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q-DIFFERENCE EQUATIONS FOR ASKEY-WILSON TYPE INTEGRALS VIA ¢g-POLYNOMIALS

JIAN CAO!? AND DA-WEI NIU?

ABsTRACT. In this paper, we show how to deduce Askey-Wilson type integrals by the method of g-difference equation. In
addition, we construct the relation between bilinear generating functions and solutions of g-difference equation. More over,
we generalize Bailey’s 4% summation from the perspective of g-integral by the method of g-difference equation. At last,
we deduce U(n + 1) type generating functions for Al-Salam-Carlitz polynomials by the method of g-difference equation.

1. INTRODUCTION

In this paper, we follow the notations and terminology in [21] and suppose that 0 < g < 1. The g-series and its
compact factorials are defined respectively by

n—1 )
@@o=1, (@qn=]]0-ag)% (@e=]]0-ag" (1.1)
k=0 k=0

and (ay, az, ..., am; @n = (@15 Pn(@2; @ -+ - (@ms @n, Where m € N:={1,2,3,---} and n €Ny :=NU{0}.
The g-difference operators D, and 6, are defined by [14]

(a) - f(aq) flag™) - f(a)
Duis@) = LOTD g g,y = L@, (12)
a aq
The Rogers-Szegd polynomials [15]
n n
n . n — _
hub.clg) = ) M Bk and  gu(b.clg) = ) [k] ¢t (1.3)
k=0 k=0
play important roles in the theory of orthogonal polynomials. The Al-Salam-Carlitz polynomials [14, Eq. (4.4)]
n n
(@) _ nf . k n—k (a) _ nl ik k”—kl, k n—k
@, (”’C'Q)—kZ_;[k] (@ qub'c"™ and WP (b, clg) = %H( DfgCH (2 g) @by (1)

are generalizations of Rogers-Szeg6 polynomials. For more information about g-polynomials, please refer to [8, 24,
26, 27].

Liu [29] and [30] obtained several important results by the following g-difference equations. In [31], Liu and Zeng
studied relations between g-difference equations and g-orthogonal polynomials.

Proposition 1 ([31, Eq. (2.2) and (2.3)]). Let f(a, b) be a two-variable analytic function at (0,0) € C2. Then
(A) f can be expanded in terms of hy(a, blq) if and only if f satisfies the functional equation

bf(aq,b) — af(a,bq) = (b - a)f(a,b). (1.5)

2010 Mathematics Subject Classification. 05A30, 11B65, 33D15, 33D45, 39A13.

Key words and phrases. Askey-Wilson integral, g-difference equation, generating function, g-orthogonal polynomials, g-series.

Address for correspondence: ' Department of Mathematics, Hangzhou Normal University, Hangzhou City, Zhejiang Province, 310036, P.R.
China. *Université de Lyon, Université Lyon 1; Institut Camille Jordan, UMR 5208 du CNRS, 43, boulevard du 11 novembre 1918, F-69622
Villeurbanne Cedex, France. 3Department of Mathematics, East China Normal University, Shanghai 200241, P.R. China.

Corresponding Email: 21caojian@gmail.com, cao @math.univ-lyon1.fr, nnddww @ 163.com.

1



2 JIAN CAO!?2 AND DA-WEI NIU3

(B) f can be expanded in terms of g,(a, blq) if and only if f satisfies the functional equation
af(aq,b) - bf(a,bg) = (a—b)f(aq, bq). (1.6)
The method of g-difference equation shows itself an effective way to deduce many important results in g-series.
For more information, please refer to [14, 29, 30].
In this paper, we generalize Liu-Zeng’s results (1.5) and (1.6) as follows.
Theorem 2. Let f(a, b, c) be a three-variable analytic function at (0,0, 0) € C3. Then
(C) f can be expanded in terms of d),(f)(b, clq) if and only if f satisfies the functional equation

abf(a,bq,cq) — bf(a,b,cq) + (c —ab)f(a,bq,c) = (c — b)f(a, b, c). (L.7)
(D) f can be expanded in terms of Wb, c|q) if and only if f satisfies the functional equation
abf(a,b,cq™") - bf(a.gb.cqg™") + (b= cqg™')f(a.gb.c) = (ab - cg™")f(a. b, c). (1.8)

Remark 3. For a = 0 in Theorem 2, equations (1.7) and (1.8) reduce to (1.5) and (1.6) respectively.

Proof of Theorem 2. From the theory of several complex variables [34], we assume that

fla.b.e)= ) Aa.c)bt. (1.9)
k=0
On one hand, substituting equation (1.9) into (1.7) yields
ab )" Aua,cq)(bq) —b )" Axla, cqbt + (c = ab) Y Awla,c)bg) = (c = b) ) Ax(a, b, (1.10)
k=0 k=0 k=0 k=0
Equating coefficients of b* on both sides of equation (1.10) gives
1-—a k—1
Apa,¢) = — D (A 1(a,c)). (1.11)
I-q
Repeating the process, we obtain
Arta.0) = LD pria(a, o) (1.12)
(4: Dk
Letting f(a,0,c) = Ag(a,c) = 3" o Mn - ", We have
(a; )k (@ Dn i
Ala,c) = " (1.13)
¢ (4: D Z (@ D

Using equation (1.9), we have

o (@3 Q) (@ Dn ok
,b,c) = b
f(@.b-c) Z (q: i Z " (g Dk

= Z#n Z[ ](a; Qb
n=0 =

=3 b 020,
n=0

On the other hand, if f(a, b, ¢) can be expanded in terms of q)ﬁ,‘”(b, clg), we can verify that f(a, b, c) satisfies equation
(1.7). Similarly, we assume that

fla,b,c) = )" Bula, )b, (1.14)
k=0
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Substituting equation (1.14) into (1.8) and comparing the coefficients of &", we have

1 — ¢ /a)(—ab)
Bua.o) = ﬂ_% 0c{Bi-1(a, ) (1.15)
Repeating the process and letting f(a,0,c) = By(a,c) = 3”1 - c", we have

(1/a; q)(~ab)*

(1/a; ), (-ab)* i St LDn ek

Bi(a,c) = 6" {Bo(a,c)} = (1.16)
‘ (@ i ’ (@ D nzon (@ Dn-k
Using equation (1.14), we get
fla,b,e) = - ¥ (b, clg). (1.17)

n=0
Conversely, if f(a, b, ¢) can be expanded in terms of lI’ﬁ,a)(b, clg), we can verify that f(a, b, ¢) satisfies equation (1.8).
The proof is complete. L]

The rest part of this paper is organized as follows. In Section 2, we give a new proof of generating functions for Al-
Salam-Carlitz polynomials by the method of g-difference equation. In Section 3, we deduce Ismail-Stanton-Viennot
type Askey-Wilson integral by the method of g-difference equation. In Section 4, we obtain reversal type Askey-
Wilson integral by the method of g-difference equation. In Section 5, we gain Ramanujan type Askey-Wilson integral
by the method of g-difference equation. In Section 6, we achieve the generalization of Bailey’s g/ summation by the
method of g-difference equation. In Section 7, we acquire U(n + 1) type generating functions for Al-Salam-Carlitz
polynomials by the method of g-difference equation.

2. (GENERATING FUNCTIONS FOR AL-SALAM-CARLITZ POLYNOMIALS
The following generating functions for Rogers-Szegd and Al-Salam-Carlitz polynomials are given respectively.

Lemma 4 ([11, Eq. (29)]). We have

S 1" 1
;}hn(b, Clq)(q;q)n = bt o)’ max{|bt], |ct]} < 1, 2.1
c0 DG
S gutbcla) 2L~ (et g 2.2)
=0 (6], q)n
Lemma 5 ([9, Eq. (1.14) and (1.15)]). We have
(@ (abt; @)
Z@(mm(%lwmwh,mmwwma, (2.3)
ng® (bt ct; q)
WO ol TLL _BLE D 2.4
Z ( (9 Dn (abt; @) labt| < @4

Lemma 6 ([10, Eq. (2.10) and (2.11)]). For max{|btz|, |ctz|,|cty|,|bty|} < 1, we have

(abtz, ctxy; ) [ a,ctz, x

abtz, ctxy 4 bzy]. (23)

OO (b, clg) @,
;) (b, clg)®," (v zlq)( (D b1z, Lz, cly Qoo

For F € Ny, ifa = q"(or b = ¢" ) and max{|ctxyq - q’} < 1, we have

(o)

YO (b, clg) ¥ (v, 2lg) =
% (q; @n (ctxyq, abtzq; q)oo

(- l)nq( )tn (btzq,ctyq,ctzq,q)oo [ 1/a,1/x,1/(ctz) ]

1/(abtz), 1/(ctxy) ° 4.4 (2.6)



4 JIAN CAO!?2 AND DA-WEI NIU3

There are many clever methods to deduce generating functions for Al-Salam-Carlitz polynomials (2.3)-(2.6). For
example, Al-Salam and Carlitz [1] obtained bilinear generating functions (or Poisson kernel) for Al-Salam-Carlitz
polynomials (2.5) and (2.6) with the help of certain identities. Verma and Jain [39] obtained Carlitz type bilinear
generating function for Al-Salam-Carlitz polynomials by the g-Chu-Vandermonde formula. Srivastava and Jain [36]
derived multilinear generating functions involving Al-Salam-Carlitz and Rogers-Szeg6 polynomials by the transfor-
mation theory. For more information, please refer to [1, 9, 36, 39].

In this section, we deduce generating functions for Al-Salam-Carlitz polynomials by the method of g-difference
equation.

Proof of lemma 5. Denoting the right-hand side (RHS) of the formula (2.3) by f(a, b, c), we check that f(a,b,c)
satisfies equation (1.7), so we have

flab,e) = ) - D1 (b clg). 27
n=0

Using equation (2.1), we have

}’l

1
0,b,¢) = - hy(b, hy (b, 2.8
£0,b,0) = Zun (b clg) = G Z byl e (2.8)
which yields the left-hand side (LHS) of the formula (2.3). Similarly, we obtain the formula (2.4). The proof of lemma
5 is complete. 0

Proof of lemma 6. We denote the RHS of equation (2.5) by f(a, b, ¢), and check that f(a, b, ¢) satisfies equation (1.7),
so we have

flab,e) = ) - O (b, clg). (2.9)
n=0

Taking b = 0 in equation (2.9), then using (2.3) gives

(Ctxy’ Q)OO (x) (CI)
fla0.0) = 2o Zun " —;) )

that is, f(a, b, c) equals the LHS of (2.5). Similarly, we can deduce equation (2.6). The proof is complete. (]

(2.10)

3. ISMAIL-STANTON-VIENNOT TYPE ASKEY-WILSON INTEGRAL
For x = cos 6, we define the notation h(x; a) and h(x; ay,az,...,a,) as
h(cos0;a) = (aeia, ae‘ia; Qo> h(cosB;ay,ay,...,an) = h(cosO;ar)h(cosb;ay)---h(cosb;ay). 3.1
The following famous integral due to Askey and Wilson [3, Theorem 2.1].

Proposition 7 (Askey-Wilson integral). If max{|al, |b|,|c|,|d|} < 1, we have

f 7 h(cos26;1) 46 = 2n(abed; ¢)oo
o h(cos®;a,b,c,d)  (q,ab,ac,ad,bc,bd,cd;q)e’

The Ismail-Stanton-Viennot integral [22, Theorem 3.5] is a generalization of Askey-Wilson integral.

3.2)

Proposition 8 (Ismail-Stanton-Viennot integral). If max{lal, |D|,|c|,|d|,|f]} < 1, we have

g h(cos26; 1) 2n(abcef, bedf, ad; @)oo be,bf,cf
o h(cosB;a,b,c,d,f) (q,ab,ac,ad,af,bc,bd,bf,cd,cf,df; Q) abcf,bedf

;q,ad)|. (3.3)

Chen and Gu [16] deduced Ismail-Stanton-Viennot type Askey-Wilson integral by the method of Cauchy operator.
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Proposition 9 ([16, Eq. (3.3)]). We have

f" h(cos26;1)d6 (fge:q). . [ f ae®, be
0

—if
h(cos 6;a,b,c,d) (ge’;q)., 372 fge® ab 7-8¢

2n(cfg, abed; ¢)oo f,ac,bc
= ——3%2 78
(g, ab,ac,ad, be, bd, cd, cg,q)Oo cfg,abcd

dg|, (3.4)

where max{|al, |b|,|c|,|d],|gl} < 1

Those integrals play central roles in the theory of orthogonal polynomials. Different proofs can be found in [4, 7,
16, 18, 22, 23, 28, 29, 33].
In this section, we obtain the following Ismail-Stanton-Viennot type integral by the method of g-difference equation.

Theorem 10. We have

T hcos20; 1) (uve, rse®; q), < (u.be, se®, ae; ) (ve ) r,ae’q’,beq’ —i0
0 oif- Z T 3 2[ i, abg! 1% ]dg
0 h(COS@ a, b c, d) (Ve’ se! ’q) (q, uve! ,}’Sel ,ab,q)j rse - q ,Clbq
s rsabetio)s S wbocsaciondsf | pesdobed s, 35
_ a D) N ’ *
(q.ab,ac,ad, be,bd, cd, cv, ¢s3 ) 44 (g, cuv, crs, abed; q)y 32| crsqgk, abedgk q

where max{lal, |b|, |c|, |d|, [s], [v]} < 1.

Remark 11. For s = v = 0 in Theorem 10, equation (3.5) reduces to (3.2). For s = 0 in Theorem 10, equation (3.5)
reduces to (3.4).

Before we prove the main results, the following lemma is necessary.
Lemma 12. For n € Ny, we have
ab®}" (bg, cqlq) — b} (b cqlg) + (¢ — ab)D}" (bg, clg) = (¢ = YD, (b, clg). (3.6)
Proof of lemma 12. we can rewrite equation (3.6) by
ab®,," (bg. cqlq) — b®}}" (b, cqlg) — ab®,” (bq. clg) + bO," (b, clg) = @, (b, clg) — @} (bg.clg).  (3.7)
On one hand, we have

LHSof(3.7) = [k (a; qb*c"*|abg" - bg"™* — abg" + b

[Z (a; @ubFc"™ kb 1 —aq )(1 - q”_k)

k=0
n—1 n—

= (1 — ql’l) Z[ k ](a;q)k+lbk+lcn—k
k=0

=(1-¢" [Z - }] (@ qyb e (3.8)
k=1

On the other hand

n

RHSof(3.7) = Z [Z] (a; q)kbkcn_k[c - ch]

k=0

=(1-9"), [Z: i] (a; @b, (3.9)
k=1
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Comparing equations (3.8) with (3.9) yields (3.7). The proof of lemma 12 is complete. L]

Now we begin to prove Theorem 10.

Proof of Theorem 10. First, we denote f(u, v, a) by

21 (cuv, abcd; q)o u,ac, bc
,v,a) = 3 q,d by (2.5
fu,v,a) (q.be.bd.od- g (cv.ac. ad-q)mwz cuv.abed * TV y (2.5)
2n (W) (be) !
O, (v, alq)®,, " (d, clq) . (3.10)
" (¢, be, bd, cd; ) Z‘ 1 1 (q: Dn
Using lemmas 6 and 12, we check that f(u, v, a) satisfies equation (1.7), so we get
fav,a) =) - (v, dlg) (3.11)
n=0
and
2n(abed; G)oo f 7 h(cos26;1) (ab; @)
,0,a) = = . . do by(3.2
fu.0.4) (q,ac,ad, be,bd, cd; q)o o h(cos8;b,c,d) (ae?,ae™;q),, v(3.2)
T h(cos260;1) [ we®y, —ig o A"
= _ ) e, e’ q)——1rde
L h(cos 6; b, ¢, d) {;) w q)(q;q)n
We have
g h(COS 29, 1) — () by, —io i
,v,.a) = — D, (v, alg)® v, e dé by(2.5
fluna) = [ TR {Z(]) 0@ Mgy (0 by 2.5)
(™ h(cos26;1)  (uve”,ab;q),, o] ae',be" ve—ie] 40
" Jo hcos@ia,be.d)  (veitiq). L uve,ab D '
Repeat this process, we rewrite equation (3.5) equivalently by
f" h(cos26;1)  (ab,uve”,rse;q),, < Z (u, be®, se®, ae® g) (v~ 7y [ r,aeql, beq’ _,-9] »
. . i q,se
o h(cosB;a,b,c,d) (ve?, se"’,q) (g, uve'®, rset?, ab,q)j 302 rse’q’, abg’ 1
_ 27(ew; @ o (1, be; @(dv)* (crsqt, abedq; q).,, [ racq begk i d] (3.12)
(g,be,bd cd,cvig 4 (g-cuviqlc (csqh,acqhad; q),,;” | ersq". abedq! B M

We denote the RHS of equation (3.12) by F(r, s, a) and verify that F(r, s, a) satisfies equation (1.7), so we have

F(r,5,a) = ) o - @f(s,dlg) (3.13)
n=0
and
2 (cuv, abed; @) [ u,ac,bc ]
F ’0’ = ’ ’ ; 7d
(r,0,4) (q,bc, bd, cd; ) (cv,ac, ad; q)oo3 2| cuv,abed >

T h(cos20;1)  (uve,ab;q), u, ac® . bet i
- h : i0. 3 2[ i0 b yq,ve ]dH
o h(cosB;a,b,c,d) (ve?;q), uve, a
Y (abg)q).,

do

~ f” h(cos26:1) (uve';q)., < Z (u, be' ,Q) (ve™
~ Jo h(cos@;b,c,d) (vel®;q),, (q.uve;q);  (aeql,ae™; q),
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(o) (o)

" h(cos 26; 1 i, (u, be”; q) (ve™")! 0 e !
_ fo (cos26;1) (uve”; ), D J S ol Yo el —L— e,
j=0 n=0

h(cos 6; b, c,d) (vei?;q), = (g, uve'?; q) i (q; Dn
Thus
T heos26: 1) (we; g) o (wbe; q) (e (& ey, i -io |
F(r,s,a) =f . . @, (s, alg)® Te", e "g)—— + d8,
o Hoosbib.0d (g, & qmetg), |20 A0 @ g
which equals the LHS of equation (3.12) by equation (2.5). The proof is complete. L]

4. REVERSAL TYPE ASKEY-WILSON INTEGRAL

By iterating functional equations, Askey [4, Eq. (3.11)] proved another remarkable integral formula as follows,
which may be considered as reversal Askey-Wilson integral.

Proposition 13 (Reversal Askey-Wilson integral). For |qabcd| < 1, there holds
_ (g,qab, qac, qad, gbc, gbd, qcd; q)co

* h(i sinh x; b, gc, qd
f (i sinh x; ga, gb, qc, q )dx log(g™"), @1
—o h(cosh2x; —q) (gabcd; @)oo
where
h(i sinh ax; f) = ]_[(1 = 2ig'tsinh ax + g**7%) = (ite™, —ite™ ™ q) . 4.2)
k=0

For more information about reversal type Askey-Wilson integral, please refer to [4, 18, 31].
In this section, we generalize reversal type Askey-Wilson integral by the method of g-difference equation.

Theorem 14. For M € Ny and f = g™, we have

f‘x’ h(isinh x; ga, gb, gc, qd) (iqge™; q), [ 1/f,e”*/(ib),e™/(ia)
oo h(cosh 2x; —¢q) (igfge*; q), A e fg 1 faby T

dx

_ (g, 9ab, qac, qad, gbe, gbd, ged, geg; @) log(g™") [ 1/f,1/(be), 1/(ac) 4.3)
(gabced, qcfg; @)oo 1/(cfg), 1/(abcd) A '
where max{|ql_Mabcd , ql_Mcfg| , Iacdgql} <1
Corollary 15. We have
f ® h(isinh x; ga, gb, qc, qd, q8) 1 p [ —e*/(ia), —e*/(ib) . . e—x] da
o h(cosh 2x; —q) (iqge";q)oo2 ! 1/(ab) s
(9,9ab, qac, gad, gbc, gbd, qed, qeg; @)w log(g™") [ 1/(bc), 1/(ac)
E 54, . 44
(C]Cled; q)oo 2¢ 1/(abcd) q,9c8 ( )

where max{|qabcd|, |qcgl|,lacdgq|} < 1.

Remark 16. For f — 0 in Theorem 14, equation (4.3) reduces to (4.4). For f — 1 in Theorem 14, equation (4.3)
reduces to (4.1).

Proof of Theorem 14. We can rewrite equation (4.3) equivalently as
f * h(isinh x; gb, gc, qd) (iqge”, —igae™", iqae™; q),, 1/f,e™/(ib),e™/(ia)
—e  h(cosh2x;—q) (qab,iqfge*;q) 2L eX/(ifg).1/(ab) q,

(geg. gad, gaci s [ 1/£.1/(be), 1/(ac)
(qabed, qefaq)w 22 1/(cf2), 1/(abed) * 94

qldx

= log(q~")(g, gbe, gbd, ged; g)eo (4.5)
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We check that the RHS of equation (4.5) satisfies equation (1.8), so we have

F(f.g.a)= ) ¥ (g, dlg) (4.6)
n=0

and

(g, qac, gad, gbc, gbd, qcd;, q) oo _
F(f,0,q) = ~LEIOL DDA L 150471y by (4.1)
(qabcd; @)oo

_ f * h(isinh x; gb, gc, qd) [ (iqae*, —igae™; q),, dx
~ Jw  h(cosh2x;—q) (qab; g)e

(" h(isinh x; gb, qc, qd) 0 ()libe’) a
_im Hcosh 2x: —a) {Z( D'"qg\VV¥, '(—ige™, iqe ICI)( q)n}

Thus

* h(isinh x; gb, gc, qd) Yplh) (ibe*)
F(f,g.a) = 1 ¢OW (g, alg) ¥ x dx,
O e nZ;( PO gl ige ™ o) ——

which is equal to the LHS of equation (4.5) by equation (2.6). The proof is complete. L]

Proof of Corollary 15. Taking f — 0 in Theorem 14, equation (4.3) becomes

f‘x’ h(isinh x; qa,qb,qc,qd)(i ¢+ )b e */(ib), e *(ia) ; ex]dx
(¢, gab, gac, qad, gbc, gbd, gcd, geg; q)s 10g(g™") [ 1/(bc), 1/(ac)
_ 4.7
(qabed 9w 261 1/(abed) 98] 4.7)
Using Heine’s ,¢| formula [21, Eq. (I1.3)]
bz/c;q) b
01 0 sq] = e [ /et g ) 4.8)
(2 @)oo ¢ c
we obtain
e /(ib), e/ (ia) ] (—igge™ @)oo [ —e*/(ia), —*/ (i) —x
39, — 4.9
201 1/(ab) +4-148¢ (ggeq). 2! 1/(ab) 1q, —iqge 4.9)
and deduce equation (4.4). The proof of corollary 15 is complete. (]

5. RAMANUIJAN TYPE ASKEY-WILSON INTEGRAL

With the help of Jacobi theta functions, N.M. Atakishiyev [6, Eq. (19)] discovered the following Ramanujan type
representation for the Askey-Wilson integral by the transformation ¢ — ¢~

Proposition 17 (Atakishiyev integral). If « is a real number and q = exp(—2a?), then we have

00 b . N d ,b ’bd s d s
f h(isinh ax; a, b, c,d)e™ coshaxdx = \rg _l(a [4.a¢/q.ad/q.belq. bd]q. cd]g: q)

w (abcd/q*; q)o
For more information about Ramanujan type Askey-Wilson integral, please refer to [6, 19, 20, 31, 38].
In this section, we generalize the following Ramanujan type Askey-Wilson integral by the method of g-difference
equation.

G.D
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Theorem 18. For M € Ny and f = g™, if a is a real number and q = exp(—2a?), then we have

2
© ¢ cosh ax(ige™: ) 1/f. qe™*(ib), e~ [(ia)
h(isinh ax;a, b, c.d | A 0.4|d
I B (7P NG B  (F S W S
_1(ab/q,ac/q,ad|q,bc/q,bd]q,cd]q,cg/q; q) 1/f,4*/(be), q*/(ac)
= EIZ (a * [ -4 4 ; 52
\/Eq (Cled/q3,Cfg/q, q)oo 3¢2 qz/(Cfg),q4/(ade) 4,4 |, ( )
where max{|abcdq_M_3',‘cfgq_M_1 ,'acdgq_3|} <1
Corollary 19. We have
2
o ) e " coshax —qge® [(ia), —qe** | (ib) . B
Im h(isinh ax;a,b, c,d,g)mz 1[ qz/(ab) g, —ige dx
_1(ab/q,ac/q,ad/q,bc/q,bd]q,cd]q,cg/q;q) 2/(be),q*[(ac) | ¢
\/Eq (abcd/q3’q)w ¢ q4/(abcd) g, q > ( . )

where max{|abcdq‘M‘3' , ‘acdgq_3| ) |ng_1|} <1

Remark 20. For f — 1 in Theorem 18, equation (5.2) reduces to (5.1). For f — 0 in Theorem 18, equation (5.2)
reduces to (5.3).

Proof of Theorem 18. The equation (5.2) can be written equivalently by

ax

f h(i sinh ax; b, ¢, d)e™ cosh ax {

(o)

(ige™, —iae™ 1a™5q)., 1 1/f.qe " [(ib).qe " (ia)
(ab/q’ifgeax;q)oo 3¢2[ qe—ax/(l'fg)’qZ/(ab) ,q,Q] dx

(c8/q.ad/q,ac/@ Dss [ 1/f.0°/(be).¢*/(ac) }

(abed|q?, cfg]q; q)o 3¢2[ q*/(cfg), q*(abcd) ,q,q] - G4

We denote the RHS of equation (5.4) by F(f, g,a), and check that F(f, g, a) satisfies equation (1.8), so does the LHS
of equation (1.8), thus

F(f.g.a)= ) - ¥ (g, dlg) (5.5)
n=0
and
= 1 (ad/q,ac/q; ).,
F(f,0,a) = upd® = \/;q 8(bc/q,bd/q,cd]q;q).—————— by(5.1)
2, ( o abediq).
= 7 . 5 (iae™, —iae™; q).,
:f h(isinh ax; b, c,d)e™ cosh ax dx
P (ab/q; q)o
= f h(isinh ax; b, c, d)e‘"2 cosh ax Z(—1)"q(;)‘?,gibem/q)(—ie_“x, ie™|q) a dx,
oo oy (4> @n
that is,

F(f,g,a) = f h(isinh ax; b, c, af)e‘"2 cosh ax {Z(—l)“q(;)\ygf)(g, alq)‘I’S,ibew/q)(—ie_”, ieax|6])( ) } dx,
—o0 q:9)n
n=0

which is equal to the LHS of (1.8) after using equation (2.6). The proof is complete. (]
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6. g-INTEGRAL TYPE BAILEY’S ¢i/¢ SUMMATION

The bilateral basic hypergeometric series i/, is defined as [21]

ay,az,...,a, E (al, 612,---,(1r;q)n (s=r)n (s—r)(") n
" g.7 = -1 2) 6.1
2T n;m(bl,bz,...,bs;q)n( e b
The Jackson’s g-integral notation [21]
fo fd,t=0-9) > fld"d" (6.2)

Bailey’s identity of bilateral well-poised ¢i/g-series is one of the deepest results in the theory of basic hypergeomet-
ric series, which implies the Askey-Wilson integral [18]. The famous Bailey’s ¢i/¢ have some important applications
in number theory and combinatorics. For more information, please refer to [18, 21].

Proposition 21 (Bailey’s ¢¢). Fora,b,c,d € C with ’azabcd/q3| < 1, we have
[ qVa,—gva,q/a, q/b.q/c.q/d . a*abed ]
66 Va, —+a,aa, ab,ac,ad ? @

_ (9.9a,q9/a,aab/q, aac/q, aad/q, abc/q, abd/q, acd]q; q).,
a (a,b,c,d,aa,ab, ac,ad, a*abed|q3; q)., .

(6.3)

In fact, we can rewrite Bailey’s ¢ as the g-integral form [21, Eq. (5.16)]
® (aat,alt,abt,b/t,act, c/t,adt, d[t; q), dg t
0 (agr?, q/(ar); q)., t
_ (1 =q)g,@ab/q,cac/q,aad|q, abc/q,abd/q, acd/q; q).,
\ (a?abcd|q?; q)., '

There are many proofs of Bailey’s g/ summation in the literature, see details in [2, 5, 17, 25, 29, 31, 35].
In this section, we generalize Bailey’s ¢/ summation as follows by the method of g-difference equation.

Theorem 22. For M € Ny and f = g™, we have
foo (aat,a/t,abt,b/t, act, c/t, adt, dt, agt; q)., [ 1/f.q/(abt),q/(aat) ]y
0 (aqr, /), afgt; 4) a/(afgn). ¢ /(aab) >

_ (1 — ¢)(gq,@ab/q, aac/q,aad/q, abc/q, abd]q,acd]/q,acg/q; q)., p [ 1/f,q*/(abc), ¢* | (aac) aq
(a%abed|q?, acfglq; q)., 2 @ llacsg). ¢t /(@Pabed) ")

where max {|a2abcdq‘M‘3| , |ochgq"""‘1 | , |a2acdgq_3|} <1

(6.4)

(6.5)

Remark 23. For g = 0 in Theorem 22, equation (6.5) reduces to (6.4) directly.
Proof of Theorem 22. We rewrite equation (6.5) by
* (aat,aft,abt, b/t act, c/t,adt,d]t;q), (gt q) [ 1/f,q/(abt),q/(aat) ] dyt
0 (aqt?, q/(ar®); q)., (aab/q, afgt, q)m3 2l g/afsn, P laab) T

o .y lacg/q,aad/q, aac/q;q)., [ 1/f,¢*/(abe), ¢ [(aac)
= (1 (’I)(q’ a’bc/q’ abd/q’ G'Cd/q’ q)oo (afzabcd/cf, Cl’cfg/q; C])oo 3¢2[ q2/(acfg)’ q4/(a,2abcd) 54 q] (66)

Denote the RHS of equation (6.6) by F(f, g,a), we can check that both F(f, g,a) and the LHS of (6.6) satisfy
equation (1.8) respectively, thus

F(fogo@) = ) - ¥ (g, dlg), (6.7)
n=0
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and
. (1 - g)q,aac/q,aad/q, abc/q, abd/q, acd/q; q),,
F 2 O’ = n " =
S0 ;)# ’ (e?abcd/q*; ),

B © (abt,b/t,act, c/t, adt,d/t; q)., {(a/at,a/t; q)m} %
~J (g, q/(a?); )., (aablq:q), ) 1

® (abt,b/t,act,c/t,adt,d|t; q),, |~ n () (b/(qr)) a’ dgt
= -1y, 1 —_ 6.8
fo {ZO< Y'q (a1, 1/1lg) 6.38)

(aqt®, g/ (at?); q),, (G| t
By equation (6.7) and (6.8), we have

F(f.g.a) = fo " labn bt act ot adt dJLd) {Z(—l)”q@%f (5. alg¥" " ar, 1/r|q)#} S 69
n=0

(aqt®, q/(at?); q) (@@ |
which is equivalent to the LHS of (6.6) after using equation (2.6). The proof is complete. L]

7. U(n + 1) TYPE GENERATING FUNCTIONS FOR AL-SALAM-CARLITZ POLYNOMIALS

Multiple basic hypergeometric series associated to the unitary U(n + 1) group have been investigated by various
authors, see [12, 13, 32, 37, 40, 41]. In [32], Milne initiated the theory and application of the U(n+ 1) generalization of
the classical Bailey transform and Bailey lemma, which involve the following nonterminating U(n+ 1) generalizations
of the g-binomial theorem.

Proposition 24 ([32, Theorem 5.42]). Let b,z and xi, ..., x, be indeterminate, and let n > 1. Suppose that none
of the denominators in the following identity vanishes, and that 0 < |g| < 1 and |z] < |x1 ... x| |xu|™" Iql(”_l)/z, for
m=1,2...,n. Then

1 — &qyr_)k n -1 n
Z { l_[ [7)" - ln (qﬁ.q) l—l(xi)nyz'—(Y1+---+yn)(_1)(n—1)()'1+---+yn)
- Xg

N

V20 1<r<s<n X r,s=1 Yroi=1
k=12...n
x qy2+2y3+...+(n—1)y,,+(n—])[(y2|)+...+(y2’1)]—e2(y] ..... yn)(b, q)y oty Zyl+...+yn — (b29 q)oo (7 l)
s 1+ +yn 5 .
(T @0
where e>(y1,. ..,y is the second elementary symmetric function of {y1,...,Vn}.

In this section, we generalize U(n + 1) type generating functions for Al-Salam-Carlitz polynomials by the method
of g-difference equation.

Theorem 25. Letu,v,r, s, x,y,zand xi, ..., x, be indeterminate, and let n > 1. Suppose that none of the denominators
in the following identity vanishes, and that 0 < |g| < 1 and |z| < |x1 ... x| |x]™" Iql(”_l)/z, form=1,2...,n. We have

> { T[S

-1 n
X —(v — )
q_r, q) | |(xl,)n}l_(}l+-~-+YI1)(_1)(” DO+ 4yn)
X

N

k_)‘lkio 1<r<s<n X rs=1 Yroi=1
x @Bt 0D e D[ ()t (D e0esg® 0 dg)@®, L (s, i) T
(rsvz, uvyz; @)oo r,VyZ, uv/x
= 3| .q.sxz), (72)
(8VZ, VVZ, XVZ; @)oo rsvz, uvyz

where max{|svz|, [vyzl, |xyz|, |sxz|]} < 1 and ex(y1, ..., y,) defined in formula (7.1).

Remark 26. For n = 1 in Theorem 25, equation (7.3) reduces to (2.5). Forv = s = 0 in Theorem 25, equation (7.3)
reduces to (7.1) with b = 0.
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Proof of Theorem 25. First, we denote f(u, v, x) by

| — Zgrys] n
o= T 12

V=0 1<r<s<n Xs r,s=1
k=12...n

Xr
q—:9q
Xs

-1 n
) l—l(xl.)nyi—(w +~-~+yn)(_ 1 )(”— D1+.+Yn)

yroi=1
Xqy2+2y3+m+(n_l>yn+(n_1)[(};)+"'+();)]_62(yl’m’yn)q)(yL]lZ-..,+yn(V’ xlq)(zy)y‘+"'+y”, (7.3)

we can check that f(u, v, x) satisfies equation (1.7), so we have

Fav,x) = D - O (v, xlg) (7.4)
n=0
and
S 1

,0,x) = WX=—— by(7.1
F(,0,%) ;ﬂx Smas @D

N0

(g

Using equation (7.4) yields

(&9

_ () 02" (Y3 Qe
s 0= ; (v xa) (@ Dn (Y2 X2 Qoo

Similarly, denote F(r, s,y) by the LHS of equation (7.3), we can also check that F(r, s, y) satisfies equation (1.7). By
the same method, we have

(7.5)

s e
F(r,5,) = ) O, xig)®f (s, ylg) ——, (7.6)
& (4 Dn
which is equal to the RHS of equation (7.3) by (2.5). The proof is complete. (]
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