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Boundedness and asymptotic behavior to a chemotaxis-fluid system
with singular sensitivity and logistic source

Jie Wu,* Helio Natal®
School of Mathematical Sciences, University of Electronic Science and Technology of China,
Chengdu 611731, China

Abstract: In this paper, we consider the following chemotaxis-fluid model with singular sensitivity and logistic source

nt+u~Vn:An—/\{V-(EVc)+rn—,unk, xeQ, >0,
c

c;+u-Ve=Ac—-c+n, xeQ, t>0,

U+ A -Vyu=Au+ VP +nVg, xeQ, t>0,

V-u=0, xeQ, >0

in a bounded domain Q ¢ RY (N = 2,3) with smooth boundary Q. Under the non-flux boundary conditions for n
and ¢, and the non-slip boundary condition for u, we establish the global boundedness and the time-decay rates of the
classical solutions for any k > 1 provided that y satisfies suitable restrictions.
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1 Introduction

In biology, one of the most important chemotactic models is the Keller-Segel system, which was introduced by Keller
and Segel [15] to describe the aggregation of certain types of bacteria. In mathematics, the Keller-Segel system consists
of two parabolic equations

n, = An—V - (ny(n, c)Vc), xXeEQ, t>0, (L
c;=Ac—c+n, xeQ, t>0. ’

Here the unknowns n = n(t, x) and ¢ = (¢, x) denote the cell density and chemical signal concentration, respectively.
Usually, the physical domain Q ¢ R" is assumed to be a bounded domain with smooth boundary dQ. The given function
x denotes the chemotactic sensitivity.

In recent years, many scholars have done a lot of nice works on system (1.1) in different spatial dimensions and with
different assumptions on the sensitive function y. For example, for the singular chemotactic sensitivity of the form
x(n,c) = )% with yo > 0, which can be derived from the Weber-Fechner laws, it was shown in [26] that all solutions of
the non-flux initial-boundary value problem for system (1.1) are global in time when N = 1. The same conclusion holds
for N = 2 [25] and yo < % if the initial data is radial or is non-radial under the further restriction yo < 1. In case of

N > 2, there are bounded global classical solutions if 0 < y < \/% [10], and there exists at least a global weak solution

[S17if 0 < yo < /22 while there possesses a global generalized solution if

3N+4>
0, N =2,
0<yo< \/g’ N =3,
N_2 N >4
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[18]. Under the fast signal diffusion assumption, system (1.1) could be simplified to a parabolic-elliptic system

=An-V- ,o)Vo), eQ, >0,
{nt n (ny(n,c)Ve) X (12)

O0=Ac—c+n, xeQ, t>0

(for the rigorous verification of this limit process, we may refer to the recent pioneering work Wang-Winkler-Xiang
[38]). For the non-flux initial-boundary value problem of system (1.2) with y(n,c) := ’%, all radial classical solutions
are global-in-time if either N = 2 and yp > O or N > 3 and y( < % [24], and there exists a unique global bounded
classical solution if N > 1 and yo < % [11], while there exist generalized solutions if N > 2 and y < % [2]. The
finite-time blow-up in low-dimensional Keller-Segel system (1.1) in the ball with logistic-type superlinear degradation
has also been investigated by Winkler [49].

When the bacteria or microorganisms live in the fluid, the dynamics of chemotaxis is intimately related to the sur-
rounding environment. More than a decade ago, Tuval et al. [35] proposed a coupled cell-fluid model to describe the
dynamics of swimming bacteria, which in particular takes into account the transport effect of the viscous fluids:

n+u-Von=An-V-(ny(n,c)Ve), xeQ, t>0,

¢ +u-Ve=Ac+ gn,c), xeQ, t>0, (13)
u,+Aw-Vu = Au+ VP +nVe, xeQ, t>0, '
V-u=0, xeQ, t>0.

Here, n and ¢ are given as before, while u = u(t, x) and P = P(t, x) denote the velocity field and the pressure of the fluid,
respectively. The given functions y(n, c) and g(n,c) describe the chemotactic sensitivity and the signal consumption
or production. The scalar valued function ¢ is a given potential function. It can be produced by the different physical
mechanism such as gravity. The parameter 4 = 0 or 4 = 1 denotes the Stokes or Navier-Stokes flows, respectively. In the
case of signal consumption (e.g., g(n, ¢) := —nc), for the Cauchy problem of system (1.3), the global existence of classical
solutions around a constant steady state in two dimensional case with 4 = 1 or of weak solutions in three-dimensional
setting with A = 0 was first proved by Duan-Lorz-Markowich [7], while for the no-flux and no-slip initial-boundary value
problem, Winkler [50] removed the smallness assumptions on the initial data and Winkler [52, 53] further investigated
the eventual smoothness of weak solutions. The stabilization and convergence rate were also investigated by Winkler
[54] and Zhang-Li [56]. Then Duan-Li-Xiang [6] established the global existence of weak or classical solutions for both
the Cauchy problem and initial-boundary value problem with relaxed restrictions on y and g. Recently, Wang-Winkler-
Xiang [39] obtained the first rigorous mathematical result on a small-convection limit (i.e. 4 — 0) in chemotaxis-fluid
system (1.3) and supplemented the previously gained knowledge mainly based on numerical experiments. Some variant
models have also been studied by many scholars, who still mainly concern the global solvability and stabilization of
system (1.3) with the logistic source terms [17, 21, 22], rotational sensitivity functions [4, 5, 36], and nonlinear cell
diffusion [8, 40, 41]. Meanwhile, Peng and Xiang [28, 29] introduced several new technique to investigate the global
existence of classical solutions to system (1.3) in a three-dimensional unbounded domain with boundary.

On the other hand, a particular motivation for the signal production mechanism in system (1.3) (e.g., g(n,¢) = n —c)
comes from the phenomenon of broadcast spawning. In [23], it was shown that initial-boundary problem of the two
dimensional system (1.3) possesses a global bounded solution for y(n,c) = 1 and 4 = 0. Due to the fact of finite time
blow-up in the fluid-free system for the case of y(n,c) = 1, the suitable saturation is introduced in chemotaxis-fluid
system. For example, when y(n,c) is a non-constant scalar function, Winkler [48] showed the existence of a global
bounded classical solution to the three dimensional system (1.3) with g(n,c) = n — c and y(n,¢) = (1 + n)™ (a > %),
while when y(n, c) is a tensor-valued function with saturation, we may refer to [19, 37, 42, 43] for the global solvability
of classical solutions in two or three dimensional setting. We also mention the more complicated variants, e.g., involving
logistic source terms [33, 45] as well as nonlinear diffusion and rotational flux [20, 27].

Recent years, many scholars have paid their attention to system (1.3) with singular sensitivity function by taking
x(n,c) as )f (the latter y is a constant), which is motivated more or less by the fluid-free work Wang-Xiang-Yu [44],
where the global existence, asymptotic decay rates and diffusion convergence rate of solutions have been investigated
by the method of energy estimates. Taking into account the effect of fluid, Black [1] proved that the global generalized
solution will be eventual smoothness provided that the initial data is appropriately small. Under the condition that

0 <y< %, Black-Lankeit-Mizukam [3] recently investigated the signal production case and proved the global

existence of classical solutions for A =0and N =3 or1€{0,1}and N = 2.
Motivated by the above works, in this paper, we let @ ¢ RY(N = 2,3) be a bounded domain with smooth boundary
with outer normal vector v and investigate the following chemotaxis-fluid system with singular sensitivity and logistic



source:

n[+u-Vn=An—XV~(§Vc)+rn—;mk, xeQ, >0,
c;+u-Ve=Ac—c+n, xeQ, >0, (1.4)
U+ A(w-Vyu=Au+VP+nVep, V-u=0, xeQ, t>0,
on=0,c=0, u=0, xeoQ, t>0
together with initial data
n(x, 0) = np(x), c(x,0) = co(x), u(x,0) = up(x), (1.5)

where y, r, u > 0 and k > 1 are constants and ng, ¢y, uo and ¢ satisfy
0<ny(x) e C%Q) and np(x) 20, xeQ,
co(x) € WH(Q), inf co(x) > 0, (1.6)
xeQ
up € D(AY), ¢ € C*(Q)

for some ¢ > N and « € (%, 1) with A := —PA denoting the Stokes operator in L(ZT(Q) = {p € L*(Q)|V - ¢ = 0} under
homogeneous Dirichlet boundary conditions. The chemotactic sensitivity parameter y satisfies

2
0<X<min{2«/7,,/ﬁ}, if1<k<2,

V4 Dk+r2 - 2 [2
r(r+ Dk+r>—r _}, F ks

(1.7)

k Vkk—-Dk=-2)

Under these assumptions, we can establish the global well-posedness and time-decay estimates as follows.

0<X<min{

Theorem 1.1 Let Q ¢ RN be a bounded domain with smooth boundary. Suppose that (1.6) and (1.7) hold. If N = 3 and
A=0o0r N =2and A € {0, 1}, then system (1.4)-(1.5) possesses a global classical solution (n, c,u, P) which enjoys the
regularity properties

n e COQ x [0, ) N C*(Q) x (0, o)),

c € COQ % [0, 0)) N CH((Q) x (0, ) N L™([0, 00); WP(Q)),

0/ 2,1 (A (1.8)
u€ C(Qx[0,0))NC>(Q) X (0, 0)),
P e CY(Qx [0, )).
Moreover, this solution is uniformly bounded in the sense that
InC, Dllz=@) + lleC, Dllwroqy + A U, Hll2) < M for all £ € (0, c0) (1.9)
with some positive constant M.
Theorem 1.2 Let k > 2. Suppose that the assumptions in Theorem 1.1 hold. If
k-1
2 3
u>(ﬂ] P (1.10)
4n

then there exist some constants ty > 0,y = y(x,n,u,r,k,N) > 0 and C > 0 such that the classical solution (n,c, u)
satisfies

r_L _
I, = G o < Ce™" (1.11)
and
'\ —yt
lleC-, 1) — (;)H L= < Ce (1.12)
for all t > ty, where n > 0 is a constant from the lower bound estimate of c. Furthermore, if
SN
u>(§(—nz +2K1) rT, (1.13)



there is a positive constant vy = v« (x, 1, U, 1, k, k1, k2, N) such that the solution (n, c, u) fulfills

,
[ln(-, ) — (;)ﬁ”L‘”(Q) < Ce ™! (1.14)
and .
lleC,0) — (;)HHL‘”(Q) < Ce ™! (1.15)
as well as
(-, Dl () < Ce™*! (1.16)

for all t > ty, where k; and k, are positive constants from Poincaré’s inequality.

Theorem 1.3 Let 1 < k < 2. Suppose that the assumptions in Theorem 1.1 hold and that

el
k

2142k k-1
X-M; ) 1 ( X ) k
A > max (— re, | ———— rz g, (1.17)
{ 4k — D 2pVk—1
where My := sup ||[n(-, H)llz=). Then there exist some constants t; > 0, ¥ = ¥(x,n,u,r,k, N) > 0, and C > 0 such that
t

the solution (n, c, u) satisfies
r_o_1 -
[In(-, 1) — (;)k-l o) < Ce™ (1.18)

and
it —yt
lleC, ) — (;)H llz=@) < Ce (1.19)

forall t > t,. Furthermore, if

M g
> A V.
[ > max (4(’6—1)772J r

there exists a positive constant ¥, = ¥ (x, 1, L, 1>, k, K1, k2, N) such that the solution (n, c, u) fulfills

i

k=1 k-1 2—k

i 30 30k M,

,(72 )2 1) r%} and u >max{(k Kll) >k, 7]{1 10 ,(24K1)""r}, (1.20)
nVk—1 _ _

r_o_1 5
lIn(-, £) - (/_1)*"' ||L°°(Q) < Ce 7!

and .o ~
lle(-, ) = (=)FT ||y < Ce ™!
u
as well as
luC, Ol < Ce*!

forallt > t.

Remark. For system (1.4) without logistic source, Black-Lankeit-Mizukam [3] established the global existence of

classical solutions in case of 0 < y < \/% . When the logistic source is included, Zhao-Zheng [57] studied the global
existence and boundedness of very weak solutions under the assumption that y satisfies

0<y<2+randy<2, ke2-1+.2],
1oy 2VUHK2-H) ke@-1.2],
VEGE+ D2 =3B k)
. 2r(1 +r) 2
0 < y < min T k(k—l)(k—Z)}’ k € (2,00).

Comparing with [3] and [57], we established the global existence and boundedness of classical solutions as well as time
decay for any k > 1 provided that y satisfies (1.7).



2 Preliminaries and bounded estimates

We first give a local existence result. The proof is based on the using of Banach’s fixed point theorem in a closed
bounded set in L=((0, T); CO(Q) x W' (Q) x D(A?)) for suitably small 7 > 0 and we omit the details here.

Lemma 2.1 For N € {2,3},4 € {0,1}, x > 0,9 > N, a € (%, 1), let Q c RY be a bounded domain with smooth
boundary. Assume that ny, co, uo, ¢ satisfy (1.6). Then there exist Tmax € (0, 00] and a classical solution (n,c,u, P) to
system (1.4)-(1.5) in Q X (0, Tynax) such that

ne CO(Q x [0, Tmax)) N CZ’I(Q) X (0, Tmax)),
¢ € CUQ X [0, Tmax)) N CZL((Q) X (0, Trnax)) N L2([0, Trax); W (Q)),

_ = loc
1€ COQ X [0, Tmar)) N C2H(Q) X (0, Tonar), 2.1
P e CYOQ X [0, Trmax))
and
Tiax = 00 or 1_1}}11 (InC, Dllz=@y + lleC, Dllwraqy + A U, Ol @) = . (2.2)

Also, the solution is unique, up to addition of spatially constant function to P and, moreover, has the properties n(x,t) >
0, c(x,1) > (mincy(x))e™ for all t € (0, Tpax).
xeQ

The following lemma is very basic but important and will be frequently used in the sequel.

Lemma 2.2 For k > 1, it holds that

Pt
f n(x, Hdx < m, = max { f nodx, 19 (2) } for all £ € (0, Typay) (2.3)
Q Q

and

f c(x, f)dx < max {f codx, m*} for all 1 € (0, Trax)- 2.4)
Q Q

Proof. Integrate the first equation of (1.4) to get

i Jorin = J s foban | niee i (| nasf
— | ndx=r | ndx- n“dx <r | ndx- ndx for all € (0, Trax) (2.5)
dr Jo Q p Q Q () ( Q ) ‘

by the Holder’s inequality and V - u = 0. Then we obtain (2.3) by the Bernoulli inequality.
Integrate the second equation of (1.4) to get

d
—fcdx:—fcdx+fndx for all 1 € (0, Trax)-
dt Jo Q Q

We obtain (2.4), again by the Bernoulli inequality. O
To obtain a positive uniform-in-time lower bound of ¢, we need to construct estimates of negative exponents to make
use of reverse Holder’s inequality.

Lemma 2.3 With k > 1, we have for p > 0and g > q. = % (\/1 + px? - 1) that

d
—fn_pc_qu < (q—rp)fn_pc_qu+,upfn_p_”kc_qu—qfn’p”c_q_ldx (2.6)
dt Jo Q Q Q

forall t € (0, Trax)-

Proof. With p, g > 0 to be determined, a direct computation with (1.4) shows

d
7 fg nPcdx

= - fn_”_lc_”[An -xV- (EVC) +rn — pun* — u - Vnldx
Q C

- qf n P (Ac—c+n—u-Veydx
Q



=-p(p+ 1)fn_p_2c_‘1|Vn|2dx +[p(p + Dy = 2pq] f n PV - Vedx
Q Q

+ [pgx — q(q + 1)] f n P 2VelPdx + (g - rp) f nPc™ldx + up f Pk ey
Q Q Q

- qf n P gy — f u-VinPcdx
Q Q

_ 2.2
< {—p[(p + D - 29) + pax — q(q + 1)} f nPc™ Ve dx + (g — rp) f nPc™ldx
4p+1) Q Q

+,upfn""“kc_"dx—qfn"’”c“’_ldx, te(0,T)
Q Q

pl(p+1)y=2g]*
I(p+1)

equivalent to —4¢*> —4(p+1)g+p(p+1)*¢* < 0. Since A, = 16(p+1)*(1+px?) > 0, we get g > pT“( V14 p2-1) =q,.
O
The following two lemmas are cornerstone of our work.

by the Young’s inequality and V-u = 0. Let f(g; p,x) := +pgx—q(g+1). Itis easy to see that f(q; p,x) < 0is

Lemma 2.4 Let Q c RY be a bounded domain with smooth boundary. Assume that the initial and boundary conditions
satisfy (1.5) and (1.4),, and suppose that ny, co and uy comply with (1.6). For any y satisfying

Y <2+ 0<y<2 ke(l,2],
max X—l)(—z(l—pz) <r<X—2 Xx>2,ke(1,2], po := Ak-1)
) 4 0 45 £ ’ £ 4+(2—k)kX2’
VAr(r+ Dk + 712 - 2
0 < y < min et Dk+r r’ , ke€2,+0),
k Vi — Dk =2)

there exists n > 0 such that
c(x,ty>2n forall xeQ,te (0, Th)- 2.7)

Proof. To improve readability, we divide it into two steps.
Let By := % in£ co(x) > 0. Thanks to Lemma 2.1 and the sign-preserving property of limit, there exists 7y € (0, Tmax),
XE!

such that c(x, ) > B for all x € Q, ¢ € (0,1y] and n(x, fy) > 7y, for all x € Q with some constants yy > 0. So we only need
to prove (2.7) for all 1 € (tg, Tmax)- If 1 — p+ (k= 2)(g + 1) € (0, 1), we can see from Young’s inequality and (2.3) that

g+1
#an7”71+kc’qu < qfn”’+lc’q’ldx+ (@) fnl””(k*z)(q”) < qfn”’“c"”ldx+ C. (2.8)
Q Q q Q Q

Substituting (2.8) into (2.6), we have
d o =
— | nPcldx<(g-rp) | nPcldx+ Cy, t € (ty, Timax) (2.9)

for some C| > 0. If ¢ — rp < 0, we can obtain the boundedness of fg n~Pc™9dx by using Gronwall’s inequality.
Next, we will prove that there exist p, g such that p > 0,q > g,(p) = pTH( VI+py2-1,81(p.q) :=1—p+ (k-
2)(g+ 1) € (0,1) and g2(p,q+) := g+ — rp < 0. By the continuity of g; and g,, there exist p* and ¢g* > ¢, such that

g1(p*.q") > 0 and g>(p*, ¢*) < 0.
Step 1. At first we consider the case k € (1,2]. Since 1 — p + (k —2)(¢ + 1) < 1, we only need to find p and ¢, such
that g1(p,g+) > 0. In fact, thanks to V1 + s —1 < § for s > 0, we just need to check the following inequality

1 1
81(p.q) > —p+k—1+ 2 (k=2)(p+ Dpy* = -p+k-1+ A—L(k—Z)kp)(2 >0

forall 0 < p < pp < k — 1 and find some g > g, (p) satisfying g;(p, q) > 0.

Notice that g>(p,q) = g —rp = pTH( V14 py2=1)—rp < 0isequivalent to y?p* +2(y*> = 2r> = 2r)p + x> —4r < 0.
Taking A, = 16r2((1 + r)? — x*) > 0, we can get r > max{y — 1, 0} such that p € (pi, p2), where

2 +2r— x> 2rJ(1 +1r)2 —x2
F .

X? X*

P12 =



If r > XTZ, we have p; < 0 < p, by the Vieta Theorem. Taking 0 < p* < min{py, p2} and ¢* > ¢, we gather that

g1(p*,q") = 1=p* +(k=2)g" +1) € (0,1)and g(p*,q*) = g* — rp* < 0. If max{y - 1,%2(1 -p)y<r< ‘VT owing
to Vieta Theorem again, there exist p*, ¢* such that g;(p*, ¢*) € (0, 1) and g,(p*, ¢*) < 0, where p* € (py, min{po, p2}),
2_4r
q">qy,and 0 < py < +[p1p2 = \/XX;‘ < po-
Using Gronwall’s inequality for (2.9), one has

.. C . . . C
f nP el dx < — — 4 P ><H°>( f n(x, 1) e(x, 1) dx — — ! ) < C, forall te(tg, Tma) (2.10)
Q rpT—4q Q rp-—q
with some C% > 0.
If az := 1i7 € (0, p*), then we have
fn““dx < (f n"’*c_"*dx)%( f cdx)p%3 < Cz forall t € (ty, Tmax) (2.11)
Q Q Q

by the Holder’s inequality and (2.4) with some C3 > 0. Again using the Holder’s inequality, we have

az+l

aq+l1 L
f ndx > Q1 (| n®dx) T > 7| =g > 0. 2.12)
Q Q

By the pointwise lower bound estimate for the Neumann heat semigroup {e"},50 ([13], Lemma 3.1), we obtain from
(2.12) that

!
c(, 1) = P Ve + f I 8) + u-, 5) - Ve, 8))ds
0

4 iam Q)2 d jam ©)2
> f %e‘“’_”“dw—? )-( f n(x, s) dx)ds + f %e‘(("‘)*(dw—%} ). ( f u(x, s) - Ve(x, s) dx)ds
0 (4n(t - 5))2 Q 0 (4n(t-s))? Q

4 1 iam ©)2 to l iam )2
> nof —ﬂe_(”(d o )dl > nof —ﬂe‘(l+ o )dl = m >0 for all ¢ € (ty, Trmax),
0 (4nl)? 0 (4rl)2

where diam Q := max |x — y|.

x,yeQ
Step 2. We consider the case k € (2,+00). If p € (%,k -, x> < m, q > q+(p) by the definition of g,
we have
gipg)=1-p+k-2D@q+DH>1-p+(k-2)>0
and

1
81(p.qe) —1==p+k=2+5(k=2)(p+ 1) L+py?-1)
1
<—p+k—2+1p/\/2(k—2)(p+1)

1
<—p+k—2+ZpX2k(k—2)<o,

So there exist p* and ¢* such that g{(p*, ¢*) € (0, 1).
Next, we check the following inequalities

27 +2r =) 2r\(1 +7)? — x2

P11 = <k-1,
X2 X2
212 +2p — 32 2 \/ﬁ 4(k -2
o = rr+2r—y N r4/( ) —x >k—l>L
X X 4 = k(k = 2)x>

to obtain that (%,k -DN(pi,p) # 2.



A simple calculation shows that, for all k > 2,7 > 0

0<v<min 2\/(k—1)r2+rk @k + )12 + 4kr - r 2
X K k CVEE-D&=-2) |’

which yields

k " Vkk =Dk =2)

w/ 2 — 2 _ . . .
because M < 2,/%. For such p* € <max{%,pl},k - 1) and ¢* > q.(p*), by using a similar

method in step 1, we can obtain 77, > 0 such that c(x,#) > 1,. We complete the proof of Lemma 2.4 by taking
n =min {1,172} O

0<)(<min{

@k + D)2 + dkr - r 2 }

Lemma2s [fO<y<l1,pe (1,)%)ands€lp, where

I, := (pT_l(l - 4/1 —p)(z), pT_l(l +4/1 —p)(z)) = (51, 52),

then there exists Cy4 > 0 independent of u such that

‘ C
f n(x, OPc(x, 1) *dx < ——  for all t € (0, Tra)- (2.13)
Q T

Furthermore, there exists C(T) > 0 such that
T p s
f f |V(n2 c_f)lzdxdt < C(T) forany T € (0, Tyax). 2.14)
0 Ja

Proof. Multiplying the first equation of (1.4) by pn?~'c¢™* and the second equation of (1.4) by —sn”c™*~!, summing up
and then integrating by parts, we have

d . ,
— f n’c¥dx=-p(p-1) f 7278\ VnlPdx + [2ps + xp(p — 1] f P eV - Vedx
dt Jo Q Q

— [xps + s(s + 1)] f e VelPdx + (s + pr) f nPc dx
Q Q

—,upfn”_“kc_sdx—sfn”“c_s_ldx—fu-V(npc_s)dx
Q Q Q

=l +h+ 3+ + s+ Jg+ Jq.

2.15)

The condition s € I, implies that

_12 2
+p(p )X

<0,
4

(s=s)(s—s52) =5 —(p-1s

that is
[2ps +xp(p — DI* <4p(p — Dxps + s(s + D].

Therefore, it will be a positive constant £; small enough such that

2ps+xp(p—1) <2+/p(p— D — &1 \xps+ s(s + 1) —e.

Thus, one has

Jr < 2\/p(p -1 —-g \//\/ps +s(s+1)—¢g f n’ ¢ 'Vn - Vedx.
Q



Using Young’s inequality for above inequality, we obtain
b <[plp-1)—¢] f nP2c75|\VnlPdx + [yps + s(s + 1)) — &] f nP ¢SV elPdx
Q Q
=—Ji—g f P72\ Vnldx — I3 — & f n’ ¢S 72| Ve|Pdx (2.16)
Q Q

=—(J1 +J3)— sl(fn”’2c"Y|VnI2dx + f n”c’s’ZIVclzdx).
Q Q

Applying the inequality |V(n§c’%)|2 < "’Z—Zn"”2c"‘|Vn|2 + %n/’c"Y’ZWCIZ, we have
e e
8|V(l’l2C NP < 2 np 275\l + Tnpc_s_ZIVcl2 <& (nP72cS|\Vnl + nP e VeP), (2.17)

where & = min {22, 2;‘ } > 0.
Since J5 <0, Jg <0, J7 =0, we substitute (2.16) and (2.17) into (2.15) to obtain

d P s
— f ncdx + sf IV(n2¢ 2)dx < (s + pr) f nfc™ dx — up f P~ ke dx, (2.18)
dt Jo Q Q Q

Using Young’s inequality and (2.7), we obtain

(s+ pr+ 1)fnpc_xdx < upf PR dx 4+ (s + pr+ 1)%(;117)_% fc_sdx
Q Q Q
s , (2.19)
< upf PR TSdx + (s + pr+ D) F (up) F 0K
Q
Adding (2.19) to (2.18), one has
d _ P s _ pH-t o
—fn”c de+8f [V(n2c2)|[7dx < —fn”c Ydx + (s + pr+ 1) = (up) =1~ *|Q|. (2.20)
dt Jo Q Q
Using Gronwall’s inequality and integrating (2.20) from O to ¢, we have
f nPeSdx < e f (0 (X)dx + (s + pr+ )T (up) iy QU1 - 7).
Q Q

Combining this with (2.20), it immediately yields (2.13) and (2.14). O

Lemma 2.6 Forallqg > 1,

lij‘c‘f’(x,t)dxz—4(61;1)j‘IVC%()c,t)Izdx—j‘c‘f’(x,t)dx+’fn()c,t)c‘f’_'()c,t)dx (2.21)
gdt Jo q Q Q Q

holds on (0, Tyax)-

Proof. Multiplying ¢! the second equation of (1.4) by ¢9~!, and then integrating by parts, we conclude (2.21).
Lemma 2.7 Forall 0 < y < %, g€ (1,00)and any T € (0, Tax), there exists a constant Cs > 0 such that

lleCx, Dllzaey < Cs  for all 1 € (0,T). (2.22)

Proof. Without loss of generality, we can assume that g > 2. Then we take p € (%, min{ﬁ, 2h, s = ”Tl € I, and
q > p — s. Using Holder’s inequality and the Gagliardo-Nirenberg inequality, we have

fn(x, et (x, Hdx < (f n?(x, e (x, t)dx)%(f cpqt%'”(x, t)dx)pl;’l
Q Q

2(17‘1 F+S)

(x t)“ Z(M 11+v)
Q)

(2.23)




and
q
(CHC] e ConlVe? (0l g e (. 035, + Canlie* (.0l 3

LT @)
for all t € (0, T), where 6 = % €(0,1), g > p — s. By Young’s inequality, one has
Z :
4 2(pg=p+5)0 2Apg=p+s)(1-6) 2(6] — ) 4 ) q 2[4(2,;7111)“1\522(\1;,5”
Vet Dll gy et oDl S~ —— IVt (o Dl + Colle? (Dl g ™7
qZC P4 ( Cﬁ ),7
GN s
2¢-1 g 2 g 5
< 2pg—p+s) ”VC2 (x, t)||L2(Q) + —2([)(/_’”:) ”CZ (x’ t)”LZ(Q) + C7’

1
P*Coy (”fgil)” 2Cy" ( )”

(2.24)

2g@p=N)+(N=2)(p=9)] _ 2[2pg=N(g=p+5)=2(p=3)]
because the power 0 < =4 N G—pes) 50N @pis) <2

Substituting (2.23)-(2. 24) into (2 21), we have

1d 2(g -1 q 1
-— f c(x,t)dx + G > ) f Ve (x, 0))Pdx < —= f c(x,nNdx + Cg,
qdt Jo q Q 2 Ja

which means that there exists Cs such that

lleC-, Ollpay < Cs  for all > 0.

Lemma 2.8 Let0 < y < \/% Forany p € [1, )%) and any finite T € (0, Thax ], there exists a constant Cy > 0 such that
[InCx, Dllzr) < Co  for all t € (0,T). (2.25)

Proof. Since we can use the interpolation inequality to get the boundedness of ||n||z»(q) in p € (1, Y1, we can assume that

pE (%,%) for simplicity. Let pg € (p,)%) and sp 1= ”0 !

(2.13) that

. Then we can see from Holder’s inequality, Lemma 2.7 and

f n?(x,t)dx = f (n*(x, e (x, t))% cn (x,)dx
Q Q

= om0 DA o e 0l

L7 (Q) L7077 (Q)

< [ (x, e, t)||"°(Q)||c(x o™, ”U%Yop o

P Pso

Cy 2
< () Csm.

Thus we complete the proof. O

3 Boundedness of «

Having obtained boundedness of ||n]|z»(q), we can use the standard semigroup technique in [3, 31, 51, 47, 50, 55] to
obtain the estimates for the fluid velocity.

Lemma3.1 [f0<y< \/% then for any finite T € (0, Tiax] there is C(T) > 0 such that

(. Dli2sqy < C(T)  for all t € (0, T) 3.1)

and
IV D307 20y < CT)- (32)
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Proof. Multiplying the third equation (1.4) by u and integrating by parts, then using Holder’s inequality, Sobolev’s
embedding and Young’s inequality, we have

d
=L gy + IVl gy = f nut - Vodx
24" Q) L2(Q) o
< V co nilrr u
IVl llml e oyl ||Lp '@ a3
< C10||V¢||Lw(Q)||n||LP(Q)||VM||L2(Q)

1
SC3CH VAR -

||VM||L2(Q) + 2

Here, we take p € (N+2’)(’) c [1, 2) thanks to W1 2(Q) o L¥: °(Q) < LT 1(Q) and ﬁ’z. Integrating the two
sides of (3.3), we obtain (3.1), furthermore we get (3 2).0

We have obtained the estimate for n and u in (2.25) and Lemma 3.1, respectively. These are sufficient to prove the
boundedness of u even in the case of N = 3. Arguments appearing in the proof of the lemmas below have been previously
used in [3, 47, 55].

The goal of this section will be to obtain the boundedness of the norm of n(-,¢) in L*() to finish the proof of
Theorem 1.1. We need some spatio-temporal integrability of n and Au, the estimates of |[Vull;2q), A" ull 2, [ullz=),
and [[Vcl|zoq), respectively. We shall use the following lemmas.

3.1 Thecased=0

Lemma3.2 [f0<y< \/% then for any finite T € (0, Tmax] and any e € (¥, a] (%, 1) satisfying ag < 1 — %Xz + %,
there exists C(T) > 0 such that

AU, )|z = [|A" (e ug + fo e-“—”*‘so(n(-,s)V¢)ds)||Lz(mSC(T) (3.4)

and

luC-, Dll=@) < C(T) (3.5)
forallt e (0,7).
Proof. We pick p € (N , min{2 ) and 0; € (0, 1) sufficiently small such that oy + d; + y ( L _ é) < 1 holds. We then

fix po > p satisfying & i E < 261 and notice that @ + 0; + (— - —) < 1. Since ug € D(A"O) by ap < @, applying the
operator A® acting on the Variation-of-constant formula for u we have

!
A u(-, Ol 20 = ”A‘"’(e_’Auo + fo e AP, s)V¢)ds)||L2 @

< ”A“Oe_

!
Ay LZ(Q)+fO ||A"°e_(t_s)ASD(n(~,s)ng)”Lz(Q)ds

— ||e—tAAao

!
o2 + fo [Jac o™= ATP(n(, 5)V)

LZ(Q)dS

< ||Ad0u0“L2(Q) + K fl(t — S)700*6]7%(%7%)6_/110—5)”14—61P(n(., s)V¢)||LI'0(Q)dS
0

! g N (L _1
<Ch+K; f t—-s5"" 072G 2)e_/h(l_s)l(2||n('» )V |L,,(Q)ds
0

! —(l()—(sl—ﬂ(L—l) -1 (t—5)
<Ci + KKV~ | (t—5) 20 2 (e, llrds < K,
0

where 11, K|, K>, K3 are positive constants. Using the conditions e + §; + %(pln -H<1, % - pﬂo <26, and p < )%, we
can obtain . NN
1>a0+61+—(———)_a0+ (261 ——-=)
po 2 (3.6)
1 N N N N N N
> ag + (———+———)> @+ =—x* - —.
P Do Po 2 4

11



Next, we use the embedding D(A%) — C”'(€2) to obtain (3.5) for arbitrary y; € (0, 2ay — %).

3.2 Thecased=1and N =2

Lemma33 I[f0< y< \/%, then for any finite T € (0, Tiax], there exists C(T) > 0 such that

T
f f n*(x, Hdxdt < C(T).
0 Q

Proof. Let p € (1, )%) and s := pT_l € I,,. First we recall from (2.13)-(2.14) that there exist C12 > 0 and C3 > 0 such that

T
f n(,0c*(,dx < C;»  and f f IV(n%c 3)Pdxdt < Cis
Q 0 Q

hold. In virtue of Gagliardo-Nirenberg inequality there exist Cj4 > 0 such that

T
f ”n(3 [)C(', p”sz(Q)dt = f ”}’l( t)ZC( t)__”L-’l(Q)
0

SC14f ”V(n(’t)gc(’t)_%)” Z(Q)”n( t) C( t)__”LZ(Q)

+Q{fﬂmt)thWw@
< CpCi3Ciy + C12C 14T,

which means that

T
ijnme“”M@msan 3.7)
0

holds. Thanks to Young’s inequality, we can estimate

T T p-1 p-l
f f n2(x, dxdt = f f (.07 () e (x, dxdt
0 Q 0 Q
T T
Sf fnZP(x,t)c_(p_l)(x,t)dxdt+f fc(x,t)dxdt.
0 Q 0 Q

Therefore, we get (2.4) and (3.7) to finish the proof of Lemma 3.3. O
Then we use the methods in [3, 5, 12, 14, 46, 50] to lead the following estimates.

Lemma 3.4 Forany 0 <y < %, T € (0, Thax ], there exists C(T) > O such that

f IVu(x, £)]*dx < C(T) forall t€(0,T) 3.8)
Q

and

T
f f |Au(x, t)|*dxdt < C(T). (3.9)
0 Q

Proof. Multiplying the third equation in (1.4) by Au, integrating by parts and using the Young’s inequality, we see that

1d
i f IVulPdx + f lAulrdx = f (nV)Audx — f (u - Vu)Au
2dt Jg Q o) Q
1
<3 f JAuldx + IV} f nldx + f |ul*|Vuldx.
2 Ja Q Q

(3.10)

12



For the last term, we use the Gagliardo-Nirenberg inequality, Young’s inequality and (3.1) to obtain

2 2 2 2
fglul IVul“dx < [lullfe o) Vully2 o

2
< Conllullw2 o lluell 20Vl 72

) (3.11)
< CisConllullyzolIVull o,
1 2 4
< Z”AM” 2(Q) + C16||Vu||L2(Q)'
Thus, substituting (3.11) into (3.10) and taking C7 = 2 max{[|Vé||;~q), Ci6}, We have
d 2 1 2
7 |Vul|“dx + 3 [Aul*dx = | (n"V@)Audx — | (u-Vu)Au
Q Q Q Q (3.12)
< Ciof f ndx + ( f Vuldx)*).
Q Q
We define y(7) := fQ [Vul>dx on (0, T), which satisfies
Y (1) < Cyp( f n*dx + y*(1)). (3.13)
Q
Using the Variation-of-constant formula, we obtain
T ! '
0 < YO ERTR 1 Cpy [l Luerrio (f nx, s)dx) ds < Cis, (3.14)
0 Q
Noticing that ||Vu||i2 OT: @) S C in (3.2). That is (3.8). Integrating the two sides of inequality (3.12) about the time ¢
and applying the boundedness of y(#) in (3.14), we obtain (3.9). O
Lemma 3.5 Forany0 < y < %, T € (0, Tmax] and any ay € X, o] c (%, 1), there exists C(T) > 0 such that
lA"u(:, Dllz2) < C(T) (3.15)
and
(-, Dl < C(T) (3.16)

forallt e (0,7).

Proof. We fix oy € (%, 1) and take p such that ;:%(; € (0,1). Applying the operator A* on the Variation-of constant
formula of u and Holder’s inequality, due to (3.4), we have

15
A uC, )l 2@ = [|A% (e uo + f AP, IV — u(, ) - Vul, $)ds)| 120
0
!
<Co+ Cio f (t = 55 uC- 5) - Y, lzcapds
0
t P p-1 t 1
< Co+ Cuof J; (t—s)"r1ds) " fo ||u(~,s)-Vu(-,s)llzz(mds)” for all £ € (0, T).

In order to estimate the last term of above inequality, using the Holder’s inequality, Sobolev’s embedding W!?(Q) <
LP(Q), p e (ﬁ, +00), Poincaré’s inequality, we can find positive constants Cyg, C;, Cgy such that

t T
P P P
([ -5, 9 g s) < [ . . oy s

T
< Co [ WSy VUGN o, ds
0 LP-2(Q)

T
< CCo) f IVuC, I IVuC I, ds
0 LP-2(Q)
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T
14 P2 2
< CaCa1Coy fo IV, L, ) IVHC, DI 5y 1A, )2 ds

T

2p-2 2

< CZOCZICGN sup ”Vu(7 S)HLI;(Q)I ||AM(, s)”LZ(Q)dS
te(0,7) 0

T

2p-2

< ConCaiCon sup IVu, )% f AuCx, I g ds.
te(0,T) 0

In virtue of (3.8) and (3.9), we obtain (3.15). Using the embedding of D(A%) — L* (), we get (3.16). O

4 Boundedness of n

Next, we will give the following estimates of ||Vc||z4q) and ||n]|z~q) through obtained results.

Lemma 4.1 Assume that 0 < y < \/% and A =0,N ={2,3}orA =1, N =2 hold. Forany 1 < p < g < oo satisfying

ge [1,#) N[1,9] and 1 + %V(% - 5) < 1, there exists C(T) > 0 such that
N

Ve, Ollza < Clg, T)  for all T € (0, Tmax) and t € (0, 7). 4.1

Proof. Applying the Variation-of-constant formula of ¢, one has
!
c(, 1) = P Ve + f TN 8) + ul-, 5) - Ve, 8))ds  for all 1 € (0, Tiay)- (4.2)
0

Using standard semigroup estimates for the Neumann heat semigroup of ([46]) Lemma 1.3) provide us positive constants
Cy > 0 and Cp3 > 0 such that for any > N, t € (0, Tyax) fulfilling

Ve Degllzaq) < CallVeollia (4.3)

and

' !
f V98D llinands < Cas f (14 (1 = 5 3G D)e I, 9llrands
0 0 (4 4)

_1_Ne1_ 1 —
< Cyp sup |G, 9l | 1+ 27267 %0,
5€(0,7) 0

Because 0 < § + (£ — 1) < 1, the last integral of above inequality is finite.
» g

For any positive constants «; and 65, if % + %(% - %) < ky and 6, < % — k1, we can use the following embedding in
([12], Theorem 1.6.1) and ([14], Lemma 2.1) to obtain

IWllwia < Caall(=A + Dwllp@ for any w € D(=A + 1)), 1 > ¢ (4.5)
and 1
I(=A + D1 ™MDV |y < Cost 7272 ||y for any 7> 0 and w € LY(Q). (4.6)
Applying (4.5) and (4.6), one has
! t
f Ve A Du(, ) - Ve, $)llpayds < f e A0V - (u-, )e (-, 9))llwrads
0 0
13
<Cu f =4 + 1 IEDY - (u(, )e, 5)sads
0
!
< CpCos f (1 = ) 7% e, $)u(, Niz@ds
0
!
< CpCos f (= )37 u(., iz=@llcC, Hlzds  for all t € (0, Tax).
0
4.7)

Since by (2.22), (3.5) or (3.16), and % <Ky + % + 02 < 1, we can conclude that (4.7) is bounded. Combining (4.2)-(4.4)
with (4.7), we establish the asserted inequality (4.1). O
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Lemma 4.2 Suppose that y satisfies (1.7). If A = 1, additionally suppose that N = 2. Then for any finite T € (0, Tpax]
there exists a constant C(T) > 0 satisfying

lInllz=@) < C(T) forallte (0,T).
Proof. We define M(T”) := sup |In(:,)llz~q) for all 77 € (0,T) and let t, = (¢ — 1),. The Variation-of-constant

1€(0,77)
formula and the nonnegative of n(-, r) imply that

n(-, 1) = 7% 1) —f ARl {V (X nt, s ;Vc( s) + n(-, Hu(-, s))— ra(-, s) + un G, s)}
s)

(.,
Se(’_’U)An(-,to)—f (= S)A{ ( ne, Ve(-, s) + n(-, (-, s))—rn( s)}ds
(-, 8)

fo

If tp = 0 (i.e. < 1), then we have the pointwise estimate to the first term on the right hand side

(t—tg)A

A
[le n(-, to)llr=@) = llenollr=@) < llnollz=y-

Otherwise, if #p > 0 (i.e. £ — tp = 1), we can obtain from the semigroup estimate ([46], Lemma 1.3 (i)) and (2.3) that of
the above inequality

—t)A _N
e n(-, to)llo@y < (1 + (t = 1) 2)lInC:, o)l @y < Cas-

Again using the semigroup estimate in([46], Lemma 1.3 (iv)), Holder’s inequality, interpolation inequality, (2.3), (2.7),
(3.16) and (4.1), one has

n()

1 1
InC, Do) < Ca7 + f (l +(t— S)____ H V (-, 8) + n(-, s)u(-, s)HL ds + f (1 +(—- s)_%)||n||L¢(Q)ds
0 S 0

1 1 o1 1 N
< Cyy+ Cogy™! f (InC-, $)Ve, sy + nlinC, Hul, $lls@) ds + m (M(T")) s fo (IL+(@—s5)*)ds

L =1
< Cyp + Cogny” f (lInG Il s C(Q)HVC(', eay + nlluC, Hllis@llnC, Hllzs@))ds + Coom (M(T")) s

< Co7 + Costy” jXM(@W%mmnMWJW<mm@+mwuwm@w(mb®wumg@ms
+ ngm,f MT")
_gs =l
< Ca7 + Cao((M(T')'™5 + (M(T')T),
for all g > ¢ > N, where Cy7 = max{||nollz~q), C26} > 0,C28 > 0,Cp > 0, and C3p > 0. The conditions g > ¢ > N > 2
implies that 0 < 1 — qc;: <land0 < g;cl < 1. Thus, we have
_as =
M(T") < Cy7 + Cao((M(T"))' ™5 + (M(T")) 5,

which implies M(7") is finite by means of Young’s inequality. This completes the proof. O
Proof of Theorem 1.1. We take ag € (%, al satisfying g < 1 -7 /\( +7 N and uy € D(A™). Using Lemma 2.1, we obtain
the solution that either global exists or satisfies

th;n (lInC, Dli=c@) + lleC, Dllwro + 1A uC:, Hllz2@) = oo (4.8)

If Thhax were finite, we could apply Lemma 4.2, Lemma 2.7 and invoking Lemma 4.1, and (3.4) or (3.15) with 7' = Ty«
to see that [|n(, Hllz=@) + llcC, Dllwre + A u(-, Hll2q) < o0 on (0, Tyax). That would give rise to a contradiction to (4.8).
Therefore, we get Thnux = oo. Thus we conclude the proof of (1.8). In order to complete the proof of (1.9), we give the
following several lemmas.

Lemma 4.3 Assume that the conditions in Theorem 1.1 hold. Let (n, c,u) be the global classical solution of (1.4). There
are C31 > 0 and 0 € (0, 1) such that for every t > 0

IA“u(-, Dl 2@ < C3i 4.9)
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and

lluC-, Ol Csi. (4.10)

4 @x(000)) =

Proof. Thanks to (3.4) and (3.15), we obtain (4.9) immediately. Now by a straightforward adaptation of a well-known
reasoning [9], in quite a similar method it is furthermore possible to find 8, € (0, 1) and b; = b (T') > 0 satisfying

A U(, 1) = A u(-, to)ll 2 < bilt — 10" for all £ € (0,T) and 1o € (0, T),
which finally implies (4.10) due to the fact that D(A}) < C%(Q; RY) in [12] for any 6, € (0, 2ap — §). O

Lemma 4.4 Assume that the conditions in Theorem 1.1 are satisfied. Let (n,c,u) be the global classical solution of
(1.4). Then there exist C3, > 0 and 6 € (0, 1) such that

[z, DIl Cs.

i <
CHO1+ 8 (©x(0,400)) —

Proof. Due to the estimates provided by Lemma 4.2 and Lemma 4.3, this follows upon a straightforward application of
well-known Schauder theory for the linear inhomogeneous Stokes evolution equation in [32].

Lemma 4.5 Assume that the conditions in Theorem 1.1 are satisfied. Let (n,c,u) be the global classical solution of
(1.4). There are C33 > 0 and 6 € (0, 1) such that for every t > 0

linC, Dl Css (4.11)

00 <
"3 (Qx(0,00))

and

lleC:, t)||C2+9.1+” Cs3 4.12)

<
2(Qx(0,00)) ™

as well as
[InC, Dllwreo) + lleC, Dllwrs@) < C33. (4.13)

Proof. We rewrite the first equation in (1.4) in the form
n=V-alx,t,&)+bx,1), xeQ te(0,0), &=VneR"Y,
with

n(x, t)

c(x,t)

alx,t,&) =€ —x Ve(x, t) — n(x, Hu(x, 1), (x,t1,&) € QX (0,00) X RV

and
b(x, 1) = rn — un*, (x,1,&) € Q x (0,00) x R,

Using the Young’s inequality and (2.7), (3.5) or (3.16) and Lemma 4.2, there exist some cig > 0,c19 > 0,c20 > 0
fulfilling

2
a(x,t,&)- &> % —c13|Vel? —c1g for all (x,1,&) € QX (0, 00) x RY
and
la(x, 1, )] < €]+ c19]Ve| + c19 for all (x,1,&) € Q x (0, 00) x RY
as well as

[b(x, )] < cp9  for all (x,1) € Q x (0, 00).

Since Lemma 4.1 provided a boundedness for |Vc|? in L3((0, T); L*(Q)), with the exponents fulfilling % + % = l+82N <
% < 1 for N = {2, 3}, the estimate (4.11) directly results on applying the standard result on Holder regularity in scalar
parabolic equations (see [30], Theorem 1.3). Thereupon (4.12) are immediate consequences of Lemma 4.3 and standard
parabolic Schauder theory in [16]. Finally, with the aforementioned regularity properties of n and ¢ at hand, we can
obtain form ([16] Theorem IV. 5.3) that (4.13) holds. O

The stated boundedness of the classical solution in (1.9) comes from Lemma 4.3-4.5. This completes the proof of

Theorem 1.1. O
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S Asymptotic behavior

In this section, we first consider the asymptotic behavior of k > 2, and then give the asymptotic behavior of 1 < k < 2
by suitable energy functional for (1.4). The following ideas originate from [34] and [45], respectively. To show the
solution (n, ¢, u) exponentially stabilizes to the constant stationary solution (( l’—;)ﬁ, (ﬁ)ﬁ ,0), we use the following scale
transformation.

Let U(x,1) = “n(x, 1) and V(x, 1) = c(x, 1) — ( ﬁ)ﬁ. Then we can transform (1.4) into the following model:

Uy +u-VU = AU = yV - (%VV) +ru(1 - (i)k-ZUk—l), xeQ, >0,
Vitu-VV = AV -V (O ((OHE U -1), xeQ,1>0,
pooVu
ur+ A(u-Vyu=Au+ VP + nVe, xeQ, t>0,
(5.1)

6_U_6_V_ xeodQ, t>0
o ov ’ ’
Ux.0) = Uo() = Eno(), V(x.0) 1= Vo) = co(x) - (i)ﬁ, xeQ,

V-u=0, xeQ, t>0.

Lemma 5.1 Assume that s > 0, k > 2 and in addition r, u are given in (1.4). Then

(1 - (i)kzskl)((i)“s _ 1) ; ((ﬁ)ms— 1)2 <0. (5.2)

2

-1

~

-2
-1

|>r

o~
o~

Proof. It is obvious that if ( ) s > 1. One has

ﬁ s = 1, then (5.2) holds. Now we assume that (ﬁ)

(1 - (i)k_zs"-l) —1- ((i)%s)k1 <1- ((i)gs) <0. (5.3)

-1

k=2

Multiplying (5.3) by (i)k'_' s — 1, we obtain (5.2). For the case of (ﬁ)
(5.2).o

o~
o

)

s < 1, proceeding similarly, we can also obtain

3

Lemma 5.2 Let (n, c) be a global classical solution of (1.4). Assume that % <L< p%rk—l holds for k > 2. Then for
all t > 0O the function

70 = [ (DFv-1-mOFv 1) i
Q' M H

satisfies
F'(t) < —D(1), (5.4)
with
D(t) = z)of(((i)%U— 1)2 +LV2)dx (5.5)
Q
and

2
Dy = min{l, r— L(l—l)k"} > 0.

Proof. The strong maximum principle along with the assumption Uy # 0 yields U > 0 in Q x (0, o). Multiplying the
second equation in (5.1) by V and using the Young’s inequality, we have

1d )
——fvzd“fwvﬁdx:—fvzdx+(f)ﬁfV((f)HU—1)dx
2dt Jg Q Q H Q M

1 ] )
—fVzdx+—(f)%f((f)HU—1)2dx for all £ > 0.
2 Ja 2 p o H

(5.6)
< -

Multiplying the first equation in (5.1) by (ﬁ)% — % integrating by parts, and using the Young’s inequality and (5.2), one
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has

2
f((r)i?U—l—ln(r)fo)d + 'VUJ f—VU Vde+rf( -G (O E U - 1)dx
7 o U U H
2 2
SIIVUI _fIVVI —rf((f)%U—l)zdx
Q
2
< IVU' f|VV| dx—rf(( YE U - 1)%dx
Q

for all r > 0, because c(x, 1) > n > 0 and (5.2). That is

jt ((’)i? —l—ln( )ude< f|VV| dx—rf(( Ve U — 1)%dx for all £ > 0. (5.7)

We multiply (5.6) by 2L, where L € (g ri= w1 ) and then add it into (5.7) to obtain

2
d ((r)i tU-1- In(- DE U+ LV )dx+ 2L~ 25) | [VVPdx
dt 4n?
g (5.8)
+(r— L(—)ﬁ)f ((—)ﬁU —1)%dx + f LV*dx <0 forall t> 0.
M o M Q
Taking Dy = min {1, r — L( ﬁ)%} together with the definition of # and O implies that (5.4) holds. O
Lemma 5.3 Let ¢(s) := ( )k Ts—1-— ln( ) T 5. Then there exists a positive constant 6y < 10 satisfying
w(s) >0 forall s>0 5.9)
and
r k=2 = JN=
-(( Yot s — 1)% < g(s) < (( )ids— 1) forall 0 <|s— (=) < &. (5.10)
r

Proof. Since ¢'(s) = (#)% - % and ¢”'(s) = 2 > 0 for all s > 0, we have ¢(s) > tp((”)k 1) = 0. That is (5.9). Because

(L)i s—l—ln( yets g
lim =2 ==,
s ((,;)HS— 1)’ 2

we can find a positive constant dp < 55 such that

) s 1—1n<>2—1 1

(5HEs—1)° 2

(

K
u

1 )
<3 forall0< s — (HE | < 6.
r

We complete the proof of (5.10). O

Corollary 5.1 Under the assumption of Lemma 5.2, we have

ff((f)%U—nzdxdmoo and ffvzdxdt<oo. (5.11)
1 o M 1 Q

Proof. Integrating the two side of (5.4) from 1 to co, we have
F (1) + f D(s)ds < F(1) for all > 1.
1

Since ¥ (¢) is nonnegative by Lemma 5.3, this entails that flm D(s)ds < F(1) < co, which according to the definition of
D(t) in (5.5) directly implies (5.11). O
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Lemma 5.4 Assume the hypothesis of Theorem 1.2 holds. Then if (n,c) is a nonnegative global classical solution of
(1.4), we have

tim 10 0) = () F 2@ = 0 (5.12)
and
tim [[V(, Dz~ = 0. (5.13)

Proof. Suppose to the contrary that (5.12) was false. There would exist c2; > 0 and sequences (¢;) jenr C (1, +00) and
(xj)jen € Q such that

UG, 1) = BYF| = ¢ forall je.
r

Also note that Lemma 4.5 implies that the function |U(x, f) — 1] is uniformly continuous in Q X (1, o). So, we can find
r; > 0 and 7 > O fulfilling

\U(x, 1) — (“)i T > 7 for all x € B, (x;) N Q and 1 € (¢}, 1}.7). (5.14)
Now since the smoothness of JQ ensures the existence of ¢, > 0 such that
|B,, (x) N Q| > ¢y for all x € B, (x;) N Q, (5.15)

from (5.14) and (5.15) we infer that

U(x 1 — ( ) dxdt > o U(x, 1) — (E)Zj 2dxdt
By, (x))NQ r

2 ti+T
z% ft B, (x;) N Qldt (5.16)

J

2
6‘21 CT

for all j e N.

\%

But on the other hand, from Corollary 5.1 we know that since t; — oo as j — co we must have

t,>+‘r . 00 ~
f f UG, 1) — (28 Pddr < f f Ut - BB Pdadt >0 as j— oo,
1 Q A ;i JQ r

which is a contradiction to (5.16). We show that (5.12) actually was true. Similarly, we can obtain (5.13). O
Proof of Theorem 1.2. First, we prove the convergence of n(-,7) and c(-,#). In light of (5.12), then there exists zy > 0
such that for the above ¢y > 0

0G0 = Y e <60 forall 1> 1.
;

Thanks to (5.10), we obtain
1 a 5 _ -
(OB UG -1 <o) < 2(OE UG -1 <(OHE U@ 1) forall xeQ, > 1,
6 u 6 u 7

which on account of the definition of 7 yields to

lf((i)ﬁU(-,r)—1)2dx+Lfvz(-,t)dx<9—"(t)sf((f)%U(x,t)—1)2arx+Lfv2(~,r)dx. (5.17)
6 Jo\ 1 Q Q M Q

In virtue of (5.4), we have

F'(1) < —Do f (((i)% U=1)*+ LV?)dx < —DyF (1),
Q

from which we obtain

F (1) < F(t)e Dol (5.18)
Combining (5.17) with (5.18), one has

LIS

lf (OFven-1)dxsL f V2(-,dx < F(tg)e P00,
6 Jo ' u ,
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which implies that there exists a constant C34 > 0 such that
¥V k=2 D
(=) UC 1) = Uiy < Cage >
u

and D,
_ 20 (4—
IVC, Dliz@y < Caae™ 2 070
for all ¢ > 1.
Due to the relationship of translation about (, ¢) and (U, V), there exists a constant C35 > 0 such that

G, 1) = ()& |2 < Case™ 20 (5.19)
M

and .o N
0
lleC:, 1) — (;)mny(g) < Cyse™ 2 70

for all ¢ > 1.
Using the Gagliardo-Nirenberg inequality and (4.13),we can find two positive constants C35 and C37 such that

In 6y - (ﬁ)ﬁllm) < Cso[ V. )| 2 InCo1) - (£)k+l 2+ Gl - (ﬁ)ﬁllm
< C37(3_%t

and
r_L _ 2o,
lleC, ) = (;)k*1 llzo@) < C37e™ ™2

for all ¢ > ;.

Taking y = %, we obtain (1.11) and (1.12).

Next, we give the proof of convergence for u. Multiplying the third of (1.4) by u and integrating by parts, we have

1d f lul>dx + f \Vul*dx = f nVe - udx = f (n(x, 1) — (D)F1)V - udx. (5.20)
2dt Jg o o o u

By using Holder’s inequality, Young’s inequality and Poincaré’s inequality, we can find x; > O such that

f|(n(x,t)—(f)ﬁ)V¢-u|dng1f(n(x,t)—(f)ﬁ)zdﬁ1f|vu|2dx (5.21)
Q H Q i) 2 Ja

holds for all ¢ € (0, Tinax), where we used the boundedness of [|Vé||;~(q).
Thus substituting (5.21) into (5.20), we have

d
A f uPdx + f IVuldx < 2« f (n(x, 1) — (L)1) 2dx. (5.22)
dt Jo Q Q H
Due to U(x, 1) = £n(x, 1), we can obtain
d ) 2 r.oa2 N 2
= wldx+ | VuPdx < 2 (5)F | (5 U - 1)2d. (5.23)
dt Jo Q H o M
Substituting (5.23) into (5.8), we have
d Y=, Y=, 2 2 X 2 2
— [ ()P U-1-In(=)TU + LV? + |uf)dx + 2L~ 4=) | [VVPdx+ | [Vuldx
dt Jo* u H 4" Ja Q

+(r—(L+2K1)(f)%)f((f)%U—1)2dx+fLV2dxs0 for all £ > 0.
H o M Q
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As once again using the Poincaré’s inequality, there is a constant x, > 0 such that

d 2
- ((r)f?U—l—ln( YEU + LV + uf )dx+(2L—f—T]2)L|VV|2dx

(5.24)
+(r—(L+2K1)(—)ﬁ)f((—)ﬁU—1) dx+fLV2dx+K2fu2dx§O for all 7 > 0.
H Q M Q Q

Let 6= [, (5 D) SU-1 —1n(,§)% U+ LV? + [u?)dx and let Hy = min{r - (L + 2;@(5)# 1, Kk} > 0. We also require
87]2 <L< ,ukirﬁ 2ki. Thanks to (5.24), we have

d
EQ(’) < =H(®),

where

H(t) := Hof (((f)%U —1)* + LV? + u?)dx.
QM

By means of quite a similarly argument, we have

d
Eg(t) < —HoG(1)
and hence there exists a constant C3g > 0 such that
H
lluC-, Dl 2y < Cage™ 2 for all £ > 1. (5.25)

We also recall from the Gagliardo-Nirenberg inequality, (5.25), and Lemma 4.4 that there are some constants Czg > 0
and Cy49 > 0 fulfilling

N )

N
@) Loy T CaolluC, Dl

-, D)l < Caoluc-, 1)
_Ho,
< Cype 72 for all 7 > 1.

Taking y, = N}-f—Z’ we obtain (1.14) and (1.15) as well as (1.16). O

Now let us consider the asymptotic behavior of 1 < k < 2 to prove Theorem 1.3. The following ideas come from the
proof of Theorem 1.2 and the energy construction of asymptotic behavior in [45].

Letn, = ( ﬁ)ﬁ. We define the following functions

Frg(n,0) = f Y, (mdx + s f (c — n.)%dx, (5.26)
Q 2 Ja
where s
Yn (s) :=s—n,—n.In . (5.27)

and B is a fixed positive constant.
From the discussion of Lemma 5.3, we can see that

Y. (s) >0 forall s> 0. (5.28)
For the convenience of proving the Theorem 1.3, we first prove the following several lemmas.

Lemma 5.5 Suppose that y > 0,1 <k <2 and

k=1

_ k-1
> max [ﬂ) o [L) et
N 4(k = Dyn? “lopvk=1

hold. Here nn > 0 come from (2.7) and My = sup |[n(-, H)l|1~) be defined in Theorem 1.3. Then, we have the following
1
energy inequality
Eﬂ*,B(n’ C) + ﬂ(n’ C) < 09 (529)
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where

« [ IVnf B B
Am.) = = f | n’;' dx+(B- : f (c=n)dx+ ¢ f (n - n.)dx. (5.30)
Q Q Q

Proof. We use the first two equation in (1.4) and the fact that V - u = 0 to compute

d
7 nhB(n,c):fn,dx—n*fﬂdx+Bf(c—n*)c,dx
fndx ,uf nfdx - nf {An xV- ( Vo) +rn—un* —u- Vn}

+Bf(c—n*)‘{Ac—c+n—u-Vc}dx

(5.31)
Vn-V
f ndx — yf nkdx — n, f —d +x f ! Cdx — rn,|Q| + un, f n*ldx
o nc Q
- Bf Vel dx — Bf(c —n)*dx + Bf(c —n,)(n —n,)dx
Q Q Q
= j] + -+ jg.
We deduce from the Young’s inequality and (2.7) that
- |Vn|2
Jy 5.32
2 a n2 2n? (5-32)
For Jo, using Young’s inequality again, we have
-~ 3B B
<= f(c —n)dx + = f(n - n,)%dx. (5.33)
4 Ja 3 Ja
We control J; + J, + Js + Jg as follows
B 2
Jl+Jz+J5+J6+— (n n.)’dx = {rn un® = rn, + pun,n* E(n—n*) }dx
(5.34)

f(n—n* { nk_')-i-z(n—n*)}dx.

We now substitute (5.32)-(5.34) into (5.31) to obtain that

|Vnl? B

2dx + — f(c —n.)%dx
4 Ja
2

B B
+ — f(n —n,)%dx < f(n K y(i -+ Z(mn-n)pdx forall B> X—n*
6 Jo Q H 2 22

ﬂﬁwo+%

4
dt

Let w(s) := (s — n.)h(s), where h(s) = /,l(l—: — s+ g(s —n,). A derivation with respect to s gives

W (s) = —u(k — 1)s2% +

|

2
for all B > ;—(r)%'.

1
Notice that #'(s) = 0 is equivalent to s = (2”(';1))2’k. We take two times derivatives for w(s) to obtain

du>=m£—s“b—Mk—Dfﬂu—no+Bu—no

W' (s) = =2u(k — 1)s2 = u(k — 1)(k — 2)s*(s — n,) + B.

A direct computation shows that w(n.) = w’(n.) = 0 and "’ (n,) = B—2(k — 1),wL 1. We take B < 2(k — 1);1kL & to

1

l —
ensure w’’(n,) < 0. Therefore, we have (%) > (%)2 * =n,, h(0) = r— —n* >r— (k- 1)[[,[1(—1 ric 1(;’4)ﬁ =
2(k=1)p k=T rk=1

(2= k)r > 0,h(n,) = 0, and w(0) = —rn, + $n? = —n.(r — Sn,) < 0. We use the method of analyzing graph to capture
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1
a point which is called arrest point. Thus arrest point is <(@)ﬂ , w((@)ﬁ )) If we truncate the right part about

1
arrest point, then the function is not positive. That is if M < (@)H, we have

2k — Dy

2-k
MO

w(n) <0 forall B<

which completes the proof of Lemma 5.5. O

Corollary 5.2 Under the assumptions of Lemma 5.5, we have

f f (c —n)’dxdt < o and f f (n — n,)?dxdt < oo.
1 Q 1 Q

Proof. Integrating both side of (5.29) from 1 to co about the time, we have
Fu. 5(n,c) + f A(n, c)dt < F. p(n(-, 1), c(:, 1)).
1
Since F,, p(n, c) is nonnegative by (5.26) and (5.28), this entails that floo A(n,c)dt < Fp, p(n(-,1),c(-, 1)) < oo, which
according to the definition of A(n, ¢) in (5.30) directly implies Corollary 5.2. O

Lemma 5.6 Assume the hypothesis of Theorem 1.3 holds. Then if (n,c) is a nonnegative global bounded classical
solution of (1.4), we have
lim flnC, 1) = nllz=@ = 0 (5.35)

and
lim [|e(, 1) = 1.l = 0.

Proof. Thanks to the boundedness of flw fQ(c — n,)?dxdt and f]w fg(n — n,)>dxdt, which is obtained in Corollary 5.2.
The following processes are similar to the proof of Lemma 5.4. Thus we omit the details. O

Lemma 5.7 Let y, (s) be defined by (5.27). Then there exists a positive constant §3 < % satisfying

1 5
(s —n)? < Un, (5) < (s—n)* forall 0< |s — .| < 83. (5.36)
6n, 6n,
Proof Because
s—n, —n.In-=- 1
lim —mM— = —,
o, (s — m.)? 2n,
we can find a positive constant §3 < % such that
s—n,—n.In:> 1
|W - 2n*| < . forall O < |s—n. <83.

We thereupon readily arrive at (5.36). O

Proof of Theorem 1.3. The proof is similar to that of Theorem 1.2. Here we only give the key steps. In virtue of
(5.35), there exists #; > 0 large enough such that

1
6n.

5
(n-n)* forall >1, xeQ. (5.37)

(n—n)* <y, (n) <
on,
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Due to (5.29) and (5.37), there exists Ay = min{ %, %} such that

iﬂ*,g(n, ¢) < -An,c)

dt
B B
< —— f(c—n*)zdx— — f(n —ny)%dx
4 Ja 6 Jo (5.38)

B
< Ay f U (W)dx + = f (c = n.)%dx)
o 2 Ja
= —AoFn, pn,c) forall t>1,xeQ.

Using the Gronwall’s inequality, we have
Fo5(n,¢) < Care™ ", (5.39)

where Cu1 = F,, p(no, co) > 0.
Using the Gagliardo-Nirenberg inequality and (5.39), we can find two positive constants C4, and Cy43 such that

.0 = G e < Canl] 9t

a0 = B, + Callac.n = () < Cane P

L2(Q)

and
oL ~Jo 4
lleC-, 1) = (’l—l)k*1 llz=@) < Caze” 72

for all ¢ > #,. Taking ¥ = Jo_we obtain (1.18) and (1.19).

N+2°
d 2 ) 2
= julPdx+ | Vuldx <26 | (n(x, 1) - n.)dx. (5.40)
dt Jo Q Q

Thanks to (5.22), we obtain
Adding (5.40) into (5.38) and then using the Poincaré’s inequality and (5.37), we have

d d
E(ﬂmg(n,c)+f(;uzdx)+/<gfg;u2dxs E(Tn*‘g(n,c)+fgu2dx)+LIVulzdx

< —AFn. 5, ¢) + 2k f (n(x, 1) — n,) dx
Q

< —AoFn, 5, c) + 12k n, f W, (n)dx
Q
< -AFn. 81, 0),

where 0 < A} < Ay — 12«11, < min{%, % — 12k n, and «; is given by (5.24).

Moving the second term on the left hand side to the right hand side, we have

d
E(ﬂ*,g(n, )+ f

uzdx) < A Fn,5(n,¢)— K2 f w’dx
Q

Q

< ~Fo(Fo 5, ) +

5

uzdx>,

where 0 < A, = min{Ay, &} < min {min{}, %2} - 12, ko} = min { min{}, Z(£)77} - 12K1(I§)ﬁ, k2.

Using the Gronwall’s inequality, we can find C44 > 0 such that

r
u

Fn..B(1n, C)+fM2dXS Case™™, (5.41)
Q

where u > (24k,)*"'r and B > 60k;.
Again using the Gagliardo-Nirenberg inequality, (5.26), (5.36), and (5.41), we can find two positive constants Cs5 and
Cy6 such that

' 2
[, ) ey < Casl| Va0 Z5g e, D] + Caslluet. 0] 2 gy
< C46e’%t for all ¢ > t;.
Taking y, = %, we complete the proof of Theorem 1.3. O
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