, 1<i, jk<n.

Proposition 2.1. Let M be an n-dimensional maximal spacelike hypersurface with two distinct

principal curvature in anti-de Sitter H{' . If the multiplicities of these two distinct principal

curvatures are greater than 1, then hijr =0 and M = H™ (—) x H" ™" (—2-) (2<m <

—m
n—2).

Proof. Choosing i =a, j = b in (2.6) and noting h,p = Ay84p, Aq = Ap, We have

n
Zhabkwk =dhgp =dhg - Sap. (2.11)
k=1

Because m > 2, we can choose a # b, then h4pr = 0, in particular we obtain

hapa =0, 1<a#b<m. (2.12)
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Choosing a = b in (2.11), we get Y ;_; haakwr = dr =Y} A ywy, then it follows that

hgae =Xre, 1<a,c<m. (2.13)
From (2.5), we have h,qp = hapa, then (2.12) and (2.13) imply

Ap=0, 1<b<m. (2.14)
Since n —m > 2, we also can get that

na=0 m+1<a<n. (2.15)

Combining (2.10), (2.14) with (2.15), we see that A = constant and p = constant, also
hijr = 0. From Ishihara’s works [3], we conclude M = H™ (—7) x H" ™" (—.2%-) 2 <m <
n — 2). We complete the proof of Proposition 2.1. O

Case2.m=n—1.
From (2.10), we assume that
M=-=ki—1=%, Ap=U,
then it follows that
A—p=nk, Auw=—(n—1r% (2.16)
Because n > 3, we have m =n — 1 > 2. By similar discussion as Case 1, we obtain
Al=-=An_1=0. 2.17)
Combining (2.16) with (2.17), we get
pa=- =1 =0. (2.18)
Noting h;j = A;8;; and (2.6), we have

> hijrox = 8ijdi + (i — A ;. (2.19)
k

From (2.19), (2.17) and (2.18), we obtain

hijk=0, ifi#j, 4 =A4j, (2.20)
haab =0, haan = )\,n, 2.21)
hpna =0, Bunn = W n- (2.22)

We introduce the following generalized maximum principle (see Omori [5] and Yau [10]) in
order to prove our Theorem 1.2.

Lemma 2.1. (Omori [5], Yau [10]) Let M be a complete Riemannian manifold with Ricci curva-
ture bounded from below. Let f be a C* function which bounded from below on M. Then there
is a sequence of points py in M such that

lim f(px) =inf(f), lim |V £ (pr)| =0, lim inf Af (px) = 0.
k—o00 k—o00 k— 00
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3. Proof of Theorem 1.2
At first, we prove the following key lemma.

Lemma 3.1. Let M be an n-dimensional (n > 3) maximal spacelike hypersurface with two dis-
tinct principal curvatures in Hln+l (=1), then we have

n

4nS

2 2 2

VS| =§ (S.%) =2 § ik (3.1)
k=1 i jk

Proof. We have to consider two cases.

Case 1. m > 2, n —m > 2, that is, the multiplicity of two distinct principal curvature are
great than 1. From Proposition 2.1, we know that A = constant, x = constant and A;j; = 0. Thus
§ = constant and &;j; =0, (3.1) holds in this case.

Case2.m =n — 1, thatis, A\ =--- = A,—1 = A, A, = U, then we have
S=nn— 1A% (3.2)
Si=2nn—1DArxr;. 3.3)
By use of (2.14), (3.2) and (3.3), we obtain
n
D (SK)7 = (S =4nn — DS (34
k=1

On the other hand, by use of (2.20)—(2.22), we know

n—1 n—1 n—1
2 2 2 2 2
Zhi/k - Z habc +3 Z habn +3 Zhann + hnnn
i,j,k a,b,c=1 a,b=1 a=1

n—1
=3 B2+ 2 =300 = D) + ()
a=1

= —Dn+2)(A )% 3.5)
Combining (3.4) with (3.5), we complete the proof of Lemma 3.1. O
Lemma 3.2. Let M be an n-dimensional (n = 3) complete maximal hypersurface of anti-de Sitter

space Hf‘“ (—1) with two distinct principal curvatures one of which is simple (i.e., A\j = --- =
Ano1 =A% Ay = ). Ifinf(A — )% > 0, then

S>n, (3.6)

where S is the norm square of the second fundamental form of M.

Proof. Making use of the (2.8), (2.5), (2.4), we can compute the Laplacian AS of S as follows
(also see [3,4]):

1 2
EAS = Zhl]k + Zhijhijkk
i,j.k i,j.k
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=Y hj+ D hijhirjk

i,j,k i,j.k
= hi+ > hij <hikkj + ) hiom Rmijic + thijkjk>
i,j,k i,j.k m m
1 2
_Zkh”k—i-EZRl‘jij(X,’—}uj) . (3.7)
L, L]

By use of Gauss equation (2.1), we obtain Rgyqn = —1 —Au=—14 (n — Da2for1 <a<
n — 1. Then we have by use of (3.2)

—AS D b+ (=10 — [ = DAZ —1]

i,j,k

=Y+ —DnPa*[(n— DA% — 1]
i,j,k

= hjp+SES—n). (3.8)
i,j,k

Since we assume inf(A — u)z b? >0, from (n — DA + =0 and (3.2), we have

n—1

s> b* > 0. (3.9)

Combining (3.9) Lemma 3.1 with (3.8) we have
—AS_ |VS|2+S(S—n) (3.10)

Noting R;; =—(n—1) + Ai >—m—1)and S > %bz > 0, we know that Omori and Yau’s
generalized maximum principle (Lemma 2.1) can be applied to the function S on M. Then there
is a sequence of points py in M such that

klingo S(px) =inf S, kl_i)rglo|VS(pk)| =0, kl_i)rgloianS(pk) >0
Approaching limit of the both side of equality (3.10), we obtain
0<infS - (inf S —n). (3.11)
From (3.9) we have inf S > 0, then we obtain
infS >n. (3.12)

We complete the proof of Lemma 3.2. O

Proof of Theorem 1.2. We assume that M has two distinct principal curvature A (multiplicity m)
and w (multiplicity n — m).

Case 1. 2 < m < n — 2. By Proposition 2.1 we know M = H"(—%+
2<m<n—2.

Case 2. m = n — 1. From Theorem 1.1 of T. Ishihara [3], we know that S < n. From
Lemma 3.2, we get S > n. Hence, S =n on M. Since S =n(n — l)kz, we have Az = nll,
u?>=n — 1. Then M is isometric to H'!(—n) x H"~! (—n"Tl). We complete the proof of Theo-
rem 1.2. O




414 L. Cao, G. Wei/ J. Math. Anal. Appl. 329 (2007) 408-414

Remark 3.1. In [6-9], the authors studied n-dimensional complete hypersurfaces with two dis-
tinct principal curvatures in an (n 4 1)-dimensional unit sphere S"*1(1).

Remark 3.2. The referee proposed the following:

Conjecture. The only complete spacelike hypersurfaces in M{ *1(¢) (¢ < 0) with constant mean
curvature and two distinct principal curvatures A and j satisfying inf(. — ) > 0 are the hy-
perbolic cylinders.

This conjecture is interesting, but our method in this paper is not effective to the conjecture.
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