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In this paper, applying the theory of (mock) modular forms and Zwegers’ results 
on Appell-Lerch sums, we establish two identities on the eighth-order mock theta 
function V0(q). Using these identities, we prove some congruences for V0(q).
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1. Introduction

A partition of a positive integer n is a sequence of non-increasing positive integers whose sum equals 
n and p(n) is defined to be the number of partitions of n while p(0) := 1. The following three famous 
congruences for p(n) were found and later proved by S. Ramanujan: for all n ∈ N, we have

p(5n + 4) ≡ 0 (mod 5),

p(7n + 5) ≡ 0 (mod 7),

p(11n + 6) ≡ 0 (mod 11).

Indeed, Ramanujan [21] found the generating functions for p(5n + 4) and p(7n + 5),

∞∑
n=0

p(5n + 4)qn = 5(q5; q5)5∞
(q; q)6∞

, (1.1)

and
∞∑

n=0
p(7n + 5)qn = 7(q7; q7)3∞

(q; q)4∞
+ 49q (q7; q7)7∞

(q; q)8∞
. (1.2)
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Here and for the rest of this article, we use the notations

(x1, x2, . . . , xk; q)m :=
m−1∏
n=0

(1 − x1q
n)(1 − x2q

n) · · · (1 − xkq
n),

(x1, x2, . . . , xk; q)∞ :=
∞∏

n=0
(1 − x1q

n)(1 − x2q
n) · · · (1 − xkq

n),

[x1, x2, . . . , xk; q]∞ := (x1, q/x1, x2, q/x2, . . . , xk, q/xk; q)∞,

and we require |q| < 1 for absolute convergence. Ramanujan’s work inspired the search for identities similar 
to (1.1) and (1.2) involving various types of special functions. For example, Hirschhorn and Hunt [16] proved 
identities on the generating functions for p (5αn + δα), where α is a positive integer and δα is the reciprocal 
of 24 modulo 5α. Using these results, they provided a simple proof of the following congruences:

p (5αn + δα) ≡ 0 (mod 5α),

which was conjectured by Ramanujan [21] and first proved by Watson [24]. More recently, Garvan [13]
established identities analogous to (1.1) and (1.2) involving Andrews’ smallest parts partition function 
spt(n) [4]. As applications, families of congruences for spt(n) modulo powers of 5, 7 and 13 were obtained.

Throughout, we assume τ ∈ C with Re(τ) > 0. Let q := e2πτ . We study the following mock theta function

V0(τ) = V0(q) = −1 + 2
∑
n≥0

qn
2(−q; q2)n
(q; q2)n

=:
∞∑

n=0
g(n)qn.

The function V0(q) is an eighth-order mock theta function first studied by Gordon and McIntosh in [14]. 
Applying the generalized Lambert series identities in [7], Chan and the author [9] proved some analogies of 
(1.1) and (1.2) for mock theta functions. As applications, congruences for many mock theta functions were 
established. In particular, they obtained

∞∑
n=0

g(8n + 3)qn = 4(−q,−q3; q4)∞(q8; q8)4∞
(q; q)3∞(−q4; q4)2∞

(
1

(q, q7; q8)2∞
+ q

(q3, q5; q8)2∞

)
, (1.3)

∞∑
n=0

g(8n + 6)qn = 8(q8; q8)4∞
(q; q)3∞

(
1

(q, q7; q8)2∞
+ q

(q3, q5; q8)2∞

)
, (1.4)

which imply g(8n + 3) ≡ 0 (mod 4) and g(8n + 6) ≡ 0 (mod 8), respectively. For more recent works on 
identities involving mock theta functions, the reader is referred to [3,8,10,18,25].

In this paper, using the theory of (mock) modular forms, we establish the following two identities for 
V0(q).

Theorem 1.1. We have

∞∑
n=0

g(8n + 2)qn = 4(q4; q4)∞
[q; q4]6∞[q2; q4]2∞(−q4; q4)∞

(1.5)

and

∞∑
n=0

g(8n + 5)qn = 8(q4; q4)∞
[q; q4]5∞(q2; q4)3∞

. (1.6)
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In particular, we have g(8n + 2) ≡ 0 (mod 4) and g(8n + 5) ≡ 0 (mod 8).

Congruences for mock theta functions have been studied by many authors recently. Garthwaite [12] proved 

the existence of infinitely many congruences for the third-order mock theta function, ω(q) :=
∑∞

n=0
q2n2+2n

(q;q2)2n+1
. 

Waldherr [23] provided two explicit congruences for ω(q):

aω(40n + 27) ≡ aω(40n + 35) ≡ 0 (mod 5),

where aω(n) are coefficients of ω(q). More studies on congruences for mock theta functions can be found in 
[1,2,20].

Armed with (1.6), we prove two congruences for V0(q) by elementary q-series manipulation.

Corollary 1.2. We have

g(40n + 13) ≡ g(40n + 37) ≡ 0 (mod 40).

2. Preliminaries

For the basics of (mock) modular forms, the reader is referred to [17,19].

2.1. Appell-Lerch sums

The key in the proof of Theorem 1.1 is the mock modularity of V0(q) which is proved by applying Zwegers’ 
results on Appell-Lerch sums.

For u, v ∈ C \ (Z + Zτ), we define the Jacobi theta function and Appell-Lerch sums as follows:

ϑ(v; τ) : =
∑

ν∈Z+ 1
2

eπν
2τ+2πiν(v+ 1

2 )

= −iq
1
8 e−πiv

∞∏
n=1

(1 − qn)(1 − e2πivqn−1)(1 − e−2πivqn) (2.1)

and

μ(u, v; τ) : = eπiu

ϑ(v; τ)
∑
n∈Z

(−1)ne2πinvq
n(n+1)

2

1 − e2πiuqn
. (2.2)

The μ-function itself does not transform as a modular form. Zwegers [26] discovered that it can be completed 
to a function μ̂ having nice transformation properties.

To describe the completion, we define

R(u) = R(u; τ)

: =
∑

ν∈Z+ 1
2

(−1)ν− 1
2

{
sgn(ν) −E

((
ν + Im(u)

Im(τ)

)√
2Im(τ)

)}
e−2πiνuq−

ν2
2 . (2.3)

Here E(x) is defined by

E(x) := 2
x∫
e−πu2

du = sgn(x)(1 − β(x2)),

0
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where for positive real x we let β(x) =
∫∞
x

u− 1
2 e−πu2

du. Let

μ̂(u, v) = μ̂(u, v; τ) := μ(u, v; τ) + i

2R(u− v; τ). (2.4)

To state the modular transformation formula of μ̂(u, v), we need the multiplier of the Dedekind eta-

function η(τ). Let η(τ) := q
1
24

∏∞
n=1(1 − qn). For A =

(
a b
c d

)
∈ SL2(Z), we define the multiplier νη(A)

by

η

(
aτ + b

cτ + d

)
= νη(A)

√
(cτ + d)η(τ). (2.5)

Lemma 2.1. ([26, Theorem 1.11]). If k, l, m, n ∈ Z, and A =
(
a b
c d

)
∈ SL2(Z), then we have

μ̂(u + kτ + l, v + mτ + n) = (−1)k+l+m+neπiτ(k−m)2+2πi(k−m)(u−v)μ̂(u, v), (2.6)

and

μ̂

(
u

cτ + d
,

v

cτ + d
; aτ + b

cτ + d

)
= ν−3

η (A)
√
cτ + de−πic(u−v)2/(cτ+d)μ̂ (u, v; τ) . (2.7)

Armed with Lemma 2.1, we prove the mock modularity of V0(q) in the following lemma.

Lemma 2.2. Let

f(τ) := V0(τ) + R(0; 8τ).

Then, for A =
(
a b
c d

)
∈ Γ1(8), we have

f

(
aτ + b

cτ + d

)
= ν−3

η (A′)
√
cτ + df (τ) , (2.8)

where

A′ =
(

a 8b
c/8 d

)
.

Proof. Equation (5.41) of [15] gives

V0(q) = −q−1m(1, q8, q) − q−1m(1, q8, q3),

where

m(x, q, z) : = 1
(z, q/z, q)∞

∞∑
n=−∞

(−1)nqn(n−1)/2zn

1 − qn−1xz
.

This together with (2.2) implies

iV0(τ) = μ(τ, τ ; 8τ) + μ(3τ, 3τ ; 8τ).
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Thus we have

f(τ) = V0(τ) + R(0; 8τ)

= −i

{
μ(τ, τ ; 8τ) + i

2R(0; 8τ)
}
− i

{
μ(3τ, 3τ ; 8τ) + i

2R(0; 8τ)
}

= −iμ̂(τ, τ ; 8τ) − iμ̂(3τ, 3τ ; 8τ), (2.9)

where the last equality follows from (2.4).

For A =
(
a b
c d

)
∈ Γ1(8), one can verify that

μ̂

(
aτ + b

cτ + d
,
aτ + b

cτ + d
; 8aτ + b

cτ + d

)
= μ̂

(
aτ + b

cτ + d
,
aτ + b

cτ + d
;A′(8τ)

)
,

where

A′ =
(

a 8b
c/8 d

)
.

By (2.7), we find that

μ̂

(
aτ + b

cτ + d
,
aτ + b

cτ + d
;A′(8τ)

)
= ν−3

η (A′)
√
cτ + dμ̂ (aτ + b, aτ + b; 8τ) . (2.10)

Recall that A ∈ Γ1(8) and we have a ≡ 1 (mod 8). Applying (2.6) on the left hand side of (2.10), we find 
that

μ̂ (aτ + b, aτ + b; 8τ) = μ̂ (τ, τ ; 8τ) .

Thus we obtain

μ̂

(
aτ + b

cτ + d
,
aτ + b

cτ + d
; 8aτ + b

cτ + d

)
= ν−3

η (A′)
√
cτ + dμ̂ (τ, τ ; 8τ) (2.11)

Similarly, one can prove that

μ̂

(
3aτ + b

cτ + d
, 3aτ + b

cτ + d
; 8aτ + b

cτ + d

)
= ν−3

η (A′)
√
cτ + dμ̂ (3τ, 3τ ; 8τ) . (2.12)

By (2.9), we find that

f

(
aτ + b

cτ + d

)
= −iμ̂

(
aτ + b

cτ + d
,
aτ + b

cτ + d
; 8aτ + b

cτ + d

)
− iμ̂

(
3aτ + b

cτ + d
, 3aτ + b

cτ + d
; 8aτ + b

cτ + d

)
. (2.13)

Substituting (2.11) and (2.12) into (2.13), we prove (2.8). �
2.2. Generalized Dedekind eta-functions

To obtain the modular properties of the infinite products on (1.5) and (1.6), we need some results on the 
generalized Dedekind eta-products.
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Define the generalized Dedekind eta function by

ηδ;g(τ) = q
δ
2P2(g/δ)

∏
m≡±g (mod δ)

(1 − qm), (2.14)

where P2(t) = {t}2 −{t} + 1
6 is the second periodic Bernoulli polynomial, {t} = t − [t] is the fractional part 

of t, g, δ, m ∈ Z+.
Let N be a fixed positive integer. A generalized eta-product of level N is given by

h(τ) =
∏
δ|N

0<g<δ

η
rδ,g
δ;g (τ), (2.15)

where

rδ,g ∈

⎧⎨⎩
1
2Z if g = δ/2,

Z otherwise.

Robins proved the following result.

Theorem 2.3. ([22, Theorem 3]) The function h(τ) defined in (2.15) is a modular function on Γ1(N) if
(i)

∑
δ|N

0<g<δ

δP2

(g
δ

)
rδ,g ≡ 0 (mod 2), and

(ii) ∑
δ|N

0<g<δ

N

δ
P2 (0) rδ,g ≡ 0 (mod 2).

To check the modularity of the infinite products on (1.5) and (1.6), we define

R2(τ) := q1/4 4(q4; q4)∞
[q; q4]6∞[q2; q4]2∞(−q4; q4)∞

(2.16)

and

R5(τ) := q5/8 8(q4; q4)∞
[q; q4]5∞(q2; q4)3∞

. (2.17)

Rewrite R2(τ) and R5(τ) in terms of generalized Dedekind eta-functions as follows:

R2(τ) =
4η(8τ)η3/2

8;4 (τ)
η6
8;1(τ)η2

8;2(τ)η6
8;3(τ)

and

R5(τ) = 8η(4τ)
η5
4;1(τ)η3/2

4;2
.
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Applying Theorem 2.3 and the MAPLE program in [11], we obtain the modular properties of 
(

R2(τ)
η(8τ)

)24

and 
(

R5(τ)
η(4τ)

)24
.

Lemma 2.4. The functions 
(

R2(τ)
η(8τ)

)24
and 

(
R5(τ)
η(4τ)

)24
are weakly holomorphic modular functions on Γ1(8). 

The first term in the Fourier expansion of 
(

R2(τ)
η(8τ)

)24
(resp. 

(
R5(τ)
η(4τ)

)24
) at the inequivalent cusps ξ of Γ1(8), 

up to a nonzero constant, is given by

(1) q−
25
8 (resp. q− 13

4 ) when ξ = 0,
(2) q−2 (resp. q11) when ξ = ∞,
(3) q11/2 (resp. q2) when ξ = 1

2 ,
(4) q−

25
8 (resp. q− 13

4 ) when ξ = 1
3 ,

(5) q16 (resp. q11) when ξ = 1
4 ,

(6) q−2 (resp. q11) when ξ = 3
8 .

We prove the modularity of R24
2 (τ) and R24

5 (τ) in the following lemma.

Lemma 2.5. The functions R24
2 (τ) and R24

5 (τ) are weakly holomorphic modular forms of weight 12 on Γ1(8). 
The first term in the Fourier expansion of R24

2 (τ) (resp. R24
5 (τ)) at the inequivalent cusps ξ of Γ1(8), up to 

a nonzero constant, is given by

(1) q−3 (resp. q−3) when ξ = 0
(2) q6 (resp. q15) when ξ = ∞
(3) q6 (resp. q3) when ξ = 1

2
(4) q−3 (resp. q−3) when ξ = 1

3
(5) q18 (resp. q15) when ξ = 1

4
(6) q6 (resp. q15) when ξ = 3

8

Proof. It is well known that η(τ)24 is a cusp form of weight 12 on SL2(Z). By [17, Proposition 17, p. 127], 
we find that η(8τ)24 (resp. η(4τ)24) is a cusp form of weight 12 for Γ0(8) (resp. Γ0(4)). This together 
with Lemma 2.4 proves the first statement of Lemma 2.5. Applying (2.5), one can obtain the q-expansions 
of η(8τ)24 and η(4τ)24 at the cusps of Γ1(8). Combining these with the q-expansions of 

(
R2(τ)
η(8τ)

)24
and (

R5(τ)
η(4τ)

)24
in Lemma 2.4, we can prove the second statement in Lemma 2.5. �

3. Proof of Theorem 1.1

We note that all the functions in equations (1.5) and (1.6) are holomorphic when |q| < 1. By analytic 
continuation, we only need to show that (1.5) and (1.6) are true when q is in the small interval (−ε, ε). 
For small enough ε, it is easy to check that these functions take positive values when q ∈ (−ε, ε). Since the 
infinite products on the right sides of (1.5) and (1.6) never vanish, the ratios

( ∞∑
n=0

g(8n + 2)qn
)/

4(q4; q4)∞
[q; q4]6∞[q2; q4]2∞(−q4; q4)∞

and
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( ∞∑
n=0

g(8n + 5)qn
)/

8(q4; q4)∞
[q; q4]5∞(q2; q4)3∞

are also holomorphic functions which are positive when q ∈ (−ε, ε). Then we only need to prove that the 
24th power of the two ratios equal to 1. Thus, recalling the definition of R2(τ) (resp. R5(τ)) in (2.16) (resp. 
(2.17)), we find that, to prove Theorem 1.1, it suffices to show that(

q1/4
∞∑

n=0
g(8n + 2)qn

)24

= R24
2 (τ) (3.1)

and (
q5/8

∞∑
n=0

g(8n + 5)qn
)24

= R24
5 (τ). (3.2)

Let ζ8 := e
2πi
8 . For t = 2, 5, we define

fλ,t(τ) : = ζ−λt
8 f

((
1 λ
0 8

)
τ

)
,

where f(τ) is defined in Lemma 2.2 and

ft(τ) : = 1
8

7∑
λ=0

fλ,t(τ). (3.3)

Lemma 3.1. Equations (3.1) and (3.2) are implied by

f24
t (τ) = R24

t (τ), (3.4)

for t = 2, 5.

Proof. Assume that f(τ) =:
∑∞

n=−∞ af (n)qn. A straightforward calculation gives

ft(τ) = q
t
8

∞∑
n=−∞

af (8n + t)qn. (3.5)

By its definition and equation (2.3), we find that the function f(τ) has the following q-expansion:

f(τ) =
∞∑

n=−∞
(−1)n

{
sgn

(
n + 1

2

)
−E

((
n + 1

2

)√
2Im(8τ)

)}
q−(2n+1)2

+
∞∑

n=0
g(n)qn.

In particular, the non-holomorphic part of f(τ) is supported on terms with exponent −(2n + 1)2 (which is 
congruent to 7 modulo 8). This fact together with (3.5) implies that, for t = 2, 5, we have

ft(τ) = q
t
8

∞∑
n=0

g(8n + t)qn, (3.6)

which proves Lemma 3.1. �
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We see that ft(τ) are holomorphic functions. The modular transformation properties of ft(τ) are given 
as follows.

Lemma 3.2. For A =
(
a b
c d

)
∈ Γ1(8), we have

ft

(
aτ + b

cτ + d

)
= ζbt8 ν−3

η (B′)
√
cτ + dft (τ) , (3.7)

where

B′ : =
(
a + cλ (d− a)λ + b(1 − a) − cλ(λ + b)

c −c(λ + b) + d

)
.

Remark 1. We show that ν−3
η (B′) depends only on a, b, c, d but not on λ.

Proof. For A =
(
a b
c d

)
∈ Γ1(8), we have

(
1 λ
0 8

)(
a b
c d

)
=

(
a + cλ (d−a)λ+b(1−a)−cλ(λ+b)

8
8c −c(λ + b) + d

)(
1 λ + b
0 8

)
.

Since a ≡ d ≡ 1 (mod 8) and 8 | c, we see that

B :=
(
a + cλ (d−a)λ+b(1−a)−cλ(λ+b)

8
8c −c(λ + b) + d

)
∈ Γ1(8).

Hence

fλ,t

(
aτ + b

cτ + d

)
= ζ−λt

8 f

((
1 λ
0 8

)(
a b
c d

)
τ

)
= ζ−λt

8 f

(
B
τ + λ + b

8

)
. (3.8)

Applying Lemma 2.2, we find that

f

(
B
τ + λ + b

8

)
= ν−3

η (B′)
√
cτ + df

(
τ + λ + b

8

)
. (3.9)

Without loss of generality, we assume c ≥ 0. To examine νη(B′), we need the following formula for νη
(see [5, Theorem 3.4], for example): for A =

(
a b
c d

)
∈ SL2(Z) with c > 0,

νη(A) = exp
{
πi

12

(
9 + a + d

c
+ 12s (−d, c)

)}
,

where

s(d, c) : =
c−1∑
r=1

r

c

(
dr

c
−
[
dr

c

]
− 1

2

)
. (3.10)

Hence

νη(B′) = exp
{
πi

12

(
9 + a + d− cb

c
+ 12s (c(λ + b) − d, c)

)}
.
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By (3.10), one easily see that s (c(λ + b) − d, c) = s (−d, c). This means νη(B′) does not depend on λ when 
c > 0. By the definition of B′, it is clear that νη(B′) does not depend on λ when c = 0. With these facts, 
we deduce from (3.3), (3.8) and (3.9) that

ft

(
aτ + b

cτ + d

)
= 1

8

7∑
λ=0

ζ−λt
8 f

((
1 λ
0 8

)(
a b
c d

)
τ

)

= 1
8ν

−3
η (B′)

√
cτ + d

7∑
λ=0

ζ−λt
8 f

(
τ + λ + b

8

)
. (3.11)

Proceeding as in the proof of (3.6), we can show that

1
8

7∑
λ=0

ζ−λt
8 f

(
τ + λ + b

8

)
= ζbt8 q

t
8

∞∑
n=0

g(8n + t)qn = ζbt8 ft(τ).

Substituting this into (3.11), we obtain (3.7). �
It is well known that the multiplier νη is a 24th root of unity. Thus we have

f24
t

(
aτ + b

cτ + d

)
= (cτ + d)12f24

t (τ) , (3.12)

for A =
(
a b
c d

)
∈ Γ1(8). Hence f24

t (τ) are weakly holomorphic modular forms of weight 12 on Γ1(8). We 

describe the behaviors of f24
t (τ) at the cusps of Γ1(8) in the following lemma.

Lemma 3.3. The first term in the Fourier expansion of f24
2 (τ) (resp. f24

5 (τ)) at the cusp ξ, up to a nonzero 
constant, is given by

(1) q−3 (resp. q−3) when ξ = 0
(2) q6 (resp. q15) when ξ = ∞
(3) q6 (resp. q3) when ξ = 1

2
(4) q−3 (resp. q−3) when ξ = 1

3
(5) q18 (resp. q15) when ξ = 1

4
(6) q6 (resp. q15) when ξ = 3

8

Proof. The proof is a straightforward but tedious calculation involving (2.7) and (3.3). We examine the 
Fourier expansions of ft(τ) at the cusp 0 and omit the others which could be obtained similarly.

By (3.3), we find that

ft

(
1
−τ

)
= 1

8

7∑
λ=0

fλ,t

(
1
−τ

)
= 1

8

7∑
λ=0

ζ−λt
8 f

(
λτ − 1

8τ

)
.

Applying (2.9), we obtain

f

(
λτ − 1

8τ

)
= −iμ̂

(
λτ − 1

8τ ,
λτ − 1

8τ ; λτ − 1
τ

)
− iμ̂

(
3λτ − 1

8τ , 3λτ − 1
8τ ; λτ − 1

τ

)
.

Using (2.7), for k = 1, 3, we find that
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μ̂

(
k
λτ − 1

8τ , k
λτ − 1

8τ ; λτ − 1
τ

)
= ζ∗

√
τ μ̂

(
k(λτ − 1)

8 ,
k(λτ − 1)

8 ; τ
)
,

where ζ∗ is a root of unity depends on λ. Hence we have

ft

(
1
−τ

)
= −i

√
τ

8

7∑
λ=0

ζ−λt
8 ζ∗

∑
k=1,3

μ̂

(
k(λτ − 1)

8 ,
k(λτ − 1)

8 ; τ
)
. (3.13)

We see that, to examine the behavior of ft(τ) at the cusp 0, one need to check the Fourier expansions of the 

functions μ̂
(

k(λτ−1)
8 , k(λτ−1)

8 ; τ
)
. We also note that, since ft(τ) are holomorphic when t = 2, 5, it suffice to 

consider the holomorphic part of μ̂
(

k(λτ−1)
8 , k(λτ−1)

8 ; τ
)
.

Recall the definition of the Appell-Lerch sums in (2.2). We find that

μ

(
k(λτ − 1)

8 ,
k(λτ − 1)

8 ; τ
)

= e
kπi(λτ−1)

8

ϑ
(

k(λτ−1)
8 ; τ

) ∑
n∈Z

(−1)ne
2knπi(λτ−1)

8 q
n(n+1)

2

1 − e
2kπi(λτ−1)

8 qn
. (3.14)

By the product expansion (2.1), we obtain

ϑ

(
k(λτ − 1)

8 ; τ
)

= −iq
1
8 e

−kπi(λτ−1)
8

×
∞∏

n=1
(1 − qn)(1 − e

2kπi(λτ−1)
8 qn−1)(1 − e

−2kπi(λτ−1)
8 qn). (3.15)

Substituting (3.15) into (3.14), setting λ = 0 and simplifying, we find that the first term in the Fourier 
expansion of μ 

(−k
8 , −k

8 ; τ
)

is given by

iζk8
(1 − ζk8 )2

q−
1
8 .

For 1 ≤ λ ≤ 7, let 0 ≤ λ∗ ≤ 7 such that λ∗ ≡ kλ (mod 8). Since k = 1, 3, it is easy to see that λ∗ ≥ 1. 
Using (2.6), we find that

μ

(
k(λτ − 1)

8 ,
k(λτ − 1)

8 ; τ
)

= μ

(
λ∗τ − k

8 ,
λ∗τ − k

8 ; τ
)
.

Thus the first term in the Fourier expansion of μ 
(

k(λτ−1)
8 , k(λτ−1)

8 ; τ
)

up to a nonzero constant is given by

q
λ∗−1

8 .

In particular, we see that μ 
(

k(λτ−1)
8 , k(λτ−1)

8 ; τ
)

is holomorphic at ∞ when λ > 0.
Combining these facts, we deduce from (3.13) that the first term in the Fourier expansion of ft(τ) at the 

cusp 0 is given by

ζ∗

8

(
ζ8

(1 − ζ8)2
+ ζ3

8
(1 − ζ3

8 )2

)
q−

1
8 .

This proves the statement (1). �
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Now we are in a position to prove Theorem 1.1.

Proof of Theorem 1.1. We need to prove (3.4). Since the infinite products R24
t (τ) never vanish on H, the 

functions f24
t (τ)

R24
t (τ) are holomorphic on H. Applying Lemma 2.5 and Lemma 3.3, we find that f24

t (τ)
R24

t (τ) are 

holomorphic modular functions on Γ1(8). This means that f24
t (τ)

R24
t (τ) must be constants. Checking the first 

terms of the q-expansion for f24
t (τ) and R24

t (τ), we find that

f24
t (τ)

R24
t (τ) = 1.

This completes the proof of Theorem 1.1. �
4. Proof of Corollary 1.2

Rewrite the infinite product on the right side of (1.6) as follows:

(q4; q4)∞
[q; q4]5∞(q2; q4)3∞

= (q4; q4)∞(q2; q4)2∞
[q; q4]5∞(q2; q4)5∞

.

By the binomial theorem, we have

(q4; q4)∞
[q; q4]5∞(q2; q4)3∞

= (q4; q4)∞(q2; q4)2∞
[q; q4]5∞(q2; q4)5∞

≡ (q4; q4)∞(q2; q4)2∞
[q5; q20]∞(q10; q20)∞

(mod 5).

Using Jacobi’s triple product identity [6, pp. 33–36]

(−qz,−q/z, q2; q2)∞ =
∞∑

j=−∞
zjqj

2
,

we find that

(q2, q2, q4; q4)∞ =
∞∑

j=−∞
(−1)jq2j2 .

Thus we obtain

(q4; q4)∞
[q; q4]5∞(q2; q4)3∞

≡
∑∞

j=−∞(−1)jq2j2

[q5; q20]∞(q10; q20)∞
(mod 5). (4.1)

Noting that 2j2 ≡ 0, 2 or 3 (mod 5), we deduce from (4.1) that the coefficients of qn with n ≡ 1, 4 (mod 5)
in the q-expansion of (q4;q4)∞

[q;q4]5∞(q2;q4)3∞
are multiples of 5. This together with (1.6) proves Corollary 1.2.
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