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a b s t r a c t

We prove the formula
pq≤x

1
pq

= (ln (ln x) + B)2 − ln2 2 + 2
 1

2

0+0

ln (1 − x)
x

dx + O

ln (ln x)
ln x


,

where B is the Mertens constant.
© 2013 Elsevier Inc. All rights reserved.

1. Introduction and notation

The starting point for this paper was the following problem from the book of G. Tenenbaum, (see [9, Problem 12, p. 22]):
Evaluate


pq≤x

1
pq , where p and q denote the primes. The evaluation of this sumwas stated in the Abstract andwill be proved

in Theorem 1. As far as we know, in the literature there exist two less precise formulas:
pq≤x

1
pq

= (log log x)2 + 2B log log x + O(1)

and 
pq≤x

1
pq

v (log log x)2 ,

which appear in [7, p. 23; solution on pp. 60–62] and [6, p. 315].
Let us fix some notations and notions. By ewe denote the Euler number and ln x = loge x, x > 0. Let a ∈ R ∪ {−∞} , g :

(a, ∞) → R be such that there exists b ≥ a with g(x) ≠ 0 for x ∈ (b, ∞). If f : (a, ∞) → R is a function, we write
f (x) ∼ g(x) if and only if limx→∞

f (x)
g(x) = 1.

Throughout this paper, we use the notation


n≤x to mean


n≤x;n∈N, the notation


p≤x to mean


p≤x;p prime and the
notation


pq≤x to mean


pq≤x;p,q prime. We recall the following (see [1,3,4,9] and the more recent [5]).

Mertens’ second Theorem. There exists a constant B, called the Mertens constant, such that
p≤x

1
p

= ln (ln x) + B + O


1
ln x


.

All notations and notions used and not defined in this paper are standard, (see [1–4,9]).
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2. The results

We recall, (see [9, pp. 14–15])
Mertens’ first Theorem.We have

−1 − ln 4 <

p≤x

ln p
p

− ln x < ln 4 for x ≥ 1.

The following result is a precision of a well-known result, (see [8, Lemma 7, p. 491] or [6, p. 281, Exercise 4]).

Proposition 1. Let a, b ∈ R, a < b be such that

a ≤


p≤x

ln p
p

− ln x ≤ b for x ≥ 1.

Then:
(i) There exists V1 : [1, ∞) → R such that

p≤
√
x

ln p
p

=
ln x
2

+ V1 (x) for x ≥ 1

and

a ≤ V1(x) ≤ b for x ≥ 1.

(ii) For k ≥ 2, there exists Tk : [1, ∞) → R such that
p≤x

(ln p)k

p
=

1
k

(ln x)k + Tk(x) for x ≥ 1

and

|Tk(x)| ≤ (b − a) (ln x)k−1 for x ≥ 1.

In particular, for k ≥ 2 there exists Vk : [1, ∞) → R such that
p≤

√
x

(ln p)k

p
=

1
k · 2k (ln x)k + Vk(x) for x ≥ 1

and

|Vk(x)| ≤ (b − a)
1

2k−1 (ln x)k−1 for x ≥ 1.

Proof. (i) Let R : [1, ∞) → R be defined by R(x) =


p≤x
ln p
p − ln x and note that, by hypothesis,


p≤x

ln p
p = ln x + R(x)

and a ≤ R(x) ≤ b for x ≥ 1. Replacing xwith
√
xwe get (i) with V1(x) = R

√
x

.

(ii) Define G : (0, ∞) → [0, ∞) by G(x) =


p≤x
ln p
p . Let x ≥ 1. From the Abel summation formula see [1, Theorem 4.2]

or [3, Theorem A], we have
p≤x

(ln p)k

p
=


p≤x

ln p
p

· (ln p)k−1

= (ln x)k−1 G(x) − (k − 1)
 x

1

(ln t)k−2

t
G(t)dt.

With the same notation as in (i), we have
p≤x

(ln p)k

p
= (ln x)k + (ln x)k−1 R(x) − (k − 1)

 x

1

(ln t)k−2

t
(ln t + R (t)) dt

=
1
k

(ln x)k + Tk(x),

where Tk(x) = (ln x)k−1 R(x) − (k − 1)
 x
1

(ln t)k−2

t R(t)dt .
From a ≤ R(t) ≤ b for t ≥ 1 we deduce

a (ln t)k−2

t
≤

(ln t)k−2

t
R(t) ≤

b (ln t)k−2

t
for t ≥ 1
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and by integration

a (ln x)k−1
≤ (k − 1)

 x

1

(ln t)k−2

t
R(t)dt ≤ b (ln x)k−1 for x ≥ 1.

We obtain (a − b) (ln x)k−1
≤ Tk(x) ≤ (b − a) (ln x)k−1 for x ≥ 1.

For the second part in (ii) we replace xwith
√
x and take Vk(x) = Tk

√
x

. �

Proposition 2. Let a, b ∈ R, a < b be such that

a ≤


p≤x

ln p
p

− ln x ≤ b for x ≥ 1.

Then there exists h : (1, ∞) → R such that
p≤

√
x

1
p
ln


1 −

ln p
ln x


=

 1
2

0+0

ln (1 − x)
x

dx + h (x) for x > 1

and
2 (b − a) ln 2 + a

ln x
≤ h(x) ≤

2 (b − a) ln 2 + b
ln x

for x > 1.

Proof. We use the well-known formula: ln (1 − u) = −


∞

k=1
uk
k for −1 < u < 1. Let x > 1. From the equality

ln

1 −

ln p
ln x


= −


∞

k=1
(ln p)k

k(ln x)k
for p ≤

√
xwe get


p≤

√
x

1
p
ln


1 −

ln p
ln x


= −


p≤

√
x

1
p

∞
k=1

(ln p)k

k (ln x)k
= −

∞
k=1

1
k


p≤

√
x

(ln p)k

p (ln x)k
.

By Proposition 1 we deduce
p≤

√
x

1
p
ln


1 −

ln p
ln x


= −

∞
k=1

1
k


1

k · 2k
+

1

(ln x)k
Vk(x)



= −

∞
k=1

1
k2 · 2k

+ h(x)

where h(x) = −


∞

k=1
1

k(ln x)k
Vk(x). By Proposition 1, we have ∞

k=2

1
k (ln x)k

Vk(x)

 ≤

∞
k=2

1
k (ln x)k

|Vk(x)|

≤
b − a
ln x

∞
k=2

1
k · 2k−1

=
2 (b − a)

ln x


ln 2 −

1
2


and thus

h(x) +
V1(x)
ln x

 ≤
2(b−a)
ln x


ln 2 −

1
2


. We obtain

−
V1(x)
ln x

−
2 (b − a)

ln x


ln 2 −

1
2


≤ h(x) ≤ −

V1 (x)
ln x

+
2 (b − a)

ln x


ln 2 −

1
2


or

−
b

ln x
−

2 (b − a)
ln x


ln 2 −

1
2


≤ h(x) ≤ −

a
ln x

+
2 (b − a)

ln x


ln 2 −

1
2


which after some simple calculations gives the second evaluation from the statement.

Let us define A :

0, 1

2


→ R by A(u) =


ln (1 − u)

u
, u ≠ 0

−1, u = 0
and note the equality A(u) = −


∞

k=1
uk−1

k on

0, 1

2


. Since the

series is uniformly convergent on

0, 1

2


, by integration we get the equality

 1
2

0+0
ln(1−x)

x dx = −


∞

k=1
1

k2·2k
. �
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From Mertens’ first theorem and Proposition 2 we deduce the following result which will play a key role in the proof of
Theorem 1.

Corollary 1. There exists h : (1, ∞) → R such that
p≤

√
x

1
p
ln


1 −

ln p
ln x


=

 1
2

0+0

ln (1 − x)
x

dx + h (x) for x > 1

and
2 (2 ln 4 + 1) ln 2 − 1 − ln 4

ln x
≤ h(x) ≤

2 (2 ln 4 + 1) ln 2 + ln 4
ln x

for x > 1.

We will need the following well-known result, which is the hyperbola method for the primes. We give only a sketch of
the proof.

Proposition 3. Let f , g : N → R be two functions and define F(x) =


p≤x f (p) and G(x) =


p≤x g(p). Then
pq≤x

f (p)g(q) =


p≤

√
x

f (p)G

x
p


+


p≤

√
x

g (p) F

x
p


− F

√
x

G

√
x

.

Proof. Denote by P the set of all the primes and by χP : N → R the characteristic function of the set P i.e., χP(n) =
1 if n is prime

0 if n is not prime .
The statement follows from the well-known hyperbola method of Dirichlet applied to fχP and gχP, (see [1,3,4,9]). �

Now, we are in the position to prove the main result of this paper.

Theorem 1. We have
pq≤x

1
pq

= (ln (ln x) + B)2 − ln2 2 + 2
 1

2

0+0

ln (1 − x)
x

dx + O

ln (ln x)
ln x


,

where B is the Mertens constant.

Proof. From Proposition 3 we have
pq≤x

1
pq

= 2

p≤

√
x

1
p
F


x
p


−


F

√
x
2

where F(x) =


p≤x
1
p . This equality appears in [7, p. 23; solution on pp. 59–60]. By Mertens’ second theorem,

F(x) = ln (ln x) + B + C(x) and C(x) = O


1
ln x


.

Then 
F

√
x
2

=


ln


ln

√
x

+ B + O


1

ln x

2

=

ln


ln

√
x

+ B

2
+ 2


ln


ln

√
x

+ B


O


1

ln x


+ O


1

ln2 x


=


ln


ln

√
x

+ B

2
+ O


ln (ln x)
ln x


.

On the other hand
p≤

√
x

1
p
F


x
p


=


p≤

√
x

1
p


ln


ln

x
p


+ B + C


x
p



=


p≤

√
x

1
p
ln


ln

x
p


+ BF

√
x

+


p≤

√
x

1
p
C


x
p


.
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Since 1
ln x−ln p ≤

2
ln x for p ≤

√
x, again by Mertens’ second theorem, we have


p≤

√
x

1
p
C


x
p

 ≤


p≤

√
x

1
p

C 
x
p

 ≤


p≤

√
x

1
p

·
1

ln x
p

=


p≤

√
x

1
p

·
1

ln x − ln p

≤
2

ln x


p≤

√
x

1
p

= O

ln (ln x)
ln x


.

We obtain
p≤

√
x

1
p
F


x
p


=


p≤

√
x

1
p
ln


ln

x
p


+ B


ln


ln

√
x

+ B + O


1

ln x


+ O


ln (ln x)
ln x



=


p≤

√
x

1
p
ln


ln

x
p


+ B ln


ln

√
x

+ B2

+ O

ln (ln x)
ln x


.

Thus 
pq≤x

1
pq

= 2

p≤

√
x

1
p
ln


ln

x
p


+ 2B ln


ln

√
x

+ 2B2

−

ln


ln

√
x

+ B

2
+ O


ln (ln x)
ln x



= 2

p≤

√
x

1
p
ln


ln

x
p


−


ln


ln

√
x
2

+ B2
+ O


ln (ln x)
ln x


.

Now, by Mertens’ second theorem and Corollary 1, we have
p≤

√
x

1
p
ln


ln

x
p


=


p≤

√
x

1
p
ln (ln x − ln p)

= ln (ln x)

p≤

√
x

1
p

+


p≤

√
x

1
p
ln


1 −

ln p
ln x



= [ln (ln x)]

ln


ln

√
x

+ B + O


1

ln x


+

 1
2

0+0

ln (1 − x)
x

dx + O


1
ln x


= [ln (ln x)]


ln


ln

√
x

+ B


+

 1
2

0+0

ln (1 − x)
x

dx + O

ln (ln x)
ln x


.

Then 
pq≤x

1
pq

= 2 [ln (ln x)]

ln


ln

√
x

+ B


+ 2

 1
2

0+0

ln (1 − x)
x

dx − ln

ln

√
x
2

+ B2
+ O


ln (ln x)
ln x



= (ln (ln x) + B)2 − ln2 2 + 2
 1

2

0+0

ln (1 − x)
x

dx + O

ln (ln x)
ln x


,

since

2 ln (ln x)

ln


ln

√
x


−

ln


ln

√
x
2

= 2 ln (ln x) (ln (ln x) − ln 2) − (ln (ln x) − ln 2)2

= [ln (ln x)]2 − ln2 2. �

References

[1] T.M. Apostol, Introduction to Analytic Number Theory, in: Undergraduate Texts in Mathematics, Springer-Verlag, 1998.
[2] N. Bourbaki, Functions of a Real Variable: Elementary Theory, Springer-Verlag, 2004, Trans. from the 1976 French original by Philip Spain.
[3] A.E. Ingham, The Distribution of Prime Numbers, Cambridge University Press, 1990.
[4] E. Landau, Handbuch der lehre Von der Verteilung der Primzahlen, B. G. Teubner, 1909.
[5] P. Lindqvist, J. Peetre, On the remainder in a series of Mertens, Expo. Math. 15 (5) (1997) 467–478.
[6] M.B. Nathanson, Elementary Methods in Number Theory, in: Graduate Texts in Mathematics, vol. 195, Springer-Verlag, 2000.
[7] D.P. Parent, Exercises in Number Theory, in: Problem Books in Mathematics, Springer-Verlag, 1984, Transl. from the French, X.
[8] H.N. Shapiro, On a theorem of Selberg and generalizations, Ann. of Math. 51 (2) (1950) 485–497.
[9] G. Tenenbaum, Introduction to Analytic and Probabilistic Number Theory, in: Cambridge Studies in Advanced Mathematics, vol. 46, 1995.

http://refhub.elsevier.com/S0022-247X(13)00697-5/sbref1
http://refhub.elsevier.com/S0022-247X(13)00697-5/sbref2
http://refhub.elsevier.com/S0022-247X(13)00697-5/sbref3
http://refhub.elsevier.com/S0022-247X(13)00697-5/sbref4
http://refhub.elsevier.com/S0022-247X(13)00697-5/sbref5
http://refhub.elsevier.com/S0022-247X(13)00697-5/sbref6
http://refhub.elsevier.com/S0022-247X(13)00697-5/sbref7
http://refhub.elsevier.com/S0022-247X(13)00697-5/sbref8
http://refhub.elsevier.com/S0022-247X(13)00697-5/sbref9

	A double Mertens type evaluation
	Introduction and notation
	The results
	References


