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1. Introduction

The statistical mechanical models on hierarchical lattices have attracted many interests recently since they exhibit a
deep connection between their limiting sets of the zeros of the partition functions and the Julia sets of rational maps in
complex dynamics [2-4,7,23-25]. A celebrated Lee-Yang theorem [15,38] in statistical mechanics asserts that the zeros of
the partition function for some magnetic materials lie on the unit circle in the complex plane, which is corresponding to
a purely imaginary magnetic field. This means that the complex singularities of the free energy lie on this line, where the
free energy is the logarithm of the partition function.

The partition function Z = Z(z, t) can be written as a Laurent polynomial in two variables z and t, where z is a ‘field-like’
variable and t is ‘temperature-like’. Note that the complex zeros of Z(z,t) in z are called the Lee-Yang zeros for a fixed
t € [0, 1]. Naturally, one can study the zeros of Z(z,t) in the t-variable. These zeros are called Fisher zeros since they were
first studied by Fisher for regular two-dimensional lattice [12,5]. However, compared with the Lee-Yang zeros, Fisher zeros
do not lie on the unit circle any more. For example, for the regular two-dimensional lattice, the Fisher zeros lie on the
union of two circles |t 1| = +/2. For more comprehensive introduction on Lee-Yang zeros and Fisher zeros, see [4] and the
references therein.

In 1983, Derrida, de Seze and Itzykson showed that the Fisher circles of the Ising model on the regular two-dimensional
lattice Z? become a fractal Julia set upon replacing Z? by a hierarchical lattice [7]. They proved that the corresponding
singularities of the free energy lie on the Julia set of the rational map
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This means that the distribution of the singularities of the free energy can have a pretty wild geometry. Henceforth, a lot
of works related on the Julia sets of this renormalization transformation appeared (see [1,2,13,14,23-25,32] and references
therein). For the ideas formulated in renormalization transformation in statistical mechanics, see [35].

Recently, Qiao considered the generalized diamond hierarchical Potts model and proved that the family of rational
maps

(z+x—1)m+(x—1)(2—1)m> (12)

Z+Ar—1M—(z-1m

is actually the renormalization transformation of the generalized diamond hierarchical Potts model [23, Theorem 1.1], where
m,n > 2 are both integers and A € C*:=C {0} is a complex parameter. The standard diamond lattice (m =n =2) and the
diamond-like lattice (m =2 and n € N) are the special cases of (1.2).

In this paper, we will consider the case for d :=m =n > 2. For simplicity, we use Uy, to denote Ugq; in (1.2). We not
only study the topological properties of the Julia sets of Ug;, but also consider the connectivity of the non-escaping locus
of the parameter space of this renormalization transformation.

If » =0, then Ug; degenerates to a parabolic polynomial Ugg(z) = (”‘fT’])d whose Julia set is a Jordan curve. For the
connectivity of the Julia sets of Ugy, we have the following theorem.

Umni.(2) = <

Theorem 1.1. The Julia set of Ug;, is always connected for every d > 2 and A € C*.

Note that Qiao and Li proved that the Julia set of Uy, is connected for d =2 and A € R [24]. We would like to remark
that if m # n, then there exists parameter » € C* such the Julia set of Upp; defined in (1.2) is disconnected (see [23, Fig. 3.1]
for example).

Let C = C U {0} be the Riemann sphere. According to [33], a connected and locally connected compact set S in C is
called a Sierpiriski carpet if it has empty interior and can be written as S = C \ Uien Di, where {Dj}ien are Jordan regions
satisfying 0D; N dDj = for i # j and the spherical diameter diam(dD;) — 0 as i — oo.

The first example of the Sierpinski carpet as the Julia set of a rational map was given in [20, Appendix F]. Afterwards,
many families of the rational maps serve the examples such that their Julia sets are Sierpinski carpets for suitable param-
eters. See [8] for the family of McMullen maps and [36] for generated McMullen maps. However, for the renormalization
transformation Ugy, we have the following theorem.

Theorem 1.2. For d > 2 and A € R, the Julia set of Uy, is not a Sierpiriski carpet.

The proof of Theorem 1.2 is based on proving the intersection of the boundaries of two of the Fatou components of Ug;,
are always non-empty (see Lemma 3.1 and Theorem 3.2).
The Mandelbrot set of quadratic polynomials f.(z) = z% + c is defined by

M={ceC: f"(0) » ooasn— oc}.

Douady and Hubbard showed that M is connected [10]. For higher degree polynomials with only one critical point, there
are associated Multibrot sets. For rational maps, one way to study the parameter space is to consider the connectedness locus,
which consists of all parameters such the corresponding Julia set is connected. However, the connectedness locus makes no
sense in our case since every Julia set is connected.

For A # 0, then 1 and oo are two superattracting fixed points of Uy,. The non-escaping locus My associated to this family
is defined by

Mg ={reC* UPO) +1and UP(0) » oo asn — oo} U{0}. (1.3)

Obviously, “non-escaping” here means the collection of those parameters such that the orbit of 0 cannot be attracted by 1
and oo. Note that 0 is a critical value of Uy;.

The non-escaping locus My can be identified as the complex plane cutting out infinitely many simply connected do-
mains, which will be called ‘capture domains’ later (see Fig. 1 and Proposition 4.4). There exist many small copies of the
Mandelbrot set M in My which correspond to the renormalizable parameters.

For the connectivity of the non-escaping locus Mg, Wang et al. proved that M, is connected [32, Theorem 1.1]. We now
generate this result to all My, where d > 2.

Theorem 1.3. The non-escaping locus My is connected for d > 2.

The proof of the connectivity of M5 in [32] is based on constructing Riemann mapping from the capture domain to
the unit disk D, which is tediously long. Here, we give a proof of Theorem 1.3 by using the methods of Teichmiiller theory
of the rational maps which was developed in [19]. The proof is largely simplified and there are several additional results.
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Fig. 1. The non-escaping loci M; and Ms3.

For example, we show that the Julia set of Uy, is a quasicircle if and only if A lies in the unbounded capture domain g
(Proposition 5.7) and each bounded capture domain contains exactly one center (Theorem 6.1).

If & is large enough, then the Julia set of Uy, is a quasicircle (see Proposition 5.7). Hu and Lin observed that these circles
become more and more ‘circular’ as A tends to co in the case of d =2 [14]. In [13], Gao proved the Hausdorff dimension of
the Julia set of Ujp, tends to 1 for every n > 2, which gave an affirmative answer of Hu and Lin proposed in 1989. In this
paper, we consider the asymptotic formula of the Hausdorff dimension of the Julia set g of Ug, as the parameter A tends
to oo.

Theorem 1.4. Let d > 2. For large A such that ]g; is a quasicircle, the Hausdorff dimension of |4, is given by

di 1 1 AT 4O T (1.4)
= + +1). .
imp (Jaz) +4logd| | +0O( )

The proof of the asymptotic formula (1.4) is based on the calculation of an explicit iterated function system (see
Lemma 7.3). As a useful tool, the iterated function system has been used to study the Hausdorff dimension of Julia sets
in several papers previously. The first heart-stirring formula on the Hausdorff dimension of Julia sets, which was calculated
by an iterated function system, was due to Ruelle [29]. He proved that for polynomials P.(z) = z% + ¢ with degree d > 2, if
c is small, then the Hausdorff dimension of the Julia set J. of P is given by

. _ lc|? 3
dimg(Jo) =1+ 2logd +0(c). (1.5)

Later, the Hausdorff dimension formula of J. was recalculated in [34] and [6, p. 119], where the formula (1.5) was expanded
to the third order and fourth order in c, respectively.

We would like to mention that Theorem 1.4 is a generation of [22] in which the asymptotic formula of the Hausdorff
dimension of J, was calculated. Recently, the iterated function system has been used to calculate the Hausdorff dimension
of the boundary of the immediate basin of infinity of the McMullen maps [39]. Note that the iterated function system
is just probably suitable for calculating the Hausdorff dimension of the quasicircles. Rather than iterated function system,
Shishikura and Tan use renormalization theory to study the Hausdorff dimensions of the Julia sets and the bifurcation loci
of parameter spaces. For example, see [30] and [31].

This paper is organized as follows. In Section 2, we analyze the location of the critical points of Ug; and show that the
Julia set of Uy, is always connected and prove Theorem 1.1. In Section 3, we show that if the parameter lies on the real axis,
then there exist two Fatou components of Ug; such that the intersection of the boundaries of them is non-empty and the
Julia set of Uy, cannot be a Sierpifiski carpet, which means Theorem 1.2 holds. In Section 4, we show that the parameter
plane of Uy, can be decomposed into the non-escaping locus Mg union infinitely many capture domains. In Section 5, we
give a complete classification of the quasiconformal conjugacy classes of Uy;. In Section 6, we show that each bounded
capture domain is simply connected and the unique unbounded capture domain is homeomorphic to the punctured disk
and prove Theorem 1.3. We will prove the asymptotic formula (1.4) of Theorem 1.4 in Section 7 but leave the complicated
calculations to the last section as Appendix A.
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2. The location of critical points and the connected Julia sets

Firstly, we give a splitting principle for Ug,. This principle is not exist if one considers Uy, with m # n. This is the
reason why we set m =n in this paper. For every A € C*, it is straightforward to verify that Ug, = Tg;, o Tgy, where

=D = Dz = 1T\ —1\°
Ud)“(z):((z_'_(z+)\_)_;’_)d(_(z)_(i)d ) ) and le(z):(%) . 1)

A direct calculation shows that the set of all critical points of Tg; is {1,1 — A}, and both with multiplicity d — 1. Note
that

d—1 d-1
Uzl (o) =Ty () = Jt&) and UGl ©0) =T, (1 -1 = i) (2.2)
k=0 k=0
where
a1 (1—nie y1-1
e - —Ade -
fe=—5—— and = s . (2.3)
ed —1 1—x1de d —1

It follows that & and wy are critical points of Uy, with multiplicity d — 1, where 0 < k <d — 1. In particular, & = cc.
Therefore, the set of all critical points of Uy, is

d—1 d-1
Crit(Ug) = (1.1 =, 00} U (&} U ( J{enl- (2.4)
k=1 k=0

Since Tg; (1) =00, Tgy(c0) =1 and 1, oo are both critical points of Uy, it means that there exist two fixed immediate
superattracting basins Ag; (1) and Agy (00) of Ug; with centers 1 and oo respectively. Under the iteration of Tg;, we have
the following forward orbits:

k> 1> oo 100 --- and w1<»—>1—ki—>0»—>(l—k)d»—>~~~ (2.5)

for every 0 < k <d — 1. Since the dynamical behaviors are determined by the critical forward orbits essentially, we only
need to focus on the free critical orbit of 1 — A (or equivalently, the forward orbit of 0) under the iteration of Tg; or Ug;.
This is the reason why we define the non-escaping locus M, as in (1.3).

Lemma 2.1. Let U and V be two domains on C and assume that V is simply connected. If f : U — V is a branched covering with only
one critical value in V (counted without multiplicity), then U is also simply connected.

Proof. Let v be the unique critical value lying in V. Consider the unramified covering f: U\ f~1(v) — V \ {v}. Since V \ {v}
is an annulus with Euler characteristic 0, it follows that U\ f~'(v) is also an annulus by the Riemann-Hurwitz formula.
This means that U is a topological disk, which is simply connected as desired. O

In order to prove a rational map has connected Julia set, one often needs to exclude the existence of Herman ring. The
following lemma was proved in [37].

Lemma 2.2. (See [37, Corollary 3.2].) The renormalization transformation Ug; has no Herman ring.

The proof of Lemma 2.2 relies on the quasiconformal surgery and the arguments are divided into two cases: Herman
ring with period 1 and period at least two. However, the prove idea is different from [21, Appendix A].

Theorem 2.3. The Julia set of Ty, is always connected for every d > 2 and A € C*.

Proof. The proof idea is more or less similar to the case of quadratic rational maps in [20, Lemma 8.2]. Note that the Julia
set is connected if and only if each Fatou component is simply connected. By Sullivan’s classification of the periodic Fatou
components, every periodic Fatou component of Tg; is either a Siegel disk, a Herman ring, or an immediate basin for some
attracting or parabolic point. By Lemma 2.2, it is known Tg; has no Herman ring.

By [20, Lemma 8.1], we know that if all the critical values of a rational map are contained in a single component of the
Fatou set, then the Julia set is totally connected. However, the Julia set J4; cannot be totally disconnected since T4, has a
superattracting periodic orbit of period 2. Therefore, the critical points 1 and 1 — A lie in different Fatou components and
each Fatou component of Ty, contains at most one critical value (co or 0 by (2.5)).
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Now we prove each Fatou component of Ty, is simply connected. Firstly, we assume that every periodic Fatou component
of Ty, is simply connected. Note that the periodic orbit 1 <> oo is superattracting. There leaves only one critical point
1 — X needing to consider. According to Lemma 2.1, the preimage of a simply connected region under a branched covering
with only one critical value is again simply connected. This means every Fatou component of Ty, is simply connected by
induction.

Then suppose that there exists a periodic Fatou component U of Ty, which is not simply connected and the period
is p > 1. This means that U is an attracting basin or a parabolic basin since Ty4; has no Herman ring. Let zo be the at-
tracting periodic point in U or parabolic periodic point on dU. We use V to denote a simply connected neighborhood
or a simply connected petal of zy such that T;’f(V) C V according to U is attracting or parabolic. Let V be the com-

ponent of T;‘p(V) containing V. Then U = ngo Vi and Vi1 Tgp (Vi) > - > T;f_1(Vk+]) > Vy is a successive
branched covering under Ty, with at most one critical value in each codomain since each Fatou component of Tg; contains

at most one critical value. Suppose V, is simply connected (at least ko = O is satisfied). By Lemma 2.1, we know that

T;fil(VkO_'.‘l), ooy Tan(Vigg41), Vg1 are all simply connected since Vy, is also. Inductively, it follows that each Vy is simply
connected and hence U is also simply connected. This contradicts the assumption that U is not simply connected.
Therefore, in any case, the Julia set of Ty is always connected. This ends the proofs of Theorems 2.3 and 1.1. O

3. The Julia set cannot be a Sierpinsk carpet

In this section, we will prove that if the parameter A lies on the real axis, then the Julia set of Uy, can never be a
Sierpifisk carpet by showing there always exist two Fatou components of Uy, whose boundaries are intersecting to each
other.

Lemma 3.1. For every d > 2 and A € R, there exist two Fatou components V1, Vo of Ug, such that V1 N V5 # @.

Proof. If A =0, then Uy, degenerates to a parabolic polynomial Ugg(z) = (MT_1)‘1 whose Julia set Jgo is a Jordan curve. Let

Vi =Aqg. (1) and Vy = Agy (c0) be the immediate superattracting basins of 1 and oo respectively. We have V1NV, = Jqo #
.

In the following, we assume that A € R\ {0}. The dynamics of Ug; will be restricted on the real axis and the arguments
will be divided into several cases. Let x € R, by a direct calculation, we have

A2 x =D x+ 2= DI (42— D+ (0= 1) (x — 14T
(42 =D = x =D '

()Let A>0.1fx>1,wehavex—1>0,x+1—-1>0, x+A—1D?+Gx—-1Dx—-1D¢>0and x+1—-1D¢—(x—-1)¢>0.
This means that Uzu(x) >0 and Uy, is increasing on [1, +00). Moreover, U[/u(x) =0 if and only if x = 1. We claim that
there exists at least one fixed point of Ug, lying in (1,+00). Otherwise, we then have 1 < Ug, (x) < x for every x > 1
since Ug, (1) =1 and Ué)\(]) =0. This means that the interval (1, +o00) is contained in the attracting basin of 1, which is a
contradiction since oo is a superattracting fixed point of Ug;,.

Let 1=x9 <X; <--- <X, <-+o00 be the collection of all the fixed points of Uy, lying in [1, +00), where n > 1. It is
easy to see Ug), (x) > x if x > xp. In particular, we have (x,, +00) C Ag;.(00). Note that Uy, (xn) > 1. If U7, (x) =1, then x,
is a parabolic fixed point of Uy, and Ag; (x;) contains a small interval on the left of x,, where Ag; (x;) is the immediate
parabolic basin of x,. Let Vi = Ag; (%) and V3 = Ag; (00). We have x, € V1N V3. If U), (x4) > 1, then x; is a repelling fixed
point of Ug; and x,_1 is an (or parabolic) attracting fixed point of Ug;. Moreover, [x,_1, Xn) C Agj. (Xn—1), where Ag; (Xp—1)
is the immediate attracting (or parabolic) basin of x,_1. Let V1 = Agy(xa—1) and V, = Ayg; (00). We have x, € V1 N V5.

(2)Let A<0.IfO<x<1,thenx—1<0and x+A—1<0.Ifd>2is even, then (x+k—1)d+(k—1)(x—1)d >0,
x+r—1D—(x—-1?>0and Uy, (%) >0.1f d > 2 is odd, then U}, (x) > 0. This means that Ug, is increasing on [0, 1] for
every d > 2. Moreover, Uék(x) =0 if and only if x = 1. By a straightforward calculation, we have 0 < U4, (0) < 1. Now we
divide the arguments into two cases.

If there exists no fixed point of Ug; in (0, 1), then we have 0 < x < Ug; (x) < 1 for every 0 < x < 1. This means that 0 lies
in the immediate attracting basin of 1. By Lemma 4.1(5), we know that Jg; is a quasicircle. In particular, A4, (1) N.Ag; (c0) =
Jay. # 0. 1f there exists at least one fixed point of Uy, in (0, 1), we denote all of them by 0 <x; <--- <Xx; <1, where n > 1.
By a completely similar argument as the case A > 0, one can show that the fixed point x; is contained in the boundaries of
two different Fatou components. Therefore, the proof is complete. O

Uj, (x) = (3.1)

Theorem 3.2. For every d > 2 and A € R, the Julia set ] g, is not a Sierpifisk carpet.

Proof. Note that if Jy; is a Sierpinski carpet, then the closure of any two Fatou components of Uy, cannot be intersecting
to each other. But this contradicts Lemma 3.1. The proofs of Theorems 3.2 and 1.2 are finished. O

Remark 3.3. By computer experiments, it is shown that Ag (1) N Ay (00) = {z9} for A € C, where z; is a repelling fixed
point of Uy, . Therefore, the Julia set Jg; can never be a Sierpifsk carpet for any A € C (see Figs. 2 and 3).
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Fig. 2. Julia sets of Ty, with A1 &~ 1.319448 4+ 1.633170i and A, ~ 1.5 + 0.866025i. The critical orbit 1 <> co captures the critical orbit 1 — 11+ 0+ a
b+ 1 and disjoint with the critical orbit 1 — Ay > 0+> c+—> 1 — Ay

Fig. 3. Julia sets of T; with A3~ 2.046736 + 1.589069i and A4 = 4.0. Ty,, has a Siegel disk with periodic 4 and J3,, is a quasicircle.

4. Decomposition of the parameter space

In this section, we divide the parameter space of Ty into the non-escaping locus My union countably many capture
domains. Recall that Ay, (1) and Ag; (c0) are the immediate superattracting basins of 1 and oo respectively.

Lemma 4.1. For each A € C*, the following conditions are equivalent:

(1) TheJulia set ]g; of Tg; is a quasicircle;
(2) & € Agp(00) forall 0 <k <d—1;
(3) wk € Ag;, (1) forall0 <k <d—1;

(4) 1— e Ag(c0);

(5) 0 e Ag, (D).

In particular, wy € Agy. (1) if and only if w; € Ag;. (1), where 0 < k,1 <d — 1.
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Proof. We first prove (1) = (2), (3), (4), (5). If Jg. is a quasicircle, the Fatou set of Ty, consists of two simply con-
nected Fatou components Ag; (1) and Ay, (co) whose common boundary is Jg;. Since Ty, permutes 1 and oo, by (2.5),
it follows that (2) holds and {ws,...,wqy} lies in a single Fatou component. Applying the Riemann-Hurwitz formula to
Ug;. : Agy (00) = Agy (00), it follows that {w1, ..., wg, 0} C Ag (1) and 1 — A € Ay (00). Therefore, (3), (4), (5) hold.

By (2.5), we have (3) = (4) = (5). Now we prove (5) = (1). Suppose that 0 € Ay, (1). By (2.2), we have Ud_; 0) =
Uz;g){a)k}. Since Ugy (Agy (1)) = Agy (1), there exists some ko such that wy, € Ag, (1) and hence 1 — A € Ag, (00). Note that
Ty : Agp (1) = Agy(00) is d to 1. We claim that wy € Ag; (1) for every 0 <k <d — 1. In fact, if not, then 1 — A has at least
d + 1 preimages under Tg; (counted with multiplicity, d in A4, (1) and at least one elsewhere), which is impossible. The
same argument also shows that wy € Ag; (1) if and only if w; € Agy (1), where 0 <k,[ <d — 1. Then, Ay, (1) contains critical

points {w1, ..., wq, 1} of Ug,. This means that Ay, (1) is completely invariant under Ug;,.
Since 1 — & € Ag; (00), it means that Tg; : Agy(00) — Agy (1) is d to 1. Therefore, & € Ag; (co) for every 1 <k <d—1
since & = oo € Ag; (00) and Tgy (&) = 1. Moreover, Ag; (00) contains critical points {£1,...,&4,1 — A} of Ug;. This means

that Ay, (o0) is also completely invariant under Ug;. Therefore, Jg4 is a quasicircle since Ty, is hyperbolic and Tg; has
exactly two Fatou components. This ends the proof of (5) = (1).

To finish, we prove (2) = (4). If & € Ag;.(o0) for all 0 <k <d — 1, then Ty : Agy(00) — Ag, (1) is d to 1. This means
that 1 — 1 € Ay, by Riemann-Hurwitz formula. The proof is complete. O

Lemma 4.2. For every A € C*, we have 0 ¢ Ag; (00) and 1 — A ¢ Ag; (1).

Proof. If 0 € Ay (00), then 1—A € Ag; (1) by (2.5). Note that 1 lies also in Ag; (1). This means that Tg; has 2d — 1 preimages
in Ag, (1) for each point in Agj (c0) by Riemann-Hurwitz formula, which is a contradiction. Moreover, 0 ¢ A4, (00) means
1—x¢ Ag (1) by (25). O

Since 1 and oo are always periodic with period 2 under Ty,, the non-escaping locus M, associated to Ty, can be defined
as

Mg ={reC* TZ"(0) » 1and T3>"*1(0) - 1asn — oo} U{0}. (41)
Definition 4.3. Define Hp :={A € C*: 0 Ay, (1)}. For every n > 1, define

Hn = {1 € C*: T} (0) € Ag, (1) and T;;H (0) ¢ A (00)}. (4.2)

Each component of H, is called a capture domain of depth n, where n > 0.

Proposition 4.4. The parameter space of Ty, has the following decomposition:

(C:Mdl_l( |_|7-Ln). (4.3)

n=0

Proof. By definitions of the non-escaping locus and #j,, we have My N (¢ Hn) =¥. We need to show that two capture
domains with different depths are disjoint and each 1 € C \ M belongs to Hy for some n > 0. First, suppose that A €
Hm N Hn for m # n. Without loss of generality, assume that m >n > 0. By Definition 4.3, we have Tg}(0) € Ag;(1) and
T;T_](O) ¢ Ag;.(00). This means that T;T_I(O) € Ag;.(1) and hence T3 (0) € Agy(c0), which contradicts T3 (0) € Agy (1).
Therefore H;, N Hy =0 for m#n.

By (4.1), if A ¢ My, there exists a minimal k > 0 such that T;’A‘(O) € Ag,.(1). If k=0, then A € Ho. If k=1, then Ty, (0) €

Ag;. (1). Lemma 4.2 asserts that 0 ¢ Ag; (00). Therefore, A € H1 in this case. If k > 2, we claim that T;”;_l(O) ¢ Agy.(00). In

fact, if not, we have T;f\‘_z(O) € Agy (1). This contradicts the choice of the integer k. So we have A € Hy in this case. The

proof is complete. O
See Fig. 1 for the non-escaping loci M; and M3. There some capture domains are also clearly visible (blank regions).
5. Quasiconformal conjugacy classes

Let Rq be the collection of all Ty;, where A € C*. In this section, we give a complete characterization of the quasicon-
formal conjugacy classes in Ry.

Definition 5.1. Let A be a complex manifold. A holomorphic family of rational maps parameterized by A is a holomorphic
map f : A x C— C such that f;(2) is a rational map for fixed » € A and depends holomorphically on A € A for fixed
zeC.
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The parameter A € A is called a J-stable parameter of a holomorphic family of rational maps f; if the total number of
attracting cycles of f) is constant in a neighborhood of A.

Theorem 5.2. The boundary d Mg is the set of parameters such that Tg; are not J-stable in Rg.

Proof. By [18, Theorem 4.2], Tgy, is J-stable if and only if both critical sequences {T;f(l — Mlk=o0 and {T;’A‘(l)},@o are
normal for A in a neighborhood of A¢. Since {T;/’\‘(l)}@o lies in a finite orbit 1 <> co, we only need to consider the orbit of
1— A If Ag € H, for some n > 0, the orbit of 1 — Ag will be attracted by the cycle 1 <> co. For A close to g, the orbit of
1 — A still converges to the cycle 1 <> co. By Montel’s theorem, {Tg)’\‘(l — M}>o is normal at Aq. Similarly, {Tg’;(l — Mo is
normal at each point in the interior of My since {T(‘i’/’\‘(l — M}i>o is disjoint with the attracting basin of 1 <> co. This means
that Tg; is J-stable in C\ dMg.

On the other hand, if 1g € My, then {T;fo

small perturbation of Ay such that {T;’A‘(l — M}k=0 converges to the cycle 1 < oo. This means that Ty, is not j-stable on
oMy, O

(1 =) }k>0 omits the attracting basin of 1 <> co. However, there are arbitrary

Corollary 5.3. Let W be a component in the interior of Mg. If there exists Lo € W such that 1 — 1o converges to an attracting cycle,
then every A € W also has this property.

Proof. By Theorem 5.2, every Ty € W is J-stable. This means that there exists a small neighborhood of A such the number
of attracting cycles is constant. Since 1 — Ag converges to an attracting cycle, this means that the constant is 2. The corollary
follows. O

In the case of Corollary 5.3, W is called a hyperbolic component. Otherwise, W is called a queer component. It was
generally believed that queer components do not exist. But if they do, then every Ty, admits an invariant line field on its
Julia set and the Julia set has positive Lebesgue area. See Figs. 2 and 3 for various Julia sets of Jg;.

Now we state a theorem of parameterization of quasiconformal conjugacy classes.

Theorem 5.4. Let Ty, Tgy, € Ry be two different maps and let ¢ : C — C be a K-quasiconformal homeomorphism which conjugates
Tz t0 Tay, such that ¢ (Lo) = A1. Then there exists a holomorphic map t — A; from an open disk D(0, 1) (r > 1) into C* which maps
0 to Ao and 1 to A4, such that for every t € D(0,1), Tqy, is conjugate to Ty, by a K¢-quasiconformal mapping ¢ C — C. Moreover,
Ki— last— 0.

The idea of the proof of Theorem 5.4 is standard in holomorphic dynamics. One can refer to [40, Theorem 5.1] for a
proof in the similar situation. As an immediate corollary, we have

Corollary 5.5. Quasiconformal conjugacy classes in Ry are either single points or open and connected. In particular, the conjugacy
classes on 9 Mg are single points.

A holomorphic family of rational maps f; : A x C — C is quasiconformally constant if [, and f;, are quasiconformally
conjugate for any A1 and XA, in the same component of A. We call the family f; has constant critical orbit relations if any
coincidence f?"(c1) = f;™(c2) between the forward orbits of two critical points ¢ and c; of f; persists under perturbation
of A. The following theorem was proved in [19, Theorem 2.7].

Theorem 5.6. (See [19].) A holomorphic family f, of rational maps with constant critical orbit relations is quasiconformally constant.
Proposition 5.7. The Julia set ] g of Ty, is a quasicircle if and only if A € Ho. Moreover, H is unbounded and connected.

Proof. By the definition of o and Lemma 4.1, it follows that if A € Hop, then Jy; is a quasicircle. Conversely, if Jg; is a
quasicircle, then 1 — A € Ag, (00). This means that Ty, and Ty, have the same critical orbit relations, where 1o € Ho. By
Theorem 5.6, Ty, and Tg,, are quasiconformally conjugate to each other. By Corollary 5.5, it follows that A € Ho and Ho is
connected. .

To finish, we only need to show that Hg is unbounded. Let « =A™ &1 and ¢y (2) = ad(z—1) be a linear transformation.
By a straightforward calculation, we have

d—1 ~i i 1 1,d-1

Cla! 1 Cio Cla

._ -1 _ = _ 4 Zd7 ., d
fa(2) :=@q o Tap 0 @, _i_go pr +Zd71 +- PR

If o # 0 is small enough, then the Julia set of f, is a quasicircle since the Julia set of z+> 1/z¢ is the unit circle. This means
that Jg, is a quasicircle if A is large enough. O
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By definition, the parameter A € U@O Hn if and only if the critical orbit 1 — A+ 0+ (1 — A)4 > --- tends to the
attracting periodic cycle 1+ oo+ 1. A point A is called a center of a hyperbolic component W C My if the critical point
1 — A is periodic. On the other hand, 2 is called a center of a capture domain of (J,~;Hn if the critical point 1 — A is
eventually mapped to 1.

Lemma 5.8. Every hyperbolic component in My and capture domain in Hy, has a center, where n > 1. Meanwhile, Hg has no center.

It will be proved in next section that every hyperbolic component in M, and capture domain in H, has exactly one
center, where n > 1 (Theorem 6.1).

Proof of Lemma 5.8. Let W be a hyperbolic component in M. For every A € W, let m(1) be the multiplier of the attracting
periodic orbit of Ty, other than 1 <> co. It can be checked directly that the multiplier mapping A — m()) defined from W
to D is proper and holomorphic. This means that W has at least one center.

Let W be a component of H,, where n > 1. Then for every A ¢ W, T3] (0) € Ay, (1) and n is smallest. Let 5, : Agy (1) - D
be the unique Béttcher map define on the immediate basin of 1 such that v, o Ug, = (Y1 (2))%, ¥,.(1) =0 and Y =1.
By the definition of v, it follows that v, depends holomorphically on A € W. Define a map m: W — D by m(}) =
Y. (T33(0)). It is clearly that m is holomorphic. We then prove m is proper. Let A, € H be a sequence converging to A € dW
as n — oo. Without loss of generality, suppose that there exists a subsequence of Ay, also denoted by Ay, such that m(iy)
converges to an interior point w € D. Since the family of univalent mappings {l/f;kl :ID — C} is a normal family, we can
suppose that 1[/;1 — 1 locally uniformly on D. So ¥~ (D) C Ag; (1). This means that ¥~ (w) = limy_, o t/f;k] mQw) =
limg_ oo T dAk (0) = Tg(0) € Ag,.(1). This contradicts Tg}'(0) € Jg; since A € 9W.

Finally, by the definition of Hy and Lemma 4.1, .Ad)\(l) contains only one critical point 1 (counted without multiplicity).

Note that Ag; (1) lies in a superattracting periodic Fatou component and Tg; (1 —A) =0 # 1, it follows that the orbit of 1 —
is disjoint with the orbit 1 <> co. The proof is complete. O

Now we give a complete characterization of the quasiconformal conjugacy classes in Rg4.
Theorem 5.9. Quasiconformal conjugacy classes in Ry can be listed as follows:

(1) Hyperbolic components in the interior of My with the center removed.

2) Capture components of H, with the center (if any) removed, wheren > 0.
3) Centers of hyperbolic or capture domains.

4) Queen components in the interior of Mg.
5) Single points on the boundary of M.

A,\,_\A

Proof. By Corollary 5.5, the five cases stated in the theorem are disjoint to each other and (4), (5) are indeed quasiconformal
conjugacy classes. (1), (2) are quasiconformal conjugacy classes by Theorem 5.6. As every queer component is a conjugacy
class, one can get a proof in [40, Theorem 3.4] by a word for word analysis. O

6. Simply connectivity of the capture domains

In this section, we prove that the non-escaping locus M, is connected. This amounts to showing that #g is home-
omorphic to the punctured disk D* :=D \ {0} and each of the component of #, is homeomorphic to the unit disk for
n>1.

One way to do this is to follow the standard way of Douady-Hubbard’s parameterization of the hyperbolic components of
the quadratic Mandelbrot set [9]. This method was developed by Roesch to study the parameter space of the cubic Newton
maps [27,28] and Qiu, Roesch, Wang and Yin to study the parameter space of the McMullen maps [26]. Moreover, this
parameterized method was generated and then used in the proof of M, is connected [32, Theorem 1.1].

However, to prove Hg is homeomorphic to the punctured disk D* and each of the component of H, is homeomorphic
to the unit disk for n > 1, it would be much easier to use the methods of Teichmiiller theory of the rational maps which
was developed in [19] (in which, a different proof of the connectivity of the Mandelbrot set was given).

We first recall some definitions in [19]. By definition, the Teichmiiller space Teich(Tg;) of T4 consists of all pairs
(Tgyr, [¢]), where ¢ : C — C is a quasiconformal mapping which conjugates Tqy to Tg.. Here [¢] means the iso-
topy class of ¢. The modular group Mod(Tg;) is the group of isotopy classes of quasiconformal homeomorphism com-
muting with Tg,. The modular group Mod(Ty;) acts on the Teichmiiller space Teich(Tg4;) properly discontinuously by
[V1(Tgn, [@]) = (Tay, [¥ o @]). The moduli space of T, is defined as the quotient Teich(Ty;)/ Mod(Tg,), which is isomorphic
to the quasiconformal conjugacy class of Tg;,.

Moreover, one can define the Teichmiiller space Teich(U, T4;) on an open set U which is invariant under Tg;. The set
Teich(U, Tg;) consists of all the triples (V, Tqy, [¢]), where V is open and invariant under Ty, and the quasiconformal
mapping ¢ : V — U conjugates Ty, to Tg,. Here [¢] denotes the isotopy class of ¢ relative ideal boundary of V.
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Theorem 6.1. Each component of H, is homeomorphic to D and contains exactly one center, where n > 1. Moreover, Hg is homeo-
morphic to the punctured disk D*.

Proof. Let W be a component of H, with all centers removed. Then the forward orbit of 1 — A under Ty, is infinite for
A € W. By Theorem 5.9, W denotes a single quasiconformal conjugacy class.

For any basepoint A € W, it follows that the critical point 1 — A belongs to the attracting basin of the cycle 1+ oo+ 1.
In particular, T§7(0) € Aqgy (1) and Tg}(0) # 1. Define the Green function on Ag; (1) by

Gy (2) = _kllngo d*log|Ugk(z) — 1|, wherez e Ag; (1).

Note that Gg; can be extended to the Fatou set of Tg; by pulling back.
Let y be the equipotential of Gy, passing through 1 — A. Then y is homeomorphic to the figure of eight. Define

Jan=Ja U Tg(y ut0}).

nez

Then 7dx is the closure of the grand orbits of all periodic points and critical points of Tg;. The complement U :=C \jdx
consists of countably many annuli with finite modulus which lie in a same grand orbit. By [19, Theorem 6.2], we have

Teich(Tg;) > Teich(U, Tg;) x M1(Jax, Tar)s

where M1 (Jg;., Tg.) denotes the unit ball in the space of all Tg; -invariant Beltrami differentials supported on Jg;. Note that
every hyperbolic rational map carries no invariant line fields on the Julia set, it follows that M1 (Jg;., Tg;.) is trivial since Ty
is hyperbolic when L € W C H,,.

Since W denotes a single quasiconformal conjugacy class, we have

W =~ Teich(Tg;)/ Mod(Tg;) ~ Teich(U, Tgy)/ Mod(Tg;) ~ H/Mod(Tgs)

by [19, Theorem 6.1]. Note that every quasiconformal self-conjugacy v of Tg; fixes the grand orbits of the critical points 1
and 1 — A and hence fixes the boundaries of each annulus of U. Moreover, v is the identity on Jg;. Therefore, [¢¥] €
Mod(Tg;) is identity on de and it is possibly a power of a Dehn twist in the annuli of U. This means that Mod(Tg,) is a
subgroup of Z.

By Lemma 5.8, each W cannot be simply connected is a component of H, for n > 1. On the other hand, W is not simply
connected if W = Hg by Proposition 5.7. So Mod(Tg;) = Z. This means that W is homeomorphic to a punctured disk. This
means that each W contains exactly only one center if W # Hg. The proof is complete. O

Proof of Theorem 1.3. This is a direct corollary of Proposition 4.4 and Theorem 6.1. O
7. Proof of the asymptotic formula

By Proposition 5.7, if the parameter A lies in the unbounded capture domain g, then the Julia set J4, is a quasicircle.
In this case, J4, moves holomorphically in #¢ and its Hausdorff dimension depends real analytically on A by a classic result
of Ruelle. The following Theorem 7.1 is a weak version of [29, Corollary 6].

Theorem 7.1. Let f) : A x C — C be a holomorphic family of hyperbolic rational maps parameterized by A, where A is a complex
manifold. Then the Hausdorff dimension of the Julia set of f, depends real analytically on A € A.

Let 2 be a closed subset of R". A map S: 2 — £ is called a contraction on £2 if there exists a real number c € (0, 1)
such that |S(x) — S(¥)| <clx — y| for all x, y € £2. A finite family of contractions {S1, S2, ..., Sy} defined on £ C R", with
m > 2, is called an iterated function system or IFS in short.

To compute the Hausdorff dimension of ] with A € Hp, we need the following result (see [11, Theorem 9.1, Proposi-
tions 9.6 and 9.7]).

Theorem 7.2. (See [11].) Let {S1, ..., Sm} be an IFS on a closed set §2 C R" such that |S;(x) — Si(¥)| < cilx — y| with 0 < ¢; < 1.
Then:

(1) There exists a unique non-empty compact set | such that | = JiL; Si(J).
(2) The Hausdorff dimension dimy (J) of J satisfies dimpy (J) <'s, where Y -, =1
(3) Ifwe require further |Si(x) — Si(y)| = bilx — y| for 0 < b; < 1, then dimp (J) > s', where Y [ ; b} =1.
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Zr=z

Ji¢
i)
U
Fig. 4. Sketch illustration of the construction of the IFS.
The non-empty compact set | appeared in Theorem 7.2(1) is called the attractor of the IFS {Sq,..., Sm}.

Let f be a rational map with degree at least two. We use Fix(f) to denote the set of all the fixed points in the Julia set
of f.

Lemma 7.3. Let f be a hyperbolic rational map whose Julia set ] is a quasicircle. Then the Hausdorff dimension D := dimg(J) of | is
determined by Ap(D) = O(1) as n — oo, where

D= > () @] (71)

zeFix(fon)

Under the assumption of Lemma 7.3, Fix(f°") denotes the collection of all the repelling periodic points of f with period
exactly n. The Julia set of a hyperbolic rational map can be seen as the limit of a sequence of IFS. These IFS are defined in
terms of the inverse branches of the iterations of the rational map. The original proof idea of Lemma 7.3 comes from [39,
Lemma 2.6] and the proof appeared here is an improved version.

Proof of Lemma 7.3. Let d > 2 be the degree of f. Since f is hyperbolic and the Julia set J of f is a quasicircle, there exist
a pair of closed annular neighborhoods Wy, W, of | and a quasiconformal mapping ¢ : W1 — Ag, such that ¢ conjugates
f:W;—> Wy toz 2% or z+> 279 where A, :={z: 1—¢e < |z] <1+¢} is a closed annular neighborhood of the unit circle
and ¢ > 0 is small enough. Without loss of generality, we only consider the first case since the completely similar argument
can be applied to the second one.

In order to define IFS, it is more convenient to lift | and f under the exponential map. Hence we assume further that
J separates 0 and co. Define a curve y :=¢~1([(1 — &), (1 +&)4]) c W. Fix a component of exp~1(W3 \ y) and denote it
by U. Then U is topologically a strip and exp: U — W, \ y is conformal in the interior of U, whose inverse is denoted by
log: W5\ y — U (see Fig. 4).

For each n > 1, the map f°": W; — W, has d" inverse branches, say Ty, ..., Tqn, each maps W, \ y onto a half open
quadrilateral such that their images are arranged in anticlockwise order one by one. Let S; :=logoT; o exp be the map
defined in U, where 1 <i<d". It is easy to see each S; is conformal in the interior of U and can be conformally extended
to an open neighborhood of U.

Now it is easy to see {Si,...,Sq} is an IFS defined on U since f is strictly expanding on W;. The attractor
J of {S1,...,Sqn} is a closed set satisfying J = exp(J’). Moreover, ] \ {z1} is the conformal image of J’ with two
ends removed, where z; € J Ny is a fixed point of f. This means that the Hausdorff dimensions of J’ and J satisfy
dimy(J') = dimp ()).

Let Fply := |_|f’:1 Si’1|5,.(u) be the lift of f°" under exp. Then each S;(U) contains exactly one fixed point ¢ € J' of
F, in its interior for 1 <i < d" and on its boundary for i =1 and d". Since S; can be conformally extended to an open
neighborhood of U, by Koebe’s distortion theorem, there exist two constants 0 < C; <1 < C2 both independent of n, such
that

/C1 < ISi(x) — Si(y)] < /Cz ’

[Fn (g Ix—yl [Fn (g

By Theorem 7.2, the Hausdorff dimension D = dimy(J’) = dimy(J) satisfies s; < D < s3, where Z?lo C;le,’l(;i)l‘sf =1
and j =1, 2. Then, we have

v1<i<d, x,yeU.

dn dn dn
1 1 1 1 1 1 1
Sz S L iFam S 2 P < & FaE o S o

i=1 i
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Fig. 5. The Julia sets of T;, both are quasicircles, where 1 =30 and 1000, respectively. It can be seen that the Julia set becomes more circular as the
parameter A becomes more larger (compare the right picture in Fig. 3). Figure ranges: [—10, 16] x [—13, 13] and [—125, 125] x [—125, 125].

The d" — 1 fixed points of f°" in the Julia set J are {z; = exp(¢;): 1 <i < d"}. In particular, z; = exp(¢1) = exp(¢gn). Since Fp
is conformally conjugate to f°" in the interior of each S;(U), we have F} () = (f°")(z;) for 1 <i <d". Therefore, by (7.2),
we have

an an

1 1 1 o 4ep
2 iFmar = Tmar = map el =00

zeFix(fom) i=1 i=1

since |F},({gn)| — oo as n — oo. The proof is complete. O

As the parameter A tends to oo, the diameter of the Julia set Jg; of Ty, becomes larger and larger in the Euclidean
metric and the shape of J; becomes more and more circular (see Fig. 5). Therefore, one can make a scaling of g, (or
equivalently, make a conjugate), such the new Julia set converges to the unit circle.

Specifically, define

JZA:{F%(Z—U: z€ Jar}- (7.3)

The following Lemma 7.4 has been proved in [23, Theorem 4.3] as a special case.

Lemma 7.4. The scaled Julia set ]}, converges to the unit circle in the Hausdorff topology as ) tends to oo and the Hausdorff dimension
of Jq; tends to 1 as A tends to oo.

Although Lemma 7.4 is significant, however, we want to know further about the asymptotic formula of the Hausdorff
dimension of Jg; as A tends to co. In order to calculate the Hausdorff dimension of J;;, we do some setting first.

1
Recall that in Proposition 5.7, & = A~ @7, Then A =~ 1. Let Ou(2) = af(z — 1) be the linear transformation as before.
We define a new rational map with parameter « as

d—1 i i 1 1,d-1
_ Cla! 1 C C.a
fa@=guoTaopy' =) =+ 5+ +-—. (7.4)
i=0

This means that there exists a small & > 0 such that f, : D, x C — C is a holomorphic family of hyperbolic rational
maps parameterized by D., where D, := {z: |z| < ¢}. Note that the Hausdorff dimension is invariant under a conformal
isomorphism. This means that we only need to calculate the Hausdorff dimension of the Julia set J, of f, with o € D,
since dimp (Jo) = dimpy (Jar). We would like to remark that Jo = Jj, .

Let E be a subset of C and (A, Ag) a connected complex manifold with basepoint Aqg. A family of maps h; : E — C is
called a holomorphic motion of E parameterized by A and with base point Ag if: (1) For each A € A, h, is injective on E;
(2) For each z € E, hy(2) is a holomorphic function of X € A; and (3) hy,, is identity on E (see [16,17] or [18, Chapter 4]).
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Proof of Theorem 1.4. By (7.4), it follows that the Julia set J, is the unit circle if @ = 0. For z€ Jo =T, we have fo(z) =z ¢
Note that fy is a holomorphic family of hyperbolic rational maps with parameter « € ;. There exists a holomorphic motion
¢ 2 Jo — C of Jo parameterized by D, and with base point 0 such that ¢y (Jo) = Jo and

fo 0 ¢a(?) = ¢a 0 fo(2) = o (7% (75)

for all z € Jo, see [18, Chapter 4]. Since every point on Jo moves holomorphically, we can write ¢, (z) in power series of o
as

$a(2) = 2(1 + u1 (D + ua(D)a® + O(?)), (7.6)
where z € Jp.
In the following, we adopt the notation q := —d since the negative sign is boring in the expressions during the cal-

culation. Meantime, we assume that d > 3 first. If o is small enough, we can expand f, in (7.4) in power series of o
as

fu(2) =29 — g% q(q;— )zq+2 2+ 0(c?). (7.7)

Substituting (7.6) and (7.7) into (7.5), then comparing the terms to the second order in «, we obtain the following
equations:

u1(27) — qui(2) = —qz (7.8)
( 1) qg+1)
uz(29) — qua(2) = — ud(2) — q(q+ Dzuq(2) + Tz2. (7.9)
For each non-zero integer [ € Z, the functional equation
u(29) —qu(z) = —q7 (7.10)
has the formal solution
+o00o qu<
z
u@) =y . (711)
ko 1
Note that the solution (7.11) is convergent if |z| < 1. This means that the solution of (7.8) is
+00 _gk
24
m@ =y . (7.12)
k=0 q
Therefore, Eq. (7.9) can be reduced to
+oo _gl +oo 4\ 2
24+ g-1 bal q+1 ,
uy(29) — qua(z) = — 1 _—— — | ——2z). 713
2(2%) — qu2(2) q((q+ )lg 7 >\ &g 5 (7.13)

By (7.10) and (7.11), the solution of u; is

+00 l+k+qk 1 l+k 2 1
uz(2) = Z((qﬂ)z = _a )<Z> —(q;qk)zz‘?k). (7.14)

k 1
k= q =0 q

For each n > 1, the collection of the fixed points of fg" on the Julia set J, forms the finite set
Fix(fg") = {q&a(ez”itf): tj= qn% 1<j<|q" —1\}. (7.15)

By (7.5) and the chain rule, we have (f") (¢ (€%7it)) = [T%_}) L, (¢o(e¥4"ti)). The calculation in Appendix A shows that
for every D > 0 and all sufficiently large n, the following holds

lg"—1| n—1

Z H‘f Zﬂiqmtj))’D:|q|nD<1+D_2n|a|2+O(a3)> (7.16)
= @ 4 | |

j=1 m=0

Let Dy :=dimpy(J,) be the Hausdorff dimension of J,. One can write the corresponding (7.1) of fy in Lemma 7.3 as

DZ
q" — 1|1g|~"P= (1 + %"|oe|2 +(’)(a3)) =0(). (717)
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Fix some large n, when « is small enough, (7.17) is equivalent to

2
exp (n(%mz — (Dy — 1)log|q|> +o(a3)) =0(1). (7.18)

By Theorem 7.1 and Lemma 7.4, D, depends real analytically on « in a small neighborhood of the origin and Dg = 1. This
means that in a small neighborhood of 0, the Hausdorff dimension of J, can be written as

Dy =1+ a100 + ao1@ + az00” + g2’ + ar1 | + O(c?). (7.19)
Substituting (7.19) into (7.18) and comparing the corresponding coefficients, we have

a10 =0ap1 = Aazp =4ap2 = 0 and a = 1/(410g|q|). (7.20)
This means that

o |?
4log|q]

Doy =1+ +0(a?). (7.21)

Note that g = —d and o = )L_#. This ends the proof of Theorem 1.4 in the case of d > 3.
If d =2, then (7.7) can be written as fy(z) = z7 — qz¢* . Following the calculation process of d > 3 and carefully
omitting some corresponding terms, it can be checked that Theorem 1.4 still holds for d = 2. The proof is complete. O
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Appendix A

This section will devote to proving (7.16). From (7.7), we have

q@+1)(q +2)Zq+1

5 a? +0(a?). (A1)

fo@=q2" —q@@+ Dl +
Substituting (7.6) into (A.1), we have

fi(¢a(@) =g " + 9227 (@ — Dur(2) — (@ + Dz]a

i qzq71|:(q +1)(q+ 2)22 n G@—-1D@—-2) u%(z) —q(q+ D (2) + (G — 1)Ll2(Z)j|Ol2
+(9(a3). (A2)

2 2

Define ¢ := o (t) = 2™ € T. Then 05 =1. For 0<m<n—1, by (A.2), we have

|14 (ta(0™)[* = £ (ba(07")) Fi(da (7))

=¢% + AnQ + And + AnAm|a|? /q* + Bma® + Bna® + O(c?), (A3)
where
An=0*@—Dui(c7) — @+ 1oT" (A4)
and
2 2
+1 +2 m _1 _2 m m m m
By =1 @+D@+2) om 7@ )u%(aq ) =@+ ui(07) +¢*@ - Duza(a?). (A5)

2 2
For every D > 0, by (A.3), we have

n—1 n—

1152t = [T fenla ™))

m=0

D
2

n—1 A & 2, p &2 a 2
Anma + A + B B AmAnm|a
:|q|_nD 1+ m + m + m + m + m m| | +O(C¥3)
[1 q? q*
m=0
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n—1

I _ _
=197 = —1aI7"P 7 Y (An@ + And + Bna® + Bndi?)
m=0

D _ - - _
- §|Q| nb—4 Z (AmlAmZOKZ + Am1 AszlZ) + Z AmlAm2|O(|2>
o<my<my<n—1 o<my,my<n—1
_ 2
DD+2) o . & o ,
+——5 > (Ana + An@) | +0(c?). (A.6)
m=0

Lemma A.l. Let m,mq,my € N. Ifn > 1, then:

(1) q™ #0mod q" — 1.
(2) g™ +q™ £0mod q" — 1.
(3) ¢™ — @™ =0mod q" — 1 if and only if m; — my = kn for some k € Z.

Proof. Since (q,q" — 1) =1, it means that (g™, q" — 1) =1 for m > 0. Then (1) follows.
To prove (2), it suffices to show that g™ + 10 mod ¢q" — 1 for m > 0 since q" — 1 is relative prime to g™ for m’ >0
by (1). Set m =kn +r, where k >0 and 0 <r <n — 1. We have

qm+l:ql<n+r_qr+qr+1Eqr_,’_l;éomodqn_]

since 0 < |q" + 1| <|q" —1].
The proof of (3) is similar to that of (2). Since q" —1 is relative prime to g™ for m’ > 0, we need to find out the condition
on m such that g™ — 1 =0 mod q" — 1 for fixed n > 1. Set m =kn +r, where k >0 and 0 <r <n — 1. We have

qm_l:ql<n+r_qr+qr_1Eqr_lmodqn_l_

This means that ¢ —1=0 mod ¢" — 1 if and only if r =0 since |g" — 1| < |q" —1]. O

Following [34, §2], it is convenient to introduce the average notation

1 l=n
(G®), =T > Gy, (A7)

j=1

where G is a continuous function defined on the interval [0,1) and t; = j/(q" — 1) is defined in (7.15).
In order to prove (7.16), we only need to prove for every D > 0 and sufficiently large n, the following holds

n—1 D Dzn
< [T1fe(@a(c™))] > = g™ (1 + T|a|2+0(a3)>~ (A8)
m=0 n
For each n>1 and any k € Z, it is straightforward to verify the average in (A.7) has the following useful property:

; 1 ifk=0modq" —1,
Uk — e2mkt — {
(% = h 0 otherwise.

(A.9)
Lemma A2. For 0 < m,my,my; < n — 1, we have (67 ) = 0, (u1(c? )y = 0, (69 +4"), =0, (69" u1(c7"?))y = 0,
(1@ Hu1 (@) =0and (uz(c"))n =0.

Proof. By (7.12) and (7.14), the average property (A.9) and Lemma A.1(1), (2), the equations stated in the lemma can be
verified directly. O

As an immediate corollary of Lemma A.2, from (A.4) and (A.5), we have
Corollary A3. (A)n = (An)n =0, (Bin)n = (B)n =0, (Amy Amy)n = (Zmﬁqmz)n =0for0<m,my,my<n—1

By (A.6) and Corollary A.3, we have

n—1 2
<1‘[|f(;(¢a(aqm))|[’> =|q|—"D<1+D7|q|—4 > <Am17%m2>n|a|2>+0(a3). (A10)

m=0 o<my,my<n—1
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By (A.4) and (A.5), we have
(Amy Amy)n =% (@ — D*(u1 (07" Jur (04™)), +q* @+ Do 1)
—q*(® = V)(ur (07" )o 1" + maqm ) (A11)
Since 0 < mq,my <n—1, it follows that my —my =kn for k € Z if and only if m{ =m;. By Lemma A.1(3), we have
1 ifm =my,
{ 0 otherwise.

n

(o™ =) (A12)

This means that
Yoo (o) =n. (A13)
o<my,my<n—1
Similarly, by Lemma A.1(3), we have

400 k+mq _gmp
(0 )

m _am
™o 7), =
k=0
+ 1 my—my .
k=08 q"*(m1fm2)+kﬂ = qq"_] lfml >may,
- +0o 1 gi—(mp—mp) . (A14)
k=0 qmz—m1+kn = =1 lfml <my.
This means that
my—my n—(my—my)
qm™ —qm\ _ q q
Z (u1 (0 )G )n = Z q”——l + Z (]"7—1
o<my,my<n—1 o<my<my<n—1 o<my<my<n—1
n nq
an_l(Q+q2+--~+q”)=qT]. (A15)
Moreover, by Lemma A.1(3), we have
400 +o0o qk1+m1 _qk2+m2
qm™ my . u
(o™l = > 3
k1=0ky=0
1 1 q2+n .
(qm1*m2 + g —mi=my) ) @@= (q"—1) lfm] > my, (A 16)
N 1 1 g>tn . .
(m + g~ (mz=mp) ) @@= (q"—1) lfm] <my.
This means that (similar to the reduction process of (A.15))
2
my\ nq
Yoo (e )u(o0™)), = T (A17)

o<my,my<n—1

By substituting (A.13), (A.15) and (A.17) into (A.11), we have

> (AmAmy)n=nq". (A18)

o<my,my<n—1

By (A.10) and (A.18), it follows that (A.8) holds. The proof of (7.16) is complete.
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