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1. Introduction

The notion of coupled fixed point was introduced by Guo and Lakshmikantham [1] in 1987. In a recent paper,
Gnana-Bhaskar and Lakshmikantham [2] introduced the concept of mixed monotone property for contractive operators of
the form F : X x X — X, where X is a partially ordered metric space, and then established some coupled fixed point
theorems. They also illustrated these results by proving the existence and uniqueness of the solution for a periodic boundary
value problem. Later, Lakshmikantham and Ciri¢ [3] proved coupled coincidence and coupled common fixed point results for
nonlinear mappings satisfying certain contractive conditions in partially ordered complete metric spaces. After that many
results appeared on coupled fixed point theory in different contexts (see e.g. [4,3,5-7]).

The concept of tripled fixed point has been introduced by Berinde and Borcut [8]. In their manuscript, some new tripled
point theorems are obtained using mixed monotone mappings. Their results generalize and extend the Gnana-Bhaskar
and Lakshmikantham’s research for nonlinear mappings. Moreover, these results could be used to study the existence of
solutions of periodic boundary value problem involving y” = f(t,y, y’). In [9], Turinici proved some product fixed point
theorems in ordered metric spaces involving Picard operators and normal matrices. Then, he obtained a tripled fixed point
theorem in Berinde and Borcut’s sense. In fact, he proposed a contractivity condition using the maximum in order to improve
Berinde and Borcut’s argument.

Very recently, Berzig and Samet [10] have extended and generalized the mentioned fixed point results to higher
dimensions. However, they used permutations of variables and distinguished between the first and the last variables.
Furthermore, it is not clear the odd-dimensional case. Some authors [11] only refer Berinde and Borcut’s paper, where we
cannot deduce a simple way to choose the variables, for instance, in dimension five.

In this paper, our main aim is to obtain some existence and uniqueness theorems that extend the mentioned previous
results for nonlinear mappings of any number of arguments, not necessarily permuted or ordered, in the framework of
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partially ordered complete metric spaces, using a weaker contraction condition. In order to do that, we propose a notion of
coincidence point between mappings in any number of variables. Different kinds of contractive conditions are studied and
we use a distinct methodology to prove our results. When there are two, three or four variables, particular cases of these
results are already known under some contractive conditions. Finally, examples to support our results are also given.

2. Preliminaries

Let n be a positive integer. Henceforth, X will denote a non-empty set and X" will denote the product space X" = X x

Xx -+ xX.We represent the identity mapping on X as Ix. Throughout this manuscript, m and p will denote non-negative
integers and i, j, s € {1, 2, ..., n}. Unless otherwise stated, “for all m” will mean “for all m > 0” and “for all i”” will mean
“foralli e {1,2,...,n}".

A metricon X is amapping d : X x X — R satisfying, for allx, y,z € X:

(i)d(x,y) =0 if,andonlyif, x=y; (ii)d(x,y) <d(z,x) +d(z,y).
From these properties we can easily deduce that d(x, y) > 0 and d(y, x) = d(x, y) for all x, y € X. The last requirement is

called the triangle inequality. If d is a metric on X, we say that (X, d) is a metric space.

Definition 1 ([12]). A triple (X, d, <) is called an ordered metric space if (X, d) is a metric space and (X, <) is a partially
ordered set.

Definition 2 ([2]). Letg : X — X be a mapping. If (X, d, <) is an ordered metric space, then X is said to have the sequential
g-monotone property if it verifies the following properties:

(i) If {x,n} is a non-decreasing sequence and lim,_, o X, = X, then gx,;, < gx for all m.
(ii) If {y} is a non-increasing sequence and limy,_, », ym = ¥, then gy,, > gy for all m.

If g is the identity mapping, then X is said to have the sequential monotone property.

Some authors introduced the concept of coincidence point in different ways and with different names. Let F : X" — X
and g : X — X be two mappings. For brevity, g(x) will be denoted by gx.
Definition 3. A point (X1, X3, ...,X,;) € X"is

e a coupled fixed point [2] if n = 2, F(x1, x,) = X1 and F (x5, X1) = X».

e atripled fixed point [8] if n = 3, F(x1, X2, X3) = X1, F(xp, X1, X2) = X, and F(x3, X2, X1) = X3.

e a quartet fixed point [13] if n = 4, F(xq,X2,X3,X4) = 8Xx1,F(X2, X3,X4,X1) = gx», F(X3,X4,X1,X2) = gx3 and
F(x4, X1, X2, X3) = 8X4.

3. The mixed g-monotone property and ¢-coincidence points

The following definitions extend previous considerations from other authors [2,8,13]. Let F : X" — X and g : X — X be
two mappings.
Definition 4. We say that F and g are commuting if gF (x1, X2, ..., Xn) = F(gx1, 8X2, ..., 8Xy) forallxq, ..., x, € X.
Henceforth, fix a partition {A, B} of A,, = {1, 2, ..., n}, thatis, AUB = A, and AN B = @. We will denote
pp={o: A, —> A,:0A) CAando(B) C B}, and .QAB ={o:A;, > A, :0(A) CBando(B) C A}.
If (X, <) is a partially ordered space, x,y € X and i € A, we will use the following notation

x<y, ifieA,

Xsiyﬁ{xzy, if i € B.

Definition 5. Let (X, <) be a partially ordered space. We say that F has the mixed g-monotone property if F is g-monotone

non-decreasing in arguments of A and g-monotone non-increasing in arguments of B, i.e., for all x{, x5, .. ., x5, ¥, Z € X and
all i,
gy =g = FX1, ... Xio1, Y, Xix1, -+, Xn) SiF(Xq, o0 Xim1, 2, Xig1, oo Xn).
Henceforth, let 01,05, ...,0,, 7 : A, — A, ben + 1 mappings from A, into itself and let @ be the (n + 1)-tuple

(ala 02,...,0n, ‘[)’
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Definition 6. A point (xq, X2, ..., x,) € X" is called a @-coincidence point of the mappings F and g if
F(Xgi“), Xoi(2)s + -+ Xai(n)) = 8X<(i) for all i.
If g is the identity mapping on X, then (x1, X2, ..., ;) € X" is called a ®@-fixed point of the mapping F.

Remark 7. If F and g are commuting and (xq, X2, ..., X,) € X" is a @-coincidence point of F and g, then (gxq, gx2, . .., gXp)
also is a @-coincidence point of F and g.

If we represent a mapping o : A, — A, throughout its ordered image, i.e., 0 = (6(1),0(2),...,0(n)), then
e Gnana-Bhaskar and Lakshmikantham’s electioninn = 2iso; = v = (1,2)and 0, = (2, 1);
e Berinde and Borcut’s electioninn =3iso; =17 =(1,2,3),00, = (2,1,2)and 0, = (3, 2, 1);
e Karapinar'selectioninn =4iso; =t =1(1,2,3,4),0, =(2,3,4,1), 03 =(3,4,1,2)and oy = (4, 1, 2, 3).

These cases consider A as the odd numbers in {1, 2, ..., n} and B as its even numbers. However, Berzig and Samet [10]
useA=1{1,2,...,m},B={m+1,...,n}and arbitrary mappings.

Example 8. The existence of @-coincidence points of the mappings F and g is not always true. For instance, let X = {a, b}
with a # b. For x, y € X define x < y < x = y and the metric d(a, b) = 1. Therefore (X, d) is complete. Let g = Ix and let
F : X? — X be defined by F(a, b) = F(a, a) = band F(b, a) = F(b, b) = a. Clearly, F has the mixed monotone property
and verifies condition (1) in Theorem 9.1If t = 0y = (1, 2) and 03 = (2, 1), then F and g have no @-coincidence points.

4. Main results

Theorem 9. Let (X, d, <) be a complete ordered metric space. Let & = (04, 03, ..., oy, T) be a (n+ 1)-tuple of mappings from
{1, 2, ..., n}into itself such that T € 24 p is a permutation and verifying that o; € 2,pif i € Aand o; € 9//\,3 if i € B. Let
F: X" — Xandg : X — X be two mappings such that F has the mixed g-monotone property on X, F(X") C g(X) and g
commutes with F. Assume that there exists k € [0, 1) verifying

dF(x1, %2, ..., %), Fy1,¥2, ..., yn)) <k pgiﬁd(gxi,gyi) (M

for which gx; <;gy; for all i. Suppose either F is continuous or X has the sequential g-monotone property. If there exist
X5, X3, ..., Xb € X verifying

2O < FGP 5P k5™, foralli,
then F and g have, at least, one ®-coincidence point.

Proof. As 7 is a permutation of {1, 2, ..., n}, then {t(1),7(2), ..., (M)} = {1,2,...,n},ie, {t()}L, = {i}];. We also
observe that, since T € §24 5, then t(i) € A (respectively, t(i) € B) if, and only if, i € A (respectively, i € B). The proof is
divided in six steps.

Step 1. Definition of the sequences {X} Ym>0, {X2}m=0, - - - » (X" }m=0 . Since F(X™) C g(X), we can choose x}, x3, ..., X1 € X
such that g/ = FxJ™V, xJ®, ..., xJ™) for all i. Again, from F(X") C g(X), we can choose x}, %2, ..., x! € X such
that gx;(') = F(x(f(l), xf"(z), e x(f(")) for all i. Continuing this process, we can consider sequences {x! }n>0, {X2}m=0, - - - »
{X" }m=0 such that gxfn(i1 =Fe3DV, x5 x3™) for all m and all i.

Step 2. We claim that gxin §igx£n+1 for all m and all i. (2)
We prove it by induction methodology inm > 0. For m = 0, we have gxf)(") <i F(xg"(]), ng(z), ce xg"(")) = gxg(") foralli(and

7(i) and i take all values in A or B at the same time). Suppose that (2) is true for m and we are going to prove it form + 1.
The induction hypothesis is

- ; . X < gx ifjeA
N <igd, ., forallj < {&%m=&min ’ 3
Fm = &mt1 T\, = g4, ifjeB. ©)
Now we want to prove that g\, <;gx\, foralli ie., gx\), < gx), ifi € Aand gx,’, > gxi, if i € B. Therefore, we

have to distinguish between whetheri € Aori € B.Suppose thati € A.In this case, 7 (i) € A.AsF has the mixed g-monotone
property, we apply that F is g-monotone non-decreasing in A-arguments with the first inequalities of (3) and deduce that,
foralla, ap, ..., a, € X:

g, < g0 = Fa, ..., 01,8, Ggr, .., Gn) SF(@r, ..o, G 1, X, Gopt, .., Gp),  ifj,S €A,
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and that F is g-monotone non-increasing in B-arguments with the second inequalities of (3):

gx > gx{11+1 = F(ay, ..., as_l,)c’;n+l, si1s -5 ) < F(ay, ..., 01,%,, a1, ..., a), ifj,s €B.
This means that, if j,s € {1, 2, ..., n} verifyj,s € Aorj, s € B, then
F(ai, ...\ Qo1 X, Gogry ooy Gn) < F(Qryeeey G5ty Xpyyqs Gty - o Q)
forallay, ay,...,a, € X.As0; € £245:
g = D xi@ x5 x%™) < (1,0i(1) € Aor 1,0i(1) € B)
< FOOD, 0@ xai®  xi™y < (2,04(2) € Aor2, 6i(2) € B)
< FOOM 102 xa®, ...,x;;;'<">) < (3,0i(3) € Aor3,0i(3) € B)
< S R ) = 0
Hence gx’(') < gxf(’)2 when i (or 7(i)) is in A and (2) is true if i € A. Now suppose thati € B (so (i) € B). In this

case, we apply that F is g-monotone non-decreasing in A-arguments with the second inequalities of (3) and that F is
g-monotone non-increasing in B-arguments with the first inequalities of (3), and we deduce, for all ay, a;,...,a, € X,
that,ifj,s € {1,2,...,n}verifyj € A,s € Borj € B, s € A, then

F(alv ceey an'lsXJ;A—rp aS+]a ) an) Z F(a15 ey a$7‘17x1m+]1 aS+]s ey an)-

Since o; € £2 5, therefore

g0 = F(W, x0@ xai® | x5y > (1 €A, 0i(1) € Bor 1 € B, 0i(1) € A)

> FxO 0@ xoi® X%y > (2 € A, 6;(2) € Bor2 € B, 6i(2) € A)

— m+1° Xm
FOOW X0 xa® L xi™) > (3 € A, 0i(3) € Bor3 € B, i(3) € A)

ai(1) a(2) ai(3) a(n) (i)
* = F(Xn i X1 X1 -+ 5 Xinge1) = 8-

IA

| \/

0 ;(22 when i € B, so gx.\)| <;gx"?, and (2) is true in any case.
()

Now define 8 = max<j<n d(gx’ﬁ,gx;,) = MaXi<j<p d(ZXm ,gxp(’)) forallp > m > 0.

Hence gx > gx

m

) ) k
Step 3. We claim that d(gx;i,gX;,,er) < Smamtp) < ﬁ&)] forallm > 0, allp > 1andalli. (4)

7(i) < (i)

As gxm~ <;gX, for all m and all i, then condition (1) implies that, for all m > 1and all i:

d(gxfn(l),gx;(zl) d(F(XUI(l) 0i(2) . (71(")) F(XU,(I) X(J',(Z) . Xai(n)))

ml’ml’ ’rnl

< k max d(gxﬂ(’)] o0y < k max d(gx’ 8 =k Sm_1ym-
1<j<n

As {t (D}, = {i}],, taking maximum, 8 (m+1) = MaXi<j<n d(gx’g, gx’,@]) < k 8(m—1)m- Repeating this process,

d(gxly, 8X 1) < Sty < k Sm—nym < K Sm-2ym—1) < --- < k" 81 forallmandalli. (5)
As1<1/(1 —k),foralliandall m

m

d(gxmagxm+]) < 8mgmt1) < K" 81 < P o1,

11—
so (4) is true if p = 1. By the triangle inequality and (5):
A(gXpys Xy p) < d(@X 2% ) + d(@X 1. @Y ) + -+ d(@X 1. 8 ,)

< K™ 81 + K™ So1 4 KPS0 = KM (A 4 k4 - 4+ KPSy
m 1=K k™
=k 80] = 5
1—k 1—k
Step 4. Every sequence {gxin}mzo is Cauchy. Let e > 0. As {k™} N\ 0, we can find mg € N such that (k™ §51)/(1 — k) < .
Ifm > mgand p > 1, then

k™ s < k™o
1—k "~ 1—k

d(gX;’gXin) = 801 < &,
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SO {gxin}mzo is Cauchy. As X is d-complete, there exist X1, X2, ..., X, € X such thatx; = lim;;_ o ngn for all i (in other words,
Xry = limyo, 00 gxt? for all i). As g is continuous, ey = limp oo ggxfn(jzl, but

g8x ;1(21 =gF(xW x5@ XMy = F(gxGi D gx0i® | gxTim), (6)
Step 5. Suppose that F is continuous. Letting m — oo in (6), we find, for all i,

oi(1) gy0i()

ey = 11m ggx 1 = llm F(gxit, gxpi o 8X MY = F(Xoy(1)s 8Xoy(2)s - - - » 8Xoy(m))
S0 (X1, X2, . .., Xp) is a @-coincidence point of F and g.

Step 6. Suppose that X has the sequential g-monotone property. In this case, by ( ) we know that gx <i gme for all m and
all i. This means that the sequence {gxin}mzo is monotone. As x; = limy—.« gX;,, we deduce that ggxi <;gx; for all m and

all i. This condition implies that, for all m and all j,

m_l

either [ggxﬂ(i) <i 8Xo;(i) for all i] or [gx(,j(,-) <; ggxg{(i) for all i]
(the first case occurs when j € A and the second one when j € B). Then by (1), for all j
oj(1) _ 0j(2) oj(n)

10]
dF (@ g% o 8 ) Flty ) @), X)) < k max (g 8-

Letting m — oo, we deduce, by (6)

oj(1) _ 0j(2) aj(n)
F(Xoi(1)» X05(2)5 - - - » Xojm)) = 11m F(gXm ,8Xm se-er8Xm ) = 11m ggmerl = gX¢(j)
for allj, so (x1, X2, ..., X,) is a @-coincidence pointof Fand g. O

The following corollary is almost the main result in [10] when g is the identity mapping on X.

Corollary 10. Theorem 9 also is true if we replace condition (1) by
n
d(F (1, %2, -, %), FO1, Y2, - yn) < ) eid(gxi, gyi) - for which gxi <; gy for all i,
i=1
where a1, aa, ..., ay € [0, D verifyo; +ay + -+ ay < 1.
Proof. Ifk = a; +an + - -+ < 1, then

d(F (1, X, -, %), FQ1, 2, - Y)) < Zmd(gxl,gy,) < Zoe, max d(gy;, £;)

i=1
=k max d(gxi, gyi). O
<i<n

5. Uniqueness of @ -coincidence points

The unicity of the @-coincidence point of F and g in Theorem 9 is not always true. For instance, if F = X is constant and
g = X also is constant, then every (X1, X2, . . ., X;) € X" isa @-coincidence point of F and g. However, we are going to study
some conditions in order to determine a special @-coincidence point or to guarantee that this point is unique.

Consider on the product space X" the following partial order: for (x1, X2, ..., X)), V1, Y2, --.,¥n) € X",

X1,X2, ..., %) < V1, Y2, .-, Yn) & X <y, foralli.

We say that (xq, X2, ..., x;) and (y1, y2, ..., yn) are comparable if (x1, %2, ..., %) < V1,¥2, ..., ¥Yn) OF (X1, X2, ..., Xp) >
01, Y25 -+ -5 Yn)-

Theorem 11. Under the hypothesis of Theorem 9, assume that for all ®-coincidence points (x1, X2, . .., Xn), V1, Y2, ..., Yn) €
X" of F and g there exists (uj, U, ...,uy) € X" such that (guq, guy, ..., guy,) is comparable, at the same time, to

(8x1,8%2, .. ., 8Xn) and to (gY1, Y2, - - - » &Yn)-
Then F and g have a unique &-coincidence point (z1, z2, . . . , z,) € X" such that gz; = z; for all i.
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Proof. From Theorem 9, the set of ®-coincidence points of F and g is non-empty. The proof is divided in two steps.
Step 1. We claim that if (x1, X2, ...,%), V1, Y2, -..,Yn) € X" are two ®-coincidence points of F and g, then

gx; = gy; foralli. (7)
Let (X1,X2,...,%n), WV1,¥2,...,Yn) € X" be two &-coincidence points of F and g and let (uy,u,...,u;) € X" be a
point such that (gus, guz, . . ., guy) is comparable, at the same time, to (gx;, gXa, ..., g,) and to (gy1, g2, . . - , &¥n). Using
(uq, uy, ..., u,) define the following sequences. Let u, = u; for all i. Reasoning as in Theorem 9, we can determine sequences
{ul Y=o, {uzm}mzp, ..., {u" Y=o such that gu’m(f1 = F3®, ug®, ..., uS™) for all m and all i. We are going to prove that
gx; = limp_, o guy, = gy; for all i, so (7) will be true.
First, we reason with (guq,gu,,...,gu,) and (gxq,gxs,...,g%,), and the same argument will be true for
(guq, guo, ..., guy) and (gy1, &2, - . ., &Yn). As (guq, gu,, ..., gu,) and (gxq, gxs, . .., gx,) are comparable, we can suppose
that (guq, gus, . .., guy) < (gX1, 8X2, ..., 8Xy) (the other case is similar), i.e., gu; <; gx; for all i. Since i, (i) € Aori, t(i) € B,

then gu. ) <; gx;; for all i, which is equivalent to guf,(i) <; 8 for all i. Using that F has the mixed g-monotone property
and reasoning as in Theorem 9, it is possible to prove that

gu;'ﬂ <;gx; (orequivalently, gu;(i) <igX.i) forallm > 1andalli. (8)

This condition implies that, for all jand allm > 1

either [gug,j(i) <i 8Xoy() for all i] or [gxuj(,») 5,-gu§{(i) for all i] .
If we define B,; = maxj<i<n d(guﬁn, gx;) for all m, we can deduce from (1) that, for all j and all m,
diguyd) . gxe) = dE@n  um ™) F oy, X2y - -+ X))
< k max d(@up) 2x,0) < k max d(gup,, gx) = kfn. 9)

Taking maximum in j, we deduce Bny1 = MaXi<j<y d(gu;(f:p X)) =< kBn for all m. Repeating this process, 1 <
kBn < kzﬂm_ll < ... < k™18, for all m. As {k™} — 0, we deduce that {8,} — 0. Letting m — oo in (9), we deduce
limy— o0 d(gufn(i)] , 8%:)) = 0 forallj, ie.,

lim guin =gx; foralli. (10)
m—0o0
If we had supposed that (gxq, gx2, ..., 8%,) < (guy, gus, ..., gu,), we would have obtained the same property (10). In
addition, as (guq, guy, . .., gu,) also is comparable to (gy1, &>, . .., &/n), We can prove that gy; = limy,_¢ guin = gx; for
all i reasoning in the same way.

Let (x1,X2,...,X;) € X" be a @-coincidence point of F and g and define z; = gx; for all i. As (21,25, ...,2;) =
(gx1, 8X2, ..., 8Xn), Remark 7 ensures us that (z1, z,, . . ., z,) also is a @-coincidence point of F and g.

Step 2. We claim that (zq, z3, . . ., z,) is the unique @-coincidence point of F and g such that gz; = z; for all i. Indeed, by
step 1 we observe that gz; = gx; = z; for all i. Suppose that (z}, 7}, ..., z,) € X" is another ®-coincidence point of F and
g such that gz/ = z{ for all i. As (z1, z,, ..., zy) and (z}, 25, .. ., z},) are two @-coincidence point of F and g, by step 1 we
deduce that gz; = gz for all i, so z; = gz; = gz = z{ for alli. Therefore, (z1, 25, . .. , z,) is the unique @-coincidence point of
F and g such that gz; = z; foralli. O

Remark 12. For (uq,uy,...,u;) € X", denote F(ug(1), Us,2)s - - - 5 Usy(my)) DY Uy for all i. Then the previous theorem
also is true if we suppose that for all @-coincidence points (X1, X2, ...,Xn), V1,¥2,...,Yn) € X" of F and g there
exists (ug, up,...,u,) € X" such that (Uq, U, ..., U,) is comparable, at the same time, to (gxq, gxa, ..., gx,) and
to (gy1,8Y2, ..., &Yn). Indeed, we observe that guq(') = F(ugi“) ugi(z), ey ugi(”)) = F(Uy,1)s Usy2)s - - - » Uoy(n)) =
U () <igx. for all i, and the induction process is allowed to start.

Remark 13. If t = (2,1),07; = (1, 1) and 0, = (2, 2) in Example 8, then (a, b) and (b, a) are ®@-coincidence points of F
and g, but they are not of the kind (z, z).

It is natural to say that g is injective on the set of all ®-coincidence points of F and g when gx; = gy; for all i implies
x; = y; for alli when (x1, X2, ..., X,), V1, Y2, ..., Yn) € X" are two @-coincidence points of F and g. For example, this is
true is g is injective on X.

Corollary 14. In addition to the hypotheses of Theorem 11, suppose that g is injective on the set of all ®-coincidence points of
F and g. Then F and g have a unique & -coincidence point.

Proof. If (x1,x2,...,X,) and (¥1, Y2, ..., yn) are two coincidence points of F and g, we have proved in (7) that gx; = gy; for
all i. As g is injective on these points, then x; = y; foralli. O
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Corollary 15. In addition to the hypotheses of Theorem 11, suppose that (z,y,Zs2),---»20;m)) 1S comparable to
(Zo‘j(l), Zgj(z), ey Zgj(n))fOT all l,] Then 1 =2 = -+ =1Z.
In particular, there exists a unique z € X such that F(z, z, . . ., z) = z, which verifies gz = z.

Proof. Let M = maxi<j<,d(z,z) = mMaXi<ij<n d(Zci), Zcg). Fix j,s € {1,2,...,n}. As (za].(l),zaj(z), .. .,zgj(n)) is
comparable to (Zoy(1), Zos(2), - - - » Zos(m), then either zq;) <; Zg,) for all i or z4(i) <i Zs;(;) for all i. Since gz; = z; for all i, we
know that either 824, <i &Zos(i) forallior gz5i) <; 8Zs,(i) for all i. In any case, applying (1),
d(Ze(jys Ze(s) = d(8Zc(), 82e(s) = d(F (Zoj(1)s Zoj2)s -+« + 5 Zoym)s F(Zos(1), Zos(2)s - « - » Zos()))
< k max d(gz5,Gi), 820,)) < k max d(z;, z;) = kM.
1<i<n J s 1<ij<n

Taking the supremum on jand s, we deduce 0 <M < kM,soM = 0and z; =z foralli,j. O

6. Consequences
We particularize Theorems 9 and 11 and Corollaries 10 and 14 assuming that g is the identity mapping on X.

Corollary 16. Let (X, d, <) be a complete ordered metric space. Let ® = (o1, 03, ..., 0y, T) be a (n + 1)-tuple of mappings
from{1,2, ..., n}intoitself such that T € §24 p is a permutation and verifying that o; € 2, pif i € Aand o; € SZ//\,B ifi € B. Let
F : X" — X be a mapping having the mixed monotone property on X. Assume that F verifies some of the following conditions.

(a) There exists k € [0, 1) verifying
dF (%2, o %), FO1, 2, - yn)) < k max d(xi, yi) - for which x; < ; for alli.
<i<n

(b) There exist o1, a3, ..., oy € [0, 1) such that oy +ay + -+ -+ a, < 1and

n
d(F (%1, X2, -, %), FQ/1, Y2, -, ya)) < D ewd(xi, i) for which xi <;, for all .
i=1

Suppose either F is continuous or X has the sequential monotone property. If there exist xé, xg, ..., Xg € X verifying
X < FGW X3 x5y, foralli,
then there exist (zq, z3, . . . , 2;) € X" such that
F(Zgl.(n, Z5i(2)s -+ s Zo'i(n)) = Z¢(i) fOT' alli. (11)
Additionally, let A be the subset of all points of X" verifying (11) and suppose that for all (x1, X2, ..., Xn), V1, Y2, -+, Yn)
€ A there exists (uy, Uy, ..., u,) € X" such that (uq, uy, ..., u,) (or (Uy, Uz, ..., Uy,)) is comparable, at the same time, to
(X1, X2, ..., Xy) and to (y1, Y2, - . ., ¥Yn). Then A is reduced to a single point.

Example 17. If X = R provided with its usual order, d(x,y) = |[x — y| forallx,y € Rand A, A3, ..., A, B,M € R are such
that M > |A1|+ |Az]| 4 - - +|Ay|, the mapping F : R" — R, defined as F(x1, X2, . .., X;) = (A1x1 +Axx, + - - -+ Apxn +B)/M

for all x1,x2,...,x, € R, verifies the hypothesis of Corollary 16(b). It is easy to check that (xg, Xo, ..., Xp), where
Xo = B/(M — Ay — Ay — --- — Ap), is the unique @-coincidence point of F and the identity mapping on X and verifies
F(xo, X0, . . ., X0) = Xo.

Acknowledgments

We are grateful to the referees for their constructive comments which led to improvements in the paper. This paper has
been partially supported by Junta de Andalucia, by projects FQM-268, FQM-178 and P08-FQM-3834 of the Andalusian CICYE,
and by project MTM2009-13250 of the SGPI.

Appendix. Applications

As usual in other papers, throughout this Appendix subscripts are used to indicate the arguments of the function. For

instance, F (X1, X2, ..., X;) will be denoted by Fy, x,.... x,-
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A.1. Application 1

Let (X, d) be a metric space. A mapping f : X — X is said to be Lipschitzian if there exists k > 0 such that
df(x),f(y)) < kd(x,y) for all x,y € X.The smallest k (denoted by k) for which this inequality holds is said to be the
Lipschitz constant for f.1f X = R provided with the Euclidean metric, examples of Lipschitzian mapping f; : R — R are the
following:

e fi(x) =K, ki, =0 o fHh(x) = «a x, ki, = o e f3(x) = sinx, ke, =1

e f4(x) = cosx, ks, =1 ofs(x) =In(|x| + 1), ki, =1 o fo(x) = arctanx, ki, =1
1 3V3

of7(x) = 1_'_7)(2, ke, = 5

A Lipschitzian mapping f : X — X is a contraction if k; < 1. The Banach Contraction Principle ensures that every contraction
from a complete metric space into itself has a unique fixed point.

Let {fi : R — R}{_, be a family of Lipschitzian mappings. Let 81, B, ..., Bn € R be real numbers and defineh : R — R
as

h(x) =Y _ Bifix), forallx € R.
i=1

Then h is another Lipschitzian mapping and k;, < Z?:l | Bil k.. Obviously, if K = Z?:1 |Bil kz < 1, then h is a contraction,
so there exists a unique xp € R such that hy; = Xo.
Next, define F : R" — R as

n
Fogonn = Y _ Bifix), forallxi, ., ..., % €R. (A1)
i=1

It is clear that Fy,..x = h, for all x € R. Furthermore

d(FXﬂzmxn’ FJ’]}’Z"'YH) =

D Bilfitx) — i)
i=1

< D 1B i) — fiy)l
i=1

n
< ; |Bil ks, 1xi — yil <K g_a;d(xj,}’j).

IfK < 1, then F verifies (1) with gx = x for all x € R.

Corollary 18. Let {f; : R — R}, be a family of Lipschitzian mappings on R (provided with the Euclidean metric) and let {B;}}._,
be a family of real numbers such that Z?:] |Bil kr. < 1. Then the system

Bifi(x1) + Bafa(x2) + - - - + Bufu (%) = x1,

©) Bifi(x2) + Bofa(x3) + - - - + Bufu(x1) = X2,

Bifitxa) + Bafa(x1) + - - + BufuXu—1) = X,

has a unique solution, which is (xg, Xo, . . . , Xo), Where xq is the only real solution of

Bifix) + Bofa(X) + - - - + Bufa(®) = x.

Example 19. Consider the system

180x 4+ 36siny — + 75arctant — 1260 = 0,

1+ 22
. 40
180y + 36 sinz — —— + 75 arctanx — 1260 = 0,
1+ t2

180z + 36sint — ——— + 75arctany — 1260 = 0,
1+ x2

. 40
180t + 36sinx — 1

Y + 75arctanz — 1260 = 0.
y

If we choose f;(x) = 1,f(x) = sinx, fs(x) = 1/(1 + x?) and f4(x) = arctanx, then fi, o, f3 and f; are Lipschitzian
mappings and ky, = 0,k, = k;, = landk;, = 3v3/8.Let By = 7,8, = —1/5, 3 = 2/9 and B4 = —5/12. Then
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|B11 ke, + | B2l ke, + 183l ke, + 1Bal k, = (37 + Sx/§)/60 < 1. As system (S;) is equal to (S), then (S1) has a unique solution,
which is of the form (xg, Xo, . . ., Xg), where Xq is the only solution of

40
180x + 36 sinx — ] + 75 arctanx — 1260 = 0.

+ %2
Approximately, X, = 6.393447506802.

A.2. Application 2
Leta, b € Rwitha < bandlet] = [a, b]. Consider X = £1(I) with the distance
it = [0 gl de
I

where f represents Lebesgue’s integral. It is well-known that (£1(I), d;) is a complete MS. Let k, B4, B2, . .., Bn € R be real
numbers and let G : R" — R be a mapping verifying G(0, 0, ..., 0) = 0 and

n
|Gurrgesn = Gyaypeya| Sk Y Bilxi—yil  forall (a1, %2, ..., Xa), (1, Y2, -, Yn) € R
i=1

(a simple way to consider a kind of function like this is (A.1)). If A € R, is it possible to find functions fi, f5, ..., f, € £'()
such that

{f,(x) =A+ /X G({i(®), fir1(t), ..., fia(t))dt, forallx e I} ? (A2)
a i=1

Define F : £L1()" — F () forallfi, fo,...,fn € L1()andallx € I as

By () = A+ / CEHWD SO, .. fulE))dt.

On the one hand,

/|Ff1f2_“fn(x)|dx = /‘A+[ G(fi (), fo(t), ..., fa(t))dt
1 1 a

§/I<IAI+ )dXS

= |A|(b—a)+/l</a~X|G(f](t),f2(t),...,fn(t))—G(O, 0,...,O)|dt> dx
=< |A|(b—a)+/I.</Xk2n:ﬂi|f,-(t)—0| dt) dx
a i=1
= IAl(b—a)+kiZn;ﬁ,-/I(/axm(t)| dt) dx
- |A|(b—a>+k§ﬂifl(flm(t>| dt)dx

= IAI(b—a)+kZﬂif|Ifill1dx= Al (b—a) +k(b—a) Y _ Billfilly < o.
i=1 I i=1

dx

/ CEHO. L), ... FaO)de

a

This means that Frp,..., € L(D) forall fi, fo, ..., f, € L'(I) and F : L1(I)" — £'(I) is well-defined. On the other hand,

di(Fripyeofus Forgygn) = /I|Ff1fz~-fn () — Fgig5-gn (X)| dx

-]
-]

< /(/ (GO Fo () - o) — Gl (), £a(0), ... ,gn<t)>)|dt) dx
1 a

dx

<A+f G(fl(t),fz(f),-~~,fn(t))dt> - <A+/ G(gl(t),gz(t),...,gn(t))dt>

dx

f (GUh(®), Lo(b), ... fo(D) — G(g1(D), &2(D), ..., ga(D))) dt
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J{[ e pitno - sna dx=k/Zﬂ,~(/ tﬁ(t)—gf(mdt)dxs
I a i=1 I'i=1 a

i=

f> (/m(t) —gf(mdt) dx =t [ 3 pusC g
Ii=1 I I'i=1

i=

IA

— kY piifg) [dx=kb-0) Y s f &),
i=1 I i=1

If we suppose that K = k(b — a) Zf:] Bi < 1, then F verifies (1) with g(f) = f forall f € £!(I). Then system (A.2) has a
unique solution, which is of the form (fy, fo, . . . , fo), where fy € £'(I) is the only solution of the equation

fox) =A+ / G(fo(t), fo(t), ..., fo(t))dt, forallx el

(this exists as a simple application of the Banach Contraction Principle).
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