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1. Introduction

In this paper, the direct and inverse spectral analysis of a class of infinite real symmetric band matrices,
denoted M(n, o), is carried out with emphasis in the inverse problems of characterization and reconstruc-
tion. The matrices under consideration, defined in the paragraphs below, arise from difference equations
with initial and left endpoint boundary conditions together with the so called inner boundary conditions.
Inner boundary conditions are given by degenerations of the diagonals (see the paragraphs above Defini-
tion 1 and equation (2.4)). Each matrix in M(n,c0) generates uniquely a closed symmetric operator for
which we give a spectral characterization. More specifically, we provide necessary and sufficient conditions
for a matrix-valued function to be a spectral function of the operators stemming from our class of matri-
ces (see Definition 5 and Theorems 5.1 and 5.2). As a byproduct of the spectral analysis of the operators
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corresponding to matrices in M(n, o0), we find an if-and-only-if criterion for degeneration in terms of the
properties of polynomials in an Lo space (see Theorem 3.1).

Although the inverse spectral problems for Jacobi matrices have been studied extensively (see for instance
[7-9,14,19,22-24,34-36] for the finite case and [10,11,13,14,20,21,37,38] for the infinite case), works dealing
with band matrices, not necessarily tridiagonal, are not so abundant (see [5,17,18,27-29,32,41,42] for the
finite case and [3,16] for the infinite case).

Let H be an infinite dimensional separable Hilbert space and fix an orthonormal basis {0 }72 ; in it. We
study the symmetric operator A whose matrix representation with respect to {05 }72; is a real symmetric
band matrix which is denoted by A (see [2, Sec. 47] for the definition of the matrix representation of an
unbounded symmetric operator).

We assume that the matrix .4 has 2n+ 1 band diagonals (n € N), that is, 2n+ 1 diagonals not necessarily
zero. The band diagonals satisfy the following conditions. The band diagonal farthest from the main one,
which is given by the diagonal matrix diag{d,(cn)}zozl, denoted by D,,, is such that, for some m; € N, all the

(n) _

numbers dg"), . ,dﬁgﬁ_l are positive and d;/’ = 0 for all k > my with

my > 1. (1.1)

It may happen that all the elements of the sequence {dgl)} keN are positive which we convene to mean that
mq = OQ.

(n—1)
m1+k
the same way as the elements of D,,, that is, there is ms, satisfying

Now, if m; < oo, then the elements {d 172, of the diagonal next to the farthest, D,,_1, behave in

my <My, (1.2)
such that dg:;:l), .. ,dﬁ,?;_lf > 0 and d,(cn_l) = 0 for all k& > ms. Here, it is also possible that mo = 0o in
which case d;"_l) > 0 for all k& > m.

We continue applying the same rule as long as mq,...,m; are finite. Thus, if m; < oo, there is m;41,
satisfying

mj < Mgy, (1.3)

such that ds:f;jl), . ,dfg;i)fl > 0 (here we assume that m; +1 < m;11) and d,g"_j) =0 for all £ > mjq1.

If m; = oo, then d,(:l_j) > 0 for all £ > m;. Eventually, there is jo < n — 1 such that m;,4+; = co. We allow
Jjo to be zero, which accordingly means that m; = oc.

If jo > 1, as long as j < jo, we say that the diagonal corresponding to D,,_; undergoes degeneration at
m;y1. Note that the diagonal corresponding to D,,_;, does not degenerate. Also, jo defines the number of
degenerations that the matrix A has.

Definition 1. For a natural number n, the set of matrices satisfying the above properties is denoted by
M(n,00). The set of numbers {m;}J2, characterizes the degenerations of the diagonals. For a matrix
without degenerations, this set is empty.

A matrix in M(n, c0) has the particular structure illustrated in Fig. 1. Due to transformations similar
to the one given in [39, Lem. 1.6], this class of matrices is wider than it seems. We shall see in Section 2
that the rows where there are degenerations and the ones where there are not (cf. (2.12) and (2.10)) give
rise to difference equations playing different roles in the spectral analysis of the operator corresponding to
the matrix. This is so even when all entries denoted by gray squares are zero.
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degenerations

(the dashed arrow points to
two consecutive degenera-
tions, i.e., when mj;; =
m;j + 1)

Zeros

real numbers
B positive numbers

Fig. 1. The structure of a matrix in M(n, 00).

Fig. 2. Mass-spring system corresponding to a Jacobi matrix.

Remark 1. Define the number ng := n — jo. Note that the “tail” of the matrix, that is, the semi-infinite

submatrix obtained by removing the first m;, columns and rows, has 2ny + 1 diagonals and the diagonal

Dy, has only positive numbers.

An example of a matrix in M(3,00), when m; = 3 and my = 5, is the following.

0 1
1 0
2 1

3 2
d® a5

A =
0 d¥
0 0
0 0

d®
)
)
d$)
ds
0
0

3
d®

¥

s

)

i)

0

d)

For this realization of A, we say that it underwent a degeneration of the diagonal D3 in m; = 3 and a

degeneration of Dy in my = 5. Note that, in this case, jo = 2.

It is known that the dynamics of an infinite linear mass-spring system (see Fig. 2) is characterized by the

spectral properties of a semi-infinite Jacobi matrix [10,11] when the system is within the regime of validity

of the Hooke law (see [15,31] for an explanation of how to obtain the matrix from the mass-spring system

in the finite case). The entries of the Jacobi matrix are determined by the masses and spring constants of

the system [9-11,15,31]. The movement of the mechanical system of Fig. 2 is a superposition of harmonic

oscillations whose frequencies are the square roots of absolute values of the Jacobi operator’s eigenvalues.

Analogously, one can deduce that a self-adjoint extension of the minimal closed operator generated by a

matrix in M(n, co0) models a linear mass-spring system where the interaction extends to all the n neighbors
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Fig. 4. Mass-spring system of a matrix in M (2, co): degenerated case.

of each mass (cf. [29, Appendix]). For instance, if the matrix is in M(2,00) and no degeneration of the
diagonals occurs, viz. m; = 0o, the corresponding mass-spring system is given in Fig. 3. If for another matrix
in M(2,00), one has degeneration of the diagonals, for instance m; = 4, the corresponding mass-spring
system is given in Fig. 4.

In this work, the approach to the inverse spectral analysis of the operators whose matrix representation
belongs to M(n, 00) is based on the one used in [27-29] which deals with the finite dimensional case. As in
those papers, an important ingredient of the inverse spectral analysis is the linear interpolation of vector
polynomials. For this paper, as well as in [29], we use the theory of linear interpolation of n-dimensional
vector polynomials, recently developed in [30].

This paper is organized as follows. In Section 2, we present the results obtained in [29] on the spectral
measures of the operators corresponding to finite dimensional matrices being an upper-left corner of a
matrix in M(n,o00). These finite dimensional operators play an auxiliary role in the spectral analysis of
operator A. Later, in Section 3, we construct a matrix-valued function for each element of M(n, co) having
the properties of a spectral function. Section 4 deals with various criteria for the operator A to be self-adjoint
and gives the spectral function of A, touching upon some of their properties. Finally, in Section 5, we deal
with the problem of reconstruction and characterization.

2. Spectral analysis of submatrices

Fix N > n. The spectral analysis of the operator A is carried out by means of the auxiliary operator
Py A 3y, where Hy = span{d;} |, and Py, is the orthogonal projection onto the subspace Hy. Note
that Py A [, can be identified with the operator whose matrix representation is the finite dimensional
submatrix corresponding to the N x N upper-left corner of a matrix in M(n, o0) (cf. (1.4)). We denote the
class of these N x N matrices by M(n, N) and the corresponding operator in Hy is denoted by XN.

According to [29, Sec. 2], the spectral analysis of the operator An can be carried out by studying a system
of N equations, where each equation, given by a fixed k € {1,..., N}, is of the form (cf. [29, Eq. (2.2)])

n—1 n

n—i 0 i

S d N ionngi + Aok + > d o = zon, (2.1)
i=0 i=1

where it has been assumed that

=0, fork<l, (2.2a)
=0, fork>N. (2.2b)

One can consider (2.2) as boundary conditions where (2.2a) is the condition at the left endpoint and
(2.2b) is the condition at the right endpoint.
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The system (2.1) with (2.2), restricted to k € {1,2,..., N} \ {m; 3021 when there are degenerations, can
be solved recursively whenever the first n entries of the vector ¢ are given. Let ¢U)(z) (j € {1,...,n}) be
a solution of (2.1) for all k € {1,2,..., N} \ {m;}}°, such that

<5i,<p(j)(z)> =ty fori=1,...,n, (2.3)
where T = {t;;},_, satisfies

I) Tis n X n upper triangular with real entries.

1) T1°, tii # 0.

Each matrix T yields a system of solutions {) (2)}7_, that constitutes a basis in the space of solutions
of (2.1) and (2.2a).

The condition given by (2.3) can be seen as the initial conditions for the system (2.1) and (2.2a). We
emphasize that, given the boundary condition at the left endpoint (2.2a) and the initial condition (2.3),
the system (2.1), restricted to k € {1,2,..., N} \ {m; g“zl in the presence of degenerations, has a unique
solution for any fixed j € {1,...,n} and z € C.

The degenerations, which the diagonals of matrices in M(n, N) undergo, are related to another kind of
Jo |, give rise to the inner

1=

“boundary conditions”. Indeed, the equations of the system (2.1), when k € {m;
boundary conditions (of the right endpoint type) (cf. [29, Eq. (2.8)]).

Let {z;}¥, be the spectrum of the operator Ay, denoted spec Ay. The eigenvector a(x;) corresponding
to the eigenvalue x;, normalized in such a way that ||a(x;)|| = 1, can be decomposed as follows

alw) =Y aj(@)e? (z), (2.4)
j=1

where «;(z;) € C. It follows from (2.1), (2.2), and (2.3), that

Z|aj($k)| >0 forall ke{l,...,N}
j=1

and

N
Z\aj(xkﬂ >0 forall je{1,...,n}. (2.5)
k=1

The operator A has a matrix-valued spectral function

o (a0) Oél(ﬂ?l)%(g?l) (@)oo ()
o7 (1) = Z az(xz):a1(:m) |a2(:$z)| ag(xl):an(xl) 26)
(o (@) an(@)az(z) ... lag(a))

with the following properties:

a) It is a nondecreasing monotone step function which is continuous from the left.
b) Each jump is a matrix of rank not greater than n.
¢) The sum of the ranks of all jumps equals N.
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Note that the matrices in the sum on the right-hand side of (2.6) are the tensor product of the vector

Ozl(Il)

with the complex conjugate of itself.

anixz)
The relationship between the spectral functions O'](‘J\} for an arbitrary T and the case T = I is given by the

following equation which is proven in [29, Pro. 2.1].
T*/dom:/do—{v =1. (2.7)
R R

Consider the Hilbert space La(R, O’%) with the usual inner product which we assume to be antilinear in
the first argument (for the definition of La(R,o3;), see [2, Sec. 72]). Clearly, property c) above implies that
Ly (R, U}J\;) is an N-dimensional space. By polynomial interpolation, one verifies that in each equivalence
class there is an n-dimensional vector polynomial.

Define the vectors

p,:=Te, fork=1,...,n, (2.8)

where {e}}_; is the canonical basis in C”, i.e.,

1 0 0

0 1 . 2.9)
e = . ,€ey = . ey, € = : . 2.9

: : 0

0 0 1

Taking {p, }7_, as initial conditions of the recurrence equation

n—1 n
n—i 0 i j
Z dl(c—nj-ipkfnJri(Z) + dé )Pk(z) + Z dl(c)kari(z) =zpp(2), keN\{m; §'0=1 ) (2.10)
i=0 i=1
where it is assumed that
p,=0, for k<1, (2.11)
one obtains a sequence {p,(z)}72, of vector polynomials. The next assertion is proven in [29, Lem. 2.2].

Proposition 2.1. For any natural number N > n, the vector polynomials {p;,(2)}i_,, defined by (2.10),
satisfy

<Pj7pk>L2(R,a?V) = jk
forj,ke{l,...,N}.

Let U : Hy — La(R, 0%;) be the isometry given by Udy — py, for all k € {1,..., N}. Under this isometry
the operator Ay becomes the operator of multiplication by the independent variable in L2 (R, o3;) (see [29,

Sec. 2]).
Define
n—1 n—j
n—k
q;(2) = (2 = d)py, (2) = > d0 ) P in(2) = D A, i (2) (2.12)
k=0 k=1

fOI‘jE{l,...,jo}.
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Using the same reasoning as in [29, Thm. 3.1], one proves that, for any natural number N > ng + m;,
(see Remark 1), the vector polynomials {q;(z)};., satisfy

<qj7qj>L2(]R’g'R}) =0. (213)

The existence of polynomials of zero norm in La(R,o3) is related to a linear interpolation problem
consisting in the following: Given collections of numbers {z;}1_, and {«; (k)}j—y (k=1,...,N), find the
scalar polynomials R;(z), (j =1,...,n), which satisfy the equation

iaj(k)Rj(Zk):O, VkE{l,,N}

This is equivalent (see [30, Sec. 4]) to finding n-dimensional vector polynomials satisfying

(r(2),7(2) Loy =0, 7(2) = (Ri(2), Ra(2)...., Ra(2))" . (2.14)

In [30], it was found that the solutions of the linear interpolation problem given by (2.14) are determined
by a set of n vector polynomials called generators [30, Thm. 5.3]. Let us introduce some concepts related
to the generators of a linear interpolation problem (for a detailed account of this, see [30, Secs. 2 and 4]).

Definition 2. Let 7(z) = (R1(2), R2(2), ..., Rn(2))" be an n-dimensional vector polynomial. The height of
r(2) is the number

h(r):= max {ndeg(R;)+j—1},
je{1,...,n}

where it is assumed that deg0 := —oo and h(0) := —oc.
Note that we have defined the vector polynomials {e}}_; so that
heg) =k —1. (2.15)

The following assertion is proven in [30, Thm. 2.1] (see also [29, Prop. 3.1]). We reproduce it here for the
reader’s convenience.

Proposition 2.2. If a collection of n-dimensional vector polynomials {g,(z) 3:1 (5 > 1) satisfy h(g;,) =i—1
foralli e {1,...,7}, then any vector polynomial r(z) with height j — 1 can be written as follows

r(2) = Z cigi(2)

where ¢; € C for alli e {1,...,n} and ¢; # 0.

Definition 3. The first generator of the linear interpolation problem given by (2.14) is the n-dimensional
vector polynomial satisfying (2.14) and having the least height. For & > 1, the k-th generator g, of the
linear interpolation problem is a solution of (2.14) with least height such that it cannot be written as a
linear combination of

{R;(2)a;(2)}}=1

where g;(2) is the j-th generator of the linear interpolation problem and R;(z) is a scalar polynomial.



M. Kudryavtsev et al. / J. Math. Anal. Appl. 445 (2017) 762-783 769

Having the concepts of height of a vector polynomial and generator of the interpolation problem (2.14)
at hand, we invoke results from [29] and [30]. First we agree on the following.

Convention 1. From now on, we consider the natural number N to be no less than ng+m;, (see Remark 1).

Proposition 2.3. (/29, Thm. 5.1]) The vector polynomials {q;(z) ;‘):1 are the first jo generators of the linear
interpolation problem given by (2.1]) (see [29, Sec. 3]). Moreover, for j =1,...,jo, the numbers h(q;) are

different elements of the factor space Z/nZ [30, Lem. 4.5].

The heights of the vector polynomials {p,}72,, 41 are determined recursively by means of the sys-
tem (2.10). Indeed, for any m; < k < mj11, with j =0,..., jo, one has the equation

0 1 n—j
o+ dpy + AP+ 4 dy J)pk+n—j = “Pk >

where we have assumed that mg = 0. Since dlgnfj )

one of zp,,. Thus

never vanishes, the height of p,,_; coincides with the

h(Prsn—j) =n+h(py). (2.16)
If there are no degenerations of the diagonals, then (2.16) implies that
h(p,)=k—1, forallkeN. (2.17)

On the other hand, in the presence of degenerations, one verifies from (2.12) and (2.16) that

h(py) # h(pp,) +n = h(g;), (2.18)

forany ke Nand j =1,...,Jo.

Lemma 2.1. For any nonnegative integer s, there exist k € N or a pair j € {1,...,j0} and 1 € NU{0} such
that either s = h(p,) or s = h(q;) + nl.

Proof. This proof repeats the one of [29, Lem. 3.3]. We have reproduced it here for the reader’s convenience.
Due to (2.16), it follows from (2.8) and (2.15) that

hp,)=k—-1 fork=1,...,h(q,) (2.19)

(cf. (2.17)).

Suppose that there is s € N (s > n)Asuch that s # h(p;) for all k € Nand s # h(q;) + nl for
all j € {1,...,j0} and I € NU {0}. Let [ be an integer such that s —nl € {h(py)}zZ, U {h(q;) + nl}
(e{l,...,jo} and I € NU{0}). There is always such an integer due to (2.19) and h(q,) > n (see (2.18)).
We take [y to be the minimum of all I’s. Thus, there is ¥’ € N or j’ € {1,...,70}, respectively, such that
either

a) s —nly = h(py) or
b) s —nlo = h(q;) + nl, with [ € NU {0}.

In the case a), we prove that [y is not the minimum integer, this implies the assertion of the lemma. Indeed,
if there is j € {1,...,jo} such that k&' = m;, then s — nly +n = h(p,,,) +n = h(q;) due to (2.18). If there
is not such j, then m; < ki< mji1 and (2.16) implies s — nly +n = h(py) +n = WPy jn_j)-

For the case b), if s —nlo = h(q,,) + nl, then s = h(q,,) +n(l + lo) which is a contradiction. O
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As a consequence of Proposition 2.2, the above lemma yields the following result.
Corollary 2.1. Any vector polynomial v(z) is a finite linear combination of
{p,(z) : k e N} U {zlqj(z) :1eNU{0},5e{1,...,50}}, (2.20)
where if jo = 0, the second set in (2.20) is empty.

To conclude this section, we use the canonical basis of C™ (see (2.9)) to define a family of vector polyno-
mials for ke Nand i =1,...,n.

enk+i(z) = ZFe; . (2.21)
Observe that
(enkvi(t); €niti(t) 1, ro7) = /tkHdU%(i,j)a (2.22)
R

where o3;(i, j) is given by (e;, o3 (t)e;) (the entry at i, j of the matrix-valued function (2.6)).

For k=0,1,..., [w—‘, where [-] is the ceiling function, denote the matrix moments of o3, by
Sp(T) := / th do?; . (2.23)
R

On the basis of Corollary 2.1, one verifies that the matrix moments of o3, coincide with the ones of U?I\7
for any N > N. This explains why we have dropped the N in the notation of Sj(7).

Remark 2. Note that, for any natural number k, there exists N € N such that So(7T) is given by (2.23) and
it is a positive definite matrix.

3. Spectral analysis of infinite symmetric band matrices

In this section, we construct a matrix-valued function for each element of M(n, co) having the properties
of a spectral function. To this end, we give defining criteria for a measure to be a spectral function of a
matriz in the class M(n,00). By our definition, any spectral function o of A in M(n,c0) is the spectral
function of some self-adjoint extension of the minimal closed operator A generated by A (see [2, Sec. 47])
so that this self-adjoint operator is transformed by a unitary isometric map, which can be regarded as a
Fourier transform, into the operator of multiplication by the independent variable defined on its maximal
domain in some space Ly(R,o) (for the definition of this space, see [2, Sec. 72]). It is worth remarking
that not all the spectral functions of a matrix in M(n, co) correspond to a self-adjoint extension A of the
minimal closed operator generated by A such that A C A* (see Remark 4).

The results of this section and the next one provide a complete description of all possible spectral functions
that can be associated with some element of M(n,c0) by our criteria.

Definition 4. A nondecreasing n x n matrix-valued function ¢ with finite moments, such that fR do is
invertible, is called a spectral function of a matrix A in M(n,o0) if and only if there exists T satisfying I)
and IT) (see (2.3)) such that {p;,}32, is an orthonormal sequence in Ly(R, o) and, for each j € {1,...,50},
g, is in the equivalence class of zero in L (R,0).
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Remark 3. The spectral function o of a matrix in M(n,c0) has an infinite number of growth points.
Indeed, if o had a finite number of growth points, then Ls(R, o) would be a finite dimensional space and
correspondingly the sequence of vector polynomials {p; }; would be finite.

As a consequence of Corollary 2.1, all the vector polynomials are in Lo(R,0) when o is a spectral
function of a matrix in M(n,c0). Moreover the polynomials are dense in Ly(R, o) when the orthonormal
system {p, }7°, turns out to be complete.

On the basis of Definition 4, one can construct an isometric map between the original space H and
the subspace being the closure of the polynomials in Ly(R, ). This isometric map, which will be denoted
by U, is realized by associating the orthonormal basis {05}, with the orthonormal system {p;}32,, i.e.,
Uy, = p;, for all k € N. Furthermore, under this map, the operator A is transformed into some restriction of
the operator of multiplication by the independent variable. Indeed, if ¢ = >".7; ¢xdy is an element of the
domain of A, then f = 220:1 wrPy is in the domain of the operator of multiplication by the independent
variable and

UAUTLf(t) = tf(t).

Lemma 3.1. Let A be an element of M(n,o00) and o3, be the matriz-valued spectral function of the corre-
sponding operator Ay for a fized matriz T satisfying I) and II). Then, there exists a subsequence {a}{,i};?il

converging pointwise to a matriz-valued function o” .

Proof. In view of (2.7), the hypothesis of Helly’s first theorem for bounded operators [6, Thm. 4.3] is
satisfied in any bounded interval (cf. [33, Sec. 8.4] for the scalar case), therefore the statement follows. The
generalization of Helly’s first theorem given in [6, Thm. 4.3] is based on applying the scalar theorem to the
bilinear form of the sequence of operators (for fixed elements in the Hilbert space) in a diagonal process
fashion using the boundedness of the operators and the separability of the space. This yields the assertion
in the sense of weak convergence. Using the fact that uniform and weak convergence are equivalent in finite
dimensional spaces, one obtains the assertion. O

The following proposition is obtained by applying [6, Thm. 4.4] to the result above and taking into
account that the matrix o3, is finite dimensional for any N > n.

Proposition 3.1 (Helly’s generalized second theorem). Suppose that the function f(t) is continuous in the
real interval [a,b], where a and b are points of continuity of o’ (t) (see Lemma 3.1). Then there erists a
subsequence {03, }22, such that

b b
/ ) do3. () — [ £ty do”(2).

i—00
a

With these results at hand, we prove the following assertions.
Lemma 3.2. There exists a subsequence {a%i};ﬁl such that
/tk do;{,i = /tk do”
R R

2h
for any nonnegative integer k < [y—‘ (see (2.23)).
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Proof. If one assumes that —a < 0 and b > 0 are two points of continuity of ¢” (), then, it follows from
Proposition 3.1 that

b b
/ t*do” = lim [ t*do}, .
71— 00 ;

—a —a

On the other hand, given a number r such that » > k, then for r < [w—‘

[eS) b

/—/tk da%i
—00 —a

oo

—a oo —a tr
[oJrar)-| [ [
—00 b —o00

b

T 15,(T)]
r T T
Crfk /+/t daNi S Crfk ’
—00 b

where ¢ = min{a, b} and S,(T) = [, t" do}; (the integral is convergent due to Proposition 2.1). Thus,

b

—a

This yields the assertion when one makes a and b tend to oo in such a way that —a and b are all the time
points of continuity of o7 (¢). O

From the previous lemma, one directly obtains the following result.

Corollary 3.1. The spectral function o7 to which a subsequence of {03 }3_o converges according to
Lemma 3.1 is a solution of a certain matriz moment problem given by {Sk(T)}72,.

Lemma 3.3. Any A € M(n,0) has at least one spectral function (in the sense of Definition 4).

Proof. It follows directly from Proposition 2.1 and Lemma 3.2 that the vector polynomials {p,(2)}32,,
defined by (2.9) and (2.10), satisfy

<pjﬂpk>L2(]R7o.’I) = 6]k

for j, k € N, where o7 is the function given by Lemma 3.1. Now, fix j € {1,...,jo} and consider N according
to Convention 1. Thus,

0= oyl ) = [ (s do%as)
R

By Lemma 3.2 there is a subsequence {03 }52; such that, beginning from some i € N,

2
0=/<‘1j’d01f{/iqj>:/<qjvd‘77qj>: quHLQ(]R,oT)' =
R R
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Remark 4. Let A be in M(n,00) and o be the spectral function of A according to Definition 4. If the
moment problem associated with o turns out to be determinate, then there is just one solution of the
moment problem and this solution, i.e. o, corresponds to a spectral function of the operator A which turns
out to be self-adjoint [12, Sec. 2]. In this case, the function 7 given by Lemma 3.1 will be the unique
solution to its corresponding moment problem. Note that one could associate another spectral function
to A by considering a different matrix T (see (2.3)), but the moment problem for it would be different
(and also determinate). If the moment problem is indeterminate, then there are various solutions of the
moment problem and each solution & is a spectral function of A since the sequence of polynomials {p, }?° ,
is orthonormal in Ly(R, ) for any solution . In this case, & not necessarily corresponds to the spectral
function of a canonical self-adjoint extension of the operator A (by a canonical self-adjoint extension of the
symmetric operator A we mean a self-adjoint restriction of A*). Indeed, the solution & is the spectral function
of a canonical self-adjoint extension if and only if the polynomials are dense in Lo(R, 7). We expect that the
spectral function ¢”, to which a subsequence of {01‘{,}?\‘,’:2 converges according to Lemma 3.1, be such that
the polynomials are dense in Lo(R,o”). This matter, together with other questions on characterization of
the functions o7 will be dealt with in a forthcoming paper.

Definition 5. The set of all n x n-matrix-valued functions with an infinite number of growing points such
that all the moments {S;}72 | exist and Sy is invertible is denoted by M(n, co). Besides, My(n, 0o) denotes
the subset of M(n, 0o) for which the sequence of matrix moments generates a determinate matrix moment
problem.

Theorem 3.1. Let A be in M(n,00) and jo be the number of degenerations of A (see the paragraph above
Definition 1). For any spectral function o of A, it holds true that:

i) (Nondegenerate case) If jo = 0, i.e., the matriz A does not undergo degenerations, then there are no
vector polynomials in the equivalence class of the zero of the space Lo(R, o), i.e.,

(r(2),7(2) [yr0) =0 = 1=0.

it) (Degenerate case) If jo > 0, then all the polynomials q4, . . ., q,, are in the equivalence class of zero and
any polynomial 7(2) in this equivalence class can be written as

r(z) =) Rj(2)g;(2), (3.1)

j=1
where R;(z) is a scalar polynomial.

Proof. First one proves ii). The first part of the assertion follows immediately from Definition 4. Suppose
that there is a nontrivial vector polynomial 7(z) in the equivalence class of zero with height r. Therefore,
by Corollary 2.1

Jo

l
r(z) =) epi(z) + Y Ry(2)g,(2), (3.2)
k=1

Jj=1

where max{h(p;), max {h(R;q;)}} = r. Furthermore,
J=1-J0

ek = (r(2),Pr(?) p,m,ey forallke{l,....0}. (3.3)
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Fig. 5. Tail of matrix A.

And, since r(z) is in the zero class, the right-hand side of the equality in (3.3) is always zero. Hence,
(3.1) holds true.

To prove i), one uses again (3.2) taking into account Corollary 2.1. Then (3.3) shows that the only vector
polynomial in the zero class is the zero polynomial. O

Remark 5. The assertion ii) of Theorem 3.1 can be interpreted as follows. If the spectral function of A
has a countable set of growth points not accumulating anywhere, then the spectrum of the operator of
multiplication consists only of eigenvalues which, due to the fact that o is an n x n matrix, have multiplicity
not greater than n. Let {z;}7°, be the eigenvalues of the multiplication operator by the independent variable
in Ls(R,0) enumerated taking into account their multiplicity. Hence the vector polynomials {qj }gozl are
generators of the interpolation problem

(r(x),omr(x))en =0, [EN, (3.4)

where o7 is a matrix of the same form as right-hand side of (2.6) and has the same properties. Note that
(3.4) yields a linear interpolation problem with an infinite set of nodes of interpolation.

4. Spectral functions in the self-adjoint case

The operator A is symmetric and, by definition, closed. In this section, we are interested in the case when
A = A*. So let us touch upon some criteria for self-adjointness of A.

Our first criterion is based on the fact that any semi-infinite band matrix can be considered as a block
semi-infinite Jacobi matrix. Indeed, any semi-infinite band matrix with 2n + 1 diagonals is equivalent to
a semi-infinite Jacobi matrix where each entry is a p X p matrix with p > n. Since the operator A* is
the operator defined by the matrix A in the maximal domain [2, Sec. 47], the fact that the operator A
is self-adjoint depends exclusively on the asymptotic behavior of the diagonal sequences {d,(:)}zo:1 of its
matrix representation A.

For any matrix in M(n, o0), consider the semi-infinite submatrix after the last degeneration, which we
called the “tail of the matrix” (see Remark 1). This “tail” can be seen as a semi-infinite block Jacobi matrix
(see Fig. 5).
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Let us denote

. digj-o—i-l i dglffo)ﬂ 0 0
Boor e oo ) | v e oodame o
0 By Q3 By - |._ dfsfo)ﬂ o dffif-o s d£:;0)+3 7
0 0 Bs Qi 0 Ay, o dY)
o R

where each entry is an ng X ng matrix (ng := n — jo). Clearly, the elements of the block diagonal adjacent
to the main diagonal, i.e., the matrices { By } ren and { B} }ren, are upper and, respectively, lower triangular
matrices such that the main diagonal entries are positive numbers.

The following proposition is the analogue of the Carleman criterion [1, Chap. 1, Addenda and Problems]
for block Jacobi matrices.

Proposition 4.1. ([4, Ch. 7, Thm. 2.9]) If Zj’;l 1/||B;|| diverges, then A is self-adjoint.

In [26, Cor. 2.5], the following necessary conditions for self-adjointness are given. These conditions gen-
eralize well known criteria for a Jacobi operator to be self-adjoint.

Proposition 4.2. Suppose that, starting from some ko, all the matrices Q. are invertible. If

lim ||Q,;1|| =0, and limsup{HQ;lBkH + ||Q,;1BZ||} <1,
k— 400

k—+o00

then the operator A is self-adjoint.

Another criterion is given by perturbation theory and is related to the if-and-only-if criterion given above.
Indeed, consider the operators D; (j = 0,1,...,n), whose matrix representation with respect to {dx }ren
is a diagonal matrix, i.e., D;dy = dg)ék for all k¥ € N, where d,(cj) is a real number (see [2, Sec. 47]). Note
that D;, given in the Introduction, is the matrix representation of the operator D; with respect to {0 }ren-
Define the shift operator S as follows

S = 5k+1 , forall ke N,

where by linearity, it is defined on span{d}7° ; and then extended to #H by continuity. Consider the sym-
metric operator

A':=Do+> 8D;+ Y Di(S*). (4.1)
j=1 Jj=1

Now, if the operator >7_, S7D; + Y%, D;(S*)7 is Do-bounded with Dg-bound smaller than 1 (see [40,
Sec. 5.1]), one can resort to the Rellich-Kato theorem [25, Thm. 4.3] to show that A’ is self-adjoint. When
this happens, it can be shown that A = A’.

Let us assume from this point to the end of this section that the operator A is self-adjoint. Our approach
to constructing the spectral functions of A is based on techniques of perturbation theory related to the
strong resolvent convergence (see [40, Sec. 9.3]).
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We begin by recalling the following definition.

Definition 6. A subset D of the domain of a closeable operator B is called a core of B when B [p = B.
Also, we recur to the following known results (cf. [25, Chap. 8, Cor. 1.6 and Thm. 1.15]):

Proposition 4.3. [/0, Thm. 9.16] Let {Bn}nen and B be self-adjoint operators on H. If there is a core

D of B such that for every ¢ € D there is an Nog € N which satisfies ¢ € dom(By) for N > Ny and

By ~ B, then the sequence {(Bn — 2I)™'}nen converges strongly to (B — 2I)™! (denoted (By —
—00

2I)~1 N;> (B—2zI)71) for all z € C\ R.
— 00

Proposition 4.4. [0, Thm. 9.19] Let { By} nen and B be self-adjoint operators on H, such that the sequence
{(By —iI)" '} nen converges strongly to (B —il)~t. Then

EBN (t) ;) EB(t)
N —o0

X , forall teR such that Eg(t)=Ep(t+0).
EBN(t+O) ?}EB(t)

Here, Ep,(t) and Eg(t) are the spectral resolutions of the identity of By and B, respectively.
Recall the finite dimensional operator ZN studied in Section 2 and define
Ay = AZ{N (&) @,

where O is the zero-operator in the infinite dimensional space H © Hy. For any N > n, the operator Ay is
self-adjoint, so we take advantage of the spectral theorem. Let us introduce the following notation for the
matrix-valued spectral functions

on(t) == {(0i, Eay (t)d;)}i5=1 forany N >n (4.2)
o(t) = {(0i; Ea(t)d;)}75=1 - (4.3)

Lemma 4.1. The matriz-valued functions on(t) given in (4.2) converge to the matriz-valued function o(t),
defined by (/.3), at all points of continuity of o(t), i.e.,

on(t) —— o(t), t being a point of continuity of o(t). (4.4)

N —oc0

Proof. Let I, (N) be the linear space of sequences with a finite number of nonzero elements. This space is a
core of the operator A. Given an element ¢ = Y7 _| ¢0; € lan(N), one verifies that, for all N > Ny = s+n,
Anp = Ap. Therefore, the conditions of Proposition 4.3 are satisfied. So, by Proposition 4.4, one obtains
the result. O

Corollary 4.1. For any k € NU {0}, the integral

/tkdo
R

converges. Moreover, fR do is the identity matriz.



M. Kudryavtsev et al. / J. Math. Anal. Appl. 445 (2017) 762-783 T

Proof. The first part of the assertion is a consequence of Lemmas 3.2 and 4.1. The second part follows from
the fact that o is the spectral function of the self-adjoint operator A. O

On the basis of the previous result, let us denote

Sy = /tkda
R

for any k € NU {0}.
Definition 7. Given the spectral function o of the self-adjoint operator A, denote
oy = ToT*,
where 7 is a matrix satisfying I) and II) (see (2.3)).
Using (2.7), one obtains

o (t) ~oe o7(t), fort being a point of continuity of o(t), (4.5)
— 00
where o3; is the function given in (2.6). To verify this, observe that o, given by (4.2), corresponds to ok
(cf. the paragraph below [29, Remark 2.2]). It also holds that

TS T* = / th dog. (4.6)
R

Lemma 4.2. For any matriz T satisfying I) and II), the function o, given in Definition 7, is in M4(n, 0o)
(see Definition 5).

Proof. It follows from [12, Sec. 2] that the sequence {Si}72, defines a determinate moment problem. In
view of (4.6), the sequence {TSpT*}72 , also has only one solution for any 7. O

5. Reconstruction of the matrix

In this section, the starting point is a matrix-valued function & € 9%(n, c0) (see Definition 5) and we
construct a matrix A in the class M(n, co) from this function. Furthermore, we verify that, for some matrix T
which gives the initial conditions (see (2.3)), 7 is a spectral function of the reconstructed matrix 4 according
to Definition 4. Hence, any matrix in M (n, co0) can be reconstructed from its function in M(n, co).

Consider the Hilbert space La(R,5) with ¢ € 9(n,00). All n-dimensional vector polynomials are in
Ly(R,5) and either there are polynomials of zero norm in this space or there are not. Let us apply the
Gram—Schmidt procedure of orthonormalization to the sequence of vector polynomials given by (2.21).
If there exist nonzero polynomials whose norm is zero, then the Gram—Schmidt algorithm yields vector
polynomials of zero norm. Indeed, let r # 0 be a vector polynomial of zero norm of minimal height h; (that
is, any nonzero polynomial of zero norm has height no less than h;), and let {ﬁk}zlzl be the orthonormalized
vector polynomials obtained by the first h; iterations of the Gram—Schmidt procedure. Hence, if one defines

hi
§=€p+1 — Z (Dis €ny+1) Dy
i=1
then, in view of the fact that h(p,) =k — 1 for k =1,..., hy, and taking into account Proposition 2.2, one

has
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h1

€eh, 41 = ar + E aifai
i=1

which in turn leads to

h1
s=ar+ Y arpy. (5.1)
k=1
This implies that ||s||L2(R_5) = 0 since 7 has zero norm and s L p;, for k =1,...,hy by construction. Thus,

the Gram—Schmidt procedure yields vector polynomials of zero norm.

Having found a vector polynomial of zero norm, one continues with the procedure taking the next vector
of the sequence (2.21). Observe that if the Gram—Schmidt technique has produced a vector polynomial of
zero norm q of height h, then for any integer number [, the vector polynomial ¢ that is obtained at the
h + 1 + nl-th iteration of the Gram—Schmidt process, viz.,

t=enirim— > (Pient1)Ps,
h(p;)<h+nl
satisfies that ||t ;, g 5 =0 (for all [ € N). Indeed, due to Proposition 2.2, one has
entiinl = 2'q+ Z ¢ip; + Z T,
h(p;)<h+nl h(r)<h+nl
where each r is a vector polynomial of zero norm obtained from the Gram—Schmidt procedure.

Remark 6. Since ¢ has an infinite number of growth points, the Hilbert space L2(R, &) is infinite dimensional
[2, Sec. 72]. Thus, the Gram—Schmidt procedure renders an infinite sequence of orthonormal vectors.

The following flow chart shows that the Gram-Schmidt procedure applied to the sequence (2.21) gives
not only the orthonormalized sequence, but also a sequence of null vector polynomials such that at any
step of the algorithm these two sequences together are a basis of the space of vector polynomials (see
Proposition 2.2 and compare with (2.20)).

(q)Jrnl’.
lEN i=1,...,7

Qm

‘ﬁk =er— Y (Bier) B;
i<k

no

yes
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Remark 7. Another consequence of the fact that the measure has an infinite number of growth points is that
one cannot obtain more than n — 1 null vectors from the Gram—Schmidt procedure applied to the sequence
of vector polynomials given by (2.21). Indeed, if one finds the n-th vector polynomial g,,, by repeating the
argument described above and taking into account

one obtains that all the vectors provided by this procedure have zero norm beginning from some vector.
This would correspond to an infinite loop in the left side of the flow chart and to a measure with finite
support since Lo(R,5) would be finite dimensional.

Lemma 5.1. Any vector polynomial v(z) is a finite linear combination of
{Pi(2) 1 k e N} U{2'g;(2) : Le NU{0}, j € {L,... . jo}} .
Proof. Note that the vector polynomials defined in (2.21) satisfy that h(e;) =i — 1. Due to the fact that
hilee— > (Bien)d; | =hlex), (5.2)
h(p;)<k—1

one concludes that the heights of the set {p; ()}, U {2'q;(2)}*; (I € NU{0}) are in one-to-one corre-
spondence with the set N U {0}. To complete the proof, it only remains to use Proposition 2.2. O

By the argumentation given above and the same reasoning used in the proof of Theorem 3.1 ii), one
arrives at the following assertion.

Proposition 5.1. Let & be in M(n,o0). There exist at most n — 1 vector polynomials {q; {(’:1 (jo <n-1)
such that any vector polynomial v of zero norm can be written as

Jo
r= Z Rlaz )
=1

where R; is a scalar polynomial for any i € {1,...,jo}.

Let 7 (t) be a matrix valued function in 9t(n, oo) and consider the sequences {p;, } ren and {q; 50:1 obtained
by applying the Gram—Schmidt process to the sequence (2.21). Since for any k € N there exists [ € N such
that h(zp,) < h(p,), one has by Lemma 5.1 that

l Jo
2py(2) = Z cikPi(z) + Z Ry;(2)q;(2) (5.3)

where ¢;;, € C and Ry;(%) is a scalar polynomial.

Remark 8. By comparing the heights of the left and right hand sides of (5.3), one obtains the following
relations given in items i) and ii) below. To verify item iii), one has to take into account that the leading
coefficient of ey, is positive for £ € N and therefore the Gram—Schmidt procedure yields the sequence {p;, }72
with its elements having positive leading coefficients (cf. [29, Rem. 4]).

i) cr = 0if h(zpy) < h(py),



780 M. Kudryavtsev et al. / J. Math. Anal. Appl. 445 (2017) 762-783

i) Ryj(z) = 0if h(zpy) < h(Rk;(2)q;),
i19) ¢y > 0 if there is I € N such that h(zp;,) = h(p;).

Clearly (recall that our inner product is antilinear in its first argument),

ik = (P> 2Pk) 1, (R,5) = (#P1s Pi) 1, (R,5) = Chi - (5.4)

In [29, Sec. 3|, a reconstruction algorithm is provided for recovering the finite band matrix associated to
the operator Ay from its spectral function. The proof of [29, Lem. 4.1] proves the following assertion

Proposition 5.2. If || — k| > n. Then, the complex numbers cg; in (5.3) obey
ek =cip =0.

Proposition 5.2 shows that {Clk}ﬂzl is a band matrix. Let us turn to the question of characterizing the
diagonals of the matrix {cix }7%.—;. It will be shown that they undergo the kind of degeneration given in the
Introduction.

For a fixed number 7 € {0,...,n}, we define the numbers

dg) = Ck+ik = Ck,k+i (55)
for k € N. The proof of the following assertion repeats the one of [29, Lem. 4.2].
Proposition 5.3. Fiz j € {0,...,j0 — 1}.

i) If k is such that h(q;) < h(zpy) < h(q;11), then dénfj) > 0. Here one assumes that h(qy) :=n — 1.
ii) If k is such that h(zpy) > h(q;41), then d,(cn_j) =0.

Corollary 5.1. If ¢;;, are the coefficients given in (5.3), then the matriz {cx }35,_; is in M(n, c0) and it is the
matriz representation with respect to {p;}7>, of a symmetric restriction of the operator of multiplication
by the independent variable in span{p, }7° , C L2(R,c). (The restriction of the operator could be improper,
i.e., the case when the restriction coincides with the multiplication operator is not excluded.)

Proof. Taking into account (5.5), it follows from Propositions 5.2 and 5.3 that the matrix {ckl},fl:l is in
the class M(n, o). Now, in view of (5.4), the operator of multiplication by the independent variable is an
extension of the minimal closed symmetric operator B in span{p, }?°; C L2(R, o) satisfying

cr = Py, Bpy) - O

Remark 9. It follows from (2.5) that e;(z) is not in the equivalence class of zero in L(R, ) for ¢ € {1,...,n}.
Therefore, if one defines

tij = <5i’;)j>(Cn s VZ,] € {1, Ce ,n}, (56)

the matrix T = {t;;}',_; satisfies I) and II) (Section 2). Now, for this matrix T and the matrix {cji}79_,
construct the polynomials {p;, } 22 ; according to (2.8)—(2.11). By means of the constructed sequence {p; }32,,
one defines {q;,}°_; using (2.12).

Theorem 5.1. Let & be an element of M(n, 00) and c;x, be the coefficients given in (5.3). Then & is a spectral
function of the matriz {cx1}35—, according to Definition /.
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Proof. Since the recurrence equation for the orthonormal sequence {p;, } 72 ; and the sequence of polynomials
{pi}32; given by Remark 9 are related in the same way as in the finite dimensional case (see [29, Eqs. (2.17)
and (4.15)]), one can use the argumentation of the proofs of [29, Lem. 4.3] to obtain that the vector

polynomials {p,(2)}72, and {p,(z)}2, satisfy
Pi(2) = Pp(2) + ri(2), (5.7)

where ||7]] L5 = 0 Analogously, when jp, # 0 it can also be proven that the vector polynomials

{%(@}?L and the vector polynomials {q,(z) g‘):l given in Remark 9 satisfy

q;(2) =) Ri(2)q;(z), R;#0, (5.8)

i<j

where R;(z) are scalar polynomials (see [29, Lem. 4.4]). Due to (5.7) and (5.8) {p;}?2, is an orthonormal
sequence in Ly(R,7) and g, is in the equivalence class of zero in this space for any j € {1,...,40}. O

Theorem 5.2. Consider the space L2(R,5) and let A be the operator of multiplication by the independent
variable in it, defined on its maximal domain. If ¢ is in Ma(n,00), then {cix}$%—; (where cix, are the
coefficients given in (5.3)) is the matriz representation of A with respect to {Pr}32 . Moreover, there is T
satisfying 1) and II) such that o3, given in Definition 7, coincides with .

Proof. According to Remark 9 and Theorem 5.1, there is T such that the vector polynomials {p;}°,,
generated by {cp}3%-; and 7, are orthonormal in Lz(R, o). Since 7 is the unique solution of the moment
problem

oo

/ thde ,

R k=0

it follows from Remark 4 (see [12, Sec. 2]) that the orthonormal system {p,}32, is a basis and {cyi}75_,
is the corresponding matrix representation of the operator of multiplication by the independent variable
with respect to {p;, }7°, or, equivalently, {p;, }?° ;. For proving the second part of the assertion, first observe
that, due to (4.5), one can apply Lemma 3.2 to the sequence {o3 } N~n and the function og. This yields the
existence of a sequence {N;}22, such that

/tk dag,i z/tk dog .

R R
This equality and the fact that, for any &k, € N and N sufficiently large,
(PmPﬂLQ(R,a;) = Ok

imply that {p,}?2, is orthonormal in Ls(R, o). Thus, by Corollary 2.1 and Lemma 5.1, ¢ and oy have
the same moments. O
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