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for any prime p = 7 (mod 8), where Py is the k-th Pell number. Further, we also
propose three new congruences of the same type.
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1. Introduction

In [10], with help of the Gross—Koblitz formula, Mortenson solved a conjecture of Rodriguez-Villegas [16]
as follows:

L2k 1 -1 )
> () = (5) tmoast
for every odd prime p, where (5) denotes the Legendre symbol. Subsequently, the similar congruences were
widely studied. For the progress of this topic, the reader may refer to [11,12,14,6,17-19,8,20,7,4,21]. In [22],
Sun proposed many conjectured congruences on the sums of binomial coefficients. Some of those conjectures
are of the form
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p—1 2
p— 1> (2k> _ 9
an =0 (mod p?).
2 ( AN

For example, Sun conjectured that

for any prime p =1 (mod 12), where x3(k) equals to the Legendre symbol (%).

The main purpose of this paper is to confirm the following conjectures of Sun.

Theorem 1.1. Suppose that p is a prime.
(i) If p =3 (mod 4), then

> ") (2kk> g = (mod )

k=0

(ii) If p=1 (mod 12), then

> () S =0

k=0
(iii) If p= 7 (mod 8), then
-1

GV ER

k=0

bS]

where the Pell number Py is given by
POZO, Plzl, PnZQPn_1+Pn_2 fO’I"’/LZQ.

(iv) If p =11 (mod 12), then

where Ry, is given by

RO = 2, Rl = 4, Rn = 4Rn_1 — Rn_g fO’F n > 2.

YJMAA:20830

We mention that (1.1), (1.2), (1.3) and (1.4) respectively belong to Conjecture 5.5 of [18] and Conjec-

tures A56, A57, A63 of [22].

The sequences {P,,} and {R,,} in Theorem 1.1 both belong to the second-order linear recurrence sequence.

In general, define the Lucas sequences {U,(a,b)} and {V,(a,b)} by

Uo(a,b) =0, Ui(a,b) =1, Uy(a,b) = aU,—1(a,b) — bU,—2(a,b) for n > 2,

and
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Vo(a,b) =2, Vi(a,b) = a, V,(a,b) = aV,—1(a,b) — bV, _2(a,b) for n > 2.

Clearly P, = U,(2,—1) and R,, = V,,(4,1). In fact, it is also easy to see that —(—2)"*1 = V,,(—4,4) and
x3(n) = U,(—1,1). So it is natural to study the arithmetical properties of

& (p— 1\ (2K > Ur(a,b) S 1\ (262 Vi(ab)
kz_o( k )(k) 16¥ and kzzo J\k) 168

Define the n-th harmonic number

| =

n
Hy=3,
k=1
In particular, set Hy = 0. We have

Theorem 1.2. Suppose that p is an odd prime and a,b € Z. Then

p—1

i: (p; 1) (2:)2%1(2;5)

k=0

2

1 N p—1
z(—1)%16p—12< j ) Vi(a+2,a+b+ 1)(1 +2pHs;) (mod p?). (1.5)
j=0

Furthermore, if p?> doesn’t divide a®> — 4b, then

p—1

ZZ: (p; 1> (Qkk)QUkl(g; b)

k=0

. R
E(—l)p216”12< j ) Uj(a+2,a+b+1)(1 4 2pHs;) (mod p?). (1.6)
j=0

With the help of Theorem 1.2, here we can obtain three new congruences of the same type.

Theorem 1.3. Suppose that p is a prime.

(i) If p=7 (mod 8), then
p—1 2
p—1\ 2\ Wy _ 9
Z( k )(k)4—k:0(modp), (1.7)
k=0
where Wy, is given by
Wo = 0, W1 = 1, Wn = 8Wn_1 + 2Wn_2 fO’I‘ n Z 2.
(ii) If p=1 (mod 6), then
p—1 2 k
p— 1\ (20) % (~1)F M, )
—_— = d 1.
> (7)) S =0 tmoas (18)
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where My, is given by
MO = 0, Ml = 1, Mn = 3Mn,1 - 3Mn,2 fO?” n 2 2.
(iii) If p= 7 (mod 12), then
1 2
p—1\/26\% 1 1%~ /p—1\/2k\" 1 )
— = - — d . 1.
2 < k )(k;) 165~ 324\ k J\k Tgr (mod »7) (1.9)

0<k<p—1
k=0 (mod 3)

First, the proof of Theorem 1.2 will be given in Section 2. It is not difficult to check that 2" P,, = U, (4, —4)
and Py, = U,(6,1). Then according to Theorem 1.2, in order to prove (1.3), we only need to show that

" p—1n 2 " p—1n 2
Z ( 2 ) ng =0 (mOd p2) and Z ( 2 ) PQngj =0 (mod p)
j=o N/ j=o N/

However, as we shall see later, the former one is not easy to prove. So in the third section, we shall firstly
establish an auxiliary lemma, by using some quadratic hypergeometric transformations. Further, the similar
divisible congruences for R,, and W,, will be also proved. Finally, in Section 4, we shall conclude the proofs
of Theorems 1.1 and 1.3.

2. Proof of Theorem 1.2

Below we always assume that p is an odd prime. In this section, we shall prove

Theorem 2.1.

= (p— 1) (2k)2(z ok
=\ k k 16%
z(—1)P%116P*1 pi} 2 <p§,1)2(1 + 2pHs;) (mod p?). (2.1)
j=0
Lemma 2.1.
pil (2:>2% = (—1)pT_l4p_1 pil 2 <pj__1>2(1 +pH%4_j) (mod p?). (2.2)
k=0 j=0

Proof. Clearly

=16~ (p?) C?) (mod p?).
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It follows that
e 2 k et 1 p+1 k
2k 1-— AN k ;
() S =2 (D)0 )2 (e
k=0 k=0 =0 M
p—1 p—1
2

—1

3 p=1 _ _p+1 —1—3 - E+'

7 p=1 J
Z(QQ( K )( B )(1) 2 ( ot )
k=j 2 2 2

Since
1y p=1
(%H) G
)T
and

we obtain that

=3 (7)o
k ] -1
AN 168 =\ (221-;)
p—1 9
p—1\ & p—1
E(u> zj< 2 > (1+pHp1_) (mod p?)
2 j=0 J

we get (2.2). O

Lemma 2.2.

2 2
pi1 L (2K\? Hy,
— 1— il
( 1) 2 kzo( Z) (k’) 16%
p—1 p—1
op+l _ g4 2. /p=l 2 . yp=1\?
= E z]( 2 ) + g 27< 2 ) H; (mod p). (2.3)
P\ = \J
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Proof. Clearly

e
=
~__
Il
N
B
/_l\
Ee (NI
~__
I
|
N
>
7 N
]
)
—
~_
—~
g
@]
(oW
s
\._/

Hence
L;ka Ve H, R N
o= (1) mx ()
> ko e )2
k0<k> 16 k=0 k j=0 J
p=1 p=1
= - 1)2;1 J - L;lij % H d
:40( 7)) kz( L)) tmoan
j= =j
Apparently
e
d =l _ 4 p—1 2 1 p—1
lim — 2 — _ 2 ) :(2>H_Hp—.
i“dt«——k)) <——k 2 o Lk JU )
Note that
p=1 ) 1
() - )
k=j k=j 172;1_]“ p2_1 i)
and

We obtain that

]
||
-

2
% E—j p—1 d e p=1 _ o\ sp=l_y
> (en ) (5 )i (2 (5) (62 0))
_(p—1-J N _pfl
—<%_j>(2HP21HJ’)—(1)2 (p;lj)(ﬂ{plej)
p—1
E(—l)leJ(p;lT_ j) (2H,_1 — H;) (mod p).
2

Thus (2.3) immediately follows from a well-known congruence of Lehmer [5]:
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2P —2

Hp =— (mod p). O

Proof of Theorem 2.1. By the Fermat little theorem,
4P~ = (14271 —1)2 =14 2(2°71 — 1) (mod p?).

Combining Lemmas 2.1 and 2.2, we obtain that

zo< e

—1 p—1
ER -1 5 1.2
—(3-2° —5) sz< 2 > +psz( 2 ) Hj+ Hyps ) (mod p?)
Jj=0 j=0
On the other hand,
2 1 2
Hop_j= D, L T 2 — 1
i=j+1 2 i—jt1
J 9 2ot 9
22%—1_2%—1:(2H2j_Hj)—(2Hp71—HpT_1)

=2H,; — H; + Hprl (mod p),

where in the last step we use the well-known fact

Thus
Bt 2
(—1)2F* N (p—1\ 2K\ (z — 1)F
k k 16%
k=0
SR N S BN
=(3-27-5) ZJ( 2 ) +p zj< 2 ) (2H3; + Hp-1)
=0 Y =0 N
R SR
=(2rtt - 3) zj< 2 ) +2p ZJ< 2 ) Hsj (mod p*)
=0 =0

Finally, we have
167 = (14207 — 1) =1+ 4(2°71 — 1) (mod p?).

The proof of (2.1) is concluded. O
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Now Theorem 1.2 is an easy consequence of Theorem 2.1. Let o and 8 be the two roots of the equation
22 —ar +b = 0. Then o + 1 and B + 1 are also the two roots of 22 — (a +2)z + (b+a + 1) = 0. It is
well-known (cf. [15]) that

Va(a,b) = o™ + 87, Vala+2,b+a+1)=(a+1)"+(6+1)"

for each n > 0. By Theorem 2.1,

( )(%) .

=(-1 161’12 a+1)F 6+1))<

P1

p=1\?
; ) (1 + 2pHs;) (mod p?).
Then (1.5) is derived.
Furthermore, we also have
(a+ 1) = (B+1)"
a—p

Suppose that p? doesn’t divides a? — 4b. Then o — 3 = £+v/a? — 4b is not divisible by p. So we have

Un(a,b) = =5

T—ﬁ, Usla+2,b+a+1) =

p—1

> () ()<%
=(-1 ——1@’1§j o+ 53+1) <§1)11+2pﬂz)(modp%,

by noting that both sides of the above congruences are factly rational p-integers.
3. Quadratic hypergeometric transformations
In this section, we shall use the quadratic hypergeometric transformations to deduce some auxiliary results

on P,, R, and W, which is necessary for the proof of (1.3), (1.4) and (1.7). Define the hypergeometric
function

> akbk Zk
SR e .1

where ¢ ¢ {0,—1,-2,...} and

ala+1)---(a+k—-1), ifk>1,
(a)r = ,
1, if k=0.

Clearly (3.1) is convergent whenever |z| < 1. And if n is a non-negative integer, then
“n\ (m\ . = (—n)i(—m),  2F -n —-m
=N TR 2 R .
Z;<k>(k>z D T 1|7

k=0
Please cite this article in press as: G.-S. Mao, H. Pan, Supercongruences on some binomial sums involving Lucas sequences, J.
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Lemma 3.1. (i) Suppose that p = 5,7 (mod 8) is prime. Then

pT_l p—1 2
> (?) (1+v2)?** =0 (mod p). (3.2)
k=0

(ii) Suppose that p =2 (mod 3) is a prime. Then

i (E) (=DF(2+v3)%* =0 (mod p). (3.3)
k=0

(iii) Suppose that p =3 (mod 4) is a prime. Then

~ (7 (3+2v2)%* =0 (mod p). (3.4)
;( k ) P

Proof. (i) We need the following quadratic transformation for the hypergeometric functions [1, (3.1.4)]:

_ —a o ta—b+1 4z
Z)(].Z) 2F1<2 2a—b—|—12 m), (35)

a b
2F1< a—b+1
where |z| < 1. Let z = (14 1/2)2. It is easy to check that

4z
- = 1.
(1—2)?

Suppose that p =5 (mod 8). Substituting a = b = —1’2;1 in (3.5), we get
2

S| _p=l _p-1
S(F)4=n(F )
k 1

k=0

p—1 p+1l
4 4
1

=(1 _z)”zl2pl<

_1>.

‘ — 1) are factly the finite summations. So the

_p=1 _p-1 p—1 p+l
Notice that both 2F1( 2 12 ‘z) and o F} ( 4 %
e

requirement |z| < 1 can be ignored here. Then (3.2) follows from that

(D))

2

_y (%) (—=1)* =0 (mod p),

k=0

f

p—

|
—_
~__
Il
Ngt
N
= O

s

where in the last step we use the well-known fact [2, (5.55)] that

i(—l)’“@z - {Hﬂ(g)’ B (3.6)

—o 0, if n is odd.

Suppose that p = 7 (mod 8). By the Lucas theorem (cf. [3, (1)]), we have

Please cite this article in press as: G.-S. Mao, H. Pan, Supercongruences on some binomial sums involving Lucas sequences, J.
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(F)- (2= (7)o

for 0 <k < %. Hence

Note that
14 2P = (1+2)P = (44 2V2)P (mod p).

Then 1+ 2 is prime to p since 4 + 2v/2 is prime to p. Using (3.5) with a = b = 321 we obtain that

2
B (P
z :2F1< 2 2 Z)
o\ K 1
3p—1 _ 3p—1 3p+1
=(1-2) > 2F1( 4 i —1).
In view of (3.6), we have
3p—1  3p+l S 3p—1 _ 3p+1 .
(77 T )= ()0 e
k=0
3p4_1 3p—1 2
= ( ]4€ > (=1)* = 0 (mod p).
k=0
So (3.2) is also valid when p = 7 (mod 8).
(ii) We shall use another quadratic transformation as follows [1, (3.1.9)]:
a b o —a %a %a + % 4z
2F1( a_b+1z>—(1+z) 2F1< v 1@ ) (3.7)

Let z = —(2 +/3)2. Then we have

4z 1

(1+2)2 3
Applying (3.7) witha = b = —]”2;1, we get that
2

p—1
2 =2l
k=0 k 1

It suffices to show that

when p = 2 (mod 3). Note that

Please cite this article in press as: G.-S. Mao, H. Pan, Supercongruences on some binomial sums involving Lucas sequences, J.
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p—3
R I A= G 2 S P o PR R
Sk U - ¥ A D EEAE
k=0 k
B3 — —
-y (27 (=2 )k <_l>k
k=0 (§+1)kk' 3
_p=l _p-1.,1
—2F1< 1 24_1_"1‘2
2
It is known [13, 15.4.31] that
. (a a+ 3 1) B (8)2“ L(HT(E - 2q)
2471 -5 - s °
3-2a| 3 9 F(%)F(% —2a
Thus
—1 ~1 2 4 3 p—1
(T i |y o (8) TEIG+5
£+1 3 9 L3)r(; + 5+

YJMAA:20830

11

_ . ) —1 ) e 1 .
When p = 2 (mod 3), 3j +4 # p for any 0 < j < B5= — 1. But 2j + 3 = p if j = 55= — 1. So for prime

p =2 (mod 3), we always have

_p=1 _p=3
2F1 4 4

(iii) According to [1, (3.1.11)], we have

a b 94 a a—b+1 4z
2F1( a—b+1z)_(1+Z) 2F1< 2a—2b+1(1+z)2
Let z = —(3 + 21/2). Apparently
4z _ 1
I+272
It follows from (3.8) that
"z p-1y 2 1 1
(7)) #=n (7 7 F)
k=0
p—1 1
—(1+Z)p12F1( 2 % —1)
If p =3 (mod 4), then
B 1 1
p—1 1 p—1 1
Fl 2 2/-1)= 2 2 ) (—1)*
A7 )2 (7))
SN
= ( z > (=1)¥ =0 (mod p)
k=0

Thus (3.4) is also confirmed. O
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Lemma 3.2. Suppose that p is a prime.

(i) If p="7 (mod 8), then

- (%) Py, =0 (mod p?). (3.9)
k=0
(ii) If p = 11 (mod 12), then
EEEpo1n 2
H( ]i ) (=1)* Ry, = 0 (mod p?). (3.10)
(iii) If p="7 (mod 8), then
pi (%)2% =0 (mod p?). (3.11)
k=0

Proof. (i) Let « =14 +/2 and 8 =1 — v/2. We know that

ak _ ﬂk
P, = .
k a_p
Clearly
"2 pe1y 2 "z p—1y 2 ENT
( ]2{ ) ,62k Z( ]2g ) Bp—l—Zk ﬁp—lZ( ]2C > a?k
k=0 k=0 k=0
Hence
% p—1 2 p%l p—1 2
<?> (a2k ﬁ2k):(1 ﬁp—l) ( ]2g > (XQk
k=0 k=0
If p="7 (mod 8), then
2" =1 (mod p)
It follows that
p—1
1—+v2)P 1—-2"72 -2 1—+v2
po1_ (L V2P ToV2_1-ovV2 (mod p). (3.12)

=T A =T/ Ciowv

Similarly, we also have a?~! =1 (mod p). In view of (3.2) and (3.12), when p = 7 (mod 8), we can get

A L L 12
2 P — 2 2k_ 2k
S () () @ -
k=0 k=0
1_517—11%1 p=1\ 2
e Z(;)Q%O(modpz).

k=0
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(ii) Let a=2++3and f=2—+/3. Then
Ry = of + ﬂk.
Suppose that p = 11 (mod 12). By the quadratic reciprocity theorem,
3 p=1.3-1 (P
— | = (-1 2'2(—):—1-—1:1.
(2) == (5) = v
So 3% =1 (mod p). Similarly as (3.12), we can get
P~ = P71 =1 (mod p).
Furthermore,
55 poiy 2 5 oy 2 .
2 k 32k _ 2 Pl _k pp—1—2k
> () v —Z(k) (1) kg
k=0 k=0
p=1\?
Bp 1 Z ( i_ ) k 2k
It follows from (3.3) that
5 po1y 2 5 poiy 2
2 ki 2k | 2k _ —1 2 k, 2k
S (7)ot e —a-p Y (7)) -1t
k=0 k=0
=0 (mod p?).
(iii) Let o = 3 +2v/2 and B = 3 — 2/2. It is easy to verify that
2%k _ g2k
Wap = 282 el (3.13)

7ﬁ2

for each k > 0. If p = 7 (mod 8), we have a?~! = 8P~ =1 (mod p), too. Similarly, we can get

E 2

=N p=1\ 2y 4 =N p—1
2k k k
S (7)) e () e
k=0 k=0
i ey
= ﬁ Z(fc) =0 (mod p?). O

4. Proofs of Theorems 1.1 and 1.3
We firstly consider (1.1). It is easy to check that V,(—4,4) = —(—=2)""! and V,(-2,1) = 2(-1)".
Substituting a = —4 and b = 4 in Theorem 1.2, we get

p=1 9
i <p “ 1\ /2k\? 1

k k —8)k
pars (=8)
Please cite this article in press as: G.-S. Mao, H. Pan, Supercongruences on some binomial sums involving Lucas sequences, J.
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2ol 2
=(-1)"7 16" 'S (=1)7( 2 ) (1+ 2pHa;) (mod p?).
Sv/(G) v oty

p—1

Suppose that p = 3 (mod 4). By (3.6),

Sy ('
(7)) =0
j=0 J
Note that for any 1 < j <p—2,
p—1 1
Hp—l—j = pT = —(Hp_1 — HJ) = Hj (mod p) (41)
i=j7+1
We have
prl p—1 2 p—1 L;l p—1 2
7 (7)) =0 S () s
=0 / i=0 J
T p=1\ 2
== 077 ) ty (mod o)
=0 J
which clearly implies
bz p=1\ 2
(17("F) Hy =0 (mod p)

Therefore

for any prime p = 3 (mod 4).
Let us consider (1.2). Evidently U, (—1,1) = x3(n) and U, (1,1) = (—=1)""!x3(n). Applying Theorem 1.2
with @ = —1 and b = 1, we obtain that

SO

Bt p—1\ 2
E(—l)Lgl16p_1 Z(—l)j_lxg(j)( j ) (1+2pH,;) (mod p2).
=0

Suppose that the prime p =1 (mod 12). Then

(-1)"% xs (p%l —j) = x3(—Jj) = —xs(j)-

It follows that
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i , p=1\ 2 b , p=1\ 2
S a2 ) ==X eran (7).
=0 J i=0 J
ie.,
p—1
= , p=1y\ 2
a2 ) o
J=0 J

Similarly, we also have

p=1\ 2

;o(_l)j’“(j)(7> Hay =0 (mod p).

Thus (1.2) is also proved.
The proofs of (1.8) and (1.9) are very similar as the one of (1.2). Clearly (—1)*"'M; = Ug(-3,3).
Suppose that p =1 (mod 6). By Theorem 1.2, we only need to show that

p—1 2

i: (? ) U(=1,1)(1 + 2pH>;) = 0 (mod p?).

J=0

Since U (—1,1) = x3(k) and X3<pg;1 — k) = —x3(k) now, we can get

% p—1 2 pTil p—1 2
ZXB(j)< 2 ) =0 and ZXs(j)( 2 > Hy; =0 (mod p).
Jj=0 J j=0 J

{2, if k=0 (mod 3),

—1, otherwise.

Obviously (1.9) is equivalent to

-1

)t

for each prime p = 7 (mod 12). Since d3(k) = V;,(—1,1), it suffices to show that

s

™

J

—1

[

7 /p=1\?
( j ) Vi(1,1)(1 4 2pHs;) = 0 (mod p?).
=0

(]

[

It is easy to verify

Vi(1,1) = =Vengz—r(1,1)

for any A > 0 and 0 < k < 6h + 3. So if 25+ = 3 (mod 6),
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5oy 2 E N
Z( 2 ) Vi(1,1) =0 and Z( 2 ) V;(1,1)Hy; = 0 (mod p).
=0 7 =0~ 7

Finally, let us turn to (1.3), (1.4) and (1.7). We require some additional auxiliary results.

Lemma 4.1. (i) Suppose that p = +1 (mod 8) is a prime. Then

p—1 2

22: (I),i;l) ParHap =0 (mod p). (4.2)

k=0
(ii) Suppose that p = 11 (mod 12) is a prime. Then

1 9

22: (pi ) (=1)*Rax Hap = 0 (mod p). (4.3)

k=0

(#ii) Suppose that p =7 (mod 8) is a prime. Then

= Wap _
kzzo( I<; ) =k - Hop, =0 (mod p). (4.4)

Proof. (i) Let a =1+ V2 and B =1 — /2. Clearly

2

p=1\? )
( ]2g > (a2k_52k)H2k:Z< ]2c > (Oép_l_2k—ﬁp_l_2k)Hp_1_2k

=0 k=0
B poiy 2
_Z< : > (P71 8% — BP o) Hy y gy,
k=0

Recall that a?~! = gP~1 =1 (mod p) now. In view of (4.1), we get

-

ET: <%> (o — %) oy = Z (f) (8°% — a®*) Hay, (mod p),

k=0

ie.,

s
|
-

5 ) <—1>k(a2k+52k)H2k

agl
)

)
7 N
S
EREY)
-

[s
|

2
> (*1)%17}6(0411715% + BpilOéQk)Hp—l—%

I

gl
)|

o
N
]

FM’I

—
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S po1n?
=3 () 0RO @) mod )
k=0

which clearly implies (4.3).
(iii) Let a = 3 +2v/3 and 8 = 3 — 2v/3. Since p = £1 (mod 8), we get

p—1

i (?1)2(0‘% — B**)Har = 0 (mod p).

k=0

Then (4.4) is immediately derived from (3.13). O

Now we are ready to prove (1.3), (1.4) and (1.7). It is not difficult to see that 2" P, = U,(4,—4) and
Py, =2U,(6,1). So by (1.6), (3.9) and (4.2),

p=1

22: p—1\ /2k\? P,
= k k) 8
. NN Y2 po1n2
E(—1)216p1(2 ( j ) P2j ~|—2pz < j ) PQjHQj) =0 (mod p2)
Jj=0 7=0

(1.4) similarly follows from (3.10) and (4.3), since (—4)"R,, = V,,(—16,16) and (—1)"Ra, = V,,(—14,1).
Easily we can verify 4"~ 1W,, = U,,(32, —32) and 27" 2Wa,, = U,(34,1). So (1.7) is also an easy consequence
of (3.11) and (4.4).
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