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NEW INTEGRAL REPRESENTATIONS FOR THE FOX-WRIGHT FUNCTIONS
AND ITS APPLICATIONS

KHALED MEHREZ

ABSTRACT. Our aim in this paper is to derive several new integral representations for the Fox—Wright
functions. In particular, we give new Laplace and Stieltjes transforms for this special function under
some restrictions on parameters. From the positivity conditions on the weight in these representations,
we found sufficient conditions to be imposed on the parameters of the Fox—Wright functions which allow
us to conclude that it is completely monotonic. As applications, we derive a class of functions that are
related to the Fox H-functions and are positive definite. Moreover, we extended the Luke’s inequalities
and we establish new Turdn type inequalities for the Fox-Wright function. Finally, by appealing to each
of the Luke’s inequalities, two sets of two—sided bounding inequalities for the generalized Mathieu’s type
series are proved.

1. INTRODUCTION

In this paper, we use the Fox-Wright generalized hypergeometric function ,%¥,[.] with p numerator
parameters i, ..., &, and ¢ denominator parameters [, ..., 8;, which are defined by [39, p. 4, Eq. (2.4)]

(ap,Ap) I Ty + kA 2F
— \I/ = —1_1 —_—
Z} P q[ 4 ];) [, T(B, + kBy) k!

|:(LY17A1);~~;(°VP¢AP)
P ! (ﬁquQ)
(i, 8; €C, and A;,B; eRT (i=1,...p,j=1,...,q)) ,

(B1,B1);--5(Bq:Bq)

(1.1)

where, as usual,

N=1{1,2,3,..}, Ng=NU{0},
R, R, and C stand for the sets of real, positive real and complex numbers, respectively. The convergence
conditions and convergence radius of the series at the right-hand side of (1.1) immediately follow from
the known asymptotic of the Euler Gamma—function. The defining series in (1.1) converges in the whole
complex z-plane when

(1.2) A=) "Bj=> A >-1

j=1 i=1

If A = —1, then the series in (1.1) converges for |z| < p, and |z| = p under the condition R(u) > 3, (see
[17] for details), where

P q q P
(1.3) p=IT4" ) | I157 |, ”:Zﬁj—zakJrz%q
i=1 j=1 j=1 k=1

If, in the definition (1.1), we set

Air=...=A,=1 and By =..=DB;,=1,
we get the relatively more familiar generalized hypergeometric function ,Fy[.] given by
1 T(B; (@1,1),...,(ap,1)
(14) qu [gl.“.,gp Z:| _ H;_l ( .7)p q[ 1 P ‘Z:|
b [Tz (i) (B11)0e0s(Bg,1)

The Fox-Wright function appeared recently as a fundamental solutions of diffusion-like equations
containing fractional derivatives in time of order less than 1. In the physical literature, such equations
are in general referred to as fractional sub-diffusion equations, since they are used as model equations
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2 K. MEHREZ

for the kinetic description of anomalous diffusion processes of slow type, characterized by a sub-linear
growth of the variance (the mean squared displacement) with time (see for example [22]).

The H-function was introduced by Fox in [11] as a generalized hypergeometric function defined by an
integral representation in terms of the Mellin-Barnes contour integral

Hmn (qu['}q) Hmn ’(Blvﬁl)a""(quﬁq)
op \Zlapap) 0P Z(Al,m) (Ap.ap)

/ A5+%)H 1 I(L = B; — Bys)

~ 2in H] 1 D(Brs + B) T T(1 =y — Ajs)

Here L is a suitable contour in € and z~° = exp(—slog |z| +iarg(z)), where log |z| represents the natural
logarithm of |z| and arg(z) is not necessarily the principal value.

The definition of the H-function is still valid when the A;’s and B;’s are positive rational numbers.
Therefore, the H-function contains, as special cases, all of the functions which are expressible in terms
of the G—function. More importantly, it contains the Fox-Wright generalized hypergeometric function
defined in (1.1), the generalized Mittag-Leffler functions, etc. For example, the function ,¥,[.] is one of
these special case of H-function. By the definition (1.1) it is easily extended to the complex plane as

(Of;mA;n)
P q[

follows [18, Eq. 1.31],
(Ap,1—ayp)
z} = H <—z’ ) :
(ﬂquq) p’q+1 (071)7(Bq51_ﬁq)

The representation (1.6) holds true only for positive values of the parameters A; and B;.

(1.5)
z %ds.

(1.6)

The special case for which the H-function reduces to the Meijer G-function is when A; = ... = A, =
By =..=B;=A, A>0. In this case,
m,n (Bq:Bq) 1 m,n 1/A Bq
(1.7) H <Z’(Ap,ap)) AGP p (z / o)

Additionally, when setting A; = B; = 1in (1) (or A= 11in (1.7)), the H- and Fox-Wright functions turn
readily into the Meijer G-function.

Fach of the following definitions will be used in our investigation.

A real valued function f, defined on an interval I, is called completely monotonic on I, if f has
derivatives of all orders and satisfies

(1.8) (=1)"f"™(z) >0, n €Ny, andz € 1.

The celebrated Bernstein Characterization Theorem gives a necessary and sufficient condition that the
function f should be completely monotonic for 0 < x < oo is that

(1.9) f(x) = / e du(t),

where p(t) is non-decreasing and the integral converges for 0 < 2 < co.
A function f is said to be absolutely monotonic on an interval I, if f has derivatives of all orders and
satisfies
f™(x) >0, z €1, neN,.

A positive function f is said to be logarithmically completely monotonic on an interval I if its logarithm
log f satisfies

(1.10) (=1)"(log f)™(x) >0, neN, and z € I.

In [4, Theorem 1.1] and [13, Theorem 4], it was found and verified once again that a logarithmically
completely monotonic function must be completely monotonic, but not conversely.

An infinitely differentiable function f : I — [0, 00) is called a Bernstein function on an interval I, if
/' is completely monotonic on I. The Bernstein functions on (0, 00) can be characterized by [31, Theorem
3.2] which states that a function f : (0,00) — [0, 00) is a Bernstein function if and only if it admits the
representation

(1.11) flz)=a+bx + /000(1 e~ ) du(t),
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where a,b > 0 and p is a measure on (0, ) satisfying [~ min{1,¢}du(t) < co. The formula (6) is called
the Lévy—Khintchine representation of f. In [7, pp.161-162, Theorem 3] and [31, Proposition 5.25], it was
proved that the reciprocal of a Bernstein function is logarithmically completely monotonic.

In [31, Definition 2.1], it was defined that a Stieltjes transform is a function f : (0,00) — [0, 0)
which can be written in the following form:

(1.12) fay=§+v+ [

where a,b are non-negative constant and p is a non-negative measure on (0,00) such that the integral

< du(t)
t+a’

fooo dtHT(tl) < 00. In [4, Theorem 2.1] it was proved that a positive Stieltjes transform must be a logarith-
mically completely monotonic function on (0,00), but not conversely. We define S to be the class of

functions representable by (1.12). Functions representable in one of the forms

B < du(t) b * dv(t)
(1.13) f(z)—aJr/0 m—;ﬁfo (1+ zt)e’

are known as generalized Stieltjes functions of order a. Here, o > 0, p and v are non-negative measures
supported on [0,00),a,b > 0 are constants and we always choose the principal branch of the power func-
tion. The measures p and v are assumed to produce convergent integrals (1.13) for each z € C\ (—o0, 0].
We denote by S, to be the class of functions representable by (1.13).

The present sequel to some of the aforementioned investigations is organized as follows. In Section
2, we derive the Laplace integral representations for the Fox H-function H}]’;S and for the Fox-Wright
function ,¥,. We give a numbers of consequences, some monotonicity and log-convexity properties for
the Fox-Wright function are researched, and an Turdn type inequality are proved. In Section 3, we find
the generalized Stieltjes transform representation of the Fox-Wright function ,41¥,. As applications, we
present some class of completely monotonic functions related to the Fox-Wright function. In addition,
we deduce new Turan type inequalities for this special function. In Section 4, some further applications
are proved, firstly, a class of positive definite function related to the Fox H-function are given. As
consequences, we find the non-negativity for a class of function involving the Fox H-function. Next, we
show that the Fox-Wright function ,¥,[2] has no real zeros and all its zeros lie in the open right half
plane R(z) > 0. Moreover, two-sided exponential inequalities for the Fox-Wright function are given, in
particular, we gave a generalization of Luke’s inequalities. Finally, by appealing to each of these two-sided
exponential inequalities, two sets of two-sided bounding inequalities for generalized Mathieu’s type series
are proved.

2. LAPLACE TRANSFORM REPRESENTATION AND COMPLETELY MONOTONIC FUNCTIONS FOR THE
FoxX-WRIGHT FUNCTIONS

In the first main result we will need a particular case of Fox’s H-function defined by

(o 7) = b [ Dl o
PP\l ) 2im [ [T, T(Brs + Br)

where A;, By, > 0 and o, B are real. The contour £ can be either the left loop £_ starting at —oo + i
and ending at —oo 4 i for some o < 0 < 3 such that all poles of the integrand lie inside the loop, or the
right loop £ starting co 4+ i at and ending oo + i3 and leaving all poles on the left, or the vertical line
Lic, R(z) = ¢, traversed upward and leaving all poles of the integrand on the left. Denote the rightmost
pole of the integrand by ~ :

(2.14) 2z %ds,

7= min (og/4;).

Existence conditions of Fox’s H-function under each choice of the contour £ have been thoroughly con-
sidered in the book [18]. Let z > 0 and under the conditions:

P
> A=
=1

we get that the function HP:)(z) exists by means of [18, Theorem 1.1], if we choose £ = L or L = Ly,
under the additional restriction > 1. Only the second choice of the contour ensures the existence of the
Mellin transform of H?:)(z), see [18, Theorem 2.2]. In [15, Theorem 6], the author extend the condition

q
Bk7 pgla
1
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©>1to u> 0 and proved that the function H(T;’I‘)J(z) is a compact support.

In the course of our investigation, one of the main tools is the following result providing the Laplace
transform of the Fox’s H-function 2z~ HF(z).

Theorem 1. Suppose that > 0, v > 1, and Z§:1 Aj = Y1, Bi. Then, the following integral
representation
P (Bq:Bq) \ dt
Zi| :/ ethgvz? (t‘ ) —_, (Z S R),
0 ’ (AP’O‘;D) t

N (ap,Ap)
st [wq,Bq) -4

is completely monotonic on (0,00), if and only if, the function Hg;g(z) is non-negative on (0, p).

(2.15) v [mp’AP)
' P88y

hold true. Moreover, the function

Proof. Upon setting k = s, k € Ny in the Mellin transform for the Fox’s H-function H 57’19(2) [15, Theorem
6]:

T,’f P(Aé + Oé) P (quﬁq) 3
2.16 =1 ! e / HPO (t’ >tb_1dt, R(s) >,
( ) HZ:I F(Bks + 616) 0 P (Ap,op) ( ) 7

we get

\I] |:(QP7AP)
Po8,,84)

i| Z A k + 041)
k' I'(Bjk + 53;)
= i/ﬂ P t\(Bq’EQJ ()" dt
k=0"0 op (Ap,ap) k! t
P (quﬂq) ad (Zt)k dt
= [ HPO t’ —
/0 P ( (Apvap)> <kz=0 k' t
_ /IJ eZth*O t’(Bqaﬁq) @
0 P (Ap,ap) t .

For the exchange of the summation and integration, we use the asymptotic relation [18, Theorem 1.2,
Eq. 1.94]

(2.17) HM(2) = 6(27), 2] — 0.

Now, suppose that the function is completely monotonic on (0, 00), therefore by means of Bernstein Char-
acterization Theorem and using the fact of the uniqueness of the measure with given Laplace transform
(see [38, Theorem 6.3]), we deduce that H?:0(z) is non-negative on (0, p), which evidently completes the
proof of Theorem 1. O

We next calculate the finite Laplace transform of several special functions. In the following example,
we present the finite Laplace transform of the function
e ) M a+by—ay,by
211 ’ ’1 —Z|.
F(bl + b2) b1+b2
Example 1. Suppose that ai,a2 > 1 and by, by > 0. Then the following identity holds:
1 -2 by+by—1 _ _
ta2 (1 — t) 1+02 o (a1—1,1),(a2—1,1)
zt az+bz—ay,by
F[Q : 17t}dt:\11[ H
A ¢ F(bl + bg) 201 bi+bz ’ 2r2 (a1+4b1—1,1),(az+bs—1,1) 8
(2.18) - I(ay — D)(ag — 1)

o F(a1 + by — 1)F(a2 + by — 1)

a1—1,a5—2
X 2B |:¢11+b1—1,112+b2—11| :

In particular, the following formula

! : (a,1),(a,1)
/ 6Ztlfa_lZF‘l [2/i’1/3|1 - t:| dt = Q\I/2|: ‘Z:|
(2 19) 0 (a+1/3,1),(a+2/3,1)
_ FQ(a) 7 [ a a }
T(a+1/3)0(a+2/3)> 2 latgeti]
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is valid for all a > 0. Indeed, we combined the following formula [18, Eq. (1.142)]

(a1+b1—1,1),(az+b2—1,1) taz—l(l _ t)b1+b2—1
>_ (b +by) ° 1[

2,0
(220) H272 (t b1+b2

with (2.15) we get (2.18).

as+ba—asz,by ’1 o ti|
(a1-1,1),(a2—1,1)

Example 2. Keeping (2.15) and the formula [18, Eq. (1.143)] in mind, we arrive at
1 > tzya—1 -1 (a,1)
(2.21) ﬁ/o es et (=) bt = vy [0 2]

Example 3. The four parameters Wright function is defined by the series (in the case it is a convergent
one)

ok

(2.22) o ((uya), (v, b);2) = kZ:O (@ s k)T )’ uw,v €R, a,beC.

The series from the right-hand side of (2.22) is absolutely convergent for all z € C if p+v > 0. If
w+v =0, the series is absolutely convergent for |z| < |u|*|v|¥ and z| = |p|*|v]” under the condition
R(a+b) > 2. Some of the basic properties of the four parameters Wright function was proved in [20]. So,
by means of Theorem 1 we deduce that the four parameters Wright function ¢ ((u,a), (v,b); z) possess the
following integral representation:

v o [(ma)@b)] dt
! t‘ t’

ptv
(2.23) oo wbia) = [ hy
0 ' (1,1)
where a,b, i and v be a real number such that p+v =1 and a +b > 3/2.

Corollary 1. Suppose that the hypotheses of Theorem 1 are satisfied. We define the sequence (¥n,m )n,m>0
by
Yo = i1 D(ai + (n +m)4;)
o i=1D(Bj + (n+m)B;)’
If (HY) : n2 < p1 and 1/17211 < WYn0Pn 2, foralln € Ny, then the function
(up:Ap)
_ Z}
(ﬁqu(J)

is completely monotonic on (0,00), and consequently, the function Hg;g(z) is non-negative on (0, p).

n,m € Np.

sz\I/q[

(ap,Ap)
Proof. In [28, Theorem 4], the authors proved that the function ,¥, [(/3 5 z] satisfying the following
inequality o
Vo 105 ol () 2
(2.24) g 0e?0tPo0lFl < W, LB 5 Z} < oo —oa(l—e), z€eR,

if 19,1 > 10,2 and 1/)(2),1 < 10,0%0,2. On the other hand, by the left hand side of the above inequalities, we
get for n >0

n dar (ap,Ap) (ap+nApy,Ay) -1,
(1) d.nP 4 {(B:,B:) - z] =,¥, [(B:+nB:,B:) — z] > wn’oewn,lw,,wo‘ s o.
(aP)Ap)
So, the function z — , ¥, [ . z] is completely monotonic on (0, 00), and consequently, the function
q>=q
HJJ(2) is non-negative on (0, p), by means of Theorem 1. -

Remark 1. a. Combining (2.15) with (1.6), we obtain

(Ap,1—ay) P (Bg:Bq) dt
2.5 H ‘ :/ —2t gp.0 t‘ @
(2.25) patl <z (0,1),(Bg,1-84) 0 ¢ TP N Ap,ap)) T

b. In view of (2.15) and (1.7), we get

(aIJ7A) 1
2.26 v ) = A*l/ uzGEO (/A
(2.26) p p[(ﬂq,A) Z] A e bpp | U

By

)@7 A>0,z€eR.
u

Qp
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Letting in the above formula, the value A =1, we get [16, Corollary 1, Eq. 11]

»\ dit
zt p,0 b
} F / Gpp < ”P) t

Theorem 2. Let oy, B, i=1,....,p be a real number such that
(H2): 0<oa1 <.y, 0< B <. <Bp D Bj— a; 20, fork=1,..p

(2.27) JF, [

-Bp

j=1 j=1
In addition, assume that ) = Z;’:l(ﬂj — ;) > 0. Then, the function
AN
2 _
(Bq,A)

is completely monotonic on (0,00).

B
Proof. In [14, Lemma 2], the authors proved that the function G%9 (t ’

P
since the hypotheses of thus Theorem implies the hypotheses of Theorem 1 and so we can used the integral

representation (2.26). Therefore, we deduce that all prerequisites of the Bernstein Characterization

> is non-negative on (0,1), and

(orp,A)
Theorem for the complete monotone functions are fulfilled, that is, the function ,¥, [( ' A)’ — 2]7 is
ﬁqv
completely monotonic on (0,00). It is important to mention here that there is another proof for proved
(O‘p»A)

(Bq,A)
(2.26). For this we make use the inequalities (2.24). In our case, we have

the completely monotonic for the function p\I/p[ ‘ - z], without using the integral representation

B P T(a; + (m+n)A)
Ynm = 1:[ L(B; + (m+n)A)

Under the condition (Hs), Alzer [1, Theorem 10] proved that the function

is completely monotonic on (0, 00) this yields that p(A) > ¢(2A) and consequently g1 > 2. On the
other hand, Bustoz and Ismail [6] proved that the function
I'(z)['(z+a+b)
rab) = ———— ——— ~ b>0
is completely monotonic on (0,00), then the function z — p(z;a,b) is decreasing on (0,00). Now, we
choosing a = b = A, we obtain p(;; A, A) < p(c;; A, A), thus implies that 1/)371 < 19,0%0,2. So, from the
inequality (2.24), we deduce that the function , ¥, [Eg;’ ":)) ‘ - z} is non-negative on (0,00). On the other

hand, for n € Ny we have

dl" « « n
(*1 — U {( p’A)‘ *Z] :p\I/p {( pind ) *Z] :p\I/p [(SP’A) ‘ *Z} > 07

)" e |(5.a) (Bnd,A) (i)
where §, = a, + nA and A\, = 3, + nA satisfying the hypothesis (Hz). Thus implies that the func-
(ap,A)
tion ,W¥, [EZZZZ\AA?)\ — z} is non-negative on (0,00), and consequently the function ,¥, [(; A)‘ — z} is

completely monotonic on (0, 00). This completes the proof of Theorem 2.

Remark 2. We see in the second proof of the above Theorem that the condition v > 0 is not necessary for
(ap,A)
! )fz} , and consequently this property
(Bp,A)

is also true under the conditions hypotheses (Hs) only, and consequently the H-function H’” [ gﬁ’g’))] is

non-negative under thus hypotheses.

proved the complete monotonicity property for the function ,\¥,, [

Remark 3. We see that the conditions of hypotheses (H}') are satisfied in the cases when p = q, a; < f3;
and A; = B; for i = 1,...,p. Indeed, under this conditions, we get o((n + 1)A) > o((n +2)A), n > 0
and consequently V¥, 1 > 1y 2. Moreover, we have p(f; +nAj; A;j, Aj) < ploy +ndj; Aj Aj), n >0, e,
wn,l < %,0%,2
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Conjecture 1. We suppose that p = q, o; < Bi, A; < B; and B; + B; > x* fori =1, ...,p, where * is
I'(z+a)
T(z)

the abscissa of the minimum of Gamma function. Since the function z — a > 0 is increasing on
(0,00), we get
T(z+a)l'(z+b) <T(z)I'(2+a+1b), a,b>0.
We set z = a; +nd;, a=A; and b= f; — a; + (n+ 1)(B; — A;) in the above inequality, we get
I(a; + (n+2)4;) I(a; + (n+1)Ai)
Since the Gamma function I'(z) is increasing on (x*,00), we get I'(B;+(n+1)B;+ A;) < T'(5i+(n+2)B;)
and consequently

(2.28)

Mo+ (n+2)A;)  T(a;+ (n+1)Ai
LB+ (n+2)B;)  T(+(n+1)B;)’
i.e the condition 1y o < 1 in (HY) holds true. We were not able to show that the inequality 1/),21’1 <

Vi, 0Un,2. For this we state the following conjecture: Proved a sufficient condition imposed on the param-
eters oy, B, A; and Bj (A; # Bj) such that the conditions of hypotheses (H{") are satisfied.

(2.29)

Corollary 2. Keeping the notation and constraints of hypotheses (Ha) of Theorem 2. Then, the function

(orp,A)
A=V, |:(Bq»A) ’z},
is log-convez on (0,00) for all z € R. Furthermore, then the following Turdn type inequality
o [ [ () o
(Bq,A) (Bq,A+2) (Bq,A+1)

holds true for all A € (0,00) and z € R.

Proof. Rewriting the integral representation (2.26) in the following form:

(ava) 1 A dt
2.31 v ‘ = | etz aro (¢
(2.31) P p[(ﬁq,A) Z] /0 € Py

B
)—,A>QzeR
ay ) t
Let us recall the Holder inequality [24, p. 54], that is

1/q

b Vr o
/If(t)Ipdt] [/ |g<t>1’dt} ,

where p > 1, %—i—% =1, f and g are real functions defined on (a,b) and [f|P, |g|? are integrable functions
on (a,b). From the Holder’s inequality and integral representation (2.31) and using the fact that the
function A + x4 is convex on (0,00) when = > 0. For A, Ay > 0 and t € [0, 1], we thus get

! - B\ d
4 _ /O prut A4 ngg <u ap) Zu
1 B d
tzull (1— Ag 0 P U
< / elzut (I=t)zu Gh) (u ) o
0 p
1 A t As 1—t
zu B Zu B
2. _ (& 0 P € 0 P
(2.33) = /o [UGQP (u ap)} [ " Ghy (u a,,)} du
1 t 1
/ Gp ,0 d_u / ezuAZ Gp,O U Bp d_’LL
0 p,p ap m 0 p,p o m

- bl ) b )

(Bp, A1)
and hence the required result follows. Now, choosing A1 = A, Ay = A+ 2 and t = % in the above

inequality we get the Turdn type inequality (2.30). O

b
(2.32) [ 1stwtolar <

U (op, tA1+(1—t) Az
P | (Bp, tA1+(1—1t)A2)

1-t

IN

Corollary 3. Let A, w > 0. Suppose that the hypotheses (Hs) of Theorem 2 are satisfied. , we deduce

that the function
_ [(/\ 1), (ap,A) 1}
>z - -
PP
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is completely monotonic on (0,00), and consequently, the Hypergeometric function

-]

A Qq .0

Y
Z>z 1 F, [
PP byt

is completely monotonic on (0,00). (see [16, Theorem 3].)

Proof. From the integral representation [28, Eq. 7]

(>‘ 1) (QP1A) (ava)
Ponly| =)= [Tt [0 - ]
z wt|dt,
rlel o PEP L (8y,4)

(aw
and using the fact that the function ,¥, [(5 A)‘ — z] dt, is non-negative on (0,00), we deduce that the
D
()\,1),((11,,14) ’

(Bp,A)

w

function z*’\pﬂ \Ilp[ ;} is completely monotonic on (0, 00). g

Remark 4. Let \, w > 0. Repeating the same calculations in Corollary 3 and under the assumptions

of Theorem 1 such that the conditions of hypotheses (H7") ( or the function Hé”:;?['] is mon-negative) are
satisfied, we get that the function

(Aal)a(amAp) wi|

z

(b€17Bf1)

Zz p+1\11q[

is completely monotonic on (0,00).

In the following example we present some new properties for the 7—Kummer hypergeometric ¢™ defined
by [34]
T(b+ kT) 2F
(b, :§ — >b>0,7>0, < 1.
“F s Ilc+ kT E » (e T g )

Example 4. The following assertions are true:
1. In view of Theorem 1 and the identity [23, p.127]

o 5 10 a+p+1
21— 2)8 =T(B+ )G z| 2l < 1,

we deduce that the T— Kummer hypergeometric @™ admits the following integral representation:

, T (! dt
@ (be,z) = 7I(b) /o d G}? (t b) T
_ L ! oA h=1(1 _ )e—b-1
= NOINCED /0 (1 —1) dt.

2. The function z — ¢7(b,c,—z) is completely monotonic on (0,1). Moreover, the T +— @7 (b,c,2) is
log-convex on (0,00) and satisfies the following Turdn type inequality

(107—+2(b7 C,Z)QOT(IL C, Z) - @T+1(b7 & 2)2 > 0.

(2.34)

Theorem 3. The function z — , ¥, [Eg:g:))

1 o0 t (‘Xp+1vAp) p F(a )
—| = -z g ‘t #5 dt,
z} /o ¢ (p q+1[(6(1+1,Bq)=(2,1) }+ 1 T(8;)

Jj=1

%] admits the following Laplace integral representation

(2.35) v [(a”’A”)
' P 8,8,

where dq is the Dirac measure with mass 1 concentrated at zero. Moreover, the function

(ap,A 1
e p\Ilq |:</3:va)) ;:|

is completely monotonic on (0,00).

Proof. Straightforward calculation would yield

o0 (ap+1aAp) p F((X)
=t W [ M izl G5 gy =
/0 ‘ (” T B, 20) )
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_ Z z (D + Aym + 1) /O<> tMe=tdt + 71_[?:1 Ilas)
0

(5; + Bym + D)(m + 2)m! 12 T(8))
B Z T(a; + Aym + 1) i1 (i)
@ +B im 4+ 1)(m + 1)lzm+l 1 0(8;)
- az + A m) Zij:1 F(Oél)
Z T3, + Bymymizn T, T(3,)

_Z f’l (o + Aym)

(B; + Bjm)mlzm
d
ML

Therefore, the integral representation (2.35) of the function Fox-Wright function p\IJq[

[(avap)
Po84,B,)

(O‘P’AP)
(Bq:Baq)

t} being positive, all prerequisites of the Bern-

z

l} is ful-
(ap+1,4,)
filled. Simultaneously, the function , ¥4 [ ’

(Bq+1,B4),(2,1)
stein Characterization Theorem for the complete monotone functions are fulfilled, that is, the function

(O‘vap)
v,
P (8,,B4)

l] is completely monotone on (0, c0). It is important to mention here that there is another

(ap,Ap)

(Bq:Bq)
function f(z) is absolutely monotonic then the function f(1/x) is completely monotonic [38, p. 151], and
|:(a;mAp) (ap,Ap) 1:|

g

(Bg:Bq)
Example 5. The four parameters Wright function ¢ ((u,a),(v,b);1/2) is completely monotonic on
(0,00), and admits the following integral representation:

proof for the completely monotone of the Fox-Wright function ,¥, [

} By using the fact that if the

since the function ,V,

z] is absolutely monotonic and consequently the function p\Ilq[

4:Bq)
is completely monotonic on (0, c0), which evidently completes the proof of Theorem 3.

o0 (2,1) 1
2.36 ,a), (v, b);1/2) = e * (1T [ M—F—é)dt.
(2.36) ¢ (), (v,6);1/2) /0 (1 ? Lat ). (1) (2.0) Fla+1I'(b+1) 0
3. STIELTJES TRANSFORM REPRESENTATION FOR THE FOX-WRIGHT FUNCTIONS AND ITS
CONSEQUENCES

In this section, we show that the Fox-Wright function

(o,1),(ap,
p+1¥y [(ﬁ,,,B,,)p = Z}
is a generalized Stieltjes functions of order o. As applications, some class of logarithmically completely
monotonic functions related to the Fox-Wright function are derived. Moreover, we deduce new Turan

type inequalities for thus special function.

Theorem 4. Let 0 > 0 and z € C such that |arg z| < 7 and |z| < 1. Assume that the hypotheses (Hs) of
Theorem 2 are satisfied. Then, the following Stieltjes transform hold true:

1
(a,1>,<ap,A>‘ _ du(t)

37 o S Y T O
(8:37) pi¥s (5204 d /0 L+ t2)
where

A8\ dt
3.38 du(t) = HPO t‘ @
(3.38) u(t) ( (A,a,,>)t

Furthermore, the function

. [(o,m,(a,,,A)’ _ Z]

(Bp,A)
is completely monotonic on (0, 1).

Proof. Consider the right-hand side of (3.40) with du(t) is given by (3.41). We make use of the formula
(2.16) and applying the binomial expansion to

k
(142)77= Z(a)kT, 2 € C such that |z] < 1,
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and integrating term by term we obtain the left-hand side of (3.40). Finally, its easy to see that the

function z — 119, [E;;l)é()ap,fl)‘ — z] is completely monotonic on (0, 1). O

Corollary 4. Let 0 < o < 1. Assume that the hypotheses (Hz) of Theorem 2 are satisfied. Then the
following assertions are true:

a.The function

o ety [550)-

is logarithmically completely monotonic on (0,1).
b.The function

620 o et 124

is a Bernstein function on (0,1). In particular, the function

((7“1’171)7( p+A’A) (‘7!1)!( p7A)
z p1¥p [(5P+A,A)a - Z] /p+1‘11q [(5P,A)a ) - Z}

is completely monotonic on (0,1).
Proof. a. By using the fact that S, C Sz whenever o < /3 (see [30]), we deduce

B s P

where 0 < o < 1. On the other hand, it was proved in [4, Theorem 1.2] that the set of Stieltjes transforms
S\ {0} is a proper subset of the class of logarithmically completely monotonic functions.
b. The result follows from Theorem 4 and Proposition 1.3 [5]. O

Example 6. We consider the T— Gauss hypergeometric function 297 (a,b, ¢, z) defined by [35]:

a,b,c>0,c>b,|z| < 1.

c > a a T Zk
27 (a,b,¢,2) = o )b) > [(a+ k)I(a +7k)

T(@(b) & Tlc+7k) K

Then, the following assertions are true:
(1) The 7— Gauss hypergeometric function possesses the following integral representation:
I'(c) /1 Pyt
L) (c—b) Jo (14 2t7)e '

(2) The 7— Gauss hypergeometric function 27 (a, b, ¢, —z) is logarithmically completely monotonic on
(0,1).

2§071—((l, ba c, _Z) =

Remark 5. Assume that the assumption of Theorem 1 and the hypotheses (H{') are satisfied (or the
function Hé”;;?[-} is non-negative). Then, the following Stieltjes transform hold true:

P dp(t)
(‘711)1(‘11)»‘4;7) _ _ L
(3.40) p+1¥ [(5,,,3,1) Z] _/0 (1+tz)7
where
(Bq:Bq) \ dt
3.41 du(t) = HP? t‘ —.
(3.41) ey =2 (o)

Moreover, the following assertions are true:

(1) The function

(‘771)7( vap)
z = p1¥q [(ﬁq,Bq?

_ Z]
is logarithmically completely monotonic on (0,1).

(2) The function

o,1), vap
(3.42) P 1/ 10, [Eﬁqgg ) _z]

is a Bernstein function on (0,1). In particular, the function

o,1),(ap,A
_ Z} /p+1\I’q [Eﬁq:)Bi)p »)

(0'+171)7(0‘p+14p714p)
2= p1¥y [(mBmBo

]

is completely monotonic on (0, 1).
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Theorem 5. Under the assumptions (Ha) stated in Theorem 2. The function

—_ o,1),(ap,A
o= Z(0) =p117, [gﬂp,)A()a )’z}

is log-convex on (0,00) for each z € (0,1). Furthermore, the following Turdn type inequality

a,1),(ap,A o+2,1),(ap, A o+1,1),(ap,A 2
(343)  pa® GO e [V ] = e [G1AV)]) 2 0,

holds true for all o € (0,00) and z € (0,1).

Proof. Recall the Chebyshev integral inequality [24, p. 40]: if f, g : [a,b] — R are synchoronous (both
increasing or decreasing) integrable functions, and p : [a,b] — R is a positive integrable function, then

(3.44) /abp( Dt )dt/ dt</ dt/ FBg(®)

Note that if f and g are asynchronous (one is decreasing and the other is increasing), then (3.44) is
reversed. Let o2 > o1 > 0 and arbitrary € > 0 and we consider the functions p, f, g : [0,1] — R defined

by:
(4.8,)
g (¢
()= )] (1) = e 90 =
PO="""0 " Tty YT e

Since the function p is non-negative on (0, 1) and the functions f and g are increasing on (0, 1) if z € (0,1),
we gave

E(o1 + €)E(02) < E(01)Z(02 + €).
The above inequality is equivalent to log-convexity for the function o — Z(¢) on (0, 00) for each z € (0,1)
(see [25, Chapter 1.4]). Now, focus on the Turdn type inequality (3.45). Since the function o — Z(0) is
log-convex on (0, 00) for each x € (0,1). it follows that for all 01,09 > 0, t € [0,1] and x € (0, 1), we have

E(tor + (1 - t)oz) < [E(01)][E(o2)]' "
Upon setting
1
o1 =0, 0o =0+2 and tzi,

the above inequality reduces to the Turdn type inequality (3.45), which evidently completes the proof of
Theorem 5. O

Remark 6. Under the assumptions stated in Theorem 1 and hypotheses (HT') (or the function HEJ[.] is
non-negative) and by repeating the same calculations as above we deduce that The function

d

is log-convez on (0,00) for each z € (0,1). Furthermore, the following Turdn type inequality

(o+1,1),(ap,Ap) 2
= ([ )]) =0

— o,1),(ap,Ap
o E(0) = p11¥, [Eﬁq’gi)

1), (aup, A
(3.45) " [ggg«; 2|,

holds true for all o € (0,00) and z € (0,1).

(0+2,1),(ap,Ap)
]pﬂ‘l’ [(ffq,B) o

4. FURTHER APPLICATIONS

4.1. A class of positive definite functions related to the Fox H-function. The purpose of this
section is to prove a class of positive definite functions related to the Fox H-function. As an application,
we derive a class of function involving the Fox H-function is non-negative. Let us remind the reader that
a continuous function f : R — C is called positive definite function, if for all N € N, all sets of pairwise
distinct centers X = {x1,...,2xy} CR% and z = {¢1,...,én} € CV, the quadratic form

N N B
SN g6 f @y — wn)

j=1k=1

is non-negative.
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Theorem 6. Let the parameters p,v € C, satisfy the conditions
R(p) + R(v) + min [2] > -1,

1<j<p LA

R(v) > 3 and R(p) +R() < &
Moreover, assume that the hypotheses (Hs) of Theorem 2 are satisfies. Then the function
(A1—ap)
):(3.55 )]

(4.46) Xz zf(er”)H;”g_ﬂ [2,2

(3,5

18 positive definite function on R.

Proof. We can write the following formula [18, Eq. (2.45), pp. 57]

o (Bq:Bq) 2r—1 2
447 =1, (za) HM™" ‘ do = = {77
I R L e el

(3:1=282),(By,Bq):(5.1- 257 }

(Apvap)

in the following form

(4.48)
< (Bq.Bq) (v +1)20tv-1 2
+v—1 m,n m,n+1
/0 z? Tv (Zx)Hq,p {xlmw%)} dzx otv Hq+2,p

(%’1_ p;”)v(Bq:Bq)s(ia

(Ap,ap) :|

z

where

o) = 2T+ 1) ) 5

with J,(x) is the Bessel function of index v. On the other hand, as the function J,(z) is positive definite

(4, ﬁp

function [9, Proposition 2] and the function H pvo[t\ )] is non-negative (Remark 2), we deduce that for

any finite list of complex numbers &1, ..., En and 21, ..., 2y € R,

(3,1 E59),(A,84),(3,

(A,ozp) :| -

(4.49) Z Z &€z — )OI HD, {2(%- — 2z) "t

Jj=1k=1

N
! ~ (A,6,)
- @@ ptrv—1 _ p7 >
(v +1)2etv-1 /0 r Z 25 e (wzj — x21) Hy [ ‘(A %J dx >0

j=1k=1
Thus, implies that the function

. 2
X1:7 zf("Jr”)Hg_"_lz’p {f

(31— 252),(A,8p), (41— 25
4

(A,sz)

is positive definite function on R. So, the [18, Property 1.3, p. 11] completes the proof of Theorem 6. [

Theorem 7. Let the parameters p,v € C, satisfy the conditions

(4.50) R(p) +R() + min [%] >0, R(w) > 7%,
3
(4.51) R(L— (p+v)) + max (X) <1 and R(p) +Rw) < 3.

Then, the function

3:1= 2555, (A,8p),(5,1- 25

e ) ]
(3, 7552) (A ), (3,1- 25%)

(4.52) Kob(z) = 2"t HE [82

is non-negative on R.

Proof. Firstly, we proved that the function z — x(z) is in L'(0, 00). By using the asymptotic expansion
[18, Eq. 1.94, pp. 19]

(Ap,ap) 8% b
le)nén |:Z‘ :| = 0(2 )7 |Z| — 0, where ¢c = min [M} .
’ (Bgsbq) 1<j<m j

1
27

(4.53) x(z) =60(1) as z — 0.

In our case m =1,b; = % and By = 35, and consequently ¢ = p + v. Thus implies that
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On the other hand, by using the asymptotic [18, Eq. 1.94, pp. 19]

(A;Dvap) ) —1
HW" {z‘ } =0(z%), |2| — oo, whered = min [M} .

Pl Baba) 1<j<n Aj
In our case n = p and a; = 1 — a; and consequently d = —(R(p) + R(r) + min; <<, W), thus we get
(4.54) x(z)=140 (zf(er”*M)) , where M = 121}2,, %

Now, combining (4.54) with the hypotheses (4.50) and (4.53), we deduce that the function z — x(2) is
in L(0, 00). In addition, as z — 7, (22) is an even function and using the integral representation (4.48),
we deduce that z — x(2) is an even function, and consequently thus function is in L!(R).

Secondly, we calculate the Fourier transform of the function z — x(z). Since z — x(z) is an even
function then the the Fourier transform can be written as a Hankel transform (see [26, Lemma 1.1], when
a = —1/2), more precisely,

(4.55) F(x)(z) = \/g/ooo x(x) cos(zz)dz.

We now make use of the following formula [18, Eq. 2.50, p. 58]

o0 (Ap»ap) 2p71\/% 2
—1 m,n _ m,n+1
(4.56) /0 27~ cos(az) H™ {x‘(B(“bq)]dx—THpH’q [;

(5:252),(Ap,ap), (3,252 }
(B(Iqu)
where z > 0, p € C such that

R(p) + min §R<b—J> >0 and R(p) + max %(ajil> <1

1<j<m B; 1<j<n A;
Inourcase p—1—(p+v), m=1n=p, by = p'%” and By = 3, thus
(b
R(p) +  fnin (B]) =1>0.
Therefore,
8 (555 (A 1—ap),(5,54%)
__ol—p—v _ptv—1gyl,p+1
F(X) (Z) =2 P Zp Hp+2,’p+2 |:_ 1 optvy (41— 1 p—v :|
(457) 215, 555),(A1-5p),(5,%5

p+2,p+2

+v —v
= 21_p_VZP+V_1Hp+1’1 [82 (3:1=252),(A.8p), (51— 257) :|

(3,585 (Ao) (31— 252)

Finally, using the fact that the Fourier transform for a function in L' and positive definite function is non-
negative ( see for example [8, theorem 6.6] or [36, Theorem 6.11, p. 74]). So, the proof is completes. [

4.2. Zeros of the Fox-Wright functions.
Theorem 8. Keeping the notation and constraints of hypotheses (Hs) of Theorem 2. Then, all the roots
of the Fox-Wright function ,¥, [Eiﬁi))‘z} are in the left-hand half-plane Rz < 0.
Proof. By using the following identity [15, Theorem §]
(4.8,) 1 ! (A4.8,)
(4.58) H2O (z’ ) - / mr? (3( ) QW) g,
' (A )  log(l/z) ). PP \ulae,)) u

where Q(u) is defined by

p . q
to‘z/A tﬁJ/A
Q(u) :2 ez Dz S U
1= ]:
we deduce that the function
o [ ,|(A:Bs)
t— Hg”p t‘
’ (Aap)

decreasing on (0,1). On the other hand, by means of the integral representation (2.15) and we make the
following change of variables t = 1 — u we get

(apaA) 1 (Asﬁp) du
4.59 e v [ ‘z} :/ e F [P0 (1 —u‘ >
(4.59) PP, 0 np (Aop)) 1—u
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Taking into account the obvious equation [18, Property 2.5, Eq. 2.1. 5]
(Ap,ap) (Ap,ap+oAp)

4.60 o gmn ‘ — g ‘ ,oeC,
(4.60) M <z (Bqﬁq)) o <Z (Bq,ﬁq+an)) 7
and using (4.76) we get

_ (O‘;DaA) 1 _ 0 (A'rﬁP*A)
(4.61) e “p¥p [(gva)‘Z} :/0 e ““Hb) <1 fu‘my%_A)) du
(Avﬁp_A)

(A:a;n*A)
hypothesis of Theorem 2.1.7 in [29] is fulfilled. O

Since the function ng,? 1-— u‘ > is non-negative and increasing on (0,1), we deduce that the

It is worth mentioning that a complete description of location and asymptotic behavior of zeros of the
Wright function for all values of its parameters was presented by Y. Luchko in [19].

Remark 7. We suppose that the hypotheses of Theorem 1 and the function H;’;S[-} is mon-negative ( or
the condition of (HY') are satisfies). Then, by repeating the same calculations as above, we deduce that

all the roots of the Fox-Wright function ,V, [(ﬂp’B @) } are in the left-hand half-plane Rz < 0.

4.3. Extended Luke’s inequalities. Our aim in the this section is to present two-sided exponential
inequalities for the Fox-Wright function. As an application, we gave a generalization of Luke’s inequalities.

Theorem 9. Under the hypotheses (Hz) of Theorem 2, we get

(4.62) o pe~ 0100 <

(arp,A)
v,

(Bq,A
Proof. We recall the Jensen’s integral inequality [25, Chap. I, Eq. (7.15)],

(4.63) w( [ s/ | bdu(8)> < [“ettnans / [ aute

if ¢ is convex and f is integrable with respect to a probability measure u. Letting . (s) = e~ %t f(t) =t,

)—z} < oo —thoi(l—e ), z€R.

and
(ABp)\ dt
= Hpd (4] @
dplt) = Hyp (t (A,a,») t
Thus,
1 P P (Oé —|—A)
du(t):L,and/f Jpu(t) = =i ilait A)
/0 pf j (5J+A)
and

[ - =, [EBA)) \z} .

This proves the lower bound asserted by Theorem 9. In order to demonstrate the upper bound, we will
apply the converse Jensen inequality, due to Lah and Ribarié¢, which reads as follows. Set

_ /mM f(s)da(s)//"jw do(s),

where o is a non-negative measure and f is a continuous function. If —oco < m < M < oo and ¢ is convex
on [m, M], then according to [27, Theorem 3.37]

(4.64) (M —m)A(p(f)) < (M = A(f))p(m) + (A(f) —m)p(M).
Setting o, (t) = e *', do(t) = du(t), f(s) = s and [m, M] = [0,1], we complete the proof of the upper
bound in (4.62). O

Corollary 5. Let A > 0 and under the conditions of hypotheses (Hz) of Theorem 2, then the following
two-sided inequality holds true:

Po,0l'(A A1), (ap, A 1
(4.65) ool g, e )‘ - z} <TO) Yoo = voa (1= o) | 2> 0

o, (1+z
<1+wo; )
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Proof. Multiply inequalities (4.62) by e *#*~!, and integrate using the integral representation [28, Eq.

(7)]

o apAy)
(4.66) /0 e, (G =
and make use of the following known formula

° r 1
/ tre tdt = M
0

oAl 0

A L) (o,
= at] db = ¥y [

where A > —1 and o > 0. This completes the proof of the two-sided inequalities (4.65) asserted by
Corollary 5. |

Remark 8. Suppose that the hypotheses (Ha) of Theorem 2 are satisfied and taking in (4.65) the value
A =1 and using the identities (1.4), we re-obtain the Luke’s inequalities for the hypergeometric function
p+1Fp ¢ (see [21, Theorem 13, Eq. (4.20)])

1 F o,
T bl
(1402)7 =P Pl s

yQp

(4.67)

P
a;
—z|<1-04 —no ( N e )
z] < + ( T+x 1;[ ﬁ
Example 7. The following two—sided inequality

1 I'(e)I'(b 1
(168) s < opl(abic2) < [1- b ORIy L
14 Lr(tr) c+T (
+ T+ ?

is valid for all a,b,c, 7 > 0, such that ¢ > b.

P

Remark 9. By repeating the same calculations in the proof of the Theorem 9 and Corollary (5), we
present a generalization of the inequalities (4.62) and (4.65), respectively. Suppose that the hypotheses of
Theorem 1 such that the function HED[] is non-negative ( or the hypotheses (HY') be satisfied), then the
following inequalities holds:

_ (aep,Ap)

(4.69) o pe V0100 < \pq[ R z] < oo — m( —e7P%), z €R,
(ﬁquq)
and
0,0 (M) (A1), (ap,Ap) o1 1
(4.70) 200t o 1\1/[ » fz}gr(/\) , 21—~ )|, 250 A>0.
<1+ me)A PHTPL (8o B p (1+ p2)*
¢0,0

4.4. New inequalities for the generalized Mathieu’s series. The generalized Mathieu series is

defined by [37]:

(4.71) S (rsa) = SO fan i) = Y e
k:l

where it is tacitly assumed that the positive sequence

261,C

T2+a 7 ra757u>0)’

a = (ag)k, such that lim aj = oo,
k—> 00

is so chosen that the infinite series in the definition (4.71) converges, that is, that the following auxiliary

series:
o0
> —
po—p
k=0 Y%

is convergent.

Theorem 10. Let o, S,v, 10 > 0 such that v(pa — ) > 1 and vae = 1. Then the following inequalities
holds true:

(4.72) L <SP (ri {k"}32,) < R, 7> 0,
where

Iz

2
=g T

L =2 (v(pa — ),
and

R=2 (1 - %) ((v(pa—p)) + ﬁ((u(ua — )% + 1),
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and ((s,a) is the Hurwitz Zeta Function defined by:

((s,a) =) rar +1 el R(s) > 1.

n=0

Proof. We make use the representation integral for the Mathieu’s series [33],

2 0 pr(pa—p)-1
B) (e 1V _ (w,1) 2, v
S,l(/‘a )(T7 {k }ZOII) - F(M) /0' er — 1 1\111 ((V(ua—ﬁ),uu) —rx O() d]f7
with (4.69) and using the following formula [10, Eq. 8, p.313]
oo .s—1_—ax
/ %dm =T(s)¢(s,a), N(s) > 1, R(a) >0,
0 p—
we obtain the inequalities (4.72) asserted by Theorem 10. O
Corollary 6. Assume that o, 8,v,u > 0 such that v(pa — 8) > 2 and va = 1. Then
(4.73) Ly < S (ri{k"}32,) < Ry, 7> 0,
where )
g~ (na=B)=1)v (srta=5+3)
Ly =
v(ipoa —B) —1
and
M e(V(na—pB)=1)y 2 e~ (W(pa—p)—1)v(r?+1)
Ri=2(1- -+
vipe =) ) vipe—B) =1 v(pa=p)  v(pa—p) -1

with v is Euler-Mascheroni constant and v is the digamma function.
Proof. The result follows from Theorem 10 combined with [3, Theorem 3.1]. 0

4.5. Some inequalities involving the Riemann zeta function. In this section, we establish some
new various inequalities for the Riemann zeta function.

Theorem 11. The Riemann zeta function satisfies the bounds

(4.74) L(p) < ¢(p) < R(p), p>1
where (1)
elu=1)v I
L(p) = ﬁ7 R(M):QQ(H D2k 1)R(N)-

Proof. Letting o = 8 and tends r to 0 in (4.73), we get

s o—(n=2)u(1) P T W O O i ,

. — < — < — >

(4.75) << (1 ) e s

and using the fact that ¢(1) = —y and ¥(3/2) = 2 — 21og(2) — v, we obtain the desired result. O

Remark 10. We note that the right hand side of inequalities (4.74), i.e

(4.76) C(p) < R(p),

is not new, it was proved by G. Bastien and M. Rogalsk [2, Proposition 3]. This, the right hand side of
inequalities (4.73) give a generalization of inequality (4.76) and Theorem 11 gives the converse of (4.76).
Moreover, in [3, Remark 4.1], Batir proved the following inequality

(4.77) e 2D R(p) < ().

So, its clear that the left hand side of inequalities (4.74) is better than the above inequality. This is
justified by the following inequality 1 < 4*~1,

Remark 11. In [32, Theorem 6, Eq. (4.3)] Srivastava et al. was proved the following upper bound for
the Riemann zeta function

3m I'(p+1)
4.78 2u) < R =\, u>1.
(4.78) C(2p) < Ra(p) V2 Turi 2
The numerical computation in Table 1 shows the superiority of (4.74) over (4.78).
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pl o ¢(2u) | R(2p) Ra(p)
1 1.64 1.76 2.44
3/2 1.20 1.56 2.88
2 1.08 1.8 3.26
5/2 1.06 2.44 3.60
TABLE. 1
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