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transform F,(f) cannot both have support of finite measure. The second result states
that the supports of f and F,(f) cannot both be (g, ®)-thin, this extending a result of

I;Zﬂgffgessel transform Shubin, Vakilian and Wolff. As a side result we prove that the dilation of a Co-function
Hankel transform are linearly independent. We also extend Faris’s local uncertainty principle to the Fourier—
Uncertainty principle Bessel transform.
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1. Introduction

The uncertainty principle is an essential restriction in Fourier analysis. Roughly speaking, this principle states that a
function and its Fourier transform cannot be simultaneously well concentrated. There are numerous mathematical formula-
tions for this principle as well as extensions to other transforms (e.g. Fourier type transforms on various types of Lie groups,
other integral transforms ...) and we refer to the book [9] and the surveys [8,4] for further references. Our aim here is
to consider uncertainty principles in which concentration is measured in sense of smallness of the support and when the
transform under consideration is the Fourier-Bessel transform (also known as the Hankel transform). This transform arises
as e.g. a generalization of the Fourier transform of a radial integrable function on Euclidean d-space as well as from the
eigenvalues expansion of a Schrédinger operator.

Let us now be more precise and describe our results. To do so, we need to introduce some notations. Throughout
this paper, o will be a real number, o« > —1/2. For 1 < p < 400, we denote by L} (R*) the Banach space consisting of
measurable functions f on RT equipped with the norm

1/p

I lp = /|f<x>|”dua(x) :
0
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where dug (x) = 2m)*H %241 dx. For f € L} (RT), the Fourier-Bessel (or Hankel) transform is defined by
o
Fa(H)Y) = / F®)jamrxy)duy (),
0
where j, is the Bessel function given by

Jo) 1 & (D" X\
X ’_FHZOM(E) '

Ja®) =

Note that |, is the Bessel function of the first kind and I is the gamma function. The function j, is even and infinitely
differentiable (also entire analytic). One may show that the Fourier-Bessel transform extends to an isometry on Lé R") ie.

”foz(f)“Lé = ||f||L§(

Uncertainty principles for the Fourier-Bessel transform have been considered in various places, e.g. [3,14] for a Heisen-
berg type inequality or [17] for Hardy type uncertainty principles when concentration is measure in terms of fast decay. We
will here concentrate on uncertainty principles where concentration is measured in terms of smallness of support. Our first
result (Proposition 3.1) is a straightforward extension of Faris’s local uncertainty principle to the Fourier-Bessel transform
which compares the Lé—norm of Fo(f) on some set E of finite measure to weighted norms of f (see Proposition 3.1 for
details).

Our main concern here are uncertainty principles of the following type: a function and its Fourier-Bessel transform cannot
both have small support. In other words we are interested in the following adaptation of a well-known notion from Fourier
analysis:

Definition. Let S, ¥ be two measurable subsets of RT. Then

e (S, X) is a weak annihilating pair if, supp f C S and supp 7, (f) C X implies f =0.
e (S, ) is called a strong annihilating pair if there exists C = Cy (S, ¥') such that

”f”]_é < C(”f”Lé(SC) + ||]:0[(f)“L£(2c))v (11)
where A =RT\A. The constant Cy(S, X) will be called the «-annihilation constant of (S, X).

Of course, every strong annihilating pair is also a weak one. There are several examples of the uncertainty principle of
the form (1.1) for the Euclidean Fourier transform. One of them is the Amrein-Berthier theorem [1] which is a quantitative
version of a result due to Benedicks [2] showing that a pair of sets of finite measure is an annihilating pair. It is interesting
to note that, when f e L2(R%) the optimal estimate of C, which depends only on measures |Sy| and |X,|, was obtained
by F. Nazarov [11] (d = 1), while in higher dimension the question is not fully settled unless either S or X is convex (see
the second author’s paper [10] for the best result today). Our first result will be the following adaptation of the Benedicks—
Amrein-Berthier uncertainty principle:

Theorem A. Let S, X be a pair of measurable subsets of R with (14 (S), [t (X) < ~+o0o. Then the pair (S, X) is a strong annihilating
pair.

We will actually show a slightly stronger result, namely that a pair of sets with finite Lebesgue measure is strongly
annihilating. The proof of this theorem is an adaptation of the proof for the Euclidean Fourier transform in [1]. In [1], the
fact that the Fourier transform intertwines translations and modulations plays a key role. This property is no longer available
for the Fourier-Bessel transform but we have been able to replace translations by dilations. As a side result, we prove that
the dilates of a Cp-function are linearly independent.

Another uncertainty principle which is of particular interest to us is the Shubin-Vakilian-Wolff theorem [15, Theo-
rem 2.1], where so-called e-thin sets are considered. The natural notion of e-thin sets for the Fourier-Bessel transform is
the following:

Definition. A set S ¢ R will be called (¢, )-thin if, for 0 < x < 1,
o (SN [X x+1]) < epa(lx, x+11)

and for x > 1,

(5[ ]) <o ([ir s )
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We adapt the proof of [15] to show the following theorem:

Theorem B. If ¢ is small enough and S and X are (&, a)-thin then
”f”]_é < C(”f”]_gt(SC) + ||-7:0l(f) ||L‘21()_7c)),

where C is a constant that depends only on € and «.

The structure of the paper is as follows: in the next section we introduce some further notations as well as some
preliminary results. In Section 3 we prove the local uncertainty inequality for the Fourier-Bessel transform. Section 4 is
devoted to the proof of our Amrein-Berthier-Benedicks type theorem and in Section 5 we conclude with our Shubin-
Vakilian-Wolff type result, Theorem B.

2. Preliminaries
2.1. Generalities

In this section, we will fix some notations. We will denote by |x| and (x, y) the usual norm and scalar product on R¢.
The unit sphere of RY is denoted by S9! and we endow it with the (non-normalized) Lebesgue measure do, that is
r4=1drdo (¢) is the polar decomposition of the Lebesgue measure. The Fourier transform is defined for F e L1(RY) by

F&) = / F(x)e 2T x8) gy,
Rd

Note that ||F|l, = ||F|l, and the definition of the Fourier transform is extended from F € L'RY N L2RY) to L2(RY) in
the usual way. With these normalizations, if F(x) = f(|x|) is a radial function on RY, then F(¢) = Fapp-1(f)(&]). More

generally, if F(x) = Fi(|x|)H(X), Hy a spherical harmonic of degree k (so that F(r¢) = r*F,(r)Hk(¢), r > 0, ¢ € S9=1), then
the Funk-Hecke formula leads to F(s) = 1"Fd/2+k 1(Fr)(|EDHK (&), see [16, Chapter 1V.2] for details.

If Sy is a measurable set in RY, we will write |S,]| for its Lebesgue measure.
For o > —1/2, let us recall the Poisson representation formula

1

Jja®) = ! /(1 sz)acossx ds
¢ EERCEEOY) 1-s2

Therefore, j, is bounded with |j (x)| < jo(0) = m As a consequence,

”fa(f)“oog ”f”L}x (2.2)

29T (@ +1)

Here |.|| is the usual essential supremum norm.
From the well-known asymptotic behavior of the Bessel function, we deduce that there is a constant x, such that

|ja(t)| gK(xt_a_Uz- (2.3)

Further, 7, extends to a unitary operator on Lé, IIfa(f)lng = ||f||L§~ Finally, if 7, (f) € L}X (R™), the inverse Fourier-
Bessel transform, is defined for almost every x by

fx) = / Fa(HHWjaRrxy)die ().
0

Finally, if I is an interval, I = [a,b] C RT then 3I is the interval with the same center as I and “triple” length, 31 =
[a— (b —a),b+ (b—a)]NRT. A simple computation shows that the measure py is doubling: there exists a constant Cg
such that, for every interval I C RT, uq (31) < Co b (D).

2.2. Generalized translations

Following Levitan [5], for any function f € C2(RT) we define the generalized Bessel translation operator

Ty f(X) =u® y), xyeRT,
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as a solution of the following Cauchy problem:

d2+2a+1 4N )= d? ELE N FPRE,
dx? x dx)" Y T gy y dy)t Y

with initial conditions u(x, 0) = f(x) and %u(x, 0) = 0. Here dd—; + 2“;” % is the differential Bessel operator. The solution

of this Cauchy problem can be written out in explicit form:

F'a+1)

T Hy) = m

b1
/f(\/x2 + y2 — 2xy cos 0 ) (sin0)** do. (2.4)
0

By formula (2.4), the operator T¢ can be extended to all functions f € LD(R).
The operator T can be also written by the formula

T;"(f)(y)=/f(t)W(x,y,t)dMa(t),
0

where W (x, y, t) duy (t) is a probability measure and W (x, y, t) is defined by

2739 (@+1) Ax.y. 2!
W, y,t)=1 Jar@+l) o>
0 otherwise

iflx—yl<t<x+y,

where
Ay, 0 =(x+ 2> =) (2 - x—y)?)"?

is the area of the triangle with side length x, y, t. Thus for reasonable functions f, g, we have

/ FONTE @) dita(y) = / ST duta(y). (2.5)
0 0

Further, W (x, y,t) duq(t) is a probability measure, so that for p > 1, |T$ f|P < T¢|f|P thus ||T,‘j‘f|\L5(]R+) < ||f||L5(R+).
The Bessel convolution f x4 g of two reasonable functions f, g is defined by

f*a g(X)=/f(t)T§‘(g)(f)dMa(f)-
0

Then (2.5) reads f xq § = g *¢ f. It is also well known that for 2 > 0, T¢ jo (A.)(¥) = ju (AX) jo (Ay). Therefore,
Fa(TE F) W) = jaRrxy) Fo (H)(Y)
and
Fo(f xa 8)(%) = Fo (f) (%) Fu () X).
Note also that if f is supported in [0, b] then Ty f is supported in [0, b + x].

2.3. Linear independence of dilates

In this section we will prove that the dilation of a Cp-function are linearly independent, this result may be of independent
interest and plays a key role in the proof of Theorem 4.3. Let us first introduce the dilation operator §, A > 0, defined by:

X

51 () = #f(x).

It is interest to notice that Fyd; =81 Fy.
A
We may now prove the following lemma which is inspired by a similar result in [6] for translations.

Lemma 2.1. Any non-zero continuous function on [0, +00) such that limy_, o f (x) = 0 has linearly independent dilates.
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Proof. Suppose that there are some distinct elements A1, ..., A, € RT\{0} and scalars c1, ..., ¢; € C satisfying

n X
éckf<A—k) =0. (2.6)

Assume towards a contradiction that one of the scalars ¢, is non-zero. Write x = 5 and )\17 = eMk with g, s € R. Then
Eq. (2.6) is equivalent to

> g +s) =0, 2.7)
k=1

where g(x) = f(e¥) is a continuous bounded function on R and limy—, 4 g(x) = 0. We will denote by g the distributional
Fourier transform of g. Note that, as g is bounded, g is a distribution of order 0.
The distributional Fourier transform of Eq. (2.7) implies

n
($aemnico

k=1

As > i cxe2™ S s an entire function, its zero set is discrete, therefore g has a discrete support. Assume sg € supp g,
and let n > 0 be such that ]so — 77,50 + [ N supp & = {so}. Let ¢ € C>°(R) with support in [sg — 1, so + n[ and such that
@ =1on Isp — n/2,s0 + 1n/2[. Then g¢ is a distribution of order 0 such that supp g¢ = {so}. It follows that g¢ = cds, for
some c € C. But then g ¢ = ce?75! where ¢ is the inverse Fourier transform of ¢. As ¢ € S(R), one easily checks that
lim¢—, 400 g(t) = 0 implies that limy—, 100 g * ¢(x) = 0, thus ¢ = 0. It follows that supp & = @ which implies f =0. O

3. Local uncertainty inequalities

Heisenberg's inequality for the Fourier-Bessel transform has been established in [14] as follows:
16112 [xFa (5] 12 = (@ + DIFIIE,.-

It says that if f is highly localized, then F, (f) cannot be concentrated near a single point, but it does not preclude F(f)
from being concentrated in a small neighborhood or more widely separated points. In fact, the latter phenomenon cannot
occur either, and it is the object of local uncertainty inequality to make this precise. The first such inequalities for the
Fourier transform were obtained by Faris [7], and they were subsequently sharpened and generalized by Price [12,13]. The
corresponding result for the Fourier-Bessel transform is given in the following proposition:

Proposition 3.1.

(1) If0 <s <a + 1, there is a constant K = K(s, ) such that for every f € fo (RT) and every measurable set E C R of finite
measure [Ly (E) < 400,

[7ath) 3, < Kla B £z (338)

(2) If s > a + 1, there is a constant K’ = K'(s, &) such that for every f € Lé (R*) and every measurable set E C R of finite measure
Ma(E) <00,

_
|FaH iz ey < K'aE)2I5

a+1)
|

irs 39)
7 |

Proof. As for the first part take r > 0 and let x; = X{x: o<x<r} and Xr =1 — x,. We may then write
[Fa D2 = [ Fa Dtz < 1 FalE 0 ls + | Falf T2

hence, it follows from Plancherel’s theorem that
| Fa D) 2.6y < ma B2 [ Fa(f x| o + 1 Zrl 2

Now

—s
llx Xr”Lg(

1
H a(er)”oo 2“F(a+1)||fxr”L‘l)‘ 200+ 1)

= a1

£z
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with a, = % On the other hand,
1F 7l < [x %l X F 2 =% f 12
so that

Fa iy < (7 + 0 5B 2) £ .

The desired result is obtained by minimizing the right hand side of that inequality over r > 0.

As for the second part we write
o (E)

a5 Tz 6y < D, < e i M
Moreover
oo 2
||f||f3x = (/(1 +x2s)1/2|f(x)|(l +x23)71/2 dua(x)> ,

0

by the Cauchy-Schwartz inequality, we have

Ood . o0
112, < (/ ]iif))(/u +xzs)|f(x)|zdﬂa(x)>
0 0

[ dita®) .
=(/ ]ixii>[nfnig+||x 7l

0

Replacing f(x) by f(rx), r > 0, in the last inequality gives

00
d
”f”ill < <f IILO[(X))|:r2(0‘+1)||f”ié +r2(a+175) ||Xsf||ig(:|7

1+ x%
0

the desired result is obtained by minimizing the right hand side of that inequality over r > 0.

An easy computation shows that this proof gives

K(s,a) =

a+1
a—+1 ag(ax+1-—5) o
a+1-—s S

_ 1 atl-s 00 dpa(®)11/2
and K'(s,@) = s lam G — 1D ¢ x Jo s | 2. o

4. Pairs of sets of finite measure are strongly annihilating

In this section we will show that, if S and X have finite measure, then the pair (S, X) is strongly annihilating. Before
proving the general case, let us first notice that if ¢ is a positive half-integer, this can be obtained by transferring the result
for the Euclidean Fourier transform established in [10] ([11] for d = 1). Indeed there exists c4 such that, for Sq, X4 c R? of

finite Lebesgue measure, and F € L2(RY),

IF N2 gay < cae“N = (1 F | 2sc) + 1 Fllp2 e )-
If we define S and X as
Sq= {xe]Rd: x| €S} and X4= {xeRd: x| € £},

then for every function f € Lﬁ /2_1(R+), there exists ¢ such that

Cidj2—1(S)Mdj2-1(%)
||f||L§/271 g ce 2 Hdj2-1 (||f||L§/271(SC) + H]:d/z_l(f)||L§/271(ZC))'

Remark. It is conjectured that the constant cge®/Sa/l¥dl in (4.10) may be replaced by cgecd(ISallZah"

not radial sets.

(4.10)

(411)

even when Sy, Xy are



S. Ghobber, P. Jaming / J. Math. Anal. Appl. 377 (2011) 501-515 507

We will now consider the general case where o > —1/2. We will still show that if S and ¥ have finite measure then
the pair (S, X) is strongly annihilating. Unfortunately a precise estimate like (4.11) still eludes us unless g (S)ue(X) is
small enough (see Lemma 4.2). In order to prove that the pair (S, X) is strongly annihilating, we will use an abstract result
for [9, L.1.1.A, p. 88], for which we need the following notations.

We consider a pair of orthogonal projections on L(zy(]RJr) defined by

Esf=xsf, Fa(Fs )= xzFu(f),

where S and ¥ are measurable subsets of Rt.

Lemma 4.1. Let S and X be measurable subsets of R*. Then the following assertions are equivalent:

(1) IFxEs|l < 1;
(2) There exists a constant D(S, X) such that for all f € L(ZX(R*) supported in S

1fllz < DS, 2)[IFse fl2:
(3) (S, X) is a strongly annihilating pair i.e.: there exists a constant C(S, X') such that for all f € L(ZX(R+)
1fllz < CS. 2)(IEse fllz + IFsefllz)-

Moreover one may take D(S, ) = (1 — |FxEs|)"' and C(S, £) =1+ D(S, X).

Proof. For sake of completeness let us recall the proof of (1) = (2) = (3), which is the only fact needed in this paper.
Suppose f is supported in S. Then
IFsfll=1FsEsflIl <IFsEsllIfllz-
It follows that
IFsefllz > 1z = IFsfllz > (1= IFsEsI)Ifllz.

Hence, if |[FxEs| <1, then
-1
Ifllz < (1= IFsEsl) ™ IFzefll2.

Let us now show the second implication. Let f € L(z)l(RJr), then

Iz <UEsfllz +1Es fl2
D(S, D)IFgcEsfllz + IIEsc fll 2
=D(S, X)|[Fxe(f = Esc )| ;3 + 1Ese fll 2

<D(S, D)[Fge fllz +D(S, D) FscEse fllz + I Ese fll 2

NN

Since ||Fch5cf||Lé < ||E5cf||Lé, we obtain
1Flz < (14 D(S. ) (IEse fll2 + IFxefll ). (412)

as claimed. O

Unfortunately, showing that |FxEs| < 1 is in general difficult. However, the Hilbert-Schmidt norm ||.||gs is much easier
to compute. In our case, we have the following lemma:

Lemma 4.2. Let S and X be a pair of measurable subsets of R™ with finite Lebesgue measure. Then

IFsEslins < Kay/27|S| 2|

where Kk, is a numerical constant that depends only on « given by (2.3).
In particular, if |S| 2| < k2, then for any f € LZ(R™Y),

£l < (1 + IEsfllz + IFsefl2). (413)

1
1—me)(
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Proof. The second part of the lemma follows immediately from the fact that |[FxEs|| < ||[FsEs||ys.
Since | X| < 40 it follows from (2.3) that, for every x > 0, j, 2mx)xx € Lgl (R*). A straightforward computation shows
that Fx Es is an integral operator with kernel

N, y) = Fo (X5 ja@rx))(¥) X5 (). (4.14)
From Plancherel’s theorem, we deduce that

o0

IIF):Esllfg:/|X5(X)|2</!Ta(X):J'a(ZﬂX~))(y)|2dMa()’)) dpte (%)
0

0

= f |X5(X)|2( f |x;(y)!2|ja<2nxy>|2dua(y)) djte (%)
0 0

= (2m)%t? / / Xs (0 x5 )] ja Qx| (xy)>*H! dxdy
00

<2mi|S|| 2|

using (2.3). O
Let us now be more general, set « > —1/2 and S, ¥ two measurable subsets of finite measure.

Theorem 4.3. Let S, X be a pair of measurable subsets of R™ with 0 < |S|, | X | < 4o0c. Then the pair (S, X) is a strong annihilating
pair.

Remark. Let S be a measurable subset of R*. Using Holder’s inequality one easily shows that, for every & > 0 there is a
constant C = C(«x, €) depending only on « and ¢ such that the Lebesgue measure |S| satisfies

IS|<14C Tt
< eMq(S) 2270, (4.15)

In particular, Theorem A from the Introduction follows directly from Theorem 4.3.
Note that the proof below will not give any estimate on the «-annihilation constant of (S, X).

Proof of Theorem 4.3. According to [9, .1.3.2.A, p. 90], if FxEs is compact (in particular if FxEs is Hilbert-Schmidt), then
if (S, X) is a weak annihilating pair, it is also a strong annihilating pair. Let us now show that if 0 < |S|, | ¥| < 400, then
(S, X) is a weak annihilating pair.

In order to do so, let us introduce some further notations. We will write Es N Fx for the orthogonal projection onto the
intersection of the ranges of Es and Fy and we denote by ImT the range of linear operator T.

We will need the following elementary fact on Hilbert-Schmidt operators:

dim(ImEs NImFx) = ||[Es N Fx |35 < IFsEs|l#s.

As S and X have finite measure then according to Lemma 4.2 we deduce that

dim(ImEs NIm Fx) < |FsEs||%s < +o0. (4.16)

Assume towards a contradiction that there exists fo # 0 such that Sg :=supp fo and Xy := supp F, (fo) have both finite
measure 0 < |Sgl, | Xo| < +o00.
Let S; be a measurable subset of R of finite Lebesgue measure such that So C S1. Since for A > 0,

1S1UASol = 1 X250 = Xs: T2y + (X050 Xs1) 24

the function A+ |S1 U ASp| is continuous on (0, +00). From this, one easily deduces that, there exists an infinite sequence
of distinct numbers (Aj);;og C (0, c0) with Ag =1, such that, if we denote by S = U;;Og AjSo and ¥ = U};og AljZJo,
[S] <2[Sol, | 2] <20
We next define f; = 8y, fo, so that supp f; = 1;So. Since Fy(fi) =81 Fu(fo), we have supp Fy(fi) = %{,20.
A

As supp F,(fo) has finite measure, fo is continuous on Rt and fo(x) — 0 when x — +o0. It follows from Lemma 2.1
that (f;){2, are linearly independent vectors belonging to Im Es NIm Fx, which contradicts (4.16). O
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Corollary 4.4. Let S, X be a pair of measurable subsets of Rt with 0 < |S|,|X| < +oco and let Sq = {x e R%: |x] € S}, T4 =
{€ e RY: |&| € ). Then the pair (Sq, X4) is a weak annihilating pair for the Fourier transform: if F € L2(RY) is such that supp F C Sq
and supp F C Xy, then F =0.

Proof. We may write, for almost all r > 0

F(re) =Y Fi(Mr*Hi(@)

k>0

where Hg(¢) is a spherical harmonic polynomial of degree k and the series converges in the L2(R%) sense. As

RO @) = [ Froz.0 o)
gd-1
with Zj the zonal polynomial of degree k, Fy is supported in S. Moreover, the Funk-Hecke formula gives

Fro) =Y i Fapp i [FI O Hi(©)

k>0

so that Fy/24k—1[F](r) is supported in X. As (S, ¥) is annihilating for Fy/24¢—1 Fx =0 for all k, thus F=0. O

Remark. We do not know whether Sy, Xy is a strong annihilating pair. Indeed, the proof above appealed to Fourier-Bessel
transforms of various exponents. To prove that (Sy4, Xy) is a strong annihilating pair this way, we would need to prove that
(S, X) is a strong annihilating pair for each F4/51¢—1, k=0, 1, ..., with annihilation constants Cg/24¢—1(S, X') independent
of k.

Moreover, let us denote by vy(r¢) =drdo (¢), r > 0 and o € S~!, which should be compared to the Lebesgue measure
rd=1drdo (¢). It is also natural to conjecture that if Sq, ¥y C R? are such that vg(Sy), v4(Zg) < +o0o then (Sq, Xy) is a weak
annihilating pair for the Fourier transform.

5. Aresult on &-thin sets
5.1. &-Thin sets

Results in this section are inspired by the ones of Shubin, Vakilian and Wolff who proved in [15] that pairs of e-thin
sets are strongly annihilating for the Euclidean Fourier transform. To be more precise, let 0 < ¢ <1 and let us define
p(x) =min(1, |x|~1). A measurable set S C R? is said to be e-thin if, for every x € R%, |S N B(x, p(x))| < £|B(x, p(x))|. Then

Theorem (Shubin-Vakilian-Wolff). (See [15, Theorem 2.1].) There exists &g such that, for every 0 < & < &g there is a constant C =
C(e) such that, if S, ¥ c RY are e-thin, then, for every f € L2(RY),

1flli2gray < C(If iasey + 1 Fll2esey)-

We will now adapt this result to the Fourier-Bessel transform. In order to do so, we first need to define an appropriate
notion of e-thin sets for the measure .. We want that the notion which we introduce coincides with the notion of ¢-thin
radial sets when o« =d/2 — 1.

Let us write Cr, r, = {x € RY: 1y < x| <12

Now, take S ={r¢: re So,¢ € S%=11 be a radial subset of R? that is e-thin and let us see how the fact that S is e-thin
translates on Sp.

First, let r > 2. Let {xj}jc; be a maximal subset of Cy r11/r such that |xj — x,| > min(p(x;), p(x¢)). Then the B(x;, p(x;))
cover Crry1/r. Moreover, it is easy to check that, if y € B(x, p(x)) then C1p(x) < p(y) < Cp(x). It follows that there is a
constant Cq > 1 such that the balls B(x;, Cd’1p(xj)) are disjoint. But then

SO Crraayrl < YISO B(xj, px)| <& Y _[B(xj, p(x))]
<Ke ) |B(xj, Cg' p(x)| < KelCrotjarrrayel-
This can be rewritten in terms of (4,51 as

tda—1(So N [r,r+1/r]) < Kepapp—1(r — 1/2r,r 4 2/r1) < Kepgo—a ([r — 1/r,r+1/r])

since the measure j is doubling.
A similar argument leads also to

td2—1(SoN[r,r+1]) < Kepgp_1([r,r+11)
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for r <1, where K is a constant that depends only of «. This leads us to introduce the definition of (¢, r)-thin sets given
in the Introduction. For the convenience of the reader, let us recall it:
Definition. Let £ € (0, 1) and o > —1/2. A set SCR™ is (¢, a)-thin if, for 0 <x < 1,
Me (SN[, x4+ 1]) < et ([, X+ 1])
and for x > 2,

(5[ 2]) <o ([ir s )

We will need the following simple lemma concerning those sets:

Lemma 5.1. Let ¢ € (0,1) and @ > —1/2 and let S C R* be (&, «)-thin. Then, there is a constant C depending only on « such that, if
a>1andb—a> 1 aresuch that

Ia (S Nla,bl) < Cepq(la, bl)
while for b > 1,
Mo (S N0, b]) < Cepa ([0, b]).

Proof. For a > 1, we define the sequence (a;j)j>0 by ap=a and aj1 =a; + —j It is easily seen that (a;) is increasing and

aj — +oo. Thus there exists n such that a; <b < apyq. Note that b > a + 1/a =ay thus n > 1. Further apy1 =ap + 1/a, <
b+1/a<b+b—a thus uy([a, ant+1]) < Co e ([a, b]). It follows that

Ia (S N (a, b]) Zua SNlaj,ajs1]) eZua laj.aj1])
j=0 j=0

= e/ta([a, ani1]) < Catpo(la, b]).
On the other hand, if b > 2 then b > 1+ 1/1 so that
Ie(S N0, b]) = pa(S N0, 11) + pa (S N [1,b]) < ea ([0, 1]) + Cagpa([1,b]) < (1+ Ca)elta([0, b))
according to the first part of the proof. For 1 <b <2,
1o (S N10,b1) < pta (S N 10, 21) < £124 (10, 21) < Catpta ([0, b1)

which gives the second part of the lemma. O

Remark. We will need the following computations. If r/x < x then

X+1/X

2
(he ([x _ :—< X+ £]> = )2t / 20+ dr < (27)2 ! ?r(x 1 /x)2et

X—r/X
< (@m) e, (517)

On the other hand, for r/x > x/2 a similar computation shows that

r r 2a+2
ua<|:0,x+—:|> < (18n)“+1(—) . (5.18)
X X

Example. It should be noted that a measurable subset (¢, a)-thin may not be of finite Lebesgue measure.
Let €€ (0,1), keNand S = Uk>106 [k, k + 7z so that |S| = +oo. Moreover if the constant c is large enough then S is

(¢, a)-thin. Indeed if SN[x,x + X] # () then there exists an integer k such that x ~ k and

1 &€ 1
s i) =mo([ers G5
<® <o ([xre 1))
c X

if ¢ is large enough.
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5.2. Pairs of e-thin sets are strongly annihilating

We are now in a position to prove the following uncertainty principle in the spirit of [15, Theorem 2.1].

Theorem 5.2. Let o« > —1/2. There exists €g such that, for every 0 < € < &g, there exists a positive constant C such that if S and X
are (g, )-thin sets in R* then for any f € L2(R™)

”f”L‘Zx < C(”f”Lg,(SC) + ||-7:a(f) ||L§(Z‘C))‘ (519)

Proof. In this proof, we construct two bounded integral operators K and L such that K + L = I. Moreover KEs and FxL are
bounded operators on fo (R*) with

IKEs| < CivE,  ||FsL| < Cave.

From such a situation, the uncertainty principle can be easily derived. As
IFsEs| = |Fs(L+K)Es| <IFsL| + [KEs],

then
IFsEs| < (C1+C2)Ve.

Now if € <gg = using Lemma 4.1, we obtain the desired result

1
(C14C2)?’

1 >(
&

1=ys

Now we will show how to construct a pair of such operators K and L via a Littlewood-Paley type decomposition. To
do so, we fix a real-valued Schwartz function ¥ : R™ — R with 0 < < 1, supp o C [0,2] and ¥9=1 on [0, 1] and let
¢ = Fo(Yo). Note that ¢ is also in the Schwartz class. . ‘ .

Next, for j > 1 an integer, we define y; by ¥;(x) = Yo7 /x) — Yo(27i*1x) so that Yi(x) =y (2=/+1x). Note that
¥l = 22@ADG=D) |4y s I1¥jlleo <1, suppyj C [2-1,2J+1 for j>1 and Y Rovi=1.

Finally, for j € N we let ¢;(x) =22@*DJ¢2/x). Thus |$;ll;1 = 19,1, Fa (@) (E) = Fa(@)(2778), supp Fa(¢)) C[0,2/11]
and Fy(¢j) =1 on [0, 27].

Define now the operators K and L on L?x (R™) in the following way:

1£l2 < (1 + IEse fll2 + IF e fll2)-

+o0
Kf =Y vj(@)*a f) (5.20)
j=0
and
+o0
LF = "i(f — ¢ *a ). (5.21)
j=0

Note that the series in (5.20) and (5.21) converge pointwise since they have at most three nonvanishing terms at a given
point. It is also clear that Kf + Lf = f. Further, K is given by an integral kernel:

+00

Kf(x) = / A, y) f(y)dpa(y)
0
where
+0o0
A Y) =Y YTy i) (5.22)
j=0
We also have
+00

FaLf)(x) = / Bx, ) Fu(f)(¥)dpe(y)

0
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where
+00
B, y) =Y T¢FaWp(1 = Fulpp)(y). (5.23)
j=0
Notice that
+00 too
B, y) =Y T¢FaWpW(1 = Fal@p ) =D T¢Fa(Wp) D vi(y)
j=0 j=0 k>j
+00 k-1 +00
= W Y TEFaWHW =Y T b1 (). (5.24)
k=1 j=0 k=1

This has the same shape as A(y, x).
The remaining of the proof consists in two lemmas. We will first show that K and L are bounded. This will then be used
to show that

IKEs| <Cive,  [IFsLl < Cav/e,

if S and X are (&, )-thin.
To show that K and L are bounded operators on Lé (RT). It will suffice to prove the following lemma related to Schur’s
test:

Lemma 5.3. The kernel A satisfies the following bounds:

+00
sup / |Ax, y)|dua(y) < C (5.25)
0
and
+00
sup [ [Acx. )| duato <c. (5.26)
0

where C is an absolute constant.
The same bound holds for B.

Proof. Formula (5.25) follows from the fact that for a fixed x the sum in (5.22) contains at most three nonvanishing terms,
¥jlloo <1 and ||¢jll;1, = ¢l - Therefore,

+o0

sup / |AX, y)| dpta (v) <3¢l -
X
0
Fix y and note that there are at most three values of j such that dist(y, supp ;) < 1. Call this set of j's P. We have

+00 +00
/ |AK, )| dpa ) <3Nl + Y / [y (0| | Ty (0 | dite (x).
0 i¢P o

Since ¢ is a Schwartz function we have

¢j(t) < C22@+DI(q 4 2Jg) o@D

and, for t > 1,
¢;(6) < c27 4D,
Let x>0 and j ¢ P such that v(x) # 0. Since
x+y
Ty¢j(x) = f P OW (Y, x, ) dde (1)
[x=yI
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and t > [x— y| > 1 then

X+y

|T%¢j(x)| < c27H@ D] / W (y, x, t) djig (t) = C274@+DJ,
[x=yI
Hence
+o00
> [ 156,000 duatn < € 24 Dy,
igP >0

from which we deduce
+00
sup / |AG, y)| dpta () < 3llly +C Y 272Dy ||
y y
0 j=0

which completes the proof for A. According to (5.24), A and B have the same “shape”, the proof immediately adapts
to B. O

Using Schur’s test, it follows that K and L are bounded operators on L(zx.
Now we will show that there are constants C1, C; > 0 such that

IKEsfllz <Civelflz

and

IFsLfll2 < Cav/ell fll 2.

Using again Schur’s test, it will suffice to prove the following lemma:

Lemma 5.4. If S and X are (&, oo)-thin sets, then

SLleflA(x, y)|die(y) < Ce (5.27)
S

and

sup / |B(x. y)|duqa (x) < Ce. (5.28)
y
X

Proof. By identity (5.24) it will suffice to prove (5.27). We want to estimate

[1acnlduan < ¥ [l 156,00] dua o)
S

i>0%

There are at most three values of j such that vj(x) # 0, so it will suffice to prove

/|T$‘¢j(><)|dua(y) < Ce. (5.29)
S

Fix x and let j be such that ¥(x) # 0. Then 2i=1 < x < 2/+1. We will write C for a constant that depends only on « and
that may change from line to line. '
Let us explain the method of computation when replacing ¢ by x[o.1). Then |¢;(t)| = 22Dy, (). Moreover

b1
TS ¢j(x)| < /|¢j(\/X2 + y2 — 2xy cosd)|(sin6)** do
0

m
< 22@H D) f ’X[o,z—j](\/xz + y% — 2xy cos)(sin 0)%* do.
0
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Note that if

X+ y2 —2xycosf = (x — y)2 + 4xy sin2(9/2) <272,
then

Ix—y| <27/ and 9] <2720*D,

Therefore
2-20+D)
T2, 00| < 22D / 02 4o < C22@HDI 5 2-2Ca+D(+D) ¢ cp-2a).
0

It follows that

/ITﬁ‘d)j(X)l dia (y) = / TS ()| dite ()
S

SMlx—§.x+%]

. 1 1 .
<272y, <s N [x —— X+ fD < Ce272%0x%™ L Ce.
X X
As ¢ is a Schwartz function, then
PO <Cn Y 27N xj0(0),

k>0

where N is a large integer. Then

b/

[T56j(0)| < Cy22@tDIy 2k / X[0,2-] (\/ X2+ y2 — 2xy cos 0 ) (sin6)** do.
k>0 0

Now, if the integral on the right hand side is non zero, then x2 + y2 — 2xy cosf := (x — y)2 + 4xy sin®(0/2) < 22¥~2J, This

implies that |x— y| <2¢ T ie. ye[x— 2, x+ % ]mR+ Further, for k < j we also have |§] < C2k~2J so that
b C2k=2i
f X[0.2¢-1] x2 + y2 —2xy cosd)(sin0)** do < / 6% dp < C2Ca+DE=2))
0

For k > j, we will use the straightforward inequality
b1
f X[O72k7j](\/xz + y2 — 2xy cos 6 ) (sin6)** do < C.
0
It follows that

[Tygse0 < cyad 37 27Ny @)
0<k<j
+CN22<‘”1>122*’<N Ko ) ), (5.30)
k>j

where a; = max(0, a). Note that, since 27T < x < 20 x— 2X_’< >0 as long as k < 2j — 2. From (5.30) we deduce that

2k 2k
/|T°‘¢,(x)|dua(y) Cn272%) Y~ ptkiN=2emly,, <sm[x—7 X+ ])

0<k<j
. 2k 2k
+Cy22@thi N 2*"”;@(50 [(x— —) X+ —D
j<k<2j-2 X+ X
) 2k
k>2j-1 X

=Cn(Z1+ 22+ X3).
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Using (5.17), the first sum is simply estimated as follows:
E_l g C2—2(¥jx20( Z 2—k(N—20{—2)8 < C Zz—k(N—Za—Z)g g C8
0<k<j k>0

provided we take N > 2o + 2.
For the second sum, we appeal again to (5.17) and write

¥, < C2W4at2) Z 2 k(N-Dg < ¢
jsk<2j

provided we take N > 4« + 3, while for the last sum we use (5.18) to get

Z 27’(N22(Ol+1)k€ < Ce.
k>2j

22(0(+1)j

B <oy

The proof of (5.28) is similar. O
This completes the proof Theorem 5.2. O

Remark. It would be interesting to obtain more precise quantitative estimates of the constants C(S, X') in Theorems 4.3
and 5.2. In a forthcoming work, we will obtain such an estimate in the case S =[0,a] is an interval and ¥ is (&, o)-thin
with 0 < & < 1 arbitrary. This estimate takes the form ||FxE[oqll < fa(¢) where fz(¢) — 0 as € — 0.! Note that this allows
to extend Theorem 5.2 to sets S, X of the form S = SgUS, ¥ = YgU X where Sg C [0,a], X9 C [0,b] and S, C [a, +00),
Y~ C [b, +00) are e-thin.

Indeed, FxEs = FxyEs, + Fsx Es, + Fx,Es,, + FxEs,. Now, according to Theorem 4.3, ||Fx,Es,|l < 1. Further,
IFs Esoll + IFs,Es Il < fa(€) + fo(e) > 0 as € — 0 and ||Fy_Es_ || < C4/€, according to (the proof of) Theorem 5.2.
It follows that, if ¢ is small enough, then ||FxEs| <1 so that (S, X) is still a strong annihilating pair.
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