
J. Math. Anal. Appl. 422 (2015) 1131–1145
Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Asymptotic expansions of the moments of extremes from general 
error distribution

Pu Jia, Xin Liao ∗, Zuoxiang Peng
School of Mathematics and Statistics, Southwest University, Chongqing, 400715, China

a r t i c l e i n f o a b s t r a c t

Article history:
Received 2 April 2014
Available online 19 September 2014
Submitted by V. Pozdnyakov

Keywords:
Expansion of moment
Extreme value distribution
Maximum
General error distribution

In this paper, we derive the asymptotic expansions of the moments of normalized 
partial maxima for general error distribution. A byproduct is to deduce the 
convergence rates of the moments of normalized maxima to the moments of the 
corresponding extreme value distribution.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Let {Xn, n ≥ 1} be a sequence of independent and identically distributed (iid) random variables with 
marginal cumulative distribution function (cdf) Fv ∼ GED(v), the general error distribution with shape 
parameter v > 0. The probability density function (pdf) of GED(v) is defined by

fv(x) = v exp(−(1/2)|x/λ|v)
λ21+1/vΓ (1/v)

, x ∈ R,

where λ = [2−2/vΓ (1/v)/Γ (3/v)]1/2 and Γ (·) denotes the gamma function [10]. For v = 2, GED(2) reduces 
to the standard normal distribution.

Recently, asymptotic behaviors related to GED(v) have been studied in the literature. Peng et al. [11]
established the Mills ratio and distributional tail representation of GED(v), and showed that Fv ∈ D(Λ), 
i.e., there exist norming constants an > 0 and bn ∈ R such that

lim
n→∞

sup
x∈R

∣∣P(Mn ≤ anx + bn) − Λ(x)
∣∣ = 0, (1.1)
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where Mn = max1≤k≤n Xk denotes the partial maximum of {Xn, n ≥ 1} and Λ(x) = exp(−e−x), the 
Gumble extreme value distribution. Uniform convergence rate of P(Mn ≤ anx + bn) − Λ(x) has been 
established by Peng et al. [12] which extended the work of Hall [1] for the case of GED(2). For higher-order 
expansion of P(Mn ≤ anx + bn), see Nair [9] for GED(2) and Jia and Li [3] for general GED(v) with shape 
parameter v > 0.

Moments convergence of extremes was studied by McCord [8], Pickands [13] and Ramachandran [14], see 
Section 2.1 in Resnick [15]. The relationship between weak convergence and moment convergence of order 
statistics was considered by Hill and Spruill [2]. The objective of this paper is to establish the higher-order 
expansions of the moments of Mn for GED(v). Nair [9] derived the higher-order expansions of moments 
of extremes for standard normal distribution GED(2). Recall that Peng et al. [12] showed that (1.1) holds 
with norming constants an and bn satisfying the following equations:

1 − Fv(bn) = n−1 and an = 2v−1λvb1−v
n . (1.2)

Noting that for v = 1 the norming constants an = 2−1/2 and bn = 2−1/2 log n/2. By Proposition 2.1(iii) in 
Resnick [15], we have

Δr(n) = E
(
Mn − bn

an

)r

−
∫

x∈R

xr dΛ(x) → 0 (1.3)

as n → ∞ for all nonnegative integers r. The following work is to establish the asymptotic expansions 
of E((Mn − bn)/an)r, from which we can derive the convergence rates of Δr(n). For more related work on 
asymptotic expansions of distributions and moments of extremes for given distributions, see Peng et al. [12], 
Liao and Peng [4] and Liao et al. [5–7].

This paper is organized as follows. Section 2 provides the main results, and some necessary auxiliary 
lemmas and their proofs are given in Section 3. The proofs of the main results are given in Section 4.

2. Main results

In this section, we provide the main results. In the sequel, for nonnegative integers r let

mr(n) = E
(
Mn − bn

an

)r

=
∫

x∈R

xrdFn
v (anx + bn)

and

mr = Eξr =
∫

x∈R

xrdΛ(x)

respectively denote the rth moments of (Mn − bn)/an and ξ ∼ Λ(x), and the norming constants an and bn
are given by (1.2). The main results are stated as follows.

Theorem 2.1. Let {Xn, n ≥ 1} be an iid sequence with marginal distribution Fv ∼ GED(v). Then,

(i) for v �= 1, with norming constants an and bn given by (1.2), we have

bvn
[
bvn
(
mr(n) −mr

)
+
(
1 − v−1)λvr(mr+1 + 2mr)

]
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→ 2rλ2v(1 − v−1)[((1 − v−1)(r + 1) + 2
)
mr +

((
1 − v−1)(r + 1) + 1

)
mr+1

+
(

1
4
(
1 − v−1)(r − 1) + 1

3
(
2 − v−1))mr+2

]
(2.1)

as n → ∞;
(ii) for v = 1, with norming constants an = 2−1/2 and bn = 2−1/2 log n/2, we have

n

[
n
(
mr(n) −mr

)
+ (−1)r r2Γ

(r−1)(2)
]
→ (−1)r−1 r

24
[
8Γ (r−1)(3) − 3Γ (r−1)(4)

]
(2.2)

as n → ∞, where Γ (r−1)(s) denotes the (r − 1)th derivative of the gamma function at x = s.

Remark 2.1. For the case of v = 2, i.e., the standard normal case, the result of Theorem 2.1(i) is agreement 
with Theorem 3.1 in Nair [9].

Noting that bvn ∼ 2λv logn due to (1.2), by Theorem 2.1 we can derive the rates of convergence of 
moments which is stated as follows.

Theorem 2.2. For the moments of normalized maxima of GED(v), for large n we have

Δr(n) ∼ − (1 − v−1)r
2 logn (mr+1 + 2mr)

if v �= 1, and

Δr(n) ∼ (−1)r+1 r

2nΓ
(r−1)(2)

if v = 1.

3. Auxiliary lemmas

In order to derive the main results, we need some auxiliary results. The first one is about the Mills-type 
inequalities of the GED(v).

Lemma 3.1. Let Fv(x) and fv(x) denote the cdf and pdf of GED(v), respectively. Then,

(i) for v > 1 we have

2λv

v
x1−v

(
1 + 2(v − 1)λv

v
x−v

)−1

<
1 − Fv(x)
fv(x) <

2λv

v
x1−v (3.1)

for all x > 0, where λ = [2−2/vΓ (1/v)/Γ (3/v)]1/2;
(ii) for 0 < v < 1 we have

2λv

v
x1−v <

1 − Fv(x)
fv(x) <

2λv

v
x1−v

(
1 + 2(v − 1)λv

v
x−v

)−1

(3.2)

for all x > λ[2(1/v − 1)]1/v.

Proof. Note that Lemma 2.1 in Peng et al. [11] shows that (3.1) holds as v > 1. The rest is to prove that 
(3.2) holds if 0 < v < 1.
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For t > [2(1/v − 1)]1/v,

1
tv

∞∫
t

exp
(
−yv

2

)
dy >

∞∫
t

y−v exp
(
−yv

2

)
dy

= exp(−tv/2)
(v − 1)tv−1 − v

2(v − 1)

∞∫
t

exp
(
−yv

2

)
dy,

which implies that

(
vtv−1

2

)−1

exp
(
− tv

2

)
<

∞∫
t

exp
(
−yv

2

)
dy <

(
v − 1
t

+ vtv−1

2

)−1

exp
(
− tv

2

)

holds if 0 < v < 1. So, by the definition of the GED(v) with 0 < v < 1, we can get

1 − Fv(x) = v

21+1/vΓ (1/v)

∞∫
x/λ

exp
(
−yv

2

)
dy

< fv(x)2λv

v
x1−v

(
1 + 2(v − 1)λv

v
x−v

)−1

and

1 − Fv(x) > fv(x)2λv

v
x1−v

as x > λ[2(1/v − 1)]1/v. The desired result follows. �
The following distributional expansion of maximum for GED(v) is due to Jia and Li [3].

Lemma 3.2. Let Fv denote the cdf of GED(v). Then,

(i) for v �= 1, with norming constants an and bn given by (1.2) we have

bvn
[
bvn
(
Fn
v (anx + bn) − Λ(x)

)
− kv(x)Λ(x)

]
→

(
wv(x) + k2

v(x)
2

)
Λ(x) (3.3)

as n → ∞, where kv(x) and wv(x) are respectively given by

kv(x) =
(
1 − v−1)λv

(
x2 + 2x

)
e−x

and

wv(x) =
(
v−1 − 1

)
λ2v

[
4x + 2x2 + 2

3
(
2 − v−1)x3 + 1

2
(
1 − v−1)x4

]
e−x;

(ii) for v = 1, with norming constants an = 2−1/2 and bn = 2−1/2 log n/2, we have

n

[
n
(
Fn

1 (anx + bn) − Λ(x)
)

+ 1
2e

−2xΛ(x)
]
→

(
1
8e

−4x − 1
3e

−3x
)
Λ(x) (3.4)

as n → ∞.
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Lemma 3.3. Let the norming constant bn be given by (1.2). For any constant 0 < c < 1 and arbitrary 
nonnegative real numbers i and j, we have

lim
n→∞

bin

∞∫
cb

v/3
n

xj
(
1 − Λ(x)

)
dx = 0 and lim

n→∞
bin

∞∫
cb

v/3
n

xjdΛ(x) = 0. (3.5)

Proof. It follows from the fact 1 − x < e−x < 1 for x > 0 that

bin

∞∫
cb

v/3
n

xj
(
1 − exp

(
−e−x

))
dx ≤ bin

∞∫
cb

v/3
n

xje−xdx

≤ bin exp
(
− c

2b
v
3
n

) ∞∫
cb

v/3
n

xj exp
(
−x

2

)
dx → 0

as n → ∞. Similarly,

bin

∞∫
cb

v/3
n

xjdΛ(x) ≤ bin

∞∫
cb

v/3
n

xje−xdx → 0

as n → ∞. The desired result follows. �
Lemma 3.4. Assume that the shape parameter v �= 1, then for any constant 0 < d < 1 and arbitrary 
nonnegative real numbers i and j, we have

lim
n→∞

bin

−d log bn∫
−∞

|x|jΛ(x)dx = 0, lim
n→∞

bin

−d log bn∫
−∞

|x|jdΛ(x) = 0 (3.6)

and

lim
n→∞

bin

−d log bn∫
−∞

|x|jFn
v (anx + bn)dx = 0. (3.7)

Proof. Note that bn → ∞ as n → ∞ since 1 − Fv(bn) = n−1. For 0 < d < 1, we have

bin

−d log bn∫
−∞

|x|jΛ(x)dx ≤ bin exp
(
−bdn

2

) −1∫
−∞

|x|j exp
(
−e−x

2

)
dx

= bin exp
(
−bdn

2

) ∞∫
1

xj exp
(
−ex

2

)
dx → 0

as n → ∞, and

bin

−d log bn∫
−∞

|x|jdΛ(x) ≤ bin exp
(
−bdn

2

) ∞∫
1

xjex exp
(
−ex

2

)
dx → 0

as n → ∞ since 
∫∞

xjex exp(− ex )dx < ∞.
1 2
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Note that an = 2v−1λvb1−v
n implies that bn − dan log bn → ∞ as n → ∞. By the following facts

(1 − y)v < 1 − vy + v(v − 1)y2 for 0 < y <
1
4 , v > 1

and

(1 − y)v < 1 − vy for 0 < y < 1, 0 < v < 1

and Lemma 3.1, we can derive that

bknF
n
v (bn − dan log bn) → 0

as n → ∞. So,

bin

−d log bn∫
−∞

|x|jFn
v (anx + bn)dx ≤ bina

−j−1
n Fn−1

v (bn − dan log bn)
bn−dan log bn∫

−∞

|y − bn|jFv(y)dy

≤ bina
−j−1
n Fn−1

v (bn − dan log bn)
0∫

−∞

|y − bn|jFv(y)dy

+ bi+j+1
n a−j−1

n Fn
v (bn − dan log bn)

1−danb
−1
n log bn∫

0

|y − 1|jdy

≤
j∑

s=0

(
j

s

)
bi+s
n a−j−1

n Fn−1
v (bn − dan log bn)

∞∫
0

yj−sFv(−y)dy

+ bi+j+1
n a−j−1

n Fn
v (bn − dan log bn)

1∫
0

(1 − y)jdy

→ 0

as n → ∞ since 
∫∞
0 yrFv(−y)dy is finite for all r > 0. The desired result follows. �

Lemma 3.5. For any constant 0 < c < 1 and arbitrary nonnegative real numbers i and j, we have

lim
n→∞

bin

∞∫
cb

v/3
n

xj
(
1 − Fn

v (anx + bn)
)
dx = 0 (3.8)

and

lim
x→∞

xi
(
1 − Fn

v (anx + bn)
)

= 0. (3.9)

Proof. By Corollary 3 in Peng et al. [11] and Lemma 1 in Jia and Li [3], we have the following distributional 
tail representation of GED(v) with v > 0:

1 − Fv(x) = c(x) exp
(
−

x∫
g(t)
f(t)dt

)

λ
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for large x > 0, where c(x) → c > 0, g(x) → 1 as x → ∞, and the auxiliary function f(x) = 2v−1λvx1−v > 0
on (λ, ∞) with limx→∞ f ′(x) = 0. Recall that 1 − Fv(bn) = n−1 and an = f(bn). By arguments similar to 
Lemma 2.2(a) in Resnick [15], we have

1 − Fn
v (anx + bn) ≤ (1 + ε)2(1 + εx)−ε−1+1 (3.10)

for x > 0, arbitrary ε > 0 and large n. So, for 0 < ε < v
3i+vj+3v , we have

0 ≤ lim
n→∞

bin

∞∫
cb

v/3
n

xj
(
1 − Fn

v (anx + bn)
)
dx

≤ lim
n→∞

(1 + ε)2
(
cε + b−v/3

n

)−3i/v
∞∫

cb
v/3
n

xj(1 + εx)−j−2dx

= 0

by (3.10) since 
∫∞
1 xj(1 + εx)−j−2dx is finite for all j ≥ 0.

From (3.10), for 0 < ε < 1
i+2 , we have

0 ≤ lim
x→∞

supxi
(
1 − Fn

v (anx + bn)
)
≤ lim

x→∞
(1 + ε)2xi(1 + εx)−i−1 = 0.

The proof is complete. �
Lemma 3.6. Let hn(x) = n logFv(anx + bn) + e−x, where an and bn are given by (1.2), i.e.,

1 − Fv(bn) = n−1, an = 2v−1λvb1−v
n .

Then, for v �= 1 and sufficiently large n we have
∣∣hn(x)

∣∣ < 3

uniformly for all −d log bn < x < cb
v/3
n with 0 < c < 1 and 0 < d < α = min(1, v).

Proof. We only prove the case of v > 1. For the case of 0 < v < 1, the proofs are similar and details are 
omitted here.

By integration by parts, we have

1 − Fv(x) = 2v−1λvfv(x)x1−v − r(x)

= 2v−1λvfv(x)x1−v
(
1 − 2

(
1 − v−1)λvx−v

)
+ s(x) (3.11)

for large x > 0 and for v > 1, where

0 < r(x) < 4v−1(1 − v−1)fv(x)x1−2v and s(x) > 0. (3.12)

Let ϕn(x) = 1 − Fv(anx + bn) and

n logFv(anx + bn) = −nϕn(x) −Rn(x),

where
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0 < Rn(x) < nϕ2
n(x)

2(1 − ϕn(x))

since −y − y2

2(1−y) < log(1 − y) < −y for 0 < y < 1. Hence,

∣∣hn(x)
∣∣ =

∣∣−nϕn(x) + e−x −Rn(x)
∣∣ ≤ ∣∣−nϕn(x) + e−x

∣∣ + Rn(x). (3.13)

For large n and −d log bn < x < cb
v/3
n , we have

ϕn(x) < ϕn(−d log bn) = 1 − Fv(bn − dan log bn) < c0 < 1

and

0 < Rn(x) < 1
1 − c0

(1 − Fv(anx + bn))2

1 − Fv(bn)

<
λv−1

(1 − c0)21/vΓ (1/v)
1 + 2(1 − v−1)λvb−v

n

bv−1
n (1 − 2dv−1λvb−v

n log bn)2v−2 exp
(
− bvn

2λv
+ 2d log bn

)

< 1 (3.14)

due to (3.1) and the inequality 1 + vy ≤ (1 + y)v as −1 < y < 1 for v > 1. For x ≥ 0, we have
∣∣−nϕn(x) + e−x

∣∣ ≤ nϕn(x) + e−x ≤ n
(
1 − Fv(bn)

)
+ 1 = 2. (3.15)

It follows from (3.14) and (3.15) that |hn(x)| < 3 holds for 0 ≤ x < cb
v/3
n .

Next, we consider the case of −d log bn < x < 0. By (3.11) and (3.12), we have

−nϕn(x) + e−x = −1 − Fv(anx + bn)
1 − Fv(bn) + e−x

= −
1 − 21/vΓ (1/v)λ1−vr(anx + bn)(anx + bn)v−1 exp( 1

2λv (anx + bn)v)
(1 + 2v−1λvb−v

n x)v−1[1 − 21/vΓ (1/v)λ1−vr(bn)bv−1
n exp( 1

2λv bvn)]

× exp
[
− 1

2λv

(
(anx + bn)v − bvn

)]
+ e−x

= e−x
(
1 + 2v−1λvb−v

n x
)1−v

Cn(x),

where

Cn(x) =
(
1 + 2v−1λvb−v

n x
)v−1 − exp

(
− bvn

2λv

∞∑
k=2

(
v

k

)(
2v−1λvb−v

n x
)k)1 − μ(anx + bn)

1 − μ(bn)

with μ(x) = 21/vΓ (1/v)λ1−vr(x)xv−1 exp( 1
2λv x

v) satisfying 0 < μ(x) < 2(1 − v−1)λvx−v for large x > 0, 
where (

v

k

)
= v(v − 1) · · · (v − k + 1)/k!, k! = k(k − 1) · · · 2 · 1

for v ∈ R and positive integer k.
For −d log bn < x < 0, let

Tn(x) =
∞∑(

v

k

)(
2v−1λvb−v

n x
)k and Qn =

∞∑(
v − 1
k

)(
2v−1λvb−v

n x
)k
,

k=2 k=1
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we have Tn(x) > 0 and Qn(x) < 0 since 1 + vy < (1 + y)v < 1 as v > 1 and −1 < y < 0. Noting that 
1 − y < e−y < 1 for y > 0, we have

Cn(x) <
(
1 + 2v−1λvb−v

n x
)v−1 −

(
1 − bvn

2λv
Tn(x)

)
1 − μ(anx + bn)

1 − μ(bn)

< 1 −
(

1 − bvn
2λv

Tn(x)
)(

1 − μ(anx + bn)
)

<
bvn
2λv

Tn(x) + 2
(
1 − v−1)λv(anx + bn)−v

and

Cn(x) >
(
1 + 2v−1λvb−v

n x
)v−1 − 1 − μ(anx + bn)

1 − μ(bn)

> 1 + Qn(x) − 1
1 − μ(bn)

> 2Qn(x) − 4
(
1 − v−1)λvb−v

n .

Hence for large n we have

∣∣Cn(x)
∣∣ < ∣∣∣∣ bvn2λv

Tn(x)
∣∣∣∣ + 2

∣∣Qn(x)
∣∣ + 6

(
1 − v−1)λv(anx + bn)−v

if −d log bn < x < 0. Note that for large n

∣∣∣∣ bvn2λv
Tn(x)

∣∣∣∣ ≤ 2d2(1 − v−1)λvb−v
n (log bn)2

and

∣∣Qn(x)
∣∣ ≤ 4d

(
1 − v−1)λvb−v

n log bn

hold uniformly for all −d log bn < x < 0, and

(anx + bn)−v ≤ b−v
n

(
1 − 2dv−1λvb−v

n log bn
)−v

,

so that there exists a constant c1 > 0 satisfying

∣∣Cn(x)
∣∣ < c1b

−v
n (log bn)2.

Hence, for sufficiently large n,

∣∣−nϕn(x) + e−x
∣∣ = e−x

(
1 + 2v−1λvb−v

n x
)1−v∣∣Cn(x)

∣∣
< c1

(
1 − 2dv−1λvb−v

n log bn
)1−v

bd−v
n (log bn)2

< 1 (3.16)

uniformly for all −d log bn < x < 0. Combining with (3.14) and (3.16), we have |hn(x)| < 3 uniformly for 
−d log bn < x < 0. The desired result follows. �
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Lemma 3.7. For v �= 1, let α = min(1, v). For large n and −d log bn < x < cb
v/3
n ,

xrbvn
[
bvn
(
Fn
v (anx + bn) − Λ(x)

)
− kv(x)Λ(x)

]
is bounded by integrable functions independent of n, with r > 0, 0 < c < 1 and 0 < d < α, where an and bn
are given by (1.2), and kv(x) is given by (1 − v−1)λv(x2 + 2x)e−x.

Proof. We only consider the case of v > 1. For the case of 0 < v < 1, the proofs are similar and details are 
omitted here.

By Lemma 3.6, for large n we have

bvn
[
bvn
(
Fn
v (anx + bn) − Λ(x)

)
− kv(x)Λ(x)

]
< bvn

[
bvnhn(x) − kv(x)

]
Λ(x) + b2vn h2

n(x)
(

1
2 + exp

(∣∣hn(x)
∣∣))Λ(x)

< bvn
[
bvnhn(x) − kv(x)

]
Λ(x) + b2vn h2

n(x)
(

1
2 + e3

)
Λ(x),

where hn(x) = n logFv(anx + bn) + e−x.
Note that 

∫∞
−∞ xke−tx exp(−e−x)dx = (−1)kΓ (k)(t) is finite for t > 0 and nonnegative integers k. In the 

following we will show that both |bvn(bvnhn(x) −kv(x))| and |bvnhn(x)| are bounded by m(x)e−x, where m(x)
is a polynomial on x. Since proofs of the above two cases are similar, we only prove that |bvn(bvnhn(x) −kv(x))|
is bounded by m(x)e−x here. Rewrite

bvn
(
bvnhn(x) − kv(x)

)
= b2vn

(
−nϕn(x) + e−x − b−v

n kv(x)
)
− b2vn Rn(x). (3.17)

By (3.14), for large n we have

b2vn Rn(x) < λv−1

(1 − c0)21/vΓ (1/v)
(1 + 2(1 − v−1)λvb−v

n )bv+1
n

(1 + 2v−1λvb−v
n x)2v−2 e−x exp

(
− bvn

2λv
+ d log bn

)

<
λv−1

(1 − c0)21/vΓ (1/v)
(1 + 2(1 − v−1)λvb−v

n )bv+d+1
n

(1 − 2dv−1λvb−v
n log bn)2v−2 e−x exp

(
− bvn

2λv

)

< e−x (3.18)

for −d log bn < x < cb
v/3
n . Obviously, anx +bn > 0 if −d log bn < x < cb

v/3
n with large n. It follows from (3.1)

that

1 − Fv(anx + bn)
1 − Fv(bn) <

(anx + bn)1−vfv(anx + bn)
(1 + 2(1 − v−1)λvb−v

n )−1b1−v
n fv(bn)

= 1 + 2(1 − v−1)λvb−v
n

(1 + 2v−1λvb−v
n x)v−1 exp

[
− bvn

2λv

((
1 + 2v−1λvb−v

n x
)v − 1

)]

< 2e−x (3.19)

holds for all −d log bn < x < cb
v/3
n since 1 + vy ≤ (1 + y)v for v > 1 and −1 < y < 1. By Lemma 2 of Jia 

and Li [3], we have

1 − Fv(bn)
1 − Fv(anx + bn)e

−x = Av(n, x) exp
[ x∫ (

(v − 1)an
bn + ant

+ van(bn + ant)v−1

2λv
− 1

)
dt

]
,

0
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where

Av(n, x) = 1 + 2(v−1 − 1)λvb−v
n + 4(v−1 − 1)(v−1 − 2)λ2vb−2v

n + O(b−3v
n )

1 + 2(v−1 − 1)λv(anx + bn)−v + 4(v−1 − 1)(v−1 − 2)λ2v(anx + bn)−2v + O(b−3v
n )

with limn→∞ Av(n, x) = 1 uniformly for all −d log bn < x < cb
v/3
n . Rewrite

b2vn
(
−nϕn(x) + e−x − b−v

n kv(x)
)

= 1 − Fv(anx + bn)
1 − Fv(bn) b2vn

(
−1 + 1 − Fv(bn)

1 − Fv(anx + bn)e
−x

(
1 − kv(x)exb−v

n

))

= 1 − Fv(anx + bn)
1 − Fv(bn)

[
Gn(x) + Hn(x) + In(x) + Jn(x)

]
, (3.20)

where

Gn(x) = b2vn
(
Av(n, x) − 1

)
,

Hn(x) = b2vn Av(n, x)
[ x∫

0

(
(v − 1)an
bn + ant

+ van(bn + ant)v−1

2λv
− 1

)
dt−

(
1 − v−1)λv

(
x2 + 2x

)
b−v
n

]
,

In(x) = bvnAv(n, x)
(
1 − v−1)λv

(
x2 + 2x

) x∫
0

(
(v − 1)an
bn + ant

+ van(bn + ant)v−1

2λv
− 1

)
dt,

Jn(x) = b2vn Av(n, x)
(
1 −

(
1 − v−1)λv

(
x2 + 2x

)
b−v
n

) ∞∑
k=2

[
∫ x

0 ( (v−1)an

bn+ant
+ van(bn+ant)v−1

2λv − 1)dt]k

k! .

First, we consider the bound of Gn(x). For the case of 0 ≤ x < cb
v/3
n , we have

∣∣Gn(x)
∣∣ < (

1 − 2
(
1 − v−1)λv(anx + bn)−v

)−1
b2vn

×
∣∣2(v−1 − 1

)
λvb−v

n

(
1 −

(
1 + 2v−1λvb−v

n x
)−v)

+ 4
(
v−1 − 1

)(
v−1 − 2

)
λ2vb−2v

n

(
1 −

(
1 + 2v−1λvb−v

n x
)−2v) + O

(
b−3v
n

)∣∣
<

(
1 − 2

(
1 − v−1)λvb−v

n

)−1[4(1 − v−1)λ2vx + 16
(
1 − v−1)(2 − v−1)λ3vb−v

n x + O
(
b−v
n

)]
< 1 + 8λ2v(1 + 8λv

)
x (3.21)

due to 1 − vy < (1 + y)−v < 1 for v > 0 and y > 0. Next consider the case of −d log bn < x < 0. Noting 
that 1 + vy < (1 + y)v < 1 for v > 1 and −1 < y < 0, we have

∣∣Gn(x)
∣∣ < (

1 − 2
(
1 − v−1)λv(bn − dan log bn)−v

)−1
b2vn

×
∣∣2(v−1 − 1

)
λvb−v

n

(
1 − 2dv−1λvb−v

n log bn
)−v((1 + 2v−1λvb−v

n x
)v − 1

)
+ 4

(
v−1 − 1

)(
v−1 − 2

)
λ2vb−2v

n

(
1 − 2dv−1λvb−v

n log bn
)−2v((1 + 2v−1λvb−v

n x
)2v − 1

)
+ O

(
b−3v
n

)∣∣
< 1 + 16λ2v(1 + 8λv

)
|x| (3.22)

for large n. Similarly, for the bounds of Hn(x), In(x) and Jn(x), as −d log bn < x < cb
v/3
n we have

∣∣Hn(x)
∣∣ < 2

(
1 − v−1)∣∣2−1vλ−v − d

∣∣−1
λvx2 + 4(1 − v−1)∣∣1 − 2v−1∣∣λ2v|x|3, (3.23)
3
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∣∣In(x)
∣∣ < 2

(
1 − v−1)λv

(
x2 + 2|x|

)[ v − 1
|2−1vλ−v − d| |x|

+
(
1 − v−1)λvx2 + 4

3
(
1 − v−1)∣∣1 − 2v−1∣∣λ2v|x|3

]
(3.24)

and

∣∣Jn(x)
∣∣ < 2 exp

(
2(v − 1)d

1 − d

)(
1 +

(
1 − v−1)λv

(
x2 + 2|x|

))

×
[

v − 1
|2−1vλ−v − d| |x| +

(
1 − v−1)λvx2 + 4

3
(
1 − v−1)∣∣1 − 2v−1∣∣λ2v|x|3

]2

(3.25)

for large n. Hence, we derive the desired result by combining (3.17)–(3.25) together. �
For v = 1, noting that the GED(1) is the Laplace distribution with pdf given by

f1(x) = 2−1/2 exp
(
−21/2|x|

)
, x ∈ R, (3.26)

the distributional tail can be written by

1 − F1(x) = 2−1/2f1(x) = 2−1 exp
(
−21/2) exp

(
−

x∫
1

1
f(t)dt

)
, x > 0 (3.27)

with f(t) = 2−1/2. For the Laplace distribution, we have the following results. Details are omitted here since 
the arguments are similar to that in the case of v > 1. Recall that the norming constants an = 2−1/2 and 
bn = 2−1/2 logn/2 as v = 1.

Lemma 3.8. For 0 < d < 1 and arbitrary nonnegative real number j, we have

lim
n→∞

n2

−db1/2
n∫

−∞

|x|jΛ(x)dx = 0, lim
n→∞

n

−db1/2
n∫

−∞

|x|je−2xΛ(x)dx = 0 (3.28)

and

lim
n→∞

n2

−db1/2
n∫

−∞

|x|jFn
1 (anx + bn)dx = 0. (3.29)

Lemma 3.9. For v = 1, let hn(x) = n logF1(anx + bn) + e−x with an = 2−1/2, bn = 2−1/2 log n/2. For 
sufficiently large n, we have |hn(x)| < 2 uniformly for all x > −db

1/2
n with 0 < d < 1. Furthermore, for 

x > −db
1/2
n , xrn[n(Fn

1 (anx + bn) −Λ(x)) + 1
2e

−2xΛ(x)] is bounded by integrable functions independent of n, 
where r > 0 and 0 < d < 1.

4. Proofs

By Proposition 2.1(iii) in Resnick [15], we have

lim
n→∞

mr(n) = lim
n→∞

E
(
Mn − bn

an

)r

= mr =
∞∫

xrdΛ(x) = (−1)rΓ (r)(1),

−∞
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since 
∫ 0
−∞|x|rfv(x)dx < ∞ for all positive integers r, where Γ (r)(1) denotes the rth derivative of the gamma 

function at x = 1. Hence, for large n, mr(n) is finite and

mr(n) −mr =
∞∫

−∞

xr
(
Fn
v (anx + bn) − Λ(x)

)′
dx

=
∞∫

−∞

xrd
(
Fn
v (anx + bn) − Λ(x)

)
.

Noting that 
∫ 0
−∞|x|rfv(x)dx < ∞ implies that limx→−∞|x|rFv(x) = 0, and by the Cr-inequality, we 

have

0 ≤ lim
x→−∞

sup|x|rFn
v (anx + bn) ≤ lim

y→−∞
2r−1(|y|r + |bn|r)

arn
Fn
v (y) = 0,

which implies

lim
x→−∞

xrFn
v (anx + bn) = 0. (4.1)

Hence, by (3.9) and (4.1), we have

lim
x→∞

xr
(
Fn
v (anx + bn) − Λ(x)

)
= lim

x→∞
xr

(
1 − Λ(x)

)
− lim

x→∞
xr

(
1 − Fn

v (anx + bn)
)

= 0

and

lim
x→−∞

xr
(
Fn
v (anx + bn) − Λ(x)

)
= lim

x→−∞
xrFn

v (anx + bn) − lim
x→−∞

xrΛ(x) = 0.

So, by integration by parts, we have

mr(n) −mr = −r

∞∫
−∞

xr−1(Fn
v (anx + bn) − Λ(x)

)
dx (4.2)

and

∞∫
−∞

xr+1e−2xΛ(x)dx = −(r + 1)mr + mr+1. (4.3)

For v �= 1, by (3.3), (4.2) and (4.3), Lemmas 3.3–3.7, and the dominated convergence theorem, we have

bvn
[
bvn
(
mr(n) −mr

)
+

(
1 − v−1)λvr(mr+1 + 2mr)

]

= −r

∞∫
−∞

bvn
[
bvnx

r−1(Fn
v (anx + bn) − Λ(x)

)
− xr−1kv(x)Λ(x)

]
dx

= −r

∞∫
v/3

b2vn xr−1[(1 − Λ(x)
)
−
(
1 − Fn

v (anx + bn)
)]
dx + r

∞∫
v/3

bvnx
r−1kv(x)Λ(x)dx
cbn cbn
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− r

cbv/3
n∫

−d log bn

xr−1bvn
[
bvn
(
Fn
v (anx + bn) − Λ(x)

)
− kv(x)Λ(x)

]
dx

− r

−d log bn∫
−∞

b2vn xr−1(Fn
v (anx + bn) − Λ(x)

)
dx + r

−d log bn∫
−∞

bvnx
r−1kv(x)Λ(x)dx

→ −r

∞∫
−∞

(
wv(x) + k2

v(x)
2

)
xr−1Λ(x)dx

= 2rλ2v(1 − v−1)[((1 − v−1)(r + 1) + 2
)
mr +

((
1 − v−1)(r + 1) + 1

)
mr+1

+
(

1
4
(
1 − v−1)(r − 1) + 1

3
(
2 − v−1))mr+2

]

as n → ∞, which is (2.1).
For the case of v = 1, first note that

∞∫
−∞

xke−mxΛ(x)dx = (−1)kΓ (k)(m)

for all nonnegative integers k and m, where Γ (r)(m) denotes the kth derivative of the gamma function at 
x = m. By (3.4) and (4.2), Lemmas 3.8–3.9, and the dominated convergence theorem, we have

n

[
n
(
mr(n) −mr

)
+ (−1)r r2Γ

(r−1)(2)
]

= −r

∞∫
−∞

n

[
xr−1n

(
Fn

1 (anx + bn) − Λ(x)
)

+ 1
2x

r−1e−2xΛ(x)
]
dx

= −r

∞∫
−db

1/2
n

n

[
xr−1n

(
Fn

1 (anx + bn) − Λ(x)
)

+ 1
2x

r−1e−2xΛ(x)
]
dx

− r

−db1/2
n∫

−∞

n

[
xr−1n

(
Fn

1 (anx + bn) − Λ(x)
)

+ 1
2x

r−1e−2xΛ(x)
]
dx

→ r

∞∫
−∞

xr−1
(

1
3e

−3x − 1
8e

−4x
)
Λ(x)dx

= (−1)r−1 r

24
[
8Γ (r−1)(3) − 3Γ (r−1)(4)

]
as n → ∞, which is (2.2).

The proofs are complete. �
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