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1. Introduction

For a domain  in C? and a function space X = X (Q2) consisting of holomorphic functions on € it was
proved in [7] that under certain weak assumptions on X, the set of non-extendable functions in X is either
empty or a G5 and dense subset of X. Similar results were proved for the infinite dimensional case in [1].

In the present paper we consider a stronger notion than non-extendability; It is the notion of total
unboundedness for holomorphic functions f : € — C. Such a function is called totally unbounded if for every
ball B((,e) centered at ¢ € 9Q with radius € > 0 and every component Y of QN B((,e) the restriction fly
is unbounded, see [3]. If f or one of its derivatives is totally unbounded then f is non-extendable beyond €.
The converse is not true since there exist non-extendable functions on the unit disc D of the complex plane
whose derivatives of every order have continuous, thus bounded, extensions on the closed disc, see [6].

We prove that if X satisfies some weak assumptions, then the set of totally unbounded functions in X is
a (5 and dense subset of X if and only if X contains sufficiently many “locally unbounded” functions, i.e.
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if the following holds: For every ball B((,e) with radius € > 0 centered at { € 9 and every component Y
of QN B((,¢), there exists a function hy in X such that its restriction hy |y is unbounded. We also obtain
a version of this result for the derivatives of functions in X.

The assumption for the space X = X () is that it is a topological vector space of holomorphic functions on
Q) whose topology is induced by a complete metric such that convergence in X implies uniform convergence
on compact subsets of 2. The details and the main result is in section 2.

In the rest of the article we give examples of function spaces that satisfy the above assumption. Most of
these spaces are localized versions of classical function spaces. Very often a classical function space consists
of all holomorphic in 2 functions satisfying a property P when we approach from €2 the whole boundary
d9. For the localized version we consider a denumerable set of properties P;, ¢ € I, and we demand that
each one of them holds when we approach only a part J;, i € I, of the boundary 92, from inside 2. These
spaces endowed with their natural topology are often Fréchét spaces and satisfy our requirements. In order
to assure the existence of the functions hy in X we impose some geometrical or topological assumptions on
2. One such assumption is that for some o € 9 there exists 5 so that the segment («, 5] is disjoint from

Z—Q
z—f
replaced by other curves not turning around very much.

Q or Q. The essential point is that arg has a bounded on Q branch. Thus, the segment («, ] can be

In the last section we give an example of a space X which is not a localization of a classical function
space, but is itself a classical function space. This is the space of holomorphic functions f(z) = > 7 an2"
on the open unit disc D such that Y > |a,|P < co. We prove that for the generic function f in these spaces
its derivative f’ is totally unbounded and f is non-extendable.

In the future we will consider localized versions of the Nevanlinna class or of subclasses of it and of
Dirichlet type spaces. We mention that the localized Hardy space H' appears naturally with the results of
[4]. More precisely let Q be a Jordan domain in C and @ : D — ) a Riemann map. Assume that for a closed
arc Jia g = {ei : A< 0 < B}COD, A< B < A+ 2r, the curve &(J1a,p)) has finite length, then

B
sup /|¢'(rei9)\d9 < o0
0<r<1

for all o, B with A < o < 8 < B; that is, the derivative @ belongs to the localized Hardy space H*(D, Ja,8))-
In order to obtain an “if and only if” statement is suffices to consider the localized Hardy space H'(D, O),
where O C T is relatively open. Then &’ € H'(D,O) if and only if the curve &(.Jj, g) has finite length for
all o, B such that Ji, g C O. For the definitions of the localized Hardy spaces see section 6 below.

Finally it is interesting to investigate properties of the new localized spaces or of the functions belonging
to them. For example what can be said about the growth or the zero sets of such functions? How about the
existence of non-tangential limits? Are polynomials or rational functions dense in these spaces?

We also mention that some of the results established in this paper also hold if X = X () is a space of
harmonic functions on a domain € in R?.

2. Extendability and total unboundedness

In this section we present some facts about non extendable and totally unbounded functions that will be
central in the paper.

Definition 2.1. Let Q@ C C? be a domain and f a holomorphic function in 2. The function f is called
extendable if there exist a domain U ¢ C¢, 9Q N U # @ and a holomorphic function F in U such that for
some connected component Y of U N Q we have f|y = F|y. Otherwise f is called non-extendable.

We will also need the following fact:
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Lemma 2.2. ([3], [7]). Let  C C¢ be a domain and U C C¢ a domain such that UNOQ # (. Let Y denote
a connected component of UNK. Then Y NU NOQ # ().

Proposition 2.3. (/7]). Let Q C C? be a domain and f : Q — C a holomorphic function. Then the following
are equivalent.

(i) f is extendable

(ii) There exist two balls b, B in C? such that b C BNQ, BNQ° # O and a bounded holomorphic function
F: B — C such that Fl, = flp.

Proposition 2.4. Let Q C C? be a domain and f : Q — C a holomorphic function. Let T denote the identity
or an operator of mixed partial derivation. If T f is non-extendable, then f is non-extendable as well.

Proof. If f is extendable, then according to Definition 2.1 there exists a domain U ¢ C%, 90N U = () and
a function F holomorphic in U such that F|y = f|y for some component Y of U N Q. Then obviously
TF|y =Tf|y since Y is open. It follows that T'f is extendable, which contradicts our hypothesis. O

Theorem 2.5. ([7]). Let Q C C% be a domain and X = X(Q) be a topological vector space consisting of
holomorphic functions on €2, under the usual operations of addition and scalar multiplication of functions,
whose topology is induced by a complete metric and such that convergence in X implies uniform convergence
on compacta of Q). Then the set of non-extendable functions in X is either empty or it is a dense and Gg
subset of X.

A slightly stronger notion is that of totally unbounded function ([3]).

Definition 2.6. Let Q C C? be a domain. A function g : Q — C is called totally unbounded on €2, if for
every ball B(¢,e) € C¢ with radius ¢ > 0 and centered at ¢ € 9§ and every component Y of B(¢,&) N
the restriction g|y is unbounded.

Proposition 2.7. ([9]). Let Q@ C C< be a domain and g : Q@ — C a holomorphic function. If g is totally
unbounded, then g is non-extendable.

Theorem 2.8. Let 2 C C? be a domain and X = X (Q) be a topological vector space of holomorphic functions
on ), under the usual operations of addition and scalar multiplication of functions, whose topology is induced
by a complete metric, such that convergence in X implies uniform convergence on compacta of Q). Let T
be the identity or an operator of mived partial derivation. We assume that for every ball B(¢,e) C C¢ with
radius € > 0 centered at ( € O and for every component Y of QN B((,¢), there exists a function hy in
X such that its restriction Thy |y is unbounded. Then there exists a function h € X such that Th is totally
unbounded on Q. The set of f € X such that Tf is totally unbounded on Q is a dense and Gy subset of X.
Furthermore, the set of non-extendable functions in X is a dense and G5 subset of X.

Proof. Let Z C 02 be a countable set which is dense in 9. We write
I'={B(z,q):2€ Z,qeQt}

for the collection of all balls with centers in Z and rational radii, a denumerable family. For B(z,q) € T let
JB(z,q) = {Y connected component of B(z,q) NQ} and

J= U Jseao-

B(z,q)el’
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For a subset Y C Q we write Sy = {f € X : T'fis unbounded inY'}.
Claim. T'f is totally unbounded if and only if f € (Nyc; Sy-

Proof of the claim. It is clear that if T'f is totally unbounded then f € Ny¢;Sy. To prove the converse
suppose B = B(xg,&9) is a ball with zy € 9Q and gy > 0, and let Yy be a connected component of
B(xg,¢0) N Q. According to Lemma 2.2 we have Yo NOQN B # (); let 21 € Yo NI N B, then since B is open,
there exists €1 > 0 such that B(x1,e1) C B. Let ¢ € QT such that 0 < ¢ < e then B(z1,q) C B(z1,£1) C B.
Since w1 € 9 = Z there exists z; € Z such that d(zy,2) < 2, thus

T EB(Zlag) CB(th) C B.

Setting 2 = 4 — d(21,21) > 0 we have B(x1,e2) C B(z1,%). Since ;1 € Y, there exists x5 € Yo N B(x1,€3).
Thus

To € YoﬂB(Zl,g) C QﬂB(Zl,g).
Let A be the connected component of QN B(z1, £) containing 5. Then A € J, and since A C QN B(z1,4) C
QN B and x5 € A, it follows that A C Y, as A is connected and Y} is a connected component.
Now let f € NyesSy then f € Sy and thus T'f is unbounded on A. Since A C Y it follows that T f|y,
is unbounded. This finishes the proof of the claim. O

We continue with the proof of Theorem. If we prove that each Sy, Y € J, is G5 and dense in the complete
metric space X, since J is denumerable, then also Ny ¢ ;Sy is G§ and dense, according to Baire’s theorem.
Thus it suffices to prove that each Sy is Gs and dense in X.

From [8, Proposition 5.2] we know that Sy is either empty or G5 and dense. By assumption there exists
hy € Sy. Thus each Sy is (G5 and dense in X.

We have proved that the set of f € X, such that T f is totally unbounded is a G5 and dense subset of
X. Proposition 2.7 implies that there exists h € X such that T'h is non-extendable. Proposition 2.4 implies
that h € X is non extendable. Finally, Theorem 2.5 implies that the set of non-extendable functions in X
is G5 and dense. This completes the proof. O

3. Localization of H>°(Q2)

In this section we present a first application of Theorem 2.8. Let €2 C C be a domain and V' C 2 an open
set. Let H(2) denote the space of all holomorphic f: 2 — C. We consider the set

XQV)=HQ)NH>®V)={f € HQ): f|lv is bounded},

see [5]. If V' C Q and V is bounded, then obviously X (€2, V) = H(f2) and the space is endowed with its usual
Fréchét topology. More generally, independently of whether V' C © or V N9 # (), the topology of X (£, V)
is the Fréchét topology induced by the seminorms || f|v||e and || f|k,, ||oo, m = 1,2,... where {Km}::zl is
an exhaustive sequence of compact subsets of Q. Here and below || || is the usual supremum norm.
Obviously X = X (,V) satisfies the requirements of Theorem 2.8. Therefore, in order to prove that the
set of functions with totally unbounded derivative is G5 and dense in this space it suffices to prove that for
each ball B(zg,¢) centered at z¢ € 02 with radius € > 0 and Y connected component of B(xg,e) N§2 there
exists an hy € X (£,V) such that A} is unbounded on Y. This requires some extra hypothesis on .
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Theorem 3.1. Let Q C C be a domain and V C Q an open set such that for all o € V N OSY there exists
B € Q° such that 8 # « and [a, 5] C Q°. Then the set {f € X(Q,V) : f' totally unbounded} is dense and
Gs in X(,V); furthermore, the set of non-extendable functions in X (Q,V) is a G5 and dense subset.

Proof. Consider a ball B(xg,e) such that zp € 02 and Y a connected component of B(zg,e) N Q. If
VNoQNY # § then for a € VNIQNY C VNN there exists B € Q° such that [a, 8] C N°. As a

z—p
hy (2) = e~/ (#) has the desired property; that is, hy (2) € X(Q, V) and k% is unbounded on Y. This follows
easily from the fact that |hy (2)] € (e77™,€™) for all z € Q and Al (2) = (—i)hy (2) - #_(f_ﬂ) and a €Y.

FVNIQANY = 0, then according to Lemma 2.2 there exists a € Y N 9N which implies that « ¢ V
and the function hy = ﬁ belongs to X (Q, V) and hi{ is unbounded on Y. The proof is completed as in

Theorem 2.8. O

result a branch of logarithm can be chosen such that f(z) = log ( ) is a holomorphic function on © and

4. Localization of AP ()

This section contains a second application of Theorem 2.8. Let €2 be a Jordan domain in C and J C 052
a relatively open subset of its boundary. The space A(, J) consists of all functions f € H() such that f
can be continuously extended on U J. The topology in this space is induced by the seminorms || f|a.,||co
where

1
Am:{zeQUJ:dist(z,aQ\J)z—}, m=12,...,
m

is a sequence of compact subsets of QU J, see [5]. In a similar way we define the space AP(£2,.J) to contain
all functions f holomorphic on €2 such that for every ¢ = 0,1, 2, ..., p, the derivative of order ¢ belongs to
A(9,.J). The topology in this space is induced by the seminorms |[f[a, lloo, 0 < £ < p, m = 1,2,...,
where {Am}:zl are as above.

Obviously AP(€, J) satisfies the requirements of Theorem 2.8. Therefore, in order to prove that the set
of functions with a totally unbounded derivative of order p + 1 is G5 and dense in this space it suffices to
prove that for each ball B(zg,¢) centered at xp € 9 with radius e > 0 and each connected component Y
of B(xg,e) N§ there exists a function hy € AP(€), J) such that hng) is unbounded on Y.

Theorem 4.1. Let Q be a Jordan domain and J C 00 a relatively open subset of O such that for all a € J
there exists 3 € ()¢ such that (a, ] C (Q)¢. Then the set:

{f e AP(Q, ) : fP*Y) s totally unbounded}

is dense and G in AP(Q, J). Furthermore, the set of non-extendable functions in AP(§2,J) is Gs and dense
in AP(Q, J).

Proof. Consider a ball B(zg,€) such that zo € 02, ¢ > 0 and Y a connected component of B(zg,e) N €.
If JNY # 0, we pick @ € JNY. By hypothesis there exists € ()¢ such that (o, 3] C (Q)°. As a

zZ—x

Z:B

Z—x

Z:B

result the function f(z) = log ( is a holomorphic function on 2 and its imaginary part Arg

stays bounded on .

Claim. The function
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has the desired property; that is, hy € AP(Q,J) and hgfﬂ) is unbounded on Y .

Proof of the claim. A computation gives

Moo — (z—a)p10g<z—a>+(a—ﬁ)(z—a)p

o o (p+1) z2-7
:(z;);!a)p.log(z:g) + Eg;ﬁ), <Q1(z)+zc_15),

where ¢;(2) is a polynomial of degree p — 1 and ¢; is a constant. By induction,

(k) (z — a)pti=k z—«
() = (p+1—k) 1g< B)
k

(n—1) nt1 (= Dleg_piq
t2 +1——k+n) L R

where g;_n41 is the quotient of (z — oz)p_k+" divided by z — 8 and ¢p_, 41 is the remainder of the division;
thus, for k = p + 1 we have

ARgpN- n—1)cpran
B (2) = log (z = ;) ry e=d {qé’i;iw) L (212 HE }
n=1

o

which is the sum of log (i: ﬁ) and a rational function bounded near «. Therefore hgf +b)

is unbounded on

Y because a € Y, while hgf) € A(f, J) since it can be continuously extended on J by setting hgf)(a) =0
for 0 < k < p,
the claim. O

= Argz_g is bounded on 2. This completes the proof of

z—

If JNY = (), then according to Lemma 2.2, there exists o € Y N dQ which implies a ¢ J. We consider
the function hy = . which has the desired property. This completes the proof. O

5. Localization of Bergman spaces
We now proceed to a third application of Theorem 2.8. Let p € (0,00), 2 C C a domain and V C Q a

bounded open subset of Q. We define OLP(£2, V') to be the space of holomorphic functions on 2 such that

[y |fIPdzdy < oo, see [3], [5].
For 1 < p < oo the topology of OLP(Q, V) is the Fréchét topology induced by the seminorms

= ([ 17Pddn) and 1Sl = 1715
\4

for m = 2,3,... where K, is an exhaustive sequence of compact subsets of Q2. The distance function is

— 1 |f—yl
— Yllm,p,V
v(f,g P
vi)g ,,; L (1 = gllmpy

In a similar way for 0 < p < 1 we set
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drpv (£.9) / 1 — glPdudy

and

dmpv(f;9) = sup [f(2) —g(2)|, m=23,...

ze€K

and the distance function in OLP(§2,V) is given by

B > 1 m,p,V (f7 )
prﬂ —mgz:_m m

It is clear that for all 0 < p < oo, OLP(2,V) satisfies the requirements of Theorem 2.8. In addition we
consider the spaces X, for 0 < ¢ < oo which are defined by

X,=[)OL(Q,V).
r<q

Convergence in X, is taken to coincide with convergence in OLP (€, V') for all p < ¢. It is easy to see that if
{pn}, n=1,2,3,..., is a strictly increasing sequence converging to ¢, then convergence in X, is equivalent
to convergence in OLP~ (2, V) for all n = 1,2,..., i.e. it is induced by the distance function

— 1 v(f,9)
d g 1 _dv(fg)
Xqva ;2 ]-+dpn, (f7 )
One can check that the space X, satisfies the requirements of Theorem 2.8. Thus, in order to prove that in
each of the previously mentioned spaces the set of totally unbounded functions and the set of non-extendable
functions are G and dense it suffices to find the function Ay of Theorem 2.8.

Theorem 5.1. Let Q C C be a domain and V C Q a bounded open set, such that for each oo € V N O
there exists § € Q° with B # « and (o, f] C Q°. Let X be any of the spaces OLP(Q, V) or X, as above.
Then the set of totally unbounded functions in X is a Gs and dense subset of X. Furthermore, the set of
non-extendable functions in X is also a G5 and dense subset of X.

Proof. Let B((,¢) be a ball centered at ¢ € 9Q with radius € > 0 and let Y be a connected component
of QN B((,e). According to Theorem 2.8 it suffices to find a function hy € X whose restriction on Y is
unbounded.

FYNVNOQ#D we take a € Y NV NIQ and by assumption there exists 3 € Q¢ such that [a, 5] C Q°.

). This function belongs

Hence the function f(z) = log ( ) is holomorphic on 2. We set hy (z) = log (z:g

to all spaces X mentioned above. Thlb can be easily seen using the following facts:

1) the triangle inequality of the p-norm
2) the fact that the arg (i:g) is bounded on V

3) the fact that the set V is bounded which implies (log |z — a|)|z — a|% < Cp,r < oo for all z belonging
to a ball B(a, R) containing V'

4) the fact that ffB(a,R) |log|z — a [Pdazdy < oo for each p € (0,00) which follows easily using polar
coordinates with center .
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IfY NV NoQ =0, then according to Lemma 2.2 we have Y N 9 # 0. In this case we take a € Y N 9N

which implies o ¢ V and the function hy = ﬁ is unbounded on Y and belongs to X, because it is bounded

on V. This completes the proof according to Theorem 2.8. O
6. Localization of Hardy spaces in the disc
We now consider localized Hardy spaces in the unit disc D in C. Let 0 <p < oc and J = Jj 5] = {e?

a <0< B}, a< B <a+2m aclosed arc of the unit circle T. We define H?(D, J) to be the space of
holomorphic functions on D such that

sup / ’f(rew)’de < 0.

0<r<1

For 1 < p < oo the topology of HP(D, J) is the Fréchét topology induced by the seminorms

¥ _ 1/p
|fm@J—sm)(/Wﬂm”ww@
0<r<1

and

”me,p,J = sup N |f(Z)| m = 2537' c

and the distance function is

i 1 = glmp.s
= 2 L+ |If = gllmp.a
For 0 < p <1 we set

dyp.g(f,g) = sup /\f ret )|pd9

mp.t(f,9) = sup [f(z) —g(z)], m=23,...

so the distance function is given by

> 1 m,p, (f’ )
hatd.0) =3 —mm

It is easy to check that for 0 < p < oo the space HP(D, J) satisfies the requirements of the Theorem 2.8.

We also consider the spaces X, (D, J) for g € (0, 00] defined as Xy (D, J) = Np<qHP(D, J). Convergence
in this space is equivalent to convergence in HP(D,J) for all p < ¢, which coincides with convergence in
HP~ (D, J) for all n, where {p,}, n =1,2,..., is a strictly increasing sequence convergent to ¢. The distance
function in X, (D, J) is given by

1 dy, s (f9)
d _ — P NI
x,.,(£.9) 2;2n1+dm4(ﬁ3
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One can check that the space X (D, J) satisfies the requirements of Theorem 2.8. If we consider a denu-
merable family of spaces of the previous type with varying J, p or ¢ then the intersection of these spaces
endowed with a distance function as above also satisfies the requirements of Theorem 2.8.

In addition if O C T is a relatively open set and J,,, are defined,

1
Jm:{ZEO:dist(z,T—O)>—}, m=1,2,...,
m

then J,, are an exhaustive family of compact subsets of O, and we define the space H?(D, O) by

H?(D,0) = {f € H(D): sup / |f(re?®)|PdO < oo for all m = 1,2, ... }
0§r<1Jm
We notice that each J,, is a finite disjoint union of closed subarcs of T. Thus H?(D, O) coincides with the
set of f holomorphic on D such that f € HP(D, J) for all closed arcs J C O and endowed with the natural
topology induced by H?(D, J,,), m = 1,2, ..., and satisfies the requirements of Theorem 2.8. Furthermore,
spaces that are denumerable intersections of such spaces, satisfy the requirements of Theorem 2.8.
Thus, in order to prove that in each one of the previous spaces the set of totally unbounded functions
and the set of non extendable functions are G5 and dense it suffices to find the function hy of Theorem 2.8.
Let Y =Dn{z:|z—1| <e}, e > 0. It is well known that the function hy (z) = log(1 — z) belongs to all
Hardy spaces HP(D), 0 < p < o0, therefore it also belongs to all localized Hardy spaces or their intersections
as considered above. This function hy is unbounded on Y, and its rotations hy,,(z) = log(1 — e~%z) are
unbounded on Y, = DN {z: |z — €| < e}. Thus, Theorem 2.8 implies the following.

Theorem 6.1. Let X be any localized HP(D,J), J C T closed arc, 0 < p < 0o or any denumerable intersec-
tion of them. Then the set of totally unbounded functions in X is a G5 and dense subset of X. Furthermore,
the set of non-extendable functions in X is also a G5 and dense subset of X.

It is interesting to observe that, as in the case of classical Hardy spaces, functions in a localized Hardy
space posses nontangential limits on the appropriate arc.

Proposition 6.2. Let J = {¢" : A< 0 < B} CT, A< B < A+ 2nr, be a closed arc and 0 < p < oco. If
f € HP(D,.J) then for almost all €® in J with respect to arc length measure the non-tangential limit of f(z)
at € exists.

Proof. Since supy<, .4 ff |f(re?®)|Pdd = M < oo we have

1 B
//|f(rei9)|1’d9dr < 0.
0 A

By Fubini’s theorem for almost all @ and 8, A < a < 8 < B we have

1

1
/|f(rem)|1’dr =M, < oo and /\f(rei5)|pdr = Mjs < 0.
0 0

For such a and 3 it suffices to prove that for almost all @ in («, 3) the non-tangential limit of f(z) at e*
exists.
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We consider the sector Q = {re? : 0 < r < 1, 6 € (o, 3)} whose boundary has finite length. According to
the discussion in [2] it suffices to show that f|q belongs to the Hardy space EP (), consisting of functions on
Q) whose integral of p-powers along a sequence of rectifiable Jordan curves tending to the boundary remains
bounded.

Let e >0 and r. € (1 — 5,1). Then

/\fra )|[Pdo < Sup /|fre )PdO = M < cc.

<r<1

The function f is uniformly continuous on the compact set {re?? : 0 <r <r.,a <6 < 3} € D. We can find
segments [P, Q)], [P, R] with P,Q, R € Q and |Q| = |R| = r¢, such that [P, Q] is parallel to [0,e], [P, R] is
parallel to [0, ¢’*] and such that the curve [P, Q] UQRU [R, P] is e-close to 02, where QR is an arc in the circle
with center 0 and radius r., in such a way that f[P,Q] |f(2)|P|dz| < My +1 and f[P,R} |f(2)|P|dz| < Mg+ 1.
It follows that

/ \f(2)[P|dz| < M + Mo, + Mg + 2.

[P,QIUQRUIR, P

Since M + M, + Mg + 2 is independent of ¢, it follows that f|q belongs to the Hardy space EP(2) and the
proof is complete. O

7. Functions with Taylor coefficients in [P, ¢, and [°°

We next consider the spaces (£, cg, and [J° consisting of holomorphic functions in the unit disc whose

a’
sequence of Taylor coefficients is p-summable, a null sequence, or a bounded sequence respectively. More

precisely for 0 < p < oo let

Zan :(an) € 1P}

where [P is the classical space of complex sequences (a,) such that ||(a,)|l, = (300, |an|P)}/P < oo, and
l(@n)|loc = sup,, |an| for p = co. For ¢g,q the sequence (a,) tends to 0. It is clear that each power series in
these spaces has radius of convergence at least 1 since in all cases (a,,) is a bounded sequence, so the series
defines an analytic function f on the unit disc D. For 1 < p < oo the spaces [? are Banach spaces with
the norm inherited from [?, and the same is true for ¢y, with norm inherited from [3°. For 0 < p < 1 the
distance function

=Y 1f(n) =gl
n=0

(where we use the notation f(n) for the nth Taylor coefficient of an f), is a complete metric and makes 2
into a complete linear topological space.
If X is any of the above spaces then it can be checked easily that convergence in X of a sequence (f,,),

fa(2) = Y0t falk)2, to a function f(z) = > ;= f(k)z" implies

sup |fn(k) — f(k)| = 0, as n — oo.
k

Thus if 0 < 7 < 1 then for |z| <7,
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o0

[fa(2) = F() < D1 fulk) = FR)I=)" < sup | (k IZT

k=0

1
=T sip|fn(k) — f(E)],

and it follows that convergence in X implies uniform convergence on compact subsets of D. Thus X satisfies
the requirements of Theorem 2.8.

We may also consider the spaces Xy = Npsqf2 for 0 < ¢ < oo with the distance function dy(f,g) =
ZZO 0 21” T d where (p,,) is a strictly decreasing sequence of indices converging to ¢, and d,,, is the distance
function in lp" Then it is easily verified that the space X, 0 < ¢ < oo, also satisfies the requirements of

Theorem 2.8.

Theorem 7.1. Let X be any of the spaces 12, (1 < p < 00), coq 0 Xq, (1 < ¢ < 00). Then the set of totally
unbounded functions in X is a Gs and dense subset of X, and the same is true for the set of non-extendable
functions in X.

Proof. To apply Theorem 2.8 it suffices to find the function Ay in X. Let Y = DN{z:|z—1| <e}, e > 0.
Then function hy(z) = > 5o, 2" satisfies lim, ;- hy (r) = co and hy is unbounded on Y. It belongs to
& <ooforalll <p<oo. IfY =DnN{z:[z—e” <&} then the rotated
function hy (z) = 21?;1 %e’ikezk has the same properties on Y, and Theorem 2.8 applies and gives the

assertion. 0O

the space X because > -,

If f €? with 0 < p <1 then f extends continuously on the closed disc D and is bounded, but the
derivative f’ can be totally unbounded.

Theorem 7.2. Let X be any of the space IE, (0 < p < 00), cp,q 0 X4, 0 < q < co. Then the set of functions
f € X such that the derivative [ is totally unbounded is a Gs and dense subset of X. The same holds for
the set of non-extendable functions in X.

Proof. We will apply again Theorem 2.8. Let Y = DN {z: |z — 1| < €}. The function hy (z) = 3.°° 2 2%"

n=0 27
belongs to X since > oo, (%)p = 2,)2: < oo for all p > 0. Its derivative by (2) = Y00, 22"~ satisfies
lim, ;- h(r) = co and R}, is unbounded on Y. If Y = DN{z : [z —e| < &} then hy (z) = > o, e;ine P

has the same property on Y. Thus Theorem 2.8 applies. O

Remark. Since the sets D N {z : |z — | < ¢} are convex, it follows easily that, if g is holomorphic on D
and the derivative ¢g(*) for some k > 0 is totally unbounded on D then for every ¢ > k the derivative ¢(*) is
also totally unbounded. Thus the conclusion of Theorem 7.1 implies that the set of f € X such that every
derivative (), £ > 0, is totally unbounded is a G5 and dense subset of X. Similarly in Theorem 7.2 the set
of f € X such that every derivative f(©), £ > 1, is totally unbounded is a G5 and dense subset of X.
Finally, we mention that in the spaces X considered in this section a necessary and sufficient condition
so that the set of totally unbounded functions f in X is G5 and dense is that there exists an unbounded
function g in X. One can easily prove the above statement not only for the functions themselves but for their
derivatives, as well, but we do not need this fact. We mention it because it furnishes interesting information.
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