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sphere under the influence of an impulsive force that is very irregular in time. More
precisely, we assume that the impulsive force is associated to a Brownian Motion

éiiycﬁ::flsc Navier-Stokes equations subordinated by a stable subordinator. Then we prove the existence and uniqueness
Unit sphere of a strong solution (in PDE sense) to the stochastic Navier-Stokes equations on the
Strong solution rotating 2-dimensional unit sphere perturbed by a stable Lévy noise. This strong
Stable Lévy noise solution turns out to exist globally in time.
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1. Introduction

The deterministic Navier-Stokes system (NSEs) on the rotating sphere serves as a basic model in large
scale ocean dynamics. Many authors have studied the NSEs on the unit spheres. Notably, II'in and Filatov
[18,16] tackled the well-posedness of these equations and identified the Hausdorff dimension of their global
attractors [17]. Temam and Wang investigated the inertial forms of NSEs on the sphere while Teman and
Ziane show that the NSEs on a 2D sphere is a limit of NSE defined on a spherical cell [29]. Our paper is
concerned with the following stochastic Navier-Stokes equations (SNSEs) on a 2D rotating sphere:

Ou+Vyu—vLhu+wxu+ Vp=f+n(z,t), divu=0, u(0)=u, (1.1)

where L is the stress tensor, w is the Coriolis acceleration, f is the external force and 7 is the noise process
that can be informally described as the derivative of an H-valued Lévy process. Rigorous definitions of all
relevant quantities in this equation will be given in sections 2 and 3. To the best of our knowledge, there
are only three papers which discuss stochastic Navier-Stokes equations on spheres [6,7,31]. All these were
concerned with the Gaussian case. In particular, the authors in [6] proved the existence and uniqueness of
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weak solutions to (1.1) with additive Gaussian noise. Moreover, they proved that the associated random dy-
namical system is asymptotically compact, which induces the existence of both a compact random attractor
and an invariant measure in their accompanying paper [7]. The author in [31] studied the Navier-Stokes
system on spheres with a Gaussian kick force and a deterministic force. The main contribution was the
existence and uniqueness of a time-invariant measure.

Much effort has been made in recent years to study the Navier-Stokes equations (and other important
equations of mathematical physics and fluid dynamics) perturbed by impulsive noise. The most challenging
is the case of cylindrical impulsive noise that is a model for very rough noise and leads, formally at least,
to equations with very interesting ergodic properties. At present, it is not known how to obtain a rigorous
theory for a general cylindrical impulsive noise. For this reason, a special case of cylindrical Lévy noise
defined as a subordination of a standard cylindrical Wiener process by a stable subordinator has attracted
a lot of attention. Let us note: the linear equation with general cylindrical impulsive noise has been recently
studied by Riedle (see for instance [19] and reference therein) but this theory is not sufficiently developed
to be used in the analysis of the stochastic Navier-Stokes equations.

Our paper is the first paper to discuss SNSEs on the sphere with a stable Lévy noise. There are three new
features which distinguish our paper from other work in the literature on SNSEs on spheres and SNSEs with
Lévy noise. First, the domain of consideration is a sphere. Second, the noise is of a stable type which is ruled
out by many existing studies on stochastic PDEs with Lévy noise. Third, we present a new well-posedness
result that holds for strong solutions which are sufficiently smooth.

The aim of our paper is to prove the existence and uniqueness of a global strong solution to (1.1). In
particular, we prove that given a L*-valued noise, H-valued forcing f and small V-valued initial data, there
exists a unique global strong solution in a PDE sense for the abstract stochastic Navier-Stokes equations
on the 2D unit sphere perturbed by stable Lévy noise, which depends continuously on the initial data. The
time interval of existence depends on the regularity of the forcing and the assumptions imposed on noise.

The paper is organised as follows: In section 2, we review the fundamental mathematical theory of the
deterministic Navier-Stokes equations (NSEs) on the sphere. We state some known results without proofs.
In section 3, we define the SNSEs on spheres. We start with some analytic facts; we introduce the driving
noise process, which is a stable Lévy noise via subordination. The SNSEs are then decomposed into an
Ornstein-Uhlenbeck (OU) process (associated with the linear part of the SNSEs) and nonlinear PDEs. In
section 4, we prove a strong classical solution (see the proof of Theorem 3.11) for smooth initial data with
sufficient regular noise following the classical lines in the proof of Theorem 3.1 [5].

2. Navier-Stokes equations on a rotating 2D unit sphere

The sphere is the simplest example of a compact Riemannian manifold without boundaries, hence one
may employ the well-developed tools from Riemannian geometry to study objects on such a manifold.
Nevertheless, all objects of interest in this thesis are defined explicitly under the spherical coordinates. The
presentation here follows closely from Goldys et al. [6] and references therein.

2.1. Preliminaries

Let S? be a 2D unit sphere in R?; that is S? = {x = (21,72, 23) € R? : |z| = 1}. An arbitrary point z on
S? can be parametrized in the spherical coordinates as

x=2(0,0) = (sinfcosg,sinfsinp,cosf), 0<<m 0<¢ <27

The corresponding angles 6 and ¢ will be denoted by 8(x) and ¢(x) respectively, or simply by 6 and ¢.
Let eg = eg(0, ¢) and ey = e4(0, ¢) be the standard unit tangent vectors of S? at point (6, ¢) € S? in
the spherical coordinates, that is,
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ep = (cosfcos ¢, cosfsing, —sinh), ey = (—sine,cos®,0).
We remark that

9%(0, ¢) 1 02(0,9)
€= —F5p 5 C6= T 5,
00 sinf  0¢
where the second identity holds whenever sin 6 # 0.
Our first objective is to give a meaning to all of the terms in the deterministic Navier-Stokes equations
for the velocity field w(%,t) = (ug(Z,t), ue(%,t)) of a geophysical fluid flow on the 2D rotating unit sphere
S? under the external force f = (fp, f4) = foeo + fs€4. The motion of the fluid is governed by the equation

1
Ou+ Vyu—vLhu+w X u+ ;Vp =f, divu=0, u(z,0) = up. (2.1)

Here v and p are two positive constants denoting the viscosity and the density of the fluid. The normal
vector field

w = 2Qcos(f(x))x,

where z = £(0(x), ¢(x)); Q is the angular velocity of the Earth; and 6 is the parameter representing the
colatitude. Note that 6(x) = cos™!(x3). In what follows we will identify w with the corresponding scalar
function w defined by w(z) = 2Qcos(f(x)). We will introduce now the other terms that appear in the
equation (1.1). The surface gradient for a scalar function f on S? is given by

_of L of

viIi= 90 < + sin98_¢e¢’

0<6<m 0<¢<2m.

Unless specified otherwise, by a vector field on S? we mean a tangential vector field, that is, a section of
the tangent vector bundle of S2.
On the other hand, for a vector field u = (ug, us) on S?, that is u = ugep + ugyey, one puts

. 1 0 , 0
divu = g <%(ue sin6) + a—¢u¢> . (2.2)

Given two vector fields u and v on S2, there exist vector fields @ and ¥ defined in some neighbourhood of
the surface S? and such that their restrictions to S? are equal to u and v. More precisely, see Definition
3.31 in [11],

'L~L|§2 =Uu: SQ — TSZ, and 'Z}|S2 =v: SQ — TSZ .
For 2 € R3, we define the orthogonal projection 7, : R® — T,,S? of x onto T,S?, that is

e R3Sy s y— (2 -y)r=—2 x (xz xy) € T,S% (2.3)

Lemma 2.1 ([7]). Suppose @ and © are R3-valued vector fields on S%, and u, v are tangent vector fields on
S2, defined by u(z) = 7. (@(x)) and v(x) = 7,.(0(x)), * € S2. Then the following identity holds:

7o (i(2) x 9(x)) = u(z) x ((z-v(x))z) + (z-u(2))z x v(z), xS (2.4)
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Proof. Let us fix x € S2. Then one can decompose vectors @ and ¥ into tangential and normal components
as follows:

I~§}

=u+ut with weT,S? ul=(u-x),
=v+ot

with v € 1,82, vt = (v-z)x.

[SH

€1

Since u x v is normal to T,,S?, 7, (u x v) = 0. Likewise, u' x v = 0 since the cross-product of two parallel

vectors yields the 0 vector. Hence, it follows that
Te(i X 0) = mp(u xv4+ux vt +ut xv)=uxvt+ut xv. O (2.5)
We will denote by V the usual gradient in R? and then we have
(VI)(z) = me(V f(2)). (2.6)
The operator curl is defined by the formula

(curlu)(z) = (I — 7)) (V x @) (z)) = (x - (V x @) (x))x. (2.7)

Let u be a tangent vector field on S2. Applying formula (2.5) to the vector fields @ and ¥ = V X i, one gets

Te(i x (V x @) =@ x (V% (ut +u)
=ux ((Vxu)b)+ut x (Vxu)
=ux ((x-(Vx1a)z)
=(z - (Vxa)(uxz), zeS? (2.8)

So, we can now define the curl of the vector field u on S2, by,
curl u:= & - (V x i)|s2. (2.9)
Equations (2.9) and (2.4) together yield
meli x (V x @))(z) = [u(z) x ] curlu(z), =z €S2
Therefore, we have the following:
Definition 2.2. Let u be a tangent vector field on S?, and let the vector field 1) be normal to S2. We set

curlu = (2 - (V x @))|s2, Curly = (V x ¢)|s2. (2.10)

The first equation above indicates a projection of V X @ onto the normal direction, while the second equation
means a restriction of V x ¢ to the tangent field on S2. The definitions presented above do not depend on
the extensions @ and . A vector field 1 normal to S2 will often be identified with a scalar function on S2
when it is convenient to do so. The following expressions describe the relationships among Curl of a scalar
function 1, Curl of a normal vector field w = w#, and curl of a vector field v on S2.

Curlyp = -2 x Voo, Curlw = -2 x Vw, curl v = —div(& X v). (2.11)
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Let

(Vyu)(z) = 1y (Z 17&30)@&(30)) =, ((8(z) - V)i(z)), ze€S> (2.12)

i=1
Invoking (2.4) and the formula

~2
(aﬁ)azﬁ%—ax(@xa),

we find that the covariant derivative V,u takes the form
|u?] S -
Vuu = VT — 7T$(U X (V X U))

In particular, using (2.4) we obtain

Juf? =

Vuu=V 5 — e ( x (V x @)).

The surface diffusion operator acting on vector fields on S? is denoted by A (known as the Laplace de
Rham operator) and is defined as

Av = Vdiv v — Curl curl v. (2.13)
Using (2.11) one can derive the following relations connecting the above operators:
div Curl v =0, curl Curl v=—2Av, ACurl v = CurlAv. (2.14)

Next, we recall the definition of the Ricci tensor Ric of the 2D sphere S2. Since

. EF F
Ric = (F C,)

where the coefficients F, F, G of the first fundamental form are given by

E=xg-29g=1;
F=x¢-2v9 =24 19 =0;

C =y xy =sin 6,
we find that
. 1 0
Ric = <0 Sin29) . (2.15)
Finally we define the stress tensor L by

L = A + 2Ric,

where A is the Laplace-de Rham operator.
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2.2. Function spaces on the sphere

In what follows we denote by dS the surface measure on S2. In the spherical coordinates one has locally
dS = sin 0 dfde. For p € [1,00), we denote by LP := LP(S? R) of p-integrable scalar function on S?, endowed
with the norm

1/p
oo = | [ @pis@) | . ver
S2

For p = 2, the corresponding inner product is denoted by

(1}1,1)2) = (vl,vg)Lz(Sz) = /’01’02 ds.
S2

On the other hand, we denote by IL? = ILP(S?) the space LP(S?, T'S?) of vector fields v : S? — T'S? endowed
with the norm
1/p
oo = | [R@pds@ | . vers
SQ

where, for = € S?, |v(x)| denotes the length of v(z) in the tangent space T,;S2. For p = 2, the corresponding
inner product is denoted by

(v1,v9) = (v1,v2)L2 = /v1 -vy dS.
S2

In this paper, the induced norm on L2(S?) is denoted by | - |. For other inner product spaces, say V with
the inner product (-, )y, the associated norm is denoted by | - |y .

The following identities hold for appropriate real valued scalar functions and vector fields on S?; see
(2.4)-(2.6) in [16]:

(V¢a U) = —(¢7 div U)7 (216)
(Curl ¢, v) = (¢, curl v), (2.17)
(Curleurl w, z) = (curl w, curl z). (2.18)

In (2.17), the L?(S?) inner product is used on the left hand side, while the L?(S?) is used on the right hand
side. Throughout this paper, we identify a normal vector field w with a scalar field w and by w = Zw. We
hence put

(b, W) == (h,w)2s2), if w=2w, ,we L*(S?). (2.19)

Let us now introduce the Sobolev spaces H'(S?) and H!(S?) of scalar functions and vector fields on S2.
Let 7 be a scalar function and let u be a vector field on S2, respectively. For s > 0 we define

[W[3n(s2) = [¥]72(s2) + [VY[F2(52) (2.20)

and
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\u|ﬂ2{1(S2) = |u]* + |V - ul* +|Curlul?. (2.21)
One has the following Poincaré inequality
Aul? < |divul® 4 |Curlul?,  u € H'(S?), (2.22)

where A1 > 0 is the first positive eigenvalue of the Laplace-Hodge operator; see below. By the Hodge
decomposition theorem in Riemannian geometry [10], the space of C°° smooth vector fields on S? can be
decomposed into three components:

COO(TSz) =GOV OH,
where
G={VyeC=(s?*)}, V={Culye (S},

and H is the finite-dimensional space of harmonic vector fields. Since the sphere is simply connected, that
is, the map S? — S? is a diffeomorphism, we have H = {0}. The condition of orthogonality to # is dropped
out. We introduce the following spaces:

H:={uecl?*S?):V u=0}, (2.23)
V= H N H(S?).

In other words, H is the closure of the
{ueC®(TS?) :V -u=0}

in the L2 norm |u| = (u,u)'/?, where u = (ug,us) and

(u,v) = /(uevg + upvy) dS(x). (2.24)
S2

The space V is the closure of
{ue C™(TS?) :V -u=0}

in the norm of H' (S?). Since V is densely and continuously embedded into H, and H can be identified
with its dual H', one has the following Gelfand triple:

VCH=H cV'. (2.25)
2.3. Stokes operator

We will recall first that the Laplace-Beltrami operator on S?

1 0 (. 9f 1 o%f
Af= sin 0 50 (Sm089> * sin? § 92 (226)

can be defined in terms of spherical harmonics Y ,,, as follows (see also [32]). For 6 € [0, 7], ¢ € [0,27), we
define
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20+ 1)(1 — |m|)1"/?

P"(cos@)e™?, m=—l,---,1, 1=0,1,-- (2.27)

with P/ being the associated Legendre polynomials. The family {Y;,,, : [=0,1,..., m = —[,... 1} form
an orthonormal basis in L? (Sz) and we then can define the well known Laplace-Beltrami operator on S?
(2.26) by putting
Then one can extend by linearity to all functions f € L? (S?) such that
[e%S) l
S5 P42 (Vi < o0
1=0 m=—1
We consider the following linear Stokes problem [6]. That is, given f € V’, find v € V such that

vCurlcurlu — 2vRic(u) + Vp = f, divu = 0. (2.28)

By taking the inner product of the first equation above with a test field v € V', and then using (2.18), the
pressure term drops and we obtain

v(curlu, curlv) — 2v(Ricu,v) = (f,v) Yve V.
Without loss of generality, letting v = 1, we define a bilinear form a : V x V — R by
a(u,v) = (—Lu,v). (2.29)
By performing some elementary calculations, one can write (2.29) as follows:
a(u,v) := (curlu, curlv) — 2(Ricu,v), u,veWV. (2.30)
In view of (2.21) and formula (2.15) for the Ricci tensor on S, the bilinear form a satisfies
a(u,v) < |ulm |v|m (2.31)

and so it is continuous on V. So, by the Riesz representation theorem, there exists a unique operator
A:V — V' where V' is the dual of V, such that a(u,v) = (Au,v), for {u,v} € V. Let us recall that by the
results in [28], p. 1446, we also have

a(u,u) = [Deful?, uweV

where Def is the deformation tensor (see [28] for more details). Then by the Poincaré inequality (2.22)
we find that a(u,u) > alul}, for a certain a > 0, which implies that a is coercive in V. Hence, by the
Lax-Milgram theorem, the operator A : V — V' is an isomorphism. Let A be a restriction of A to H:

{D(A) ={ueV: Aue H}, (232)

Au =Au, ue D(A).

It is well known (see for instance [27], Theorem 2.2.3) that A is positive definite, self-adjoint in H, and
D(AY?) = V with equivalent norms. Furthermore, for some positive constants ci, ¢y we have
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crlulp(ay < [Au| < ealulp(ay
(Au,u) = ((u,u)) = |uly = |Vu|2 = |Du|2, u € D(A). (2.33)
The spectrum of A consists of an infinite sequence of eigenvalues \;. Using the stream function ; for which
w; = Curlyy ,,, and identities (2.14), one can show that each ); is in fact the vector of eigenvalues of the

Laplace-Beltrami operator A, that is A; = [(I+1). Additionally, there exists an orthonormal basis (Z; ),
of H consisting of the eigenvectors of A, where

Zim =N PCwlY,,, 1=1,...,m=—l,...,L (2.34)

Therefore, for any v € H, one has

oo

l
v = Z Z @l’le,m, @\l,m = /’U . Zl,mdS = (’U,Zl,m>. (2.35)

=1 m=—1 S2

An equivalent definition of the operator A can be given using the so-called Leray-Helmholtz projection
P that is defined as an orthogonal projection from L2(S?) onto H. Let H?(S?) denote the domain of the
Laplace-Hodge operator in H endowed with the graph norm. It can be shown from [13] that D(A) =
H2(S?) NV and A = —P(A + 2Ric). Therefore, we obtain an equivalent definition of the so-called Stokes
operator on the sphere.

Definition 2.3. The Stokes operator A on the sphere is defined as
A:DA) CH— H, A=—-P(A+2Ric), D(A)=H*S*)NYV, (2.36)
where A is the Laplace-De Rham operator.
It can be shown that V' = D(A'/2) when endowed with the norm |z|y = |A'/?2| and the inner product
((x,y)) = (Azx,y). After identification of H with its dual space we have V. C H C V'’ with continuous

dense injection. The dual pairing between V and V' is denoted by (-, )y xv+. Moreover, there exist positive
constants ¢y, ¢y such that

ailuli < (Au,u) < colul?, u€ D(A).

Let us now introduce the Sobolev spaces H®(S?) and H?(S?) of scalar functions and vector fields on S2.
Let 7 be a scalar function and let u be a vector field on S2, respectively. For s > 0 we define

[0 (s2) = 117252y + [(=A)* 2|72 (2, (2.37)
and
Julfe g2y = |ul® + [(—A)*2ul?, (2.38)

where A is the Laplace-Beltrami operator and A is the Laplace-de Rham operator on the sphere. Note
that, for k = 0,1,2,--- and 6 € (0,1) the space H*T?(S?) can be defined as the interpolation space between
HF*(S?) and H*+1(S?). One can apply the procedure given in [7] for H**?(S?). The fractional power A%/2
of the Stokes operator A in H for any s > 0 is given by
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[eS) l o0 l
D(A%/?) = {v €EH:v= Z Z OLm L, m,s Z Z A orm|? < oo},
I=1 m=—1 =1 m=-1

0o l
A= 3" N NPy Z g € H.

m=1m=-—1

The Coriolis operator Cy : L2(S?) — L2(S?) is defined by the formula®
(C1v)(z) = 2Q(z x v(x))cosh), 2z € S?. (2.39)

It is clear from the above definition that C; is a bounded linear operator defined on L2(S?). In what follows
we will need the operator C = PC; which is well defined and bounded in H. Furthermore, for u € H,

(Cu,u) = (Cyu, Pu) = /ZQCOSG((JU x u) - u(z))dS(z) = 0. (2.40)
S2

In addition,
Lemma 2.4. For any smooth function u and s > 0
(Cu, A%u) = 0. (2.41)

Proof. The case s = 0 is obvious as in the line above, due to the fact that (w x u) - u = 0. For s > 0 we
refer readers to Lemma 5 in [26]. O

Let X = HNL* (Sz) be endowed with the norm
[v|x = [v]# + [v]Lasz) s

then X is a Banach space. It is known that the Stokes operator A generates an analytic Cy-semigroup
{e7*4},50 in X (see Theorem A.1 in [6]). Since the Coriolis operator C is bounded on X, we can define in
X an operator

A=vA+C, D(A) =D(A),
with v > 0.

Lemma 2.5. Suppose that V ¢ H = H' C V' is a Gelfand triple of Hilbert spaces. If a function u being
L2(0,T;V) and Oyu belongs to L?(0,T; V') in weak sense, then u is almost everywhere equal to a continuous
function from [0,T] to H; the real function |u|? is absolutely continuous; and, in the weak sense one has

Blu(t)? = 2(0u(t), u(t)). (2.42)

Proposition 2.6. The operator A with the domain D(/Al) = D(A) generates a strongly continuous and analytic
semigroup {e~*4},>0 on X. In particular, there exist M > 1 and pn > 0 such that

e A pxx) < Me ™™, £>0; (2.43)

1 The angular velocity vector of Earth is denoted by Q consistent with geophysical fluid dynamics literature. It should not be
confused with the notation for probability space Q2 used in this paper.
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and for any § > 0 there exists Ms > 1 such that
\A%*mb(x,x) < Mst=%e M, t>0.
Proof. See the proof of Proposition 5.3 in [6]. O

Now consider the trilinear form b on V' x V x V|, defined as

3
b(v,w,z) = (Vyw,z) = /va -zdS = m, Z /ijiwjzjda:, v,w,z € V.
S2 hi=1q

Using the following identity (see [6]),

2V v = —curl(w x v) + V(w - v) —vdivw + wdiv v — v x curl w —w x curl v,

and equation (2.13), one can write the divergence free fields v, w, z in the trilinear form as follows:

1
b(v,w7z):5/[—v><w~curlz+curlvxw-z—vxcur1w~z]d5.

SZ
Now, we know that the bilinear form B : V x V — V' is defined by
~ [ 0w
(B(u,v),w) = blu,v,w) = Z /uiaTiJujdx, weV.
z,j:lQ

Moreover,

b(v,w,w) =0, bv,z,w)=—b(v,w,z), for veV,wzecH (S?),
and

|B(u,v), w| = [b(u,v,w)| < clul|w|(Jcurl v|peo(s2) + [v|L~(s2)), uwe€ H,veV,we H,
|B(u,v),w| = [b(u, v, w)] < clul?[uly/*[o] /2ol *[wly, wv,weV,
[B(u,v),w] = [blu,v,w)| < clul2luly/*[o}i/*| Au]'/*[w], Yu € Viv € D(A),w e H, n=2,
[b(u, v, w)| < clulpasz|vlv|wlLisz), v e Viu,we H'Y(S?).

In view of (2.50), one has

wp (B0 2)

= |B(u,v) v+ < clul?uly/* o]/ [o]/?
zeV,|z|v#0 |Z|V

which implies

|[B(u, )|y < clullulv,

|B(u, )|z < clullulv,

and

11

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.53)
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|(B(u,v)7z)| 1/2 1/2
sup =0 = |B(u,v)|m < clul2fuly/ [0/ 2[o] /%,
seH|zluz0 |2l
which implies
|B(u,w)|g < clul|uly. (2.54)
In view of (2.51),
B(u,v), z 1/2
sup MBIy gy < cluft2puflffuf 2| Auf 2
2€H,|z|p#0 |Z|H
one has
|B(u,w)| g < clu|?|uly|Au*/? < c|u|%//2|u\y|Au|1/2 YV u € D(A). (2.55)

In view of (2.52), b is a bounded trilinear map from L4(S?) x V x L*(S?) to R.
Lemma 2.7. The trilinear map b can be uniquely extended from V x V x V to a trilinear map
b: (LYSHNH) xLY(SH xV = R.
Finally, we recall the interpolation inequality (see [18], p. 12),
Julpagse) < Clulpsgs luli/®. (2.56)
Inequality (2.50) is deduced from the following Sobolev embedding;:
HY? = W/22(8?) 5 LA(S?).

Then using (2.13), (2.16), (2.32) and (2.46), we arrive at the weak solution of the Navier-Stokes equations
(2.2), which is a vector field u € L?([0,T]; V) with u(0) = ug that satisfies the weak form of (2.2):

(Opu, v) + b(u, u, v) + v(curly, curlv) — 2v(Ric u,v) + (Cu,v) = (f,v), veV, (2.57)

where the bilinear form is defined earlier. With a slight abuse of notation, we denote B(u) = B(u,u) and
B(u) = 7(u, Vu).

3. Stochastic Navier-Stokes equations on the 2D unit sphere
By adding a Lévy white noise to (2.1), we obtain the main equation in this paper:

Ou+ Vyu —vLu+w X u+ Vp = f 4+ n(z,t), (3.1)

div u =0, u(z,0) = ug, x € S?.

We assume that ug € H, f € V' and n(x,t) is Lévy white noise. This noise process can informally be
described as the derivative of an H-valued Lévy process that is rigorously defined in Lemma 3.7. Applying the
Leray-Helmholtz projection, we can interpret equation (3.1) as an abstract stochastic differential equation
in H
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du(t) + Au(t) + B(u(t),u(t)) + Cu = fdt + GdL(t), u(0) = up, (3.2)

where L is an H-valued stable Lévy process, and G : H — H is a bounded operator. In order to study this
equation we need to consider first some properties of stochastic convolution.

8.1. Stochastic convolution of 5-stable noise

In this section we will recall a linear version of equation (3.2)
dz(t) + Az(t) + Cz(t) = GdL(t), =z(0)=0. (3.3)

Under appropriate assumptions formulated below, its solution takes the form

t

2(t) = / e~ A=) GdL(s), (3.4)

0

where A = A+ C. Let W be a cylindrical Wiener process on a Hilbert space K continuously embedded
into H, and let X be a 3/2-stable subordinator.” Denote the stable distribution S, (o, 3, 1) consistent with
page 9 in [25], where a € (0,2], 0 > 0, 8 € [-1,1], u € R. Then the process L = W(X) is a symmetric
cylindrical S-stable process in H.

We need the Ornstein-Uhlenbeck process (3.4) to take value in X. To this end, we need the following
definition.

Definition 3.1. Let K be a separable Hilbert space and let X be not necessarily Hilbert. Let vx be the
canonical cylindrical (finitely additive) Gaussian measure on K. A bounded linear operator U : K — X is
said to be y-radonifying iff U(K) is a Borel Gaussian measure on X.

Assume that G : H — H is ~-radonifying. Then the process GL is a well defined Lévy process taking
values in H. Under these assumptions the process z defined by (3.4) is a well defined H-valued process and
moreover, it can be considered as a solution to the following integral equation:

t ¢
/e_(t DAC( )ds—i—/e_(t_s)AGdL(s). (3.5)
0 0

With some abuse of notation, we will denote now by A;, eigenvalues of the Stokes operator A, Ay < Ay < -+
and by e;, the corresponding eigenvectors that form an orthonormal basis in H. We will impose a stronger
condition on the operator G. We will suppose that there exists a bounded sequence o; in R so that

Gep=oe, 1=1,2,....

We will consider the process

e (=)AGdL(s Zzl )ers (3.6)

I
o _

2 See definition on p. 50, Eg 1.3.19 in [1].
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where
t
00t) = / e~ M0=5) g L] (s), (3.7)
0

Lemma 3.2. Suppose that there exists some 6 > 0 such that 2121 |Ul|'8/\286 < oo. Then for all p € (0, ),

B
EINLOP < C@.p) | S lnlP X | 1% < oo (39)

>1

Proof. Let L(t) = Y-, L'(t)e;, t > 0 be the cylindrical S-stable process on H, where ¢; is the complete
orthonormal system of eigenfunctions on H; and L', L% --- L' are i.i.d. R-valued, symmetric SB-stable
processes on a common probability space (2, F,P). Now take a bounded sequence of real numbers o =
(01)1en. Define

G, : H— H; G,u:= ZO’[<U, erer,
=1

where o; are chosen such that

)
t)ZZUl<Ll( 61 e = ZO'lLl
=1

To show (3.8), we follow the argument in the proof of Lemma 3.1 in [34] and Theorem 4.4 in [24]. Take
a Rademacher sequence {r;};>1 in a new probability space (¥, F',P’), that is, {r;};>1 are i.id. with
P{r; = 1} = P{r; = —1} = 3. By the following Khintchine inequality: for any p > 0, there exists some
C(p) > 0 such that for an arbitrary real sequence {h;};>1,

1/2 1/p
> nt <Cp) [ B rihl?
1>1 1>1
Using this inequality, we get
p/2
E[ALH)|" =E | Y AP |of* L' (¢
1>1

P

< CEE' > ri)|ou||L'(t))|
>1

=CE'E > nX|ol|L' )]

>1

where C = C(p). For any A € R, and |r;| = 1, the formula (4.7) of [24] yields

. )
Eexp < in Y rnflor L' (1) 3 = exp { —[n® Y |on| PNt
>1 >1
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Now we know that any symmetric S-stable random variable X ~ Sa(a, 0,0) satisfies

BB

EemX = e

for some S € (0,2), n € R. Then, for any p € (0, 3),
E|X|P =C(B,p)o”.
. 5 35 2 Q
Since ;5 [ou|"A]° < o0, (3.8) holds. O

Lemma 3.3. Suppose that there exists 6 > 0 such that
oo
Z |O'l|’8)\166 < 00,
1=1

then for allp € (0,8) and T >0

E sup |A%=(1)]P <C (1 + TPU*‘S)) /8 (3.9)
0<t<T

Proof. It is proved in [34] that for p > 1

E sup |A%z(t)]P < OTP/P . (3.10)
0<t<T

In order to prove the lemma for the process z, we use formula (3.5). Let Z = z — 2°. Then (3.5) yields

Cfi_f:_AZ—C(Z+zO):—EZ—C’zO7 Z(0)=0.

Therefore
T
Z(t) = —/e_(t_s)ACzO(s) ds, t>0.
0
Then, by the properties of analytic semigroups we find that

‘A\éZ(t)’ < /lt ’E‘Se_(t_s)g‘ |C’zo(s)| ds
0

t

c
<Sup|C’zo(s)|/md5
0

s<t
< et % sup |C20(s)]
s<t
< ¢1|Clt1 0 sup |2%(s)| -

s<t

Since C is bounded, we have D (A) = D(A) by Theorem 2.11 in [23]. Since A > 0 is self-adjoint, the
domains of fractional powers can be identified as the complex interpolation spaces, see Section 1.15.3 of
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[30]. Therefore, D (A5) =D 1@) for every v € (0,1), which yields the existence of constants, ri,rs
depending on § only, such that

r1 ’2550’ < |A5x| <7y

A\A/$’ , x€D(AY).
Using (3.10), we find that

IEsup|A5Z( ‘ < rb|CpTri- 5Esup}z | < 00.

t<T s<T

Now the lemma follows since z(t) = Z(t) + 2°(¢).
Finally, for completeness we prove the case p € (0,1) for the process 2°. As (3.9) is proved for q € (1, 3),
we fix ¢ € (1, ) and then

E < sup |A6z0(t)q) < CTY5,

0<t<T
Using the Holder inequality (see for instance [14], p. 191) one has
E(|X|? - 1) < (EXP9)Y/4,
We then have

E( sup |A%2%( |>
0<t<T

(
— & ({ o 2})
e ({m 1ew)")”

q\ P/4q
gm({ sup A5z°<t>|})
0<t<T

< (CyTY/Pypla

IN

= cP/ae/p

<CoTP/8. O
8
Proposition 3.4 (p.110 of [24]). Suppose 2121 /\i—la < 00, then for any 0 < p < B, t >0,

o] p/B
_ 1 — e B+t
R

=1

where ¢, depends on p and 3. Moreover, as o — 00,
E[2°(t)P — 0.

Proof. In the spirit of the proof of Lemma 3.2, we follow the argument in the proof of Theorem 4.4 in [24].
Let 2°(¢) be the solution of
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dz°(t) + (A + al)2°(t) = GdL(t), 2°(0) =0

which has the expression

L) = [ St — s)GdL(s)
/

> / w=g,41 |

where we used the notation S(t) = e~#(A+20) Take a Rademacher sequence {r1};>1 in a new probability
space (€, F',P’), that is {r;};>1 are i.i.d. with P(r; = 1) = P(r; = —1) = 1. By the following Khintchine
inequality: for any p > 0, there exists some ¢, > 0 such that for any arbitrary real sequence {c;}en,

1/2 1/p

Zc? <¢p E’|Zrlcl|” ,

1>1 1>1

where ¢, depends only on p.
Now fixing w € €2, t > 0, we have
1/2

Dol EW)P ] < B w) ).

1>1 1>1

(SIS

t
]E|Z0(t)|p - Z | /e—(Az—O—a)(t—s)aldLls‘Q
0

00 t
< &K (E'|anl ) = PE <Ezmz§|P> = PR ]E|Zrl/e_(’\l+“)(t_s)aldLls|p
=1 =1

For any t > 0, k € R using the fact |r;| =1, ! > 1 and formula (4.7) in [24],

t
Eei Sz mi©) = o~lal” §° |0l‘6/e—6(>\z+a)(t—5)d&
1>1 o
Now we use (3.2) in [24]: If X is a symmetric S-stable r.v. with distribution S(8,~,0) satisfying

]Eei/{X _ —vP|k|P

for some S € (0,2) and any & € R, then for any p € (0, 3), one has
EX? = C(B,p)""

8
Since Y75 x4g < 00, the assertion follows. Furthermore, E|z[) — 0 as @ = co. O
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Let us now recall the definition of Skorohod space D = D(]a,b]; E), which consists of a function z :
[0,T] — E which admits a limit z(t—) from the left at each point ¢ € (0,7] and the limit 2(¢t+) from the
right at each point ¢ € (0,T]. The Skorohod space can be endowed with a metric topology such that it
becomes a complete separable metric space (see for instance, Billingsley [2]).

Here we present a Lemma that allows us to claim that the solution of SNSEs has cadlag trajectories. The
proof follows closely with Lemma 3.3 in [34].

Lemma 3.5. Assume that for a certain § € [0,1)

oo

Z|al|ﬁ)\f6 < 0.

=1
Then the process z defined by (3.7) has a version in D ([0, 00]; D (A‘S)).
Proof. By Lemma 3.3 we have

E sup |A%z(t)P < oo
0<t<T

for any p € (0, 3). Now, by Theorem 2.2 in [21] 2° has a cadlag modificationin V. By representation (3.5)
the process z is cadlag as well, and the proof of the Lemma is completed. O

Let B : H — H be a self-adjoint operator with the complete orthonormal system of eigenfunctions (e;) C
LP(S?) and the corresponding set of eigenvalues ();). It follows from Theorem 2.3 of [8] that if, further, B
has a compact inverse B~1, then the operator U~* : H — LP(S?) is well-defined and v-radonifying iff

p/2
/ (Z )\l_zsel(x)2> dS(z) < oc. (3.11)
g 1

We now present some results about the «-radonifying property.
Lemma 3.6. Let A denote the Laplace-de Rham operator on S? and q € (1,00). Then the operator

(=A +1)"°: H — LYS?) is v — radonifying iff s > 1/2.

Proof. See proof of Lemma 3.1 in [7]. O

Let X = L*(S?) N H be the Banach space endowed with the norm

lz|x = |z|m + [#|Las2).-
It follows from Lemma 3.6 that the operator
A™%: H — X is v — radonifying iff s > 1/2. (3.12)

One has to choose X wisely, so that U : K — X is v-radonifying in checking validity of subordinator
condition as on page 156, [9]. The following is our standing assumption.

Assumption 1. A continuously embedded Hilbert space K C H NIL* is such that for any § € (0,1/2),

A% : K - HNL* is y-radonifying. (3.13)
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It follows from (3.12) that if K = D(A®) for some s > 0, then Assumption 1 is satisfied.

Remark. Under the above assumption, we have the fact that K C H and Banach space X is taken as
H N L% In fact, space K := QY?(W) is the RKHS of noise W (t) on H N L* with the inner product
(,Vk =(Q Y?2,Q ' ?y)w, x,y € K. The notation Q denotes the covariance of the noise W.

Note: The parameters used in Lemma 3.6 and Assumption 1 are independent. In Lemma 3.6, we start
with the whole space; a smaller exponent is required to map onto H N L*(S?), so the assumption s > 1/2
is justified. On the other hand, in Assumption 1, we start with a smaller space, so a bigger exponent is
required to map onto H N1L4(S?), so § € (0,1/2).

Corollary. In the framework of Proposition 2.6, let us additionally assume that there exists a separable
Hilbert space K C X such that the operator A= : K — X is y-radonifying for some 6 € (0, %) Then

/‘6_tA %C(KX)dt < 00.
0

Proof. Since et = A%t A~9 it follows by Neidhardt [22] that

e rix,x) < 1A% x| A7 Rk, x)
and then Proposition 2.6 yields finiteness of the integral. O

Let us recall what one means by M-type p Banach space (see for instance [4]). Suppose p € [1, 2] is fixed,
then the Banach space E is called type p, iff there exists a constant K, (E) > 0, such that

p n

< Kyp(E) Y |ail?,

i=1

E

n
> G
i=1

for any finite sequence of symmetric i.i.d. random variables &1, -+ ,&, : @ — [—1,1],n € N, and any finite
sequence T, - ,T, from E.

Moreover, a Banach space E is of martingale type p iff there exists L, (£) > 0 such that for any E-valued
martingale {M,,}2_ the following holds:

N
sup E[M,|” < L,(E) > E|My — My,_1".
n<nN n=0

The following is an abstract result from [15] which will be needed for the rest of this paper.
Lemma 3.7 (/15], Corollary 8.1). Assume that: p € (1,2]; X is a subordinator Lévy process from the class
Sub(p); E is a separable type p Banach space; U is a separable Hilbert space; E C U; and W = (W (t),t > 0)

is an U-valued Wiener process.
Define a U-valued Lévy process as

Then the E-valued process
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t
Z(t) — /e—(t—s)(A+aI)dL(s>
0

is well defined. Moreover, with probability 1, for all T > 0,
T
/|z(t)|1,;dt < 0,
0
T

/|z(t)|§4dt < .
0

The following existence and regularity result is a version of the result in [9].

Theorem 3.8. Let the process L be defined in the same way as in Lemma 5.7. Assume that one of the
following conditions is satisfied:

(i) p€(0,1] or
(ii) the Banach space E is separable and of martingale type p for a certain p € (1,2].

Then the process

t
Za(t) = / e~ (=) (Atal) g (g) (3.14)

—00

is well defined in E for allt > 0. Moreover, if p € (1,2], then the process z of (3.14) is cidlag.

Proof. As S = (S(¢),t > 0) is a Cp semigroup in the separable martingale type p-Banach space F, there
exists a Hilbert space H as the reproducing Kernel Hilbert space of W (1) such that the embedding i : H — F
is y-radonifying. The proof of this theorem is a straightforward application of Theorem 4.1 and 4.4in [9]. O

In order to obtain well-posedness of (3.1), one needs some regularity on the noise term. Fortunately, this
becomes attainable using Lemma 3.7. In view of this, we construct the driving Lévy noise L = L(t) by
subordinating a cylindrical Wiener process W on a Hilbert space H as defined in (2.23). Let {W!(¢),t > 0}
be a sequence of independent standard one-dimensional Wiener processes on some given probability space
(Q, F,P). The cylindrical Wiener process on H is defined by

W(t) := Z W (t)e,
1

where e; is the complete orthonormal system of eigenfunctions on H.
For g € (0,2), let X(¢) be an independent symmetric (/2-stable subordinator. That is, an increasing,
one dimensional Lévy process with the Laplace Transform

_ ilrlB/2
Ee "X® — ¢=t"™" . 5 0.

The subordinated cylindrical Wiener process {L(t),t > 0} on H is defined by
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Note in general that L(t) does not belong to H. More precisely, L(t) lives on some larger Hilbert space U
with the y-radonifying embedding H < U. Now, let us consider the abstract Ité equation in (3.2) (which
we restate here) in H = L?(S?):

du(t) + vAu(t)dt + B(u(t), u(t))dt + Cu = fdt + GdL(t), u(0) = uo. (3.15)

Writing (3.2) into the usual mild form, one has
¢ ¢ ¢
u(t) = S(t)ug — /S(t — s)B(u(s))ds + / S(t—s)fds+ /S(t — 5)GdL(s), (3.16)
0 0 0

where S(t) is an analytic Cy semigroup (e’tA) generated by A = vA + C, and A is the Stokes operator in
H. Note that A is a strictly positive self-adjoint operator in H, that is A : D(A) Cc H— H, A= A" >0,
(Av,v) > 7|v|? for any v € D(A) for some v > 0 and v # 0. The operator G : H — H is a bounded linear
operator. For a fixed o > 0 we introduce the process

t
salt) = / ==+ D) L, (1) (3.17)
0
that solves the OU equation
dzo(t) + (WA + C + o)z, (t)dt = GAL(t), t>0. (3.18)

Now let v(t) = u(t) — 24(t). Then

{dv(t) + vA(u(t) — zo(t))dt + B(u(t))dt + C(u — z(t))dt — az (t)dt = fdt,
v(0) = vy.

The problem becomes

{dv(t) + vAv(t)dt + B(v(t) 4 2z4(t))dt + Co(t)dt — azy(t)dt = fdt,
v(0) = vg.

Converting into the standard form,

{%@ + A+ Op(t) = f = B(u(t) + #a(t) + azalt), (319)

where % is the right-hand derivative of v(¢) at ¢. The solution to equation (3.19) will be understood in

the mild sense, that is as a solution to the integral equation

v(t) = S(t)v(0) + / St —s)(f — B(v(s) + za(s)) + azq(s))ds, (3.20)
0

with v = up — 24/(0).
For brevity, we write z, as z. Let us now explain what is meant by a solution of (3.2). Finally all these
enter into the definition of (3.17).
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Definition 3.9. Suppose that 2z € L ([0,T);L*(S*)NH), v € H, f € V',

Let T > 0. A weak solution to (3.19) is a function v € C([0,T); H) N L3

£.([0,7); V) such that for any
peV

at(”: ¢) = (U07 ¢) - V(U’ A¢) - b(U +z,v+ 2, d)) - (C’U, d)) =+ (O(Z =+ f7 ¢) (321)
Equivalently, (3.19) holds as an equality in V' for a.e. ¢ € [0,T].

It is easy to check that if the assumptions of this definition hold, and v is a mild solution then it is also
a weak solution.
Now if f € H, and the following regularity is satisfied,

v e L®(0,T;V)NL*0,T; D(A)), (3.22)
then the solution becomes strong. More precisely,

Definition 3.10 (Strong solution). Suppose that z € L} ([0,T); L*(S?)N H), vo € V, f € H. We say that v
is a strong solution of the stochastic Navier-Stokes equations (3.19) on the time interval [0, T] if u is a weak

solution of (3.19) and in addition
v e L>(0,T;V)N L*(0,T; D(A)). (3.23)

Given this definition to (3.2) it is enough to prove the existence and uniqueness of equation (3.19).
Before stating the main theorem of this paper, we recall, for the reader’s convenience, the standing
assumptions of this work that have been made earlier.

Assumptions

e G : H — H is y-radonifying and so GL defines a Lévy process taking values in H. Moreover, the
condition (3.6) satisfies, namely,

Gel:alel, 121,2,'“.

e Assumption 1 holds.
o L(t) is a subordinated Wiener process as defined.

All three assumptions above go into (3.15) and (3.16). From that, one obtains (3.19) and (3.20) that goes
into Definition 3.9.

The main theorems proved in this paper are the following.

Theorem 3.11. Assume that o > 0, z € L} ([0,00); L4(S2) N H), f € H and vy € H. Then, there exists a

loc

unique solution of (3.20) in the space C(0,T; H)YNL?(0,T; V) which belongs to C(h,T;V)NL? (h,T; D(A))

loc

for all h > 0 and T > 0. Moreover, if vg € V, then v € C(0,T;V)N L2 (0,T;D(A)) for all T > 0. In
particular, v(T, 2,)u® — v(T, z,)ug in H. Moreover, if

o0
Z|ol|5/\lﬁ/2 < 00,
=1

then the theorem holds.
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Theorem 3.12. Assume that o > 0, z € L} ([0,00);L4(S?) N H), f € H and vo € H. Then, there ex-
ists a P-a.s. unique solution of (3.2) in the space D(0,T; H) N L?(0,T;V), which belongs to D(e,T;V) N
L3 (€, T; D(A)) for all e > 0, and T > 0. Moreover, if vg € V, then u € D(0,T;V) N L% (0,T; D(A)) for

loc

allT >0, w € Q. Moreover, if

o0
Yol < o0,
=1

then the theorem holds.
4. Proof of Theorem 3.11: strong solutions

Suppose now f € H. In what proceeds we will show that if ug € V then we obtain a more regular
solution, and deduce that if vy € H then v(t) € V for every ¢ > 0. In this paper, we will construct a unique
global strong solution (in the sense of Definition 3.10).

The proof of Theorem 3.11 follows closely to Theorem 3.1 in [5]. However in the proof in [5] there is no
Coriolis force and additive noise, whereas here there are. In particular, our constants in the proof now depend
on |F(t)|, |2(t)| and |z(t)]y, but not on the Coriolis term due to the antisymmetric condition (Cv, Av) = 0.

Remark. One can alternatively prove Theorem 3.11 via the usual Galerkin approximation.
4.1. Existence and uniqueness of a strong solution with vy € V

The following function spaces are introduced for convenience.

Definition 4.1. The spaces

Xr:=C(0,T; H) N L*(0,T;V), (4.1)
Yr = C(0,T; V)N L*(0,T; D(A)) (4.2)
are endowed with the norms
| |xr = | lcorm + |- l20,15v))
| lve == | lcorv) + |- [220,7:0(A))-

Or explicitly,

B = s 17O + J/If )2 ds,

v&;:wpum@+/Mﬂw%s
0<t<T )

Let IC be the map in Y7 defined by

t
/S (t —s)B(u(s))ds, te[0,T], ueYp. (4.3)
0
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The following is a crucial lemma for the proof of existence and uniqueness.

Lemma 4.2. There exists ¢ > 0 such that for every u,v € Y,

K(@)[3,, < clul}, VT, (4.4)
K () = K(0), < clu—vlf, (lulf, + [0}, )VT. (4.5)

Proof. To prove this Lemma, we apply the arguments from [3]. Let K be defined as in (4.3). By the maximum

T
1D
t
0

By the trace theorem, see for instance [33], one has

regularity we have,

2

T
dt+/|AIC( )|Hdt<0/\B DI dt

T
dt—i—/\AIC(t)ﬁ{dt
ty /

r1dK)?
sup [K(t)[3 S/‘—d
t<T J

Then we have

0<t<T

sup |K(u |V<C’/|B )3 dt
T

<C [ b luly|Auldt by (259)
0

T
<C swp Ju®) / () v | Au(t)| de
0<t<T
0
1/2
< C sup Ju(t) /|Au (t)| dt
o<t<T

Nowif:v,yZOand%+%:1,p,q>0,then

Pyl , .
rzy < — 4+ > Young’s inequality
D q

Now take
T 1/2

r= sup |u(t)f, y= / | Au(t)? dt

0<t<T
0
p=4/3, q=4

We have
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sup |K(u)(t)]y < C/|B N|Z dt
0<t<T
1/2
< C sup |u(t)’VT (/|Au |2dt)
0<t<T

<C\/T{021;£)Tu |4+—(/|Au ) }

< VT { i + Jlult |
< C\/T|u|§lfT

Similarly, to prove (4.5), we have
t
H(t) := K(u)(t) — K(v)(t) = /S(t — 5)(B(u(s)) — B(uv(s))) ds
0
and therefore by the maximum regularity we have

T
/dH2
dt
0

T T
dt+ [ [AH@®3 dt < C [ |B(u(t) — Blo()[ dt
s funoiuze ]

By the same argument

T

/ AGK @) (t) — K() (£)[ dt < C / B(u(t)) — Blo(t)[2 di

0

Finally we get

KW - K, <2c/|B )l

Now note that

T
() — K@)[2, <y / |B(u) — B(v)[2 dt
0
T
< / IB(u(t) — v(t), u(t)) + B(t), u(t) — v(t))[% dt

<G /02IU(t) — v [u®)|v]Au(t)] + Cslu(t) — v()[T v(t)|v]Av(t)| dt

25
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We focus on the two terms under the integral. Using similar arguments from the proof of (4.4), we have

T
/hmw—van%wuﬂwAuanﬁ
0
T
< sup Jut) ~o(®f [ lu(Oly|Autt) e
0<t<T
0
T 1/2
< sup [u(t) - o(O)PVT E/MAQRJAUGH2ﬁ
0<t<T
0
- 1/2
2 2
< sup \u(t)—v(t)\vx/f sup |u(t)|v /\Au(t)| dt
0<t<T 0<t<T J
1 T
< = sup |Ju—v|ZVT{ sup |u(t)|%/+/|Au(t)|2dt
2 o<¢<T 0<t<T )
1
< lu— ol VTlult,
1
< VTl — ol lu},
Similarly, we can show
T
/mw—vw%wwwmwmm
0
T
gsw|mw—mm%/wwwmwmm
0<t<T
0
T 1/2
2 2 2
< sup fult) — o(®)BVT /Wv@nvphww\dt d
0<t<T

0

< VTu(t) = v()I3, [vl3,
Combine the above, the claim in (4.5) follows. O

Lemma 4.3. Assume that o > 0, z € L} ([0,00); L*(S?) N H), f € H and vg € V. Then, there exists a

loc

unique solution of (5.16) in the space C(0,T;V) N L?(0,T; D(A)) for all T > 0.
Proof. First let us prove local existence and uniqueness. Let Y, = C(0,7;V) N L?(0,7; D(A)) be equipped
with the norm

T

m%=MMWW+/MﬂﬂMa
t<t

0
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and let I' be a nonlinear mapping in Y; as

(Tw)(t) v0+/S (t —s)(f — B(v(s) + 2(s)) + az(s))ds.

Now recall the following classical result due to Lions, see [5] or [20]:

Al S(v €Y, VUOEHT>0'

A2 The map t — z(t fo (t — s) f(s)ds belongs to Y, for all L?(0,7; H);

A3 The mapping f + x is continuous from L2(0,7; H) to Y;.
Note, our assumption z(t) € L*([0,00); L*(S?) N H) implies that 2(t) € Y, as z(t) is square integrable and
V can be continuously embedded into L*(S?).

The first step is to show I is well defined. Using assumptions Al and A2 and the assumption for z(t),
together with Young’s inequality, one can show that

t 2

T3 < c|S(t)v0|§,T +ec /S(t—s)B(v(s)+z / (t—s)fds| +ca / (t—9)z(s)]
0 0 0 Y,

Yr Yr

for some different constant ¢. Now due to A; and As, the first and third terms are finite. Due to A and
the trilinear inequality (2.52) the second term is finite. The last term is also finite due to the assumption
on z(t) that

T3 < e1+colvly, + s+ e (4.6)

Whence the map I'v is well defined in Y., and T" maps Y, into itself.
Now we have

T(v1) = T(v2)5,

T

=< I/S(t—S)(B(Ul(8)+Z(8)) — B(va(s) + 2))ds|y,

0

< cglvr —valy. (Jvn + 25, + |v2 + 2[5, )V/T,

for all vy, v and z in Y. Therefore, for sufficiently small 7 > 0, I" is a contraction in a closed ball of Y,
yielding existence and uniqueness of a local solution of (3.20) in Y;. That is, the solutions are bounded in
V' on some short time interval [0, 7).

Remark. If the following map

@w@):samm—/S@—sﬂxmgm&+/sa—sﬁmpb/su—sxmu@

is used to prove contraction, then one would have to assume

T
/mmmm<m
0
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The local existence and uniqueness results indicate that the solution can be extended up to the maximal
lifetime T’ . and then is well defined on the right-open interval [0, T} .). Next, we will prove the local solution
may be continued to the global solution which is valid for all ¢ > 0, in the class of weak solutions satisfying
a certain energy inequality. This is consistent with the results for the 2D NSEs that, a strong solution exists
globally in time and is unique. See for instance Theorem 7.4 of Foias and Temam [12].

It suffices to find a uniform a priori estimate for the solution v in the space Yz, such that for any
Ty € [O,Tf’z):

0%, <C forall Toe[0,T7.), (4.7)

where C' is independent of Ty. This uniform a priori estimate, along with the local existence-uniqueness
proved earlier, yields the unique global solution u in Yr .. Moreover, this solution exists globally in time.
Hence one can deduce that the solution is well defined up to the time ¢ = T ,. At this point in time the
iterated process could be repeated and the solution can be found on [T} .,2T} .] and so forth. Hence the
solution could be found in C(0,00; V) N LE (0, 00; D(A)). To prove (4.7), we first need to show

|’U|XT0 S Co.

Toward that end, we work with a modified version of (3.19)

O+ vAv = —B(v) — B(v,2) — B(z,v) — Cv+ F, (48)
v(0) = wo, .
where F = —B(z) + az+ f is an element of H, since the H norm of all of its three terms is bounded. Now
multiplying both sides by v, and integrating over S2, one obtains
Ov|? + v|vf = —b(v,v,v) — b(v, 2,v) — b(z,v,v) — (Cv,v) + (F,v)
=b(v,v,2) + (F,v).
Now by (2.50), one has
[b(v, v, 2)| < cfo][v]v]z].
Then applying Young’s inequality with a = \/§|v[y and b = |v|\/g|z|v, it follows that
el 1
< 4V + E|’U|2|Z|%/
On the other hand,
1 €
(F(),v() = [FOllo(®)] < ZIFO)]” + 7o
So that
2 ¢ o 2 2 2 2 2 &2
Oelo)" + (2v = O < Z[oFlzly + Z[FO)F + vl (4.9)

for all e > 0.
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By integrating in ¢ from 0 to T, after simplifying, one obtains

T

T T T
1 2 2 €
[ ae< o (100007 +2 [lo@PRORde+ 2 [Pefdes 5 [owPd ) <x. @)
2
0 0 0 0

Since v(0) = o,
Ky = Kq1(ug, F,v, T, 2).

On the other hand, by integrating (4.9) in ¢ from 0 to s, 0 < s < T, we obtain

2 S 2 S S
v <luol+ 2 [P de+ 2 [ PP+ 5 [P,
0 0 0

sup [v(s)[* < Ko,
SE[O,Tf’z]

Ky = Ky(ug, F,v, T, 2) = (2 — g)Kl.
Hence, for any e such that § < 2v, applying the Gronwall lemma to

€

2
ol < (21l + 5

2
Yl + 2102

one obtains

t t t
2 2 2
wOF < 0P e | [ 20+ 5ar | 108+ [2iF@Rexo([ (2R + ) s
0 0 s
And so

Tf,z T_f,z T.f’z

9 9 2 9 € 2 9 2 9 €
swp )2 < O Pesp | [ 2+ Sar |+ [ Zip@Pet [ (20 + §) dras

te[0,Ty, ] J € 2 ) € € 2

To avoid clumsiness, we write momentarily T . = T Let

T T T
Yr(2) = exp /%\Z(T)ﬁ, + %d’]’ <00, Cp= / §|F(5)|2 exp / (%Z(T)%/ + g) dr | ds. (4.11)
0 0 s
So
sup_[o(t)[* < [0(0)[Pyr(2) + cr, (4.12)
0<t<T
which implies
v e L™([0,T); H). (4.13)

Now integrating
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2 2
ol +vioy < (2128 + 5 ) 1o+ 2iFCOP (1.14)
from 0 to T', one gets
T 5 T
o(T)P +v / Ot < e +er) [ (2a0P+5) e ? [IFoRa+ O, @15
0 0
which implies
ve L*([0,T); V), (4.16)

and v is indeed a weak solution. To show that v € C([0,T]; H), note that A : V' — V' is bounded and
Av € L*([0,T);V'). Then F € L*([0,T); V') since z € L*([0,T]; L*(S?) N H) which can be continuously
embedded into V', and the terms B(z), B(v, z), B(z,v) are all in L?([0,7]; V’). Combining these facts along
with (4.16) and invoking Lemma 4.1 of [6], we conclude that v € C([0,T]; H).

The uniform a priori estimate (4.15) implies that the solution is well defined up to time ¢ = T ,. The
iterative process may be repeated starting from ¢t = T, with the initial condition z(t). The solution is
uniquely extended to [0, 27} .] and so on to an arbitrarily large time.

Now, multiplying both sides of (4.8) with Av, and noting again the classical fact that $8;|v(t)|* =
(0yv(t),v(t)) and (Cv, Av) = 0, integrating over S2, one obtains:

(Opv, Av) + v(Av, Av) = —b(v,v, Av) — b(v, 2, Av) — b(z,v, Av) + (F(t), Av(t))

= }*Ivlz + v Avf? = —b(u(t), v(t), Av(t)) — b(u(t), 2(2), Av(t)) — b(z(t), v(t), Av(t)) + (F (1), Av(?)).

2dt
(4.17)
Now,
b(v, v, Av)| < C|v|Z|v]y|Av|2 Vv € V,v € D(A),
1 1 1 :
Ib(v, 2, Av)| < Clv|2|v|2|2]2|Av|? Vv € V,v € D(A),
Ib(z,v, Av)| < Clz|} 2|3 o]z |Av]} Ve V,ve D(A).
Also,
€ 1
(F(t), Av(t)) < Z[Av@)]* + [ F ()
Furthermore, using Young’s inequality with the choice p = % and ab = (ep)%|Av|3/2€p)7%|v\1/2\v|v, the

above estimates of the three bilinear terms become:
Ib(v, v, Av)| < C|v|? |v|y|Av|?
< el Av|* + C(e) v *[vl3,

I 3
b(v, 2, Av)| < Clv|?|v]§|2] 5] Av|>
< €|l Av? + C(e)o? vl =17,
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1 1 1 3
[b(z, v, Av)| < Cl2|2 |2[ 7 [vl§ | Av[
< €| Av + O(e) 2?2 v}

Therefore,

1ol + (20— e — )1l < CEuR Il + Plofy 2 + 2Rl + LFOR. (118)
Momentarily dropping the term |Av(t)|?, we have the differential inequality
y < a+0y,
y(t) = o}, a(t) = %IF(t)lg,e(t) = C()(WPofy + [P} + [2[=[).

Then for any € such that € < 7 1/ using the Gronwall lemma, one has

t t

y(t) exp —/H(T)dT < a(t) exp —/G(T)dT ds

0 0

dt
dt

@)} < [o(0)[ exp /C(e)(\v(f)lzlv(ﬂfv + ()P0 + ()] )dr
0

v / |F(s)[? exp / CO (o) P + (@) Pl + =)L) )dr | ds

sup |v(t)[}, < K, (4.19)
t€[0,T]

T
1
Ko = Kalun, .. 7,2) = | [000)F + [ IF(o)Pds | esp(ClORaE),

which implies
v e L®0,T;V). (4.20)

Let us now come back to (4.18), which we integrate from 0 to T'. After simplifying, we have

/ Av(t)Pdt < Ko,

and

K4 = K4(U0,F, szaT)

1
— 5y g (o + C() sup ORI} + ) sup o) o) O
2v—3e— % te[0,7] t€[0,7]
+C(© sup [OP O (0 / F()
t€[0,7]
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As
sup |v(t)|]? < Ko,
t€[0,T)
sup_[v(t)]y < K3,
t€[0,T]
()} < Ch,
sup |z(t)]* < Co.
te[0,T]
So,
1 L r
Ki = 5—a— (juof? + COKKE + C()KaKsC + CC2Cr K + / \F()[2)dt.
0

1
This implies
v € L*(0,Tf.; D(A)). (4.21)

It remains to show that v € C([0,7]; V). Note, the fact that the solution with vo € V is in L2([0,T]; V)
implies that a.e. on [0, T, v(t) € V. Moreover, since v(t) € C([0,T]; H) as previously deduced, and is unique
as proved in step 1, it follows that v € C([0,T]; V).

Together with the uniform a priori estimate, the local existence-uniqueness shown in step 1, allows us to
conclude that there exists a unique u € C(0,00; H) N L?(0,00; V) C C(0,00; V) N L?(0, 00; D(A)), for any
given ug € V, f € H, z(t) € L{ ([0, 00); L*(S?) N H). Moreover, our promising a priori bound (4.19) yields
T=00. O

4.2. Existence and uniqueness of a strong solution with vo € H
Corollary. If f € H, vo € H, 2(t) € L},.([0,00); LY(S?) N H), then v(t) € V for all t > 0.

We follow the proof in [5]. The idea stems from the standard approximation method commonly used
in PDE theory. In view of the a priori estimate (4.18) one takes an approximated solution to (3.16) in
Yr. Then one shows the approximates converge. Finally one shows that the limit function indeed satisfies
(3.16).

Let (vo,,) C V be a sequence converging to vy in H. For all n € N, let v,, be a solution of equation (3.16)
in Yr corresponding to the initial data vy . Similar to the case when vy € V, one can find a constant such
that |vp|x, <¢, Vn e N. Following the same lines as in the proofs of (4.13) and (4.16), v, can be proved

to be a weak solution.

0

9 — Y. Then vy, ,, is the solution of

Moreover, for n,m € N, take v, , = vy, — vy, with Ug,m =v

. (4.22)

atvn,m + VAUn,m = *B(vn,ma Z) - B(Z, Un,m) - B('Un,ma 'Un) - B(Uma vn,m) - Cvn,ma
Vnm (0) =08 — 00 .

Multiplying both sides of (4.22) by vy, ,,, and integrating against v, ,,, using Lemma 2.5 and (2.48) and
noting (2.40), one obtains

at|’Un,1’rL|2 + 2V|Un7m|%/ = _2b(vn,ma Z, Un,m) - 2b(vn,ma Un, Un,m)-
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Since |b(w,w, z)| < Clw||w|v|z]v and |b(w,w,v)| < Clw||w|y|v|v

< C|Un,m||”nﬂn‘V(|Z|V + [vnlv)

Then using the Young’s inequality with a = €|v;, |y and b = %|vnm|(|z\v + |vnlv),

6|’Un,m|V C
=+ Jnm* (127 + [oal?)- (4.23)

<
- 2 2€

Therefore, for any € > 0 such that § < 2v, one applies the Gronwall lemma to obtain

C
Oclvnm|® < 51213 + [oal¥) [on,m*

Combining this with v% =02 — 0 | it is easy to show that
o T
Un,m S | Unym €xXp a_ z Vv Un, v )|1Un,m 0,
[On,m () < [vn,m (0)]? 5. ([ | O + [oa @) [vam(B)Pdt | <

0

as fOT |2(t)13 + |vn(t)|} < oo. Hence vy, converges in T, and is therefore Cauchy in T'. That is, for any
e >0, 3N € N such that |v, — v,,| < € whenever n,m > N.

Let the limit of v, be v. It remains to show v indeed satisfies (3.16).

Let v,, be the solution to

v (t) = S(t)vo p /S (t — 8)(B(un(s)))ds + « / zn(8)ds, (4.24)

where z,(t) = fot S(t — 8)GdL,(t). We would like to show that

¢ t ¢
lim u,(t) = /S (t—s)( ds+/S (t—1s) fds+a/z(s)ds. (4.25)
n—oQ
0 0 0
Assume f, — f in L?(0,T; H), fo (t — s)GdL,(t) — z in L*([0,T]; L*(S?) N H), we would like to
check if
lim B(u,)=B(u) in H. (4.26)
n—oo
For this, note first that
H“nl%/ - |u\%/| = [(un, un) — (u,u)

|
= |(unvun)V - (Uvun)V + (u,un)v — (u,u)v|
|

= [(tn, un)v — (w0, un)v| + |(u, un)v — (u, u)v|

IA

|un - u|V|U'n|V + |U|V‘Un — u\v.

Now |u,|y is Cauchy and is therefore bounded. So u,, converges to v in V as n — oo. Then using (2.50)
one deduces that
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|B(un) — B(u)|
= [B(un,un) = B(tn,u) + Bun,u) = Bu,u)| < C(lunlyy + [unlyul + [uffy) = Clulf.
Now analogous to the earlier proof of contraction we have,

| B(un(s)) — B(u(s))ly,

¢ 2

< / S(t — 3)(B(un(s)) — Blu(s)))ds

0 Yr
<e / IB(un(s)) — Blu(s))2ds

0
< clul2VT.

Therefore, B(u,) — B(u) is in L?(0,T; H). Now by the continuity argument again, one has

T T
nl;rr;o S(t — s)B(un(s))ds = /S(t — $)B(u(s))ds,
0 0
and
T T
nhHH;O S(t—s)fu(s)ds = /S(t —s)f(s)ds.
0 0

Combining the above with the assumptions that

lim S(t)uom = S(t)UQ,

n—oo

lim z,(t) = 2(t),

n—oo

one deduces that

lim v, (t) = v(¢),

n—oo

and there exists a solution to (3.16). However, the solution constructed as the limits of w,, leaves open the
possibility that there is more than one limit. So we will now prove u is unique. The idea is analogous to
proving (4.23). Nevertheless we detail as follows. Suppose vy, vo are two solutions of (3.19) with the same
initial condition. Let w = v; — vg, then w satisfies

{@w +vAw = —B(w, z) — B(z,w) — B(w,v1) = B(vz, w), (4.27)

w(0) = 0.

Multiplying (4.27) on both sides with w and integrating against w, using the identities 9|v(t)|> =
2(0w(t),v(t)) again in Temam and (2.48), one gets

O|w|* + 2ww|?, = —2b(w, z,w) — 2b(w, v1, w).
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Since |b(w,w, z)| < Clw||w|v|z]v and |b(w,w,v)| < Clw||w|y|v|v
< Clwllwlv (|zlv + [o1]v).-
Then via usual Young’s inequality with a = \/e|w|y and b = %|w\(|z|v + [vnlv)

elwly
- 2

C
+ 5[l (2 + [orf5r). (4.28)

Therefore, for any € > 0 such that § < 2v, one applies the Gronwall lemma to

C
ol < 5 (1af + B,
and combining with wy = v1,0 — v2,0 = 0, it follows from the Gronwall lemma that

T

WP < O exp | 5[ 1@ +la@R Pt | <oc
0

as fOT |2(t)[3 + |v1(t)|?dt < co. Now, since w(0) = 0, necessarily w(t) must be 0.

It remains to show v € C((0,T;V), as observed from the above energy inequality (4.23). The solution
starts with an initial condition vy € H belonging to L?(0,7; V). This implies that almost everywhere in
(0,T), there must exist a time point € (e < T) such that u(e) € V. Then one may repeat step two onto
another interval [e, 2¢], [2¢, 3€], and soon over the whole [e,00]. Finally we obtain that u € C([e,T]; V) N
L?([e,T); D(A)) for all € > 0. Note that T = oo as implied from the a priori estimate.

In summary, in this section, we have proved:

Lemma 4.4. Assuming that o > 0, z € L}, ([0,00); L4(S?) N H), f € H and vo € H. Then, there exists a

unique solution of (5.20) in the space C(0,T; H)NL*(0,T; V'), which belongs to C(e, T; V)N L} (e, T; D(A))
foralle >0 and T > 0.

Combining Lemma 4.4 with 4.3, we have proved Theorem 3.11.

Remark. Continuous dependence on vy, z and f is implied from the point where local existence and unique-
ness is attained and hence holds also for global solutions.

Remark. The proof of Theorem 3.11 shows that the solution v, starting from vy € H, belongs to V for a.e.
t > to. If we take any t > to such that v(t) € V, the solution is extended over the interval [tg,to + €] and is
found to be in D(A) as well. One may repeat this step over another interval [to+e¢, to+2¢], [to+2¢€, to+3¢€] - - - .
Thus, we obtain that v € C([to +€,00); V) N LE (to + €, D(A)).

Furthermore, provided the noise does not degenerate, based on the condition given in the following, we
obtained the existence and uniqueness results for the solution to the original equation (3.2).
It

S Aoyl < o, (4.29)
l

then by Lemma 3.5 the process z has a version which has left limits and is right continuous in V. Recall
that u; := vy + 2z; and for each T > 0, define
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Zr(w) = oiltlBT |ze(W)]y, w e (4.30)

If (4.29) holds then by Lemma 3.3 we have
EZr < cc.
Hence there exists a measurable set € C € such that P (Qg) = 1 and
Zr(w) < oo, we Q.

Finally, let us study (3.2) for w € Q. Since z(-,w) € D([0,00); V), it is of course z(-,w) € D([0,00); H).
Therefore, by Theorem 3.11, u(-,w) = v(-,w)+2- (w) is the unique caddlag solution to (3.2). So, we extend the
existence theorem of a strong solution for u. Moreover, for w € Qg we find that u(-,w) = v(-,w)+2(-,w) is the
unique solution to (3.2) in D([0, 00); H) N D([0, 00); V) which belongs to D([h,o0); V) N L2 _(h,00); D(A))

loc

for all h > 0. If ug € V, then u € D([h,00); V) N LE ([h,00); D(A)) for all h >0, T > 0.

This completes the proof of Theorem 3.12.

Since the solution is constructed using the Banach Fixed Point Theorem, the continuous dependence on
initial data is implied from the existence-uniqueness proof of a strong solution in the above line. Moreover,
our existence-uniqueness results work naturally when the initial time ¢y € R other than 0.
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