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1. Introduction

In this paper, we study the existence and uniqueness of positive solution of the following nonhomogeneous problem

{—Au+u=|u|"sgn(u)+f, (11)

ueHl(RN)ﬂLPH(RN),
0<p<1, f eLZ(RN), N >3, satisfying f > 0, a.e.in RN, (Ro)

The problem (1.1) can be considered as a perturbation of the following homogeneous problem

{—Au+u=|u|psgn(U), (12)

ue H'(RY) nLPH(RN).

The trivial solution, namely O, is the only solution of problem (1.2) (to be proved later).
Over the last years, many authors have studied the existence of solutions of the following problem

—AU+u=gX )+ f,
ueH'(RY), u>0

where g is superlinear and subcritical, which roughly speaking means that

g(x, u).|u|’% — 0 as|u| — oo (atleastif N > 3).

See for instance [4-7,9,15,17,20-22,27,30,31,34,35] and the references therein.
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The existence of at least two positive solutions of problem (1.3) where g(x,u) =uP, 1 <p < % is proved for a small

+1
L%-norm and an exponential decay of f in Zhu [35] or a small Lgﬁ—norm of f in Hirano [21]. The same result is obtained
by Cao, Zhou [17] and Jeanjean [22], under the assumptions below:

2
+ ,a(x) > 1forallx e RN

= L
gx.wy=au’, 1<p<y—

or
gx,u) > gu) = |xlli_r)noog(x, u), forallxeRNandu > 0.
In [5] Adachi, Tanaka considered the case
gx,uy=axuP, 1<p< %, a(x) € (0,1], a(x) #1
they proved the existence of at least four positive solutions of (1.3) for sufficiently small || f| ;-1 gn). More general super-

linear case g was considered in [4], the authors proved the existence of at least two positive solutions.
In [27], A. Malchiodi considered both subcritical and critical exponent:

N+2
x,u)=(1—ea®)uP, 1
gx,u) = ( ®) <P<y 3
and
N+2
gx,u)=(1—€a)uP +u, p:N—+2, f=€eh>0, €>0small

The author proved under more general assumptions on a and h, the existence of four classical solutions for the subcritical
case and two classical solutions for critical case (see also [1-3]).
In [34], Zhou proved the existence of two positive solutions of problem (1.3) with g(x,u) = [u|P~2u, 2 < p < 2*, f is

small enough and satisfying f(x) < ¢ —— for some C > 0.
(1+]x)?) PT
In [15] Chen, Peng considered the following problem

{—Au(X)+u(X)=A(g(x,u)+f(><)), (14)

ueH'(RY), u>0

where A > 0, g is a superlinear and f € [? AL%. The authors proved the existence of 0 < A* < oo such that (1.4) has exactly
two positive solutions for A € (0, A*), no solution for A > A*, a unique solution for A = A* under suitable conditions of g.
In [20] Ghimenti, Micheletti studied the following equation

—Au+VEu=g W+ fx) inRN (1.5)
under the assumptions below:
V <0, | llim V(x) =0, gis c? (R) with double power behaviour
X|— 00
they proved the existence of two nonnegative solutions when | f || 2 is sufficiently small.
+

It seems to us that very few results are known on perturbation of sublinear elliptic equation in RN. There exists a general
method to solve the analogue of (1.3) in bounded domains (see P. Bolle [11], Bolle, Ghoussoub and Tehrani [12] and the
references therein). In [23], Kajikiya proved the existence of infinitely many solutions of the following system

—Au=[ulPsgn(u) + f(x,u), xe$, (16)
u=0, xXe o2 ’

where £2 is a bounded smooth domain in RY and 0 < p < 1, under the suitable conditions of f. While in RN to the author’s
knowledge, little is known. On this subject, in [33] Tehrani proved the existence of at least one solution of the following
equation

—Au+VEu=gkxu), xeRN (1.7)

such that g is a sublinear function and V satisfying:
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Vel®(RY) withve = llirlnian(x) >0, (F)
X|— 00

/(|V(p|2 + V(x)¢?*)dx <0 for some ¢ € C°(RY) (FF)

RN

(see also [16]). It is clear that assumption (FF) is not satisfied by our problem (1.1).
In [13] Benrhouma, Ounaies considered the following problem

{—Au:u—|u|’29u+f inRY, (18)

ue H'(RY) 0 120-9) (RN)

where fel? f>0, f#£0and 0<6 < % they proved the existence of at least two nonnegative solutions of (1.8) for a
sufficiently small || f]|2 (see also [10]).

The aim of this paper is to prove the existence and uniqueness of positive solution for nonhomogeneous problem (1.1),

our approach is based on minimizing method on Nehari manifold and P.L. Lions concentration-compactness principle (see
[25,36]). Our main result is the following.

Theorem 1.1. Assume (Ro) holds. Then the problem (1.1) possesses a unique positive solution which converges to zero in H' (RN) N
LPTI(@RNY as || f |2 tends to zero.

We organize this paper into four sections. In Section 2 we give some notations, preliminaries and useful results, moreover
we study some properties of the Nehari manifold corresponding to problem (1.1). In Section 3, we prove the existence of
positive solution of problem (1.1) which is a critical point of the associated functional in the Nehari manifold. In Section 4,
we show the uniqueness of the positive solution and we prove that this solution tends to zero in H!(R¥) N LPH1(RN) as f
tends to zero in L2.

2. Notations and preliminary
We will use the following notations:

(¢) B(O,r)={xeRN, |x| <1},

1 1
(o) llullg = (fen [ul7dx) T, ullyr = (fon (Vul? + [u?)dx)2,
(e) cs: the constant of Sobolev, Gagliardo, Nirenberg in RN such that

2N
VueH', |ull2r <cs|Vul, where2* = N3

(@) supp(e): the support of the function ¢,
(e) sgn(u): the sign of the function u,
() F’(u): the Fréchet derivative of F at u.

Let
E=H'(RN) NPT (RY)
we endow E with the norm
lull =1Vullz + llullp+1

(CE, |l ) is a Banach space). We define the functionals I°°, I and g on E:

1 1
I°°<u>=5/(|Vu|2+|u|2)dx—m/nu”“ dx,
RN

RN
1 1
l(u)=§/(|Vu|2+|u|2)dx—m/|u|p+1dx—/fudx
RN RN RN

and
g(u):/(|Vu|2+|u|2)dx—/|u|erl dx—/fudx.
RN RN RN
The functionals I, I € C! on E and g(u) = (I'(u),u), g C! on E.
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To get the solutions of problem (1.1) we look for critical points of the functional I. But I is not bounded neither above
nor below on E so we introduce the following open subset of E

a>1, F"‘:{ueE, /(qu|2+|u|2)dx>ocf|u|P”dx}
RV RN

and we consider the Nehari manifold (see [28])
N*={ueF%, (I'w),u)=0},

o will be fixed later. Note that g’(u) 0 for any u € N%.
Let u € E \ {0}, consider the function ¢, : [0, oco[ — R defined by

é (t)—i/(Wulz—i-lulz)dx—ﬂflm””dx—t/fudx—l(tu)
T2 p+1 N ’

RN RN RN
¢u(t)_t/(|vu| + |ul?) X—t”/lulpﬂdx—/fudx_ I'(tu), u),
RN
¢Z(t)=/(|VU|2+|U|2)dX—PtP_1/Iulpde,
RN BN
pllulbti 7
¢, (t)=0 ifand only if t:[_ﬂﬂ] _
lul?,

Lemma 2.1. N* is not empty.

Proof. N* = ¢ indeed, let ¢ € C° (RN) (¢ € C®°(RN) with compacted support) such that ¢ >0, ¢ # 0. By assumption (Ry),
1
1

alul?l]
Tl

there exists xp € RN such that f(xg) > 0. Set u(x) = @(c (X — xp)), 0 >0 and T = (

¢,(T) <0 for o large enough, indeed:

¢;(T):T/(|Vu|2+|u|2)dx—Tp/|u|p+1dx—/fudx
RN RV
alullpi] %

1
alullb i\
p+1 2 p+1 +1
=( ) llullm—< ) ity — /fudx
[ lull?,

& N - p
@™ (JulZE) ™ (lull?,) P — o™

L _p
P (Il ™ (2, ) /fudx

1 —b
™5 @ — D(IulP ) T (Jul?,) TP — /fudx

RN

%p 1 p+1 % 2 % d

(= D(lull, i)™ = lullf) ™ [y fudx

= = .

(IIUII TP
We have
+1
ey _ T

(Ilullpy) ™= = ™2 llgll, 5,

P P 2-N)p p

(lul) ™7 = (> MIVel; + o Nigl3) ™7 >0 Vel

and

RN

/fudx:/f(x)go(o(x—x@)dx:a‘”/f(xo—l—i>(p(x)dx.
RN RN 7
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Furthermore, there exists r > 0 independent of o such that

/f<x0+§><p(x)dx>r and /fudx>ro_N, for o large enough
N N

it follows that

" T
(Ilull%:) ™" | fudx>ro =9 ||Vel|,
RN
and
o . 2p-N &
a? (@ — Do =Pl —ro 7 Vel ™"

¢u(T) <

5 <0, foro large enough.
(@2 N|Vol5 +a-Nlpl3) ™7

On the other hand,

¢{,(O)=—/fudx<0 and tlim ¢, (t) = 400.
—> 00
RN

It yields that there exists a unique minimum t} > 0 of ¢y, ¢/ (t}) > ¢, (T) then

p+1

(T and eul?, > afidul]

hence wy =tlu e N*. O
For seeking critical points of I, we need the following result.
Lemma 2.2. Let (u,) be a sequence in E satisfying g(un) = 0 for any n € N and (I(uy)) is bounded, then (uy) is bounded in E.

Proof. We have

1 1-p 2 2 p /
—{I'(up), up) — I(up) = ———— Vunl® + [ugl®) dx + updx
p-l-l( (Un) n> (un) 20+ 1) (| nl |n|) p+1 fun

RN RN
—D 2 p
>——|u -— u
2(p—|—1)” nllf p_Hllfllzll nll2
—-p ) 2 . .
>— " Ju —c Young inequalit
4(p+1)” nllfn 115 ( g lneq V)

therefore (uy) is bounded in H!(RN). Furthermore,

1 p
3 [ ) s 1) = 2 a1 a
RN RN
then (up) is bounded in LP*1(RN) and so (u,) is bounded in E. O
At the end of this section, we study the homogeneous problem (1.2).

Lemma 2.3. The problem (1.2) possesses only the trivial solution in E.

Proof. Let u be a solution of problem (1.2), so in the distribution sense
—Au+u=u|?sgn(u) (21)
multiplying (2.1) by u and integrating by parts, we get

/(|Vu|2 + u®)dx = / lu|P*1dx.

RN RN
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By Brezis-Kato theorem, u is a classical solution of problem (1.2) (see [32]). Moreover, Vu € L2(RN), u e Lzoc(RN) and
1 1
/ ——ul®? + ——uP! ) dx < .
2 p+1
RN
PohoZeav identity [29] gives
N-—2 1 1 1 1
- = f [Vu|?>dx = / ——uP 4+ ——uPt! )dx=—= / luPdx + —— [ (IVul® + [ul?) dx
N 2 p+1 2 p+1
RN RN RN RN
thus
N-—-2 1 1 1
- - f|Vu|2dx: — = f|u|2dx
2N p+1 p+1 2
RN RN
this leads to u=0. O
We study now the existence of a solution of problem (1.1).
3. Existence of a positive solution of problem (1.1)
We consider
No = {u €E, gu)=0, /(|Vu|2 +u?)dx > a/ [u|PH1 dx}
RN RN
where o > 1 will be fixed later. Set
m= inf I(u). (mm)

ueN«
Remark 3.0. m < 0, in fact: let wy be given in the proof of Lemma 2.1, then m < I(wq) = ¢y (t ) < ¢y (0) =
Lemma 3.1. The functional I is bounded below on N%.

Proof. Suppose that there exists a sequence (u,) C N% such that I(u,) — —o0

__pb p+1 1 2 1 2
I(up) = Pt — Ml — Ellunllm > —Ellunllm
then ||uy|| g1 — +o0, we also have
1 lunll? 1 1
= ———(I'(un), un)=1— " p+1 - /fu,1 - > /fundx.
lunll?, lunll?,s ||un|| @ Jualfy )

Passing to the limit as n — oo, we get 1 — é < 0; that is contradiction, this leads to m > —co. O

Lemma 3.2. Fixed « = 1 + €, € > 0 small enough, then

m= inf I(u) = irll\lf I(u).
ueN%

ueN®

Proof. Suppose there exists a minimizing sequence u, € N® of problem (mm) such that I(u,) — m, (I'(un), un) =0 and

+1
lunlZ, = eeliunllh 3
By Lemma 2.2, there exists b > 0 such that ||un||p 1 <b for any n € N.

+1
afullb

p+1) p 1
llul?

Let u € C°(RN) such that b < ||u|\§,1 <[lu”t! and Jen FOux)dx > 0, take S = (

p+1
We have

, L p+1 —21:/
¢u(S) =P (& — Dl llull /fu

put @ =1 +¢€, then ¢/ (S) <0 for € small enough.
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On the other hand, lim;_, o ¢}, (t) = 400, thus there exists t > S > 1 such that ¢} (t) =0 and v =tu € N*. Moreover

+1

1 1
IvIpLT =P P > fullh iy > b
therefore
p o
I(v —— — — |b < I(uy).
()<<p+] 2) < I(up)
We obtain

m= inf I(u) <I(v) < (L - g)bgm
ueN% p+1 2

that is a contradiction. Hence (u,) € N¥ and
m= inf I(u) = inf I(u)
ueN% ueN«

the proof of Lemma 3.2 is achieved. O

We apply Ekeland’s variational principle [19] to problem (mm), then there exist (un, An) C N* x R such that I(u,) — m,
I'(up) — Ang'(uy) — 0 in E’. (uyp) is called a (PS) sequence at level m of the functional I restricted to N%.

Lemma 3.3. Let « be fixed by Lemma 3.2, then any (PS) sequence (uy) at level m of the functional I restricted to N¥, is a (PS) sequence
of lonE.

Proof. Let (u,) € N* such that I(u,) — m and I'(uy) — Ang’(uy) — 0 in E’. By Lemma 2.2, (uy) is bounded in E, then

(1/(un) — Ang' (un), un) -0

and
g (Up).up — 0 inR
where
g (up).up = / (IVun|® + [un|*) dx — p / |up [P+ dx,
RN RN

(g'(up).up) is bounded in R, there exists a subsequence still denoted by (g’(uy).un), g'(uy).u, — L. Suppose | =0, since

g (un).un > (@ — p) / [un|P™1 >0
]RN

then u, — 0 in E and I(u,) — 0 =m, that is contradiction. Hence [ 0 and A, — 0 (up to a subsequence), therefore

I'(up) > 0 inE and (up)isa(PS)sequence of I atlevel mon E. O

Theorem 3.4. There exists u € E a solution of problem (1.1), I(u) =m and

/(|Vu|2+|u|2)dx>a/ [u|P+1 dx. (3.1)
RN RN

To prove Theorem 3.4, we need the following classical lemma.

Lemma 3.5. Let g € LI(RV), 1 < q < +00, ¢ € C(RN) and (yn) € RN such that |y,| — +oo then

/ gX)@(x — yn)dx — 0.
]RN
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Proof of Theorem 3.4. Let (u,) be a (PS) sequence at level m for the functional I restricted to N*. By Lemma 2.2, (u,) is
bounded in E.

Up —u in E, up, — u in L;’OC, v1<q<2* and u, — u ae. in RN (up to a subsequence). Firstly, we prove that u is a

solution of problem (1.1): by Lemma 3.3, (u;) is a (PS) sequence of [ on E. Let ¢ € CCOO(RN)

(1’(un),¢>=/(VunV<p+un<p)dX—flunl”sgn(un)sodx—/ftde%O,
RN RN RN

up, — u in E, thus
/(Vuan) + up@) dx — /(VuV(p + ug) dx,
RN RN

up — u in LP*1(supp(@)), then there exists a subsequence denoted by u,, w € LP*! such that |u,| < |[w| and

lunlPlp| < |w|P|p| e LT,
[un|P sgn(un)p — |ulP sgn(u)ep ae.inRN.

By dominated convergence theorem,

/Iunlpsgn(un)de*/Iulpsgn(u)¢dx
RN RN

therefore

(I'(un), @) = ('), ) =0, Vg e CZ(RN).
Hence u is a weak solution of the following problem

—Au+u=uPsgn)+ f inRN. (3.2)
Now, we prove (3.1):

/funwc:/(|wn|2+|un|2)dx—/|un|f’“d><>(oc—l)fmnv’+1
RN RN RN

RN
then

/fudX>(a—l)ﬁﬂflunlp*1dX>(a—l)/|u|"“dx.
RN RN RN

Multiplying (3.2) by u and integrating by parts, we get

/(|Vu|2+|u|2)dx—/|u|p+ldx—/fudx:0

RN RN RN
this gives

/(|Vu|2 + |u|2)dx>oz/ [ulP1dx.

RN RN

We still have to show that I(u) =m. We have ||u| g < lim|/u,|/g, we distinguish two cases:
(o) (Compactness) If ||u||g = lim|uy|/g, then u, — u in E.
Proof of (e). Since ||uy||g is bounded, we extract a subsequence such that ||u||g = limy— « ||un || and

lim[lunllp+1 = llullp+1 + IVullz = lim||Vugll2 < [ullp1 + [ Vullz — im | Vug||2

but

IVullz <lim||Vugllz and |Jullps1 < lim|juplipy1.
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We obtain
lullp+1 < limflunllp+1 <limflunllp+1 < lullp+1
thus
N
{un—>u a.e.in R",
lunlip+1 = lullp+.
Applying Brezis-Lieb theorem [8], we get
(i)  up—u inLP*!

therefore

Vunllz = [[Vull2.

We have
/|Vun—Vu|2dx:/|Vun|2dx+/|Vu|2—2/VunVudx
RN RN RN RN

by weak convergence of the sequence (uy),

/VunVudx—>/|Vu|2dx

RN RN
so
(ii) Vu, — Vulj — 0.
(i) and (ii) give the desired result, it follows that m =I(u). O

(e@) If ||u||g < lim|luy||g. We prove in the following and in three steps that this case does not occur: set v, (x) = u,(x) —u(x),
vp— 0in E.

Step 1. There exists (y}) c RN such that v,(.+y}) =~ U; #0 in E.
Proof. Suppose that, ¥(y,) C RM, vy(. 4+ yn) — 0 in E, then

VR >0, sup / [vaPTldx — 0
yeRN
B(y,R)

by the argument of P.L. Lions [26],

va—0 inLI(RY), ¥p+1<q<2*.
On the other hand,

(I’(un),vn>=/(Vuann—i—unvn)dx—/|un|psgn(un)vndx—/fvndx—>0,
RN RN RN

Un(X) = vp(x) + u(x), then

f(le,ﬁ,l2 + VuVvy + [val? + uvy) dx — / [un|P sgn(un) vy dx — / fvndx— 0,
RN RN RN

vy —0in E, so

/(Vqun+uvn)dx—> 0, /fv,,dx—>0
RN RN
and

’/Iunlpsgn(un)vndx <lunlly 4 1vallp+1 < Ivallp1 — 0.
RN
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This leads to

[Vvall2—>0 and v, —0 inE
therefore u, — u in E and |uy||[g — |lu||g that is contradiction. Then up to a subsequence, there exists (y;) C RN such that
va(+yhH =~ U1 #£0inE. O
Step 2. (y)), is not bounded.

Proof. Suppose (y},) is bounded, we extract a subsequence of (y,l), also denoted by (y,ll) such that y}1 — .
Let ¢ € C°(RN), since y} — y and v, — 0 in E, then

/(p(x— Vi) Va(x)dx — 0,
RN

va(.+yh) = Uq in E, so

/go(x—y,ll)vn(x)dxz/go(x)vn(x+y,11)dx—> /(p(x)Ul(x)dx.
RN RN RN

It yields
/(p(X)U1 x)dx=0, VYgpeCX(RN).
RN

Hence U; =0 a.e. in RV, that is a contradiction. Thus (y,11) is not bounded. O
Step 3. U; is a solution of the homogeneous problem (1.2).

Proof. First, we prove that u,(. + y;) — Uy in E.
(u(. + y,l)) is bounded in E, there exists w € E such that u(. + y}l) — w in E and for any ¢ € C?"(RN):

/u(x+y,1,)1/f(x)dx—>/w(x)w(x)dx,
RN

RN

|ly}| = +oo then by Lemma 3.5
/”(X+yr11)1/f(x)dx—> 0, so /W(x)w(X)dx:O, Vi € C°(RY).
RN RN

Consequently w =0 a.e. in RV, It holds that u,(x+ yl) — U; in E.
Second, let ¢ € C2°(RN), we have

(1/(un)»(/7(~ _y111)>
:/(Vuano(x—y;)+un(x)<p(x—y,11))dx—/\un(x)|p5gn(un)§0(><—y;)dx—/f(X)fp(X—y;)dX
RN RN

RN
= /(Vun(x—i—y,]l)V(p(x) +un(x+ yp)e®) dx — /\un(x—i—y,11)|psgn(un(x+y,3,))<p(x)dx
RN RN

- / Fp(x—y!)ds.
RN

Since |y}| — +oo, then by Lemma 3.5
/f(x)go(x — yh)dx— 0,
RN

un(.+yhy— Uy in E, so
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/Vun(x+y,l1)V(p(x)+un(x+y,1.,)ga(x)—>/VU1V<p+U1(p
RN RN
also

(I'up), (. — y3)) = 0.
Let us show that:

/}un(x+y,11)|psgn(un(x+y;))‘p(X) dx — /|U1(x)|psgn(U1(x))¢(x) dx.
RN RN
We have uy (. + y}) — Uy in LPT!(supp(p)), then there exists a subsequence denoted by un(. + y}) and h € LP*! such that
|un(- + y2)|” sgn(un(. + y}))@ — IU11P sgn(U)p ae.inRN,
lun(- + ya) "Il < 1P 1| € L' (RN)
thus, by dominated convergence theorem
/ |un(x+yy) |p sgn(un(x+ y}))ex) dx — / [U11P sgn(Uq(x))g(x) dx.
RN RN
It follows that, for any ¢ € C°(RN)
(1°¥ (1), ¢) = / VU1(0) V@) + U1 (x)@x) — [U1]P sgn(U1(x))e(x) =0
RN

then, U1 is a solution of problem (1.2). O

By Lemma 2.3, Uy =0 that is contradiction.
The steps 1-2-3 yield the second case (ee) does not hold, so the only possible case is the compactness, this achieved
the proof of Theorem 3.4. O

Now we prove the existence of positive solution of problem (1.1).
Theorem 3.6. Assume Rg. Then the solution of problem (1.1) given by Theorem 3.4 is positive.

Proof. We have

¢ (0)=— [ fluldx<0 and lim ¢, () =+0c0
[ul too Ul

RN
then, there exists a unique minimum ¢y > 0 of ¢jy).

¢|/u|(1)=/(|Vu|2+|u|2)dx—/|u|p+1dx—/f|u|dx=/fudx—/f|u|dx<0,
RN RN RN RN

RN
¢‘/u|(1) =0 indeed, suppose ¢|’u|(1) <0 then t) > 1 and by (3.1):

(t|u|)2/(|Vu|2+|u|2)dx>oz(t|u|)p+1/lulp“ dx
RN RN

and
U=ty lul € N*.

Then
m < I(U) = @ (tu)) < dpu(1) = I(|u|) < I(u) =m thatis a contradiction

therefore ¢"u‘(l) =0. Since f >0 a.e. in RV, then u is a weak nonnegative solution of the following problem
—Au+u=uP+f inRN. (3.3)

The right-hand side of (3.4) is nonnegative and not equivalently equal to 0, by the maximum principle u is a positive
solution of problem (1.1). O

Now, we prove the uniqueness of positive solution for (1.1).
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4. Uniqueness of positive solution for problem (1.1)

There are several methods for proving the uniqueness of positive solutions of semilinear elliptic equations (see [14,15,
18,24] and the references therein). Here we employ the standard barrier method.
Let v be a positive solution of (1.1), consider the following equation

—Au4u=u+volP 'w+vo)—v) inRY. (4)
Lemma 4.1. If v is a weak nonnegative solution of (4) in E, then v =0.
Proof. Let v be a weak nonnegative solution of (4) in E and & = v + vg, we have

/(Vva—i—vw)dx:/(Iv—i—volp—v@)wdxg/v”wdx, YweE, w>0 ae.
RN RN RN

and

/(Vng+§w)dx:f(|v+v0|"—vg)wdx—|—/(vg+f)wdx2/|v+v0|pwdx, vweE,w>0ae.
N RN RN N

Then, v is a subsolution and & is a supersolution of problem (1.2). By the standard barrier method, there exists a solution
h of problem (1.2) such that v <h <v + vg. By Lemma 2.3, h =0 and then v =0.
The proof is achieved. O

Theorem 4.2. Under condition (Ry), the problem (1.1) has at most one positive solution.

Proof. Assume uq and u, are two positive solutions of (1.1). Since 0 is a subsolution of problem (1.1), then by the standard
barrier method there exists a solution u of problem (1.1) such that 0 <u <uj and 0 <u < uy a.e.in RN.Set w=uj;—u >0,
let p € E

/(Verp—l—wgo)dx—/[(Vu1Vgo+u1<p) (VuV(p—i—u(p)]dx—/(uf —up)(pdx=/(|w+u|p —uP)pdx
RN RN RN

then w is a weak nonnegative solution of (4). By Lemma 4.1, w =0 so u; = u a.e. in RN. Also uy = u a.e. then, u; = u ae.
in RN, the proof is achieved. O

At the end of this paper, we give a continuity result. Denote by u(f) the solution of (1.1) given by Theorem 3.4.
Theorem 4.3. If f — 0in L% then u(f) — 0 in E.

Proof. Let (f;) C L%, f, satisfy (Ro). Put u, = u(fn),

(' (un), un) = f(qunF + |un?) dx — / |un|P* dx — / fundx=0
RN RN RN
dividing throughout by ||uy||y1, we obtain

+1
l[un |

u
P+
f fattndx > 2= L unl — / Fattndx.
||un||H1 ||Un||H1 ||un||H

0= [lunllyr —

We have

/fnundx
||un||1-1

this leads to u, — 0 in H', [y faupdx— 0 and u, >0 in E. O

[ fall2 >0

Remark 4.4. Theorems 3.4 and 4.2 remain valid under condition f >0, f #0 instead of f > 0 a.e.
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