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1. Introduction

In recent years, the study of differential equations with reflection has progressed through various research
lines. On one hand we have those works that deal with qualitative applications, such as boundedness [1],
periodicity [10] or existence and uniqueness of solution [3,15,26]. Other articles find Hilbert bases through
operator eigenfunction decomposition [20,27]. Finally, we have those works in which the authors obtain
explicit solutions or the associated Green’s functions. That is the case of [4-7] and specially of [9,11], where
they develop a general theory of Green’s functions in the case of differential equations and differential
systems respectively.

Despite all of this progress in the field, there have not been any works yet in which the authors obtain
Green’s functions of recurrence relations with reflection, something that, following the usual parallelism
between differential and difference equations, should be possible. The aim of this work is therefore to fill
this void in the theory, by providing and algebraic theory of recurrence relations and systems with reflection
and constructing the Green’s functions associated to different problems.
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The basic idea exploited in [9,11] is to endow differential equations with reflection with an adequate
algebraic structure. In order to achieve this, the authors first observe that homogeneous linear differential
equations with reflection and constant coefficients can always be expressed in the form

=> apu® () + > bpu®(—t) = 0. (1.1)
k=0 k=0

The operator T in (1.1) can be considered as a composition of simpler operators. First, we have the usual
differential operator which we will note by 15, but also we have to consider the pullback by the reflection
function (t) = —t, that is, the operator ¢* such that (¢*f)(t) = f(—t) for any function f: R — R.

Now we can consider the algebra of linear differential operators with reflection R[D, 3*] as defined in [1 1].
This algebra consists of all operators of the form of T". These operators can be written as ¢*P(D D) + Q(D)
where P and @ belong to R[D ] that is, the real polynomials on the abstract variable D. The algebraic
structure is provided by the usual composition of operators and the rules derived from it. For instance,
(*)2 = Id, where Id is the identity operator, and, if we write ¢*(P)(D) := P(—D), we have that P o 3* =

¢* o (P).
In the case of the operator T in (1.1) it can be expressed as

T=> a3 D"+ b DF €R[D, ). (1.2)
k k

In [9] we find results that allow us to obtain the solution of differential problems with such operators.

Theorem 1.1 ([9, Theorem 2.1]). Take T defined as in (1.2) and take

R= Zakgo*ﬁk + E(—l)l+1blﬁl € R[D, ¢*]. (1.3)
k 1

Then RT = TR € R[D).
Theorem 1.2 (/9, Theorem 8.2]). Consider the problem
Tu(t) =h(t), t € [-T,T), Bu=0, i=1,...,n, (1.4)

where T is defined as in (1.2), h € L*([~T,T)) and

B;u *ZO@] +52Ju3 (T).
Then, there exzists R € R[D,¢*] (as in (1.3)) such that S := RT € R[D] and the unique solution of
problem (1.4) is given by fa R|_G (t,s)h(s)ds where G is the Green’s function associated to the problem
Su=0, B Ru=0, Bju=0,i=1,...,n, assuming that it has a unique solution.

An analogous study can be done for linear systems with reflection with the same algebraic structure —
see [11]. Take, for instance, the system

Hu(t) := Fu'(t) + Gu'(—t) + Au(t) + Bu(—t) = 0,t € R. (1.5)

In this context we find the following results.
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Theorem 1.3 ([11, Theorem 4.5]). Assume F — G and F + G are invertible. Then

e k42k e k12k+1
k=0 ) k=0 ’

where E = (F — G)~Y(A — B)(F + G)"Y(A + B), is a fundamental matriz of problem (1.5). If we further
assume A — B and A + B are invertible, then E is invertible and we can consider a square root  of E.
Then,

X(t) =coshQt — (F + G) (A + B)Q ™! sinh Qt. (1.7)

Consider now the initial value problem

Fu'(t) + Gu'(—t) + Au(t) + Bu(—t) = v, t € R, (1.8)
u(0) = 6, (1.9)

where A, B, F,G € #,(R), v € €(R), and § € R™.
Theorem 1.4 ([11, Theorem 6.1]). Consider the problems

Fu'(t) + Gu/(=t) + Au(t) + Bu(—t) = v,t € R, (1.10)
and

Fu'(t) — Gu'(—t) + Au(t) — Bu(—t) = v,t € R. (1.11)

Assume F + G and F — G are invertible, X and Y are fundamental matrices of problems (1.10) and (1.11)
respectively and % is invertible in R. Then problem (1.8)—(1.9) has a unique solution u: R — R™ and it is

given by
u(t) = X(t)X(O)_l(H-/tG(t,s)v(s)d&
where
(x@lrm) 2™ (%) . 0<s<t,

G(t,s) = P

(X(t)\y(t)) 2 (—5)"! (W) . —t<s<O.

Our objective will be to obtain similar results as the ones presented above for the case of linear recurrence

N = N =

equations and systems with reflection. In this work we will build a similar algebraic structure for the case
of recurrence relations, pinpointing the similarities and differences with the algebra R[b, ©*]. In Section 2
we define the algebra F[D, D™, ©*] of recurrence relations with reflection and study its properties as well
as its relation to the algebra F[E, ©*]. In Section 3 we provide Green’s functions for recurrence relations
with reflection and general boundary conditions and in Section 4 we provide an analogous theory for linear
systems with reflection. Finally, in Section 5 we establish the conclusions regarding the theory and pose

several open problems worth studying.
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2. Recurrence relations with reflection

Let us first set up the basic definitions and notation in order to study recurrence relations with reflection
in the highest generality.

2.1. Definitions and notation

Given two sets A and B we denote by .7 (A, B) the space of functions f : A — B. Let F be a field,
F its algebraic closure and V a vector space over F. Let . be the space of Z-sequences in V that is,
S = F(Z,V). & is an F-vector space. Given z € . we write z(k) = z = (2); and = (2g)rez. We
define the right shift operator D as

g —L 9
(Ik:)kEZ — ($k+1)kez

D is bijective and, in the present discussion, it will play the role the differential operator does in differential
equations (thence the D as notation). That role could also be played by the forward difference operator
A := D — Id but, for simplicity, we stick to D.

An order n linear recurrence relation (sometimes referred as difference equation, although there is a subtle
difference between the two of them [25]) with constant coeflicients is normally expressed as

n—1

xk+7l:Zaj'rk+j+cka kEN7 xk:é.lw kzlv"'vna (21)
j=0

where &, € F, k=1,...,n;a; €F, j=0,...,n—1; a0 # 0 and ¢ = (cx)ken- A solution of the difference
equation (2.1) will be a sequence u = (ug)ren such that equation (2.1) holds when substituting x by wug
for every k € N.

Using operator D, we can rewrite the recurrence relation (2.1) as

n—1
D”—Zaij r=c¢ wxp=E&, k=1,...,n,
j=0
where x = (2 )ren. So, it is only fitting that we study equations of the kind
n
Ux ::ZajD]:c:c; =&, k=1,....,n, (2.2)

Jj=0

where apa, # 0. We say that U occurring in (2.2) belongs to F[D], the algebra of polynomials on D with
coefficients in F.

Now we introduce reflections in this context, which forces us to work on Z instead of N. Let ¢ : Z — Z
be such that p(t) = —t. We define the pullback by ¢, ¢*, as

A AN

(Tr)kez V> (Tp(k) ) kez
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We can consider now linear difference equations with reflection of the form

n

Lz = Z (aj +bjo*) Dz = ¢, (2.3)

j=-n

where z,c € .; a;j,b; €F for j =0,...,nand D=7 = (D7')J for j € N. We say L belongs to the operator
algebra F[D, D71, ¢*] generated by D7 and ¢*D’, j € Z with the composition operation. We will omit the
composition sign while working in this algebra.

2.2. Algebraic structure

In this section we enter the algebraic structure of F[D, D™, ¢*] in greater detail.

Definition 2.1. An expression of the kind Zjez a;jD? where a; € F and only finitely many elements of
{a;},cz are nonzero is called a formal Laurent polynomial on the variable D. We will denote the set of
Laurent polynomials in the variable D by F[D, D~!]. This set has a natural structure of commutative
F-algebra with the sum, product by scalars and composition of operators — which is the product of Laurent
polynomials in this case.

Remark 2.2. Other realizations of the algebra F[D, D] can be achieved. For instance, it can be considered
as the algebra of (commutative) polynomials in two variables F[D, E] quotiented by the relation ED = Id.

Similarly, the operator algebra F[D, D™!, ¢*] is the quotient of the algebra of non commutative poly-
nomials F (D, E, F) by the relations DF = FE, DE = 1 and F? = 1. Observe that a basic property of
the interaction between D and ¢* is that Dyp* = p*D~! In fact, we have that Pyp* = p*¢*(P) where
©*(P)(D) := P(D™1) for any P € F[D, D], that is, F[D, D~1, ¢*] consists of the operators of the form
©*P +Q with P, Q € F[D, D71]. Tt is for this reason that the operators defining linear recurrence relations
with reflection can be reduced to those occurring in usual ordinary difference equations, as the following
theorem shows.

Theorem 2.3. Let L = ¢*P + Q with P, Q € F[D,D7!]. Then R := ¢*P — ¢*(Q) € F[D, "] satisfies
RL = LR € F[D, D]

Proof. RL =(0*P — 0*(Q))(¢*P + Q) = ¢*Pp*P — ©*(Q)Q + ¢*PQ — ©*(Q)p* P

=0*(P)P — ¢*(Q)Q + ¢*PQ — ¢*QP = ¢*(P)P — ©*(Q)Q € F[D, D).
The same holds for LR. O

Remark 2.4. Observe that, if L is of the form in (2.3), we have that LRD?*" € F[D], but the same may hold
for exponents k < 2n. We will assume from now on that we take the least of these exponents. Also, in the
particular case a;,b; = 0 for j < 0, we have that LRD™ € F[D].

Now, observe that, for any P € F[D, D~!]\{0}, P can be expressed uniquely as P(D) = P,(D)DF for
some P, € F[D] without zero as root and k € Z. If P,Q € F[D,D~], we say that P divides Q, and we
write P|Q, if P, divides Q..

We can consider the set I, [D] of F-polynomials on the variable D without zero roots — which is isomorphic
to F[D]/(D), that is, F[D] quotiented by the ideal generated by D. Take also the product F.[D] x Z — or,
which is the same (F[D]/(D)) x (D) — and the bijection
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F[D,D~'] —¥ F,[D] x Z
P.(D)D* —— (P, k)
with inverse
gt 1
F.[D] x Z 2% F[D, D]
(Q. k) ——— Q(D)D*
Inducing the algebra operations of F[D, D~!] in F.[D] x Z we get, for (P, k), (Q,j) € F.[D] x Z and A\ € F,

A-(P.k) = (AP, k),
(P k) (Q,)) = (PQ,k+j),
(P, k) +(Q,j) = U(P(D)D* + Q(D)D?).

We can express the relation P(D)p* = ¢*P(D~1!) in terms of F,[D] x Z in the following way:

for any (a T (@ — Ay), k) e F.[D] x Z.

The algebra isomorphism W allows us to define greatest common divisor (ged) in F[D, D=1 through
F.[D] x Z. Remember that the greatest common divisor of P,Q € F[D] is the product of the monomials
D — \1d where A € F is a common eigenvalue of P and Q.

Definition 2.5. We define the greatest common divisor of (Py,ky),...,(Pn,ks) € Fi[D] X Z as

ng{(Plvkl)w"v(ankn)} = (ng{Pl""’Pn}al/(k17~”7kn))a

where

Hlin{]ﬁ,...,kn}, k‘]>0,]: yeeey N,
v(kiy ..o k) = S max{k,..., kn}, k; <0; j=1,...,n,
0, otherwise.

For L = ¢*P+Q € F[D, D', ¢*] with P,Q € F[D, D] let

L := ged(P,¢"(Q))-
By construction, L|P and L|¢*(Q). Let P = P/L and Q = ¢*(Q)/L.
Using the above expressions and the algebraic structure, we can improve Theorem 2.3 in the following

way — cf. [11, Theorem 2.3].

Theorem 2.6. Take L, P and Q as above and define R := o*P—Q € F[D, D~ o*]. Then LR € F[D,D~1.
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Proof.
LR=(¢*"P+Q)(¢*P - Q) = ¢"Pp*P — QQ + Qp*P — p*PQ
=¢*(P)P - QQ + ¢*¢"(Q)P — ¢'LPQ = ¢*(P)P — QQ + ¢*[LQP — LPQ] = ¢*(P)P - QQ. ©

Remark 2.7. Unlike Theorem 2.3, we do not have in Theorem 2.6 that LR = Rz, but this commutativity
is not in general necessary.

Remark 2.8. From previous Theorem, it is clear that, as in Theorem 2.3, there exists a least k € {0,1,2,...}
such that LRD* € F[D]. From now on we will write R := RD*.

Example 2.9. The first differential equation with reflection of which a Green’s function was obtained was
' (t) + maz(—t) = 0 for some m € R [4]. This operator is a square root of the harmonic oscillator (in pretty
much the same way Dirac’s equation does with matrices) and presents very interesting properties. If we think
of the analogous operator obtained by substituting D by forward difference operator A = D —1Id and ¢ by ¢
we get L = A+mp* = D—1Id +my*. We have that P = m1d, Q = D—Id and L = ged(mId, D~*—1d) = Id.
Therefore, P= P, @ =@ and R=R=I1d-D '+ me™. Thus,

LR=RL= (D —1d4+me*)Id—D ' + mp*) =D+ D' + (m? —2)1d.
Hence, if Lu = 0 holds, so does DRLu = 0 and we get the equation
(D?* + (m? — 2)D 4+ 1d)u = 0.
The solutions of this equation, for |m| > 2, are of the form
Up = 127" (—m2 + \m|\/m+ 2)n +c27" (—m2 - |m|\/m+ 2)n

with ¢1,c2 € R. In any case, Lu = 0 has to hold, so we deduce that

1
=35 (M\/mg—él—i—m) ci,
m

and all solutions of Lu = 0 are expressed as
n 1 n
Up = C1 {2_" (—m2 + |m|vm? —4+4 2) +3 (%\/m2 — 4+m) 27" (—m2 — |m]vm? —4+ 2) } )

for some ¢; € R. We can study in an analogous fashion what happens in the case m € [-2,2].

Example 2.10. Now instead of substituting D by A we do it by D, that is, we study the operator L =
D + my*. We have that P = mId, Q = D and L = ged(m1Id, D~!) = Id. Therefore, P = P, Q = Q and
R=R=—-D"!+ myp*. Thus,

RL = LR = (D 4+ mp*)(—=D™' + mp*) = (m? —1)1d.

This means that if the equation (D + me*)u = 0 holds for some u € .%, so does (m? — 1)u = 0, which is
only satisfied if m = £1. That is, zp+1 — mz_g = 0 is a recurrence relation with reflection with no solution
for m # +1. In the case m = £1, the equation LRu = 0 is trivial and provides no information on Lu = 0.

In the case L = D — ¢*, take (vi)reny C F arbitrarily and define up = vy if K € N and ug = uy_g if
k < 0. Clearly u satisfies Lu = 0. Analogously, if L = D + ¢*, take (vx)ren C F arbitrarily and define
up = v, if £k € N and up, = —uy_p if £ < 0. u satisfies Lu = 0.
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2.8. Related operators

In this section we assume to work over a field of characteristic different from two.
In the theory of differential equations with reflection the even and odd part operators, defined respectively
as

fO+ 1) 50y S = F(=1)

(Bf)(t) := 5 , (0N)(#) =

play an important role — cf. [7,9,11]. These linear operators satisfy, among others, the properties

ED =DO, OD = DE, E¢* = 3*E = E, 03* =30 = -0,

E+0=1d, EO=0E =0, E>=E, 0*>=0.
The power of the operators E and O relies on the fact that they are the projections onto the spaces of
even and odd functions respectively. Now our goal is to take these operators to the setting of .%. In order

to do this, first observe that the operator D is actually a pullback by the function 7(k) = k+ 1, k € Z and
there are precisely two proper invariant subspaces of .7 of the map 72. They are

éa::{uEY:ung:O,kEZ}, ﬁ::{uEY:ugk:07keZ},
so we actually want to deal with the projections onto those subspaces, which are defined, respectively,

(Eu)k = #uk, (Ou)k = ;uk,

for every (uk)rez € . In order to arrive to E and O we could have used the help of the following map.
Let

Co ={ue F(Z,C)|0< lim sup |u| "% < limsup|uk|7%},

k——o0 k—o0

Zo = {f : Bc|0, p2]\Bc(0,p1) = C | p2 > p1 >0, f is holomorphic}.

The elements in %, are those holomorphic functions which can be expressed as Laurent series and the
elements in %,y are the coefficients of those series. Hence, we can consider the bijection
Cop ————— L

(ur)kez —— > upa®
keZ

This way, any operator Y on % (such as can be the even and odd part operators) can be thought as an
operator on €.y by defining Y := Z7'Y'Z. It is easy to check that

E=2z"1'E=, O0=z"10z.

Remark 2.11. Observe that A = Z~!3*Z is also an involution in %, which is defined as (Au)y = (—1)Fuy.
In this case A is not the pullback by any function.
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By definition, it is clear that £ and O hold similar properties to E and O:
ED = DO, OD = DE,Ep* = o*E, Op* = ¢*0, E+0=1d, EO=0E =0, E>=E, 0°>=0.

We can even combine F, O, E and O. To do this we can consider E and O as
~ 1 . ~ 1 .
E:§(Id+80 ), Ozg(ldﬂﬂ )

and use the pullback by the inclusion ¢ : Z — R to get

~ 1 — ~ 1
E:=Fo./ := §(Id—&—<,0*)7 0:=00.":= §(Id—g0*),

defined on .. Thus considered, they have the properties

Ep*=p*E=F, Op* =p*0=-0, E+0=1d, EO=0E=0, E-=E, O =0,

but observe that, unlike with £ and O, the properties ED = DO and OD = DE do not hold.
Observe also that E, O, E and O commute.

2.3.1. The exponential map
In this section we assume to work over a field of characteristic zero.
The reader might have already realized the striking similarity between the algebras F[D, D1, ¢*] and

F[D, $*]. In fact, as we will see, there is connection between the operators D and ¢* in F[D, D™, ©*] with,
respectively, the operators D and ¢ in F[ﬁ, ©*] through the exponential map.

To show this, first remember that the exponential of the differential operator is, precisely, the right shift
operator, that is, e? = D — this fact was shown, symbolically, by Lagrange [17, p. 13].

Observe that the exponential of the derivative at a point x € [ is, formally,

where ¢, is the Dirac delta distribution at z. Consider now the space of analytic functions &/ (F). Then, for
f € &/(F) with a radius of convergence r > 1 at z € T,

LTI SE S S L F A LTSV [ RS ALY

! k!
k=0 k=0 k=0

So, it is clear that this fact that applies to certain analytic functions can be extended, as a definition, to
7 (F,F) by defining e? := D and, whenever the exponential of the derivative makes sense as a distribution,
it will coincide with our definition. Observe though that this extension is not unique in principle. In order
to achieve that we would need to define a topology in .7 (IF, ) such that /() is a dense subset.

We could have also shown that e = D, formally, using the Fourier transform g§:

~ oo Nk [e7e] . k
S*lgeD — 3713 <Z D_) — 371 (Z (27TZCE) ) S _ 3716271'1'13 — D$713 — D,

k! k!
k=0 k=0

but this approach cannot be made rigorous due to the fact that P is not a distribution. To undertake a
proper study of this operator, it has to be done in the framework of hyperfunctions [14, Section 1.3.4].
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Proposition 2.12 (/14, Proposition 1.6]). Let a € R. We have eaD = pa.

In a similar way, we can compute e*?  for a € C taking into account that Plz = .

- = (a@*)* = ald = ag ) .
ap  __ — _ * *
2 —Z il —Z 25)! +Z—(2k+1)! = cosh(a) Id + sinh(a)¢* € C[D, D™, ¢*].
k=0 k=0 k=0
Analogously, we obtain Euler’s formula:

- ~*D 0 kDQk 0 kD2k+1 _ _
D . FUR

e? 2_: z_: kz_: okt = cos(D) + ¢* sin(D).

Observe that this last expression does not belong to F[D, D™1, ¢*]. In general, for F = C and a € C,
e*?"D = cos(aD) + &* sin(aD).

Taking into account that eD?" = e=#"D = cos(D) — @* sin(D) we have that

I A -1 s
cos(D) = 3 (e“” Dy eb? ), sin(D) = 56* (e“” b _ P )

Analogously, for F = C,

~ 1 -~k T STy ~ .~ - ~% 1Y ]
cosh(D) = 3 (e“" Dy eibe ) , sinh(D) = —%gp* (e“" D _ D¢ ) ,
SO
D—(:’D_l( i@ D+61D¢*) Z&* (eup*D iD@ )’
2 2
D—l :e—ﬁ %( P D+61D<p >+%§E* (eupD—eZD@*)
Hence,

D+ D' = ci#"D + 6“545*, D—D ! =—jp* (eﬂ*f) - 6“5*5*> ,
and therefore ip*(D — D™1) = ¢i?"D _ ¢iD&" Thus, we obtain
"D = % (D+D ' +ip*(D- D)) e C[D, D', ¢"].
More generally, for k € Z,
(k%D _ % (D + D% +ig"(D* — D*)) e C[D, D, 7).

We have shown that, in general, exponentials of the operators in F [5, @*] do not end up in .Z[D, D71, ©*],
but there are some instances where this is the case and we obtain some interesting relations.
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3. Green’s functions

After the reduction of an operator L € #[D, D1, p*] (Theorem 2.6 and Remark 2.8) we are left with a
recurrence equation of the kind Sz = 0 with .S € F[D]. In the case of initial conditions it is simple to compute
the Green’s function. Several results in this direction, stated in different settings, can be found in the classic
literature on the subject; see, for instance, [24, Theorem 11, Chap. 4], [2, Section 2.11}, [25, Theorem 2.1] or
[19, Theorem 6.8]. The differences among these works are due to the operator being studied (D, D=1 or A),
whether we consider functions of one real variable (difference equations) or sequences (recurrence relations)
as solutions, and the way the authors state the conditions the equation is subject to — see [2, Section 2.11]
or [25, Theorem 2.1]. Here we present a version (Theorem 3.2) which is adequate for our purposes.

Notation 3.1. Consider the homogeneous recurrence relation

(S:L‘)k = ZamckH =0, keZ, (3.1)
1=0
where a; € F, [ =0,...,n and aga, # 0. Denote the characteristic polynomial as follows:

P(t) = ant™ 4+ ap_1t" "t + -+ art + ao.

Consider the set of different roots of p in F, that is {\1,..., A} with » < n and \; # Aj if I # j. For each
le{l,...,r}, denote h; the multiplicity of the root A;. If r = n, then all the roots are of multiplicity h; = 1
for [ € {1,...,n} and the general solution of (3.1) in . := .#(Z,F) is given by

u=kiy1 + koya + -+ + knyn,

where (y), = A}, ki €eFfork€ Zandl=1,...,n.
Now, if r < n, then there exists [ € {1,...,r} such that h; > 1. In such a case, the general solution
of (3.1) in F is:

u=kiyi,1 +kayr, - FEnyin Ry o F EnYen,s

where (y,1), = A}, (Y1), =k A for ke Z, 1€ {l,....,r} and j € {2,..., l}.
If we denote ® = <y1,1 Y12 0 Yihy Y21 0 Yrh, ) € Mzxn(F)and K = (kj);-‘zl € Fn, We can express
the general solution of (3.1) in .7 as u = ® K.

Observe that, so far, we have obtained solutions in . not necessarily in .. Nevertheless, we know that,
given initial conditions z; € F, j =0,...,n — 1, by recurrence, problem (3.2) has a unique solution in .#.
In fact, this means that we can construct ® such that y; ; = (5i for k,j € {0,...,n — 1} (where 6% is the
Kronecker delta function) just by imposing some the adequate initial conditions.

For the next theorem we define the following disjoint subsets of Z? — see Fig. 3.1.

Ay ={(k,j) €Z?® : k> j=0}, Ay :={(k,j)€Z? : k+1—-n<j <0},
A3 ::{(kaj)ez2 : k+1*n>]> j<0}7 A4 ::{(k7j)€Z2 : kg]a J)O}

Observe that ZQ = Al U A2 (] A3 (] A4.
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A A A A A A
A A A A A [ ]
o A
A A A A [ ] [ J
" A2
7 Y 7y 7y ® ® & k A3
u u u A A4
u u
u
Fig. 3.1. The disjoint subsets of Z2, Ay, ..., Ay4.
Theorem 3.2. Consider the problem
n
(Sx)p = Zajxk+j =cy, k€Z, z2;=0,j=0,...,n—1, (3.2)

=0

where aj € F, j =0,...,n, apan # 0, ¢, € F, k € Z. Then there is a unique solution of problem (3.2)
u = (ug)rez € -7 where

U = ZHk’jCj e,
JEZ

(Hi,j)k,jez C F is the Green’s function given by

D" i ) e A
k,j» 5 J 1
a,iC’j_H J ’
Hy ; 2 k.j)e A (3.3)
CLOO]‘ k,js ( 7]) 29
Oa (kvj) €A3|_|A4,
with
Y1,k Yn,k
Yi,j+1 Yn,j+1
f[kj — | Y2 Yn,j+2
Y1,j4n—1 " Ynj+n-—1
where C; = ij,j is the Casorati and {y1,...,yn} is a set of fundamental solutions of the homogeneous

problem associated to (3.2) such that yi ; = 6;, for k,j € {0,...,n—1}.

Proof. First, by definition of {y1,...,y,}, we have that Cy = 1. Furthermore, we can prove that Cj;, =
(—1)"a, C; for every j > 0 [23, Theorem 3.8], so C; # 0 for every j € Z. By a similar argument, C; # 0 for
every j < 0. Hence, Hy, ; is well defined for every k,j € Z.

From the definition of I?k,j, we deduce that, for k € Z,

Hppng = (—1)""'Cj11; Hrppn =0, 1€{0,...,n—1}. (3.4)
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A A A A A A A
A Y S ¥ (s A o === Case 1
----- - Case 2
A A A A A [} [ ]
----- Case 3
Sy
x x * NS ____C ® k = == Case4
prmm e ——— - e = Case 5
UL n | | L
N -
Case 6
n l'l | | j
™ n [0 ~|
I_ _______________ ’

Fig. 3.2. Illustration for n = 2. Each rectangle shows the set of indices (k + I, j) where | € {0, 1,2} for (k, 7) in one of the six cases.
In each case the definition of Hyy; ; is different. The shaded area covers those points where Hyy; ; = 0 because of (3.4).

First, we will see that Z?:o aHyy1; = 5% for every k,j € Z. In order to achieve this we will study six
different cases — see Fig. 3.2.
Case 1: (k,j) € A;. In this case (k+1,7) € A; for every I € {0,...,n} so

n n
Z QYL+l Z A1Yn, k41
=0 =0
o (=t Ll yi+ Ynj+1 | 0
Z Qig+1,; = CJ+1 Y1,5+2 e Yn,j+2 - Y
yl,jJrnfl e yn,jJrnfl

Case 2: k+1 < j <0. In this case (k,j) € A2 and (k +1,5) € Ay for every | € {0,...,n}, so

n n
YUYl kin—2+41 D GYn k241
1=0 1=0
Z H 1 yl,j+n—l T yn,j+n—l O
Qg = ———— . : =0.
P aOCjJran Y1,54n Yn,j+n
Y1,54+2n-3 T Yn,j+2n—3

Case 3: (k,j) € Asz. In this case (k +[,j) € As for every | € {0,...,n} so Hyyy; = 0 for every
1e€{0,...,n}.

Case 4: k+n < j, j > 0. In this case (k,j) € Ay and (k+1,j) € Ay for every | € {0,...,n} so Hyyy; =0
for every [ € {0,...,n}.

Case 5: k€ {j,...,j+n—1} and j < 0. In this case (k+1,j) € Ag for 1 € {0,...,j —k —1+n} and
(k+1,j) € Ay for l € {j —k +mn,...,n}. Hence, using (3.4),

n j—k+n—1 j—k+n—1 ay j—k+n—1 ay
E aHpq1; = E aHpq1,; = E a0C; Hyy1j = E : aC, Hji (k—j+1),5
=0 =0 =0 =0
n—1 a 0 a
B mtj—k 77 _ mti—k 77
= E ol Hjim,; = E ol Hjim,;.
m=k—j 0%y m=k—j 0%

Since k — j > 0, this last expression is 0 if £ > j and, otherwise, k = j and
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n
ag
CLlHk 17':—H',‘:1.
Eﬁ +1,7 aOCj 253

Case 6: k€ {j—n,...,j} and 7 > 0. In this case (k+1,j) € Ay for 1 € {0,...,7—k} and (k+1,j) € 41
forle{j—k+1,...,n}. Since k € {j —n,...,j}, we have that n — j+ k+1 € {0,...,n} and, therefore,
using (3.4),

n n n (_1)71 1 n—j+k (_1)71 1
E alHk+l,j = g alHk+l,j = E alWHk—i-l] = g a;— k+mTH]+m,j
= l=j—k+1 l=j—k+1 ni+l m=1 i+l

n—j+k

71)71 1
a5k H g
Z J—k+m T~ nC' Jjt+m,j
This last expression is 0 if k < j and, otherwise, k = j and

1)1 —1)n-1 -
E alH;H_lJ = an( C)' H]+n7j = 7( ) Hj+n7j =1.
Jt+1

Hence,

n
E alHk+l,j = 5%
=0

Now we have that

(Su) Z ZHkJrl]CJ = Z <ZalHk+lj> cj = Egicj = ¢
=0 JEZL JEZ iz

Furthermore, for k =0,...,n—1 and j <0, either (k,j) € A3, and hence Hy ; =0, or (k,j) € Ay, in which
case 0 <k <j+n—1 Hence, 0 < —j<k—75<n—1,80 Hg; = Hj (_j5,; =0. Thus, we can write

k—1 k—1
ue =Y Hypje; =Y Hije; =Y Hpje; =3 Higj ¢ =0.
=0 =0

JEZL 320

This last equality holds because k — j € {1,...,k} C {1,...,n— 1} for any j € {0,...,k — 1}. Therefore, u
is a solution of problem (3.2).

Finally, it is left to show that (Hj j)k jez C F, but this has to be so because we already knew, by
recurrence, that problem (3.2) had a unique solution in .. Hence, fix j € Z and take ¢, = 52 for every
k € Z. We have that v, = Hy, ; € F for every k € Z, which ends the proof. O

Remark 3.3. Similar results appear in the context of non-homogeneous generalized linear discrete time
systems (see [12, Corollary 3.1] for a result in the field of order n systems obtained through matrix pencil
theory), or linear non-autonomous fractional V-difference equations [13, Theorem 2.1].

Let us consider H € .#7«7(F) defined as follows:
(H)rj =Hej, k,jeEL, (3.5)

where Hj, ; is defined in (3.3) for each k, j € Z. Using this notation, we can rewrite the previous result in
a vectorial way.
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Corollary 3.4. Consider the problem

szZaijx:c,xEY, (); =0, j=0,...,n—1, (3.6)
3=0

where a; € F, j =0,...,n, apa, # 0, b € 7. Then there is a unique solution of problem (3.6) given by
u= H ¢, where H is the Green’s function defined in (3.5).

3.1. General boundary conditions

From now on, given a vector space V we denote by V* its algebraic dual. Consider the vector space .7,
generated by those solutions of order n equations of the form (3.1), that is

p
T = Zajk"fz;? € :zjeF, n;€{0,1,...,n}, a; €F; j=1,...,p; peN
j=1

keZ

Observe that, by asking the sum to be in ., we are assuming values in F. Also, for every L € F[D, D71, o*],
we have that L(f) € &, for every f € 7.

Corollary 3.5. Let W € (7)™ and consider the problem

iajxkﬂ =c, keZ, Wax=h, (3.7)
j=0
wherea; € F,j=0,...,n,a0a, #0,c, €F, k€ Z, h € F". Then there is a unique solution of problem (3.7)
in T, if, and only if, det(Wg) #£ 0, where W := W ® € 4, (F), with ® defined in Notation 5.1.
In such a case, the unique solution is given by:
u=dWy'h+ (H-dW5'WH)e,
where H is defined in (3.5) assuming W Hc is well defined.
Proof. Every solution of Sz = ¢ is given by
u=PK+He, KeR"™
If we impose the condition given by W, we have the order n linear system of equations
Wu=We&K+WHec=h.
It is clear that there exist a unique solution of previous system if, and only if,
det(W @) = det(Wg) # 0.
In such a case:
K=Wg'h—Wg'WHe,

thus
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u=®Wg'h+ (H-@Wg'WH)c,
and the result is proved. O
Remark 3.6. In Corollary 3.5 we had to ask the compatibility between the boundary conditions and the
equation in two instances. First, by asking for W to be in (7F)", W® was well defined. Second, the
compatibility with the nonlinear part of the equations was guaranteed by asking that W Hc were well
defined. In the first case it would be enough for W to be in the dual of the vector space of the solutions of
the homogeneous problem associated to (3.7), but this would require to know them aforehand.
Corollary 3.7. Let W € (Z.%)". Consider the problem

Lr=c, Wz =h, (3.8)

where L is defined as in (2.3). Then, there exists R € F[D, p*] — as in Remark 2.8 — such that LR € F|[D]
and a solution of problem (3.8) is given by

u:=0Wg'h+ (RH — ®W5'WRH) c
where H is a Green’s function associated to the problem
LRx =¢, Wa =WRz =0, (3.9)

assuming it exists, W RHc is well defined, ® is the general solution of LRx =0 and We := W ® € #,,(F)
is invertible.

Proof. First, we have that, since L® = 0,
Lu=L(®Wz'h+ (RH — ®W;'WRH) c) = (LR) (Hc) =1dc =c.

On the other hand, since H is the Green’s function of problem (3.9), it has to satisfy the boundary conditions,
that is WH = WRH = 0 (to see this just take h = (5;?)]-GZ for k € Z). Hence,

Wu=W (2Wg'h+ (RH — ®W5'WRH) ¢) = h,
so u is a solution of problem (3.8). O

In the next section we will talk about systems, which will allow us to illustrate those cases where we can
guarantee the solution of problem (3.8) is unique.

4. Linear systems of difference equations with reflection
In this section we will consider the homogeneous system of linear difference equations
(Ju)p == Fapqp1 + Gr_—1 + Az, + B, =0, k€ Z, (4.1)

where 2, € F*", n € N, A,B,F,G € #,(F) and v € Z(Z,F™). We will prove that a fundamental matrix
for problem (4.1) exists.
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Definition 4.1. We say that M € #(Z, M, (F)) is a fundamental matriz of problem (4.1) if (ug)rez =
(M (k) uo))kez is a solution of equation (4.1) for every ug € F", that is

FM(k+1)+GM(—k — 1)+ AM (k) + BM(—k) =0, k € Z.

Definition 4.2. If M is a block matrix of the form

M

My | My
M3|My |’

where My € #,(F), we define M) := M.

(#fz) = (@)
() @))

Theorem 4.3. Assume that

are invertible. Then

(L) @)

is a fundamental matriz of problem (4.1). Furthermore, problem (4.1) equipped with the boundary condition

1) (2)

xo =ug € F™ has a unique solution given by (uk)rez = (M (k) uo))kez-
Proof. If we define v = ¢*u, then we have that problem (4.1) can be expressed as
FDu+ GDv+ Au+ Bv = 0.
Composing with ¢*, we get
FD 'o*u+ GD tp*v + Ap*u + Be*v = FD Yo+ GD 'u + Av + Bu = 0.
Now, composing with D,

Fv+Gu+ ADv + BDu = 0.

() () (7))

The hypotheses of the theorem regarding the invertibility of the matrices imply that this is a regular system,

Hence, we have the system

so we can solve for Du and Dw in the following way:

(5)-- () ()6

In particular, iterating,
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()-[G9) GR) G)-[ ) @) &)

for k > 1. Therefore,

SR

for k > 1. We can proceed analogously for k£ < —1, since
-1
D 'w\  (A|B FIG\ [u
D~ ) \G|F BlA)\v)"

The next theorem serves to construct the Green’s function of a system of recurrence relations on Z. The

() )], )~

(1) (2)

Hence, we have the result. O
reader may consult [25] for more information on the subject in the context of systems of recurrence relations
on N with nonconstant coefficients.
Theorem 4.4. Consider a system of recurrence relations of the form
Trpy1 = Koy, keZ, (4.2)

where x, € F™ and K € 4, (F) is invertible. Define

Kk_l_j7 _1<J<k_17
Hiji={-K"'77, k<j<-1,
0, otherwise.

Then H := (Hy ; )k jez s a Green’s function of problem (4.2), that is, a solution of
Tpt1 = Kap +cx, k€ Z,
where ¢ = (cx)rez € F(Z,F") is given by u = He.

Proof. Let u := He. Then, for k > 0,

k-1 k—1
(Du)i — (Ku)x =(DHe)y — K(He)y =D | Y KF'"e; | =K > K¥17¢;

j=—1 j=—1

k
k—1

k
= Z K+ e, — Z K" e; = ¢y

j=-1 j=—1

Analogously, for k£ < —1,
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-1 -1
(Du)y — (Ku)y =(DHe)y — K(He)y = =D [ > K" 'e | + K KF17ie;
j=k A j=k
-1 -1
= _ Z Kk_jcj + ZKk_jcj =c,. O
Jj=k+1 j=k

Theorem 4.5. Consider J as defined in (4.1) and assume that

(35) (28

are invertible. Consider the problem

Then the sequence given by

where

-1 k -1
. F|G A|B = (F|G c (W
) @F)]) ) () ()
kEZ

H is the Green’s function of problem (4.4) and mp : F™ x F™ — F™ is such that 71 (x,y) = z, is the unique
solution of problem (4.3), provided all of the terms involved are well defined and Z is invertible.

Proof. Proceeding as in the proof of Theorem 4.3, we can reduce the equation Jz = ¢ to

B () 6 () )

A particular solution of (4.4) can be expressed as

so the general solution of (4.4) is of the form

() ([ () @)]) () ()

keZ

with r € F2". Then, imposing Wu = h, and thus Wy*v = h,

(8- ) ()
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Hence, this system can only be solved uniquely if Z is a regular matrix. Therefore,

r=2""1 ﬁ - W Y
h W*
That is,
) xz (M) S (v sy
v h W
Thus,
h w
= Xz |+ - Y| +Y ).
Corollary 4.6. Assume a,a_,, — bpyb_,, # 0. If the problem
Z (aj:vkﬂ—i—bjx,k,j) =cr, k€l;, xp=%&, k=1,...,n, (45)

j=—n
has a solution, it is unique.

Proof. Define y, = (¢x—n, ..., Zr4n—1). Denote by yi ; the j-th component of y;, (starting at j = —n) and
by y. ; the sequence (yi ;)kez. Then, we have that Dy. ; = y. ;41 for j = —n,...,n —1 and
n
cr = Z (ajyr; + b9 yk,—;), k€ L.

j=—n

Now, define ¢ = (¢ )rez and A, B, F, G € M5, (R) such that

po (10 (oo}
0|a, 0b,
0 -1 0 0 0
0 0 -1 0 0 o .- 0
A= 5 , B= L,

0 0 0 -1 0 0 0

0 0 0 0 -1 b_p bn—1

G_p A_pny1 G_piy2 - Qp—2 Qap-1

where 0 denotes a zero matrix. We have that problem (4.5) can be expressed in the form of system (4.1),
that is,

Fypy1 + Gy—p—1 + Ayr + By—k = cx, kE€EZ, yo=¢, (4.6)
where & = (£1,...,&,). Now, by [11, Lemma 3.8], we have that

F\G A|B
B|A G|F

= |FA - BG|
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0 -1 0 e 0 0
0 0 -1 e 0 0
N 0 0 0 - -1 0
0 0 0 e 0 -1
UnpQ_—p — bnb—n ApQ_p41 — bnb—n+1 ApQ—n+42 — bnb—n+2 e ApQp—2 — bnbn—2 UpQp—1 — bnbn—Z

=ana_np — bpb_, #£0.

On the other hand, W acts on y as evaluating y on 0, so

Z::( W >X:Id,
W™

is invertible. Hence, applying Theorem 4.5, we conclude that the system (4.6) has a unique solution and

thus so does problem (4.5). O

Remark 4.7. Observe that the problem in Example 2.10 fails to meet the hypotheses of Corollary 4.6.
5. Conclusions and open problems

Throughout this work we have developed a theory of linear recurrence equations and systems with
reflection and constant coefficients. Most of the theory is valid for fields of arbitrary characteristic. We
would have to avoid division dividing by 0, for instance when defining the operators E, 5, F and O. For
more information on recurrence relations on fields in arbitrary characteristic the reader may consult [16,18].

There are some clear ways in which the theory could be extended. We point out here some of them.

o Non-constant coefficients: The theory of linear differential equations with constant coefficients (and its
difference counterpart) is basically the same than in the constant coefficient case. The main difference in
the case of systems is whether a fundamental matrix can be obtained explicitly by taking the exponential
of the matrix A(t) defining the system, something which is true if A(t)A(s) = A(s)A(t) for every t and s
[6,21]. Unfortunately, this happens under very restrictive circumstances [6], so the explicit computation
of the Green’s functions will not be possible in general.

o General involutions: In the theory of differential equations with involutive functions® we have to work

with differentiable or at least continuous involutive functions [6] (such as is the case of the reflection),
but this poses the severe restriction that continuous involutive functions of order n on connected sets
of the real line have to be of order two [8,22]. This restriction disappears in the context of recurrence
relations, which gives rise to three questions worth answering. First, Which are the different involutive
functions on Z for each given order? second, How do the operators which are the pullback of those
involutive functions interact with the right shift operator? and last, Under which circumstances can we
solve recurrence relations with those involutions?
It is unlikely that we will obtain a full answer to the first question, but we can restrict our research to
those involutions that behave well with respect to right shifts. We could start by studying, for instance,
involutions that are just transpositions of elements of the sequence since the interaction of the involution
with the right shift operator is easily manageable in this case.

2 Here, for n > 2, we consider a function f to be involutive order n or an involution of order n if f™ = Id and fk # f for
k=2,...,n—1—cf. [29]. Some other authors consider the term involution only for the case n = 2, which is standard in other
fields, using finite order operators for the case presented here.
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More general involutions (that is, involutive operators that are not the pullback by an involutive func-
tion) such as A occurring in Remark 2.11 are worth studying since they satisfy very attractive properties
(for instance, in the case of A, it anticommutes with the right shift operator).

o Partial difference equations: There is also the possibility to move from recurrence in one independent
variable to recurrence in several independent variables. Some analogous work has been done previously
in the case of partial differential equations with reflection [28]. Again, there is the possibility to study
involutions of order greater than two.
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