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1. Introduction and notation

The starting point for this paper was the following problem from the book of G. Tenenbaum, (see [9, Problem 12, p. 22]):
Evaluate qu <x é, where p and q denote the primes. The evaluation of this sum was stated in the Abstract and will be proved
in Theorem 1. As far as we know, in the literature there exist two less precise formulas:

1
Z — = (loglog x)> + 2Bloglogx + O(1)
pg=x

and

1 2
> - (loglogx)”,
q

pPqa=x

which appear in [7, p. 23; solution on pp. 60-62] and [6, p. 315].
Let us fix some notations and notions. By e we denote the Euler number and Inx = log, x, x > 0.Leta € RU {—o00}, g :
(a, c0) — R be such that there exists b > a with g(x) # 0 forx € (b, 0).Iff : (a,00) — R is a function, we write
f® _ 1

f(x) ~ g(x) if and only if limy_, o 2o = 1

Throughout this paper, we use the notation ) _,_, to mean ), _..., the notation } | _, to mean

notation ) |, _ tomean ) .. . ime- We recall the following (see [1,3,4,9] and the more recent [5]).
Mertens’ second Theorem. There exists a constant B, called the Mertens constant, such that

1 1
> - =ln(lnx)+B+O<—>.
p Inx

p=x

and the

p<x;p prime

All notations and notions used and not defined in this paper are standard, (see [1-4,9]).
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2. The results

We recall, (see [9, pp. 14-15])
Mertens’ first Theorem. We have
In
—1—1n4 < Z—p—lnx< In4 forx > 1.

p=x

The following result is a precision of a well-known result, (see [8, Lemma 7, p. 491] or [6, p. 281, Exercise 4]).

Proposition 1. Let a, b € R, a < b be such that

1
agzﬂ—lnxsb forx > 1.

p=x
Then:
(i) There exists V1 : [1, o0) — R such that
lni lnfx—i-Vﬂx) forx>1
p<VX p 2
and

a<Vix) <b forx=>1.

(ii) For k > 2, there exists Ty : [1, 00) — R such that

k
Z (Inp) (1 0F + Te(x) forx>1

p=x P
and
[T ()| < (b—a) (Inx)*"!  forx> 1.

In particular, for k > 2 there exists Vi : [1, co) — R such that

1 k
Z ( npp) 2,{ (Inx)* 4+ Ve(x) forx>1
p=VX

and

V0] < 6= 0) 5oy (00! forx= 1.

Proof. (i) LetR : [1, 00) — R be defined by R(x) = qu P _ Inx and note that, by hypothesis, Zp<x lnTp = Inx + R(x)
and a < R(x) < b for x > 1. Replacing x with \/x we get (i) w1th Vi(x) = R (V).

(ii) Define G : (0, c0) — [0, 00) by G(x) = Zpsx '"7”. Let x > 1. From the Abel summation formula see [1, Theorem 4.2]
or [3, Theorem A], we have

k
Z(lnp) :er;p (np)*

p=x P p=x

X (ln t)k—Z
t

= (Inx)*'6(x) — (k—1) / G(t)dt.
1

With the same notation as in (i), we have

K X k—2
S EPE s 4+ (o Ro — (e — 1) f (m? (Int+R(2) dt
1

p=x p

1 k

% (Inx)" + Ty (%),

where Ti(x) = (Inx)* " 'R(x) — (k— 1) [T <‘“f> “R(t)dt.
Froma < R(t) < bfort > 1 we deduce

1 tk—Z 1 tk—2 b tk—Z
a(nt) < (nt) R(t) < (nt) fort > 1
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and by integration

X (ln t)k72 -
R(t)dt < b (Inx) forx > 1.

a(lnx)¥'< k=1 /
1

We obtain (a — b) (Inx)*"! < T(x) < (b — a) (Inx)* "' forx > 1.
For the second part in (i) we replace x with \/x and take Vi(x) = Ti (v/x). O

Proposition 2. Let a, b € R, a < b be such that

|
afzﬂ—lnxfb forx > 1.

p=x

Then there exists h : (1, 00) — R such that

1 Inp 3 In(1—x)
Zfln 1-— )= ——dx+h(x) forx>1
Inx 0 X

P=VX p +0
and
2(b—a)In2+a 2(b—a)ln2+b
#Sh(X)E# fOTX>1.
Inx Inx
Proof. We use the well-known formula: In(1 —u) = —> 2, % for -1 < u < 1. Letx > 1. From the equality

Inpy _ 0o (npk
ln( - H) - Zk:] k(nx)k forp =< \/;(We get

1 Inp 1 (Inp) (Inp)*
Zﬁl“( 1nx> _Zizk(lnx) Zkz

p<Vx p p< X p k=1 k=1 " p<x p (IHX)

By Proposition 1 we deduce
1 In > 1 1
Z —1In (1 — li> Z E < Vk(x)>
p=vVx 4 nx =1 (Inx)*
1
= Z K2 . ok +h)

where h(x) = — Z,f; mvk(x). By Proposition 1, we have

o0 o0

1 1
;k(m)k Vi >‘ < Zk(l o Ve
b—a 1
= Inx ;1«2"—1

200 (i, 1)
Inx 2

< 20-9 (In2 — 1). We obtain

— Inx

Vi@ _M<mz—%> <h < -2 +M(m2—%)

and thus ‘h(x) +

Inx Inx Inx Inx
or

Inx Inx Inx Inx

_L_MOHZ_%)Eh(x)f_i+m<m2_%>

which after some simple calculations gives the second evaluation from the statement.

In(1—u) _
Let us define A : [0, 3] — RbyA(u) = { u U # %and note the equality A(u) = — Y52, “k—l on [0, 1]. Since the
M=

series is uniformly convergent on [ ] by integration we get the equality fo o l“(lx Vx = — Zk 172 zk O
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From Mertens’ first theorem and Proposition 2 we deduce the following result which will play a key role in the proof of
Theorem 1.

Corollary 1. There exists h : (1, 00) — R such that

1
1 1 2 In(1—
Zfln<l—2):/2 udx+h(x) forx > 1
Inx 0 X

pgﬁp +0

and

22In4+1In2—-1-1n4 22In4+1In2 +1n4
(2In4+Dln 1 <h(x) < (2In4+ Din2+In forx > 1.

Inx Inx

We will need the following well-known result, which is the hyperbola method for the primes. We give only a sketch of
the proof.

Proposition 3. Let f, g : N — R be two functions and define F(x) = »_,_, f(p) and G(x) = }_,_, g(p). Then

D fmg@ =) f(p)G< ) Y gmF ( ) F (v/%) G (V).

pg=x pP<+/X p<Jx
Proof. Denote by P the set of all the primes and by xp : N — R the characteristic function of the set P i.e., xp(n) =
{ 1if nis prime

0 if n is not prime *

The statement follows from the well-known hyperbola method of Dirichlet applied to f xp and g xp, (see [1,3,49]). O

Now, we are in the position to prove the main result of this paper.

Theorem 1. We have

1
1 P (- In (I
Zfz(ln(lnx)+3)2—ln22+2f2 udwo(M),
pq 040 X Inx

pq=x

where B is the Mertens constant.

Proof. From Proposition 3 we have

Yo=Y o (2) -l

pa=x P4 p=vx P

where F(x) = qu T . This equality appears in [7, p. 23; solution on pp. 59-60]. By Mertens’ second theorem,

F(x) =In(Inx) + B+ C(x) and C(x)_O(llx)

Then
[F(v¥)]" = |:ln (In v/x) +B+O<1n1x)]2
— (In(Inv/&) + B)’ + 2 (In (In &) + B) 0 <i> +o (%)

Inx
— (In(invx) +B) +0(™ (“"‘)) .

Inx

On the other hand

2o ()= 2 (n(ng) voe ()

5 o(o) o 5 (1)

p<Vx p p<f p
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1 2 : )
ey S for p < 4/, again by Mertens’ second theorem, we have

1 1 1 1 1 1
3 e X <Y -l | < S N S
p \p p p InZ Inx—Inp

p=Vx p=VX p=Vx p P psVx p

2 1 <ln (lnx)>
< — -=0 .
Inx oy p Inx
We obtain

) %F (g) -y zla'“ (m%) +B<ln(ln\/§)+B+O<ﬁ)> +O<1n1(1i11x))

Since

P=VX P=VX
= Z 1ln <ln§> + BIn (In+/x) + B +O(1n(lnx)> .
p=vi P p Inx
Thus
1 1 X 5 2 In (In x)

> —=2) —In(In>)+2BIn(Invx) 428 — (In(Invx) +B)" +0
pa=x P4 p=viP p Inx

=2 Z lln nX) - (In (ln\/i))2 +B+0 In (Inx)

N P p Inx /°

Now, by Mertens’ second theorem and Corollary 1, we have

1
Z —In(Inx — Inp)
p<Vx p p p<Vx p

1 1 Inp
= In(Inx) Z E+ Z Eln(l—m>

p=VX P<VX

= [1n(1nx)]<1n(1nﬁ)+3+o<1>)+/2 m“_")dx+o(1)
Inx 040 X Inx

1
= [In(Inx)] (In (Inv/x) + B) + /2 de+ 0 (lnl(rllllx)) .

| —

5
=

je=]

| =
SN———"

I

040 X
Then
Z Lo 2(In (Inx)] (In (In v/x) + B) 4_2/E de —In (lnﬁ)z LB 40 (m (lﬂx)>
pq=x pq 040 X Inx
= (In(Inx) + B)? —1n22+2/7 '““JdHO(lﬂ('inx))’
0+0 X Inx
since
21n (Inx) (In (In vx)) — (In (In vx))* = 2In (In%) (In (Inx) — In2) — (In (Inx) — In2)?
= [In(Inx)]*> = In?2. O
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