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1. Introduction

Consider a scalar conservation law with second order viscosity in one dimension
ue + fw)x = (bwuy),, (1)

where f,be C%, b>0, and (x,t) € R x [0, +00). Suppose that the triple (u,u_,s) € R3, with u_ # u, (without loss of
generality, we take u, < u_), constitutes a generalized shock front [16], namely, a weak solution of form

u_, x—st<0,
Uy, X—st>0,

ulx,t)y = [
to the underlying inviscid conservation law
us+ f(wx =0,
which satisfies both the Rankine-Hugoniot jump condition,
—s(uy —u_) + f(uy) — fu_) =0,
and the generalized entropy condition [17],
—s(u—u_)+ f(u)— f(u-) <0, forallue (uy,u_).
This paper studies traveling wave solutions (shock profiles) to Eq. (1) of form u(x, t) = u(x — st), where u satisfies
(b@') = f@ —si,

u)—ug, asé— too.
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Here, ' = d/d¢ denotes differentiation with respect to the moving (galilean) variable & := x — st, and s is the shock speed. In
this paper we assume that the flux function u — f(u) changes its convexity in u € (uy,u_), a hypothesis which allows us
to consider sonic (or degenerate) shocks, namely, waves whose speed matches one of the characteristic speeds with s = f'(u)
or s= f'(u_).

Sonic shocks appear in more complicated systems, for example, for sonic Chapman-Jouguet waves in combustion the-
ory [3], for which the scalar case considered here can be loosely regarded as a toy model; see [12,28,18] for an (unabridged)
survey on the topic. From the mathematical point of view, sonic shocks can also be regarded as a boundary case between
classical shocks and undercompressive waves in the sense of Freistiihler [4].

Motivated by such considerations, during the mid-90’s there appeared some works on the stability of scalar degenerate
shock profiles [22,23,25,21]. The first result, due to Mei [22], used the energy method of Goodman [6] and Matsumura-
Nishihara [20], under the special assumption of only one inflection point for the flux function f. The seminal work of
Matsumura and Nishihara [21] introduced a suitable, asymmetric weight function, not bounded on the sonic side, which ac-
commodates properly on the compressive side, yielding the right sign in the energy estimates (see, for example, Remark 1.4
below). Their work provides stability under decaying data, with decay rates in L*° spaces, which are not sharp. Later on,
their weight function was used in other contexts, such as multi-dimensional equations [25], exponentially decaying initial
perturbations [23], and 2 x 2 systems [1]. All these works have in common the use of energy methods, yielding not so sharp
decay rates in L°° spaces, and are restricted to zero-mass perturbations.

During the early years of the last decade, Howard introduced a different approach [11,12], generalizing the methods in-
troduced by Howard and Zumbrun [9,10,31] for classical shocks. Howard’s analysis follows pointwise bounds on the Green’s
function for the linearized operator around the wave. Such bounds arise from a suitable construction of the resolvent kernel
of the linear operator (from which the Green’s function can be retrieved from Laplace inversion formulae), sharp ODE esti-
mates, and under the assumption of spectral stability (or Evans function condition), which is also proved to hold. In [12], the
analysis applies to zero-mass perturbations and the integrated operator, whereas [11] treats the general case. These methods
offered more information on the asymptotic behavior of such waves than energy methods, yielding sharper decay rates in
all LP spaces, with p > 1 (by a factor t—'/2logt in the case of zero-mass perturbations; see [12] for details), accommodating
slower decaying data. The application of the pointwise Green’s function method is, however, much more complicated than
in the classical shock case, due to the fact that degenerate profiles decay algebraically, in contrast to the exponential decay
of Laxian shocks. This makes the Evans function non-analytic near A = 0. Thus, the standard estimates must be replaced by
difficult and very technical ODE estimates. Although technically impressive and flexible, such estimations are very hard. We
also note that these methods apply to shocks of order of degeneracy equal to one, and have been extrapolated to the 2 x 2
systems case [14,13].

The purpose of this contribution is simply to observe that sharper decay rates for zero-mass perturbations of vis-
cous degenerate shocks can be obtained using energy methods and interpolation inequalities. This analysis retrieves the
Matsumura-Nishihara weight function, and extends their energy estimates to LP spaces, with 2 < p < +o0. The main obser-
vation is perhaps the combination of basic estimates with interpolation inequalities of Nash-type (see [2,24]), to get sharp
decay rates for the integral of the perturbation (which is assumed to have zero-mass). This general principle, extrapolable
to multi-dimensions, is explained in Section 3 below. This sharp decay rate for the integrated variable representing the per-
turbation is then used to establish decay rates of the derivatives. This work follows the general LP-method of Kawashima
et al. [15], introduced in the context of non-compressive, rarefaction-type waves (see also the recent related LP-stability
analysis for degenerate waves on half spaces [30]). In contrast with these last two works, however, our analysis uses in-
terpolation inequalities directly to obtain decay rates for the integrated variable. The method is elementary and applies to
shocks of all orders of degeneracy.

Before making precise the statement of the main result, we have to make some preliminary observations.

1.1. Normalizations

By translation invariance and without loss of generality, we normalize the flux function f such that the profile is sta-
tionary (i.e. s =0), obeying the equation

b(@)ii, = f(1). (2)

This is accomplished by taking the change of coordinates x — x — st, and by normalizing f — f(u) — su + ¢, where ¢ =
sut — f(uy) is a constant. Consequently, f(u+) =0 and f(ii(-)) € L>(R). The latter is a standard normalization in stability
analyses (see, e.g., [7,19]). Therefore, and without loss of generality, we summarize our assumptions as follows:

f.beC? b>0, (regularityand positive diffusion), (A1)
f(w_)= f(uy)=0, (Rankine-Hugoniot condition), (A2)
fw) <0 forallue (uy,u_), (generalized entropy condition). (A3)

Remark 1.1. It is well-known [17] that entropy condition (A3) reduces to Lax entropy condition f’(uy) <0 < f’(u_) when
the mode is strictly convex, i.e., when f” > 0. Otherwise, the generalized entropy condition (A3) implies the non-strict
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condition f’(uy) <0< f'(u_), which allows sonic waves with f’(u;) =0 or f’(u_)=0. For concreteness, we shall con-
sider for the rest of the paper that the shock is sonic on the positive side, namely, that f’(u;) = 0. Whence, we rewrite
assumption (A3) as

fw) <0, Yue(uy,u_), and, f'(uy)=0< f'(u_). (A3")
1.2. Existence and structure of profiles
It is well-known [29,21,5] that, under assumptions (A1) to (A3’), traveling wave solutions to (1) exist.
Proposition 1.2. Under (A1)-(A3’), let us define
0:= min{k eZ*: dk—f(u+) £ O} >1,
duk

as the degree of degeneracy of the shock. Then there exists a traveling wave solution u of (2) with u(400) = u., unique up to transla-
tions. Moreover, U is monotone decreasing, iy < 0, and u and its derivatives decay as

|07 (F(0) —u_)| < ce~e,
|0 (@) —uy)[ < C =7, (3)

for j=0,1, 2, some uniform C > 0, and all x € R.

Proof. See, e.g., Howard [12, Section 2]. O

Remark 1.3. Observe that, as a by-product of the existence result, the profile decays algebraically on the sonic side.
1.3. Perturbation equations

Let i1(x) be the stationary profile satisfying (2) and (3), under assumptions (A1)-(A3’). Since any translate of the traveling
wave is also a solution, the most we can expect is orbital stability, or the property that a solution initially near u(x) will
approach to a translate ui(x —8) as t — +oo, with § € R uniquely determined by the mass carried by the initial perturbation

mo = /(uo(x) —u(x))dx.
R

We shall restrict our analysis to the class of perturbations with zero-mass, and choose § such that

/(uo(x) —ii(x—8))dx=0.

R
This choice allows us to write the perturbation as

u(x,t) —u(x—38) =vx(x,t), (4)
for some function v(-,t) in L2, i.e., we are able to integrate the equation [6,8]. We suppose, without loss of generality, that

8 =0, yielding the condition

/(uo(x) —u(x))dx=0. (5)
R
In view of last observations, substitute now u(x, t) = vy(x, t) + tu(x) into (1) to obtain

Vae + f(Vx + i)y = (b(vy + 1) (Ve + i) - (6)
Integrating in (—o0, x) we get the integrated equation for the perturbation

Ve+ f(vx 4+ 1) =b(vx + 1) (Vax + Ux),
which, in view of the profile equation (2), can be recast as

Ve =b(U) vy —a(x)vy + F, (7)
with

a(x) := f'(i) — b(i)y, (8)
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and where

Fi=—(f(vx+) — f@ — f'@vx) + (b(vx + 1) — (@) — b' (@) V) (lx + Vax) + +b' (@) Vx Vi, )
comprises the nonlinear terms. Observe that

F=b'(@)vyvex + O(v2). (10)
Upon differentiation,

Fx=b' () VxViex + O(V2 + V2)). (11)

Note that the first is the only term of order O(|vx||Vxxx|)-
The integrated linear operator [6] is then defined as

Lv :=b@) vy — a(x)vy. (12)

This operator was introduced by Goodman [6,8], who recognized that compressivity of the wave (in the convex case f” > 0)
yields “good” energy estimates for the integrated operator, but not for the original linearized operator around the wave.
Therefore, after these reformulations, the Cauchy problem for the perturbation v is written as follows,

ve=Lv+F, for(x,t)eR x (0, +00), (13)
v(x,0) = vo(x) = /(uo(y)—ﬂ(y))dy, forx e R. (14)

1.4. The Matsumura-Nishihara weight function

In the case of non-convex modes, and in order to obtain energy estimates with a good sign yielding stability, Matsumura
and Nishihara [21] introduced the following weight function,

nx) = n(uE)),

u—up)u—u-)

nu):=—=>0, ue(@us,u_), (15)
fw
which clearly satisfies the conditions
n~li—uy]™? asx— +oo, (16)
n~C>0, asx— —oo, (17)

which amount to

_la+x»H12 x>o,
~(X)4 1=
n~{x)+ { 1. 20
(see [21] for details). In particular we have that n is bounded below,
n>C1>0, forallxeR, (18)

for some uniform C > 0. Note, however, that it is not bounded above as it blows up on the sonic side when x — +oo.

Remark 1.4. One of the remarkable properties of the Matsumura-Nishihara weight function (15) is that it leads to the right
sign of the term

@ (x) := ((b@n), +a@xn), <0, (19)
for all x € R, which appears in energy estimates [21]. Indeed, using (2) we get
®(x) = ((b(@n), +ax)n),
f@n'@ + f @),
(d/dU)(f(U)ﬁ(U))‘u:ﬁ)X
= iix(d* /du?) (fWHW)),,_y

= —2|iy| <0,

—~ o~
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in view of monotonicity of the profile and of (d?/du?)(f(u)7j(u)) = 2. Observe that, when n=1 and f” > 0 (that is, in the
non-sonic, convex case), @ = f”(i)ily < 0 has, naturally, a negative sign. Property (19) and its use for stability estimates
can be seen in the original L? estimate of [21], in the LP estimates of Lemma 4.2 below, and, notably, in the L}] estimate of
Lemma 4.7.

Also, observe from the definition of n and (2) that

20 — (uy +u_) — f'(i)n
b() ’

My =1 Wiy =

yielding |nx| < C(1+n), for all xe R, as i and f’(u1) are uniformly bounded. Using (18) we readily find that
Inxl < Cn, (20)

for some uniform C > 0 and all x € R.
Finally, let us specify some notation. W™P will denote the standard Sobolev spaces in R. In terms of the weight function,
Lg will denote the space of measurable functions u such that n'/Pu e LP, or that

||u||’L’s = / nlulP dx < +o0,
R

for each 1 < p < +o0.

1.5. Main result

After these preparations, we are ready to state the main theorem.

Theorem 1.5. Under assumptions (A1)-(A3"), with uy < u_, let ui be the traveling wave solution to (1) of Proposition 1.2. Suppose
that the integrability condition (5) holds, and that

X

Vo= / (UO(X) — (X)) dx € Zp,p, o

—0o0

where Z; , = L}] n L,27 al Lf,’ NWZP, forsome 2 < p < 400, and where n denotes the Matsumura-Nishihara weight function (15). Then
there exists a positive constant € > 0 such that if Ivollz,, < €, then the Cauchy problem for Eq. (1) with initial condition u(0) = ug
has a unique global solution u — ii € C([0, +-00]; W 1-P) satisfying

lu—iillp < CMEot™ 21 + 1) 20=1/P)  2.< p < 400, (22)

<
lu — il 1o < CMEot~Y/271/2P(1 4 1)=21=1/P), (23)

forall 0 <t < +o0, where Eg = |\v0||L% + ||v0||L5 + ||v0||§2, and with uniform constant M > 0.
n

Remark 1.6. Observe that the decay rates (22) seem almost sharp. In particular, we got rid of the logt term appearing in
the decay rates for zero-mass perturbations in [12, pp. 24-26]. Actually, Howard eliminated the logt term in his analysis of
non-zero mass perturbations [11] as well. The decay rates of zero-mass perturbations, however, are inherently sharper. Such
observation comes from the fact that the perturbations do not transport mass. Heuristically, in the case of the heat kernel,
the perturbation

u(x, t) =/(471t)_]/ze_("_wz/‘"uo(y) dy
R

gains a t~! factor under the assumption of Jup = 0. Since it does not transport mass, the decay rate is determined by
diffusion, both above and below the traveling wave (see [11] for details).

Remark 1.7. Like in [21], our results apply to zero-mass perturbations only and require very rapidly decaying data, as vg
must belong to the weighted space Z ». A natural direction of investigation would be to treat the general case. Nonetheless,
the method presented here is simpler than that using the Evans function, and it might be possibly applied to the more
complicated (and more interesting) problem of stability of degenerate viscous shock profiles for general systems, which
remains open.
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Plan of the paper

Section 2 collects the interpolation inequalities, as well as some useful observations which will be used throughout
the analysis. We use a suitable interpolation inequality in weighted spaces for the (non-bounded) Matsumura-Nishihara
function. Section 3 contains the basic principle for the establishment of the decay rates. It is based on two inequalities:
one expresses some kind of diffusion, and the other expresses uniform boundedness in the L}, norm. The central Section 4
contains the proofs of the a priori energy estimates for local solutions to the integrated equations. Finally, Section 5 makes
use of such estimates to provide a global existence theorem with rates of decay, leading to the proof of the main theorem.

2. Interpolation inequalities

In this section we collect some interpolation inequalities involving weighted spaces and the Matsumura-Nishihara weight
function, which play a crucial role in the analysis. In the sequel we often use the following basic identities:

uu
ul = —=, (24)
[ul
1 -2
ax| —lul? ) =ulP~uuy, (25)
p
a2 P 2,2
[(ulP72), " = 5 P2, (26)
_ 4(p —2) 2
(lulP™2) g = === (i), (27)
(lulP~?u), = (p = DulP?uy, (28)
for all u € W2P, with 2 < p < +oo. We start with an elementary result.
Lemma 2.1. Let 2 < p < 4oc0. Then
-1
llull5e < Clluxllze llulll, ", (29)
2/(p+2) 2 2
luxlie < €| (juxlP?) 127 Nul 7P, (30)

for allu € W2P, with some constants C = C(p) > 0.

Proof. Use (25) to obtain
] X
—|ulP = / ulP~?uuydx,
p
—00

as u € W2P and u(—o0) = uy(—oo0) = 0. By Hélder’s inequality for LP norms with 1/p + (p — 1)/p = 1 we arrive at

—1 -1
u|P <p/|u|" uxl dx < fJuxllee llullfy ",
R

yielding (29) with C(p) = p.
To show (30), integrate by parts and apply (28); the result is

luxllp = —/(|ux|"*2ux)xudx =—(p— 1)/ |ux|P 2w dx.
R R
In view of (26) and Hélder’s inequality with 1/p +1/2+ (p —2)/(2p) = 1 we readily obtain

luxll?, < (p — 1)/ |l P22 || Juy| P22 u| dx
R

<(20p - 1)/p)/|(|ux|P/2)x||ux|<p—2>/2|u|dx
R

< (20 = 1/p) [ (luxl?/2), 2 Ml el 75772,

which yields (30) with C(p) = 2(p — 1)/p)¥P+>. 0O
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We now present a version in weighted norms of the interpolation (or Nash-type [24]) inequality which can be found in
[2, Lemma 1, p. 129]. For the proof we follow [2] closely, with the appropriate adaptations to the weighted spaces under
consideration. Notably, the original inequality remains valid in weighted spaces, even though the function 7 is not bounded

above on the sonic side.

Lemma 2.2 (Weighted interpolation inequality). For each 2 < p < o0 there exists some constant C = C(p) > 0 such that

+1 1 2 1
”u”p(p )/ (p— )< C”u” p/(p— )” |u|p/2 ”Lz7

foreveryu e W2P N L‘,; al L}’, with uy e WP N LZ, where 1 denotes the Matsumura-Nishihara weight function.

Proof. Apply the Sobolev-type inequality ||v\|2 < 2||v|l2llvxll;2, to the function v = [u|P/2 and use (18) to obtain
ullBo = 1l |2, <212 | (uP), ]2 < 2€ [0 21ulP2 ] |02 (ulP2) ] .

yielding
lullfo < 2C [1ulP?] 2 | (1ulP/2), | 2.

Notice that

H|u|p/2Hi27 _ H’7]/2|”|p/2“i2 Z/TIIUIP dx = ”nl/PuH’L’p = ”””fg
R

Furthermore, we estimate
2p/(p—1) 2p/(p—1)
||u||2" /=D (/n|u|de) < (nungg‘/mumx) = B2y .
R R

Combine (33) with (32) to arrive at

” ||2P /(p—1) ” “ 2p/(p—1)

el

PP/ (=) _

el <48 (i), 3 0.

<
/2 3
||u||L5 llul ||L%
yielding the result with C :=4C?, as claimed. O

Remark 2.3. For each u,uy e WP N LZ, by Hélder’s inequality and the identity (26) we have that

2
1), 15 = [ nl(uir?), * ax =2 [nturr2id ax

R R
p 2/p C2p
< Z(/Uluxlpdx> (/n|u|de> :?”u)‘”Lg”u”LZ < 400.
R R

3. LP-decay rates

(31)

(32)

Before obtaining the a priori estimates for solutions to the integrated perturbation equation, we state the basic principle

for the establishment of sharp decay rates in weighted LP spaces. We begin with an elementary lemma.

Lemma 3.1. Suppose p is a nonnegative, continuously differentiable function of t > 0 that satisfies the differential inequality

dp _
—_Cof
& ST
forallt > 0, with C > 0, 8 > 1, and initial condition p(0) = po > 0. Then p(t) < ¢(t) a.e.int > 0, where ¢ is the solution to
dg
= =_c¢P, 0) =
i ¢ £(0)

Proof. Define v/ (t) := (8 — 1)~ 1(p'~# — ¢1-#). Clearly ¥ (0) =0 and dy//dt >0 in t > 0. Therefore ¥ (t) > 0 a.e., that is,

p<¢ae 0O
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Proposition 3.2. Let 2 < p < 400, and suppose that u is the solution to a certain evolution (linear or nonlinear) equation, which
satisfies the bounds

d 2

v @l <= (), o], (34)

[uo],; < Co, (35)
forall0 <t < T < 400, and uniform constants C1, Co > 0. Then, there exists a positive constant C > 0 such that

[u®],p <Ea+n=20-17), (36)
forall 0 < t < T. Moreover, the constant C is of order

C=0(Co+ |yu(0)||L5). (37)
Proof. From (34) and the interpolation inequality (31) we obtain

d C1 (p+1)/(p—1) 2p/(p=1).

lu@]8 <=2 uo 50 Juo |7
Since 2p/(p — 1) > 0, estimate (35) implies that

C1 _ _ _
||u(t)||,_p T LTOT A

By Lemma 3.1, ||u(t)||’LJp will then be bounded by the solution ¢(t) of the following initial value problem
n

d¢ 8
T =—C2¢”,
£(0) = [u@]7,. (38)

with B:=(p+1)/(p — 1) > 1, Ca := (C1/C)Cy *P/ P~ The solution to (38) is

2Cy
C(f)=<

Indeed, on one hand there holds ¢(0) = ||u(0)||fp. On the other hand a direct computation yields
n

—(p—1)/2
|u(0) ”LZP/(P 1)) . (39)

d —2/(p—1\—(p—1)/2—1
d—iz—cz(f 2/(p=1)= (=D _ ) p

Therefore we have that ||u(t)||’L’p <¢(t) forall 0 <t < T ae. Now, for each t > 0
n
2C;
(@00 = et [uo) PIPD > e 4+1) >0,
where C3 :=min{2C;/(p — 1), [u ()], ~2p/(P=1y - 0. Henceforth,

_1
(0 <GP A+,

which, in turn, yields
||u(t)|| <C(Co+ ||u(0)||Lp) A+~ 30D,

- _1lp—

with uniform C = C(p) > 0, because from definitions of C; and C3 we have C, 2(P=D (CpCh + ||u(0)||fp) <
n

C(Co + ||u(0)||Ls)p, with Cp and C depending only on p. This shows both (36) and (37). O

Remark 3.3. Observe that the decay rate in (36) seems optimal for strictly parabolic equations of second order, because it is

the decay rate in LP for the heat kernel. The inequality (34) expresses diffusion in some way, whereas (35) simply expresses
boundedness of the L}) norm.
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4. A priori energy estimates

In this section we perform the energy estimates for solutions to (13) and (14). Assume 2 < p < +oo is fixed. Let us
define the suitable space for solutions as

Zyp=WHP LNl NI,
Xy.p(0,T):={veC(l0,T]; Zy ), vx € L*([0, T1; Zy.p)}.,

with 0 < T < +4o00.

According to custom, the global existence of solutions to (13) and (14) is proved by a continuation argument based on a
local existence result combined with the corresponding a priori energy estimates. Using the variation of constants formula
and by a standard contraction mapping argument it is possible to prove the following short-time existence result. We omit
the details.

Proposition 4.1 (Local existence). For any € > 0 there exists a positive constant To depending on €g such that if vo € Z;,  and
lvollz,, < €o, then the Cauchy problem (13) and (14) has a unique solution v € Xy (0, To) satisfying ||v(t)|lz,,, < 2¢€o for each
0<t<To.

This section is thus devoted to the establishment of a priori estimates for solutions to (13) and (14).
4.1. The basic energy estimate

The next lemma is the main result of this section.

Lemma 4.2 (Basic energy estimate). Let 2 < p < 400, and let v(t) € X; (0, T) be a solution to (13) for some T > 0. Then there holds
the estimate

t t
1 4p-1 2
E||v(t)||fs+%0/||b(ﬂ)1/2(|v(r)|p/2)x||i%dr+50/]!-|ﬂx||v(r)|pdxdt

t
1 _
E”V(O)HLP +//an(r)\v(r)|p % dxdt (40)
R

forall0 <t <T.

Proof. Multiply Eq. (7) by nv|v|P~2; the result is
nv|vIP=2ve = v |vIP=2b @) vex — nvIvIP2aX) vy + nv]vP2F.
Use (25), (26), (27), and rearrange the terms to find that

1 _ _ _ 1 4p-1, _ 2 _
3t<577|v|p> = (b@nlvIP2vvy), — ((b(u)n)x+a(x)n)ax<5|v|p) -~ ppizb(u)n}(lwp/z)xl +nFviv|P2,
Integrate last equation by parts and use (19) to obtain

|| (t)||Lp:——/|ux||v(t) dx — ( ||b(u)1/2(|v(t)|p/2) ||L2 ++/an(t)|v(t)|” dx, (41)
R

for each t € [0, T). Integration of last equation in (0, t) leads to the basic energy estimate (40). O
Remark 4.3. Observe that since b € C2(R), b> 0 and ii € [u,, u_] then there holds 0 < C~! < b(ii(x)) < C for all xe R and
some uniform C > 0. This readily implies that

EMvIP2) I < [o@ 2 (v1P2), | <

A 2 2
(VP2 (42)
for some uniform constant ¢ > 0 and all v,vy e WZPN Lg.

Let us now define

R(t) := )
©:= sup v,

for each t € [0, T], with T > 0 fixed.
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Lemma 4.4. There exists €1 > 0 sufficiently small such that if R(t) < €1 for t € [0, T] then we have the estimate
Jveol p+C1/ (v P2, 2 e < v )

for some ¢1>0 depending on p and €1, and forall 0 <t < T.

Proof. Thanks to the Sobolev-type inequality (29), under the assumption that R(t) < €7 for each 0 <t < T, we have that
vl < v @l <clve@l vl 7
o] < Ve o < v 7 [vxo] 15

for some C > 0, and all 0 < v <t < T. From (10) we notice that

/an|v|P_2dx:fnb/(ﬂ)vxvxxv|v|p_2dx+/17(’)( )v|v|’J 2dx=:11 + I».
R R R

661, (44)

P Eey, (45)

Using (44), the integral I, is easily estimated, as

B 4CCe )
| < CCG]/WIVI” 2vidx= p? /’7|(IVI"/2)X! dx,
R R

after applying (26). On the other hand, integrating by parts we obtain

1
/ nb/(ﬁ)v|v|p’28x<§v)2() dx
R

1 i - 1 o - 1 i -

= —E/nxb’(u)wvlp zvﬁdx—ifnb @@)xv|v|P 2v,%ci;c—E/b’(u)(\/lvlp 2)xv,zcdx
R R R

=3+ 14+ 1I5.

The integral I4 is estimated exactly as I, because b’(it) is uniformly bounded. Use (28), (26) and (45) to estimate Is as
follows:

-1 L B 2(p — 1)Ce
1< 25 [l @l v < 220 [ v, P
R

R

I

Finally, use (20), (44) and (26) to estimate I3 in the same fashion; this yields

c s CCey N |2
|13|<5/77IVI” vividx < — /n!(lvl"/ )il dx.

R R

Combining last estimates together we conclude that there exists a constant C > 0 depending on p such that

’/an|v|p_2dx <C61/n|(|v|p/2)x|2dx. (46)
R R

Therefore, in view of (42) and substituting in the basic energy estimate (40), we obtain

4
—||v(t)||Lp+<%—C€)/” (v, [ ar + 2 /flux||v(t)|pdxdr Livol?,.

which implies (43) for €; > 0 sufficiently small. O
Observe that two immediate corollaries follow.

Corollary 4.5. Specializing (43) to the case p = 2 we have that if R(t) < €1 forall 0 <t < T then

t
vl + & [l dr <ol (47)
0



874 R.G. Plaza/J. Math. Anal. Appl. 382 (2011) 864-882
Corollary 4.6. If v € X, (0, T) is a solution with R(t) < €1 for 0 <t < T, then

d
ol +al(vir2), o[ <o. (48)

forsome Cq > 0.

42. L}V—bound

We now establish the boundedness of ||v(t)||L}7, which is crucial for the proof of Proposition 3.2. This a remarkable
property of the solutions to (13) and the Matsumura-Nishihara weight function.

Lemma 4.7. Assuming R(t) < €1, with €1 > 0 just as in Lemma 4.4, the following estimate holds
[vly <c(lv@]y + [v@l7), (49)

forsome C > 0,all0 <t <T.

Proof. Multiply Eq. (7) by (sgnv)n and integrate in x € R; noticing that

d
/n(sgnv)vtdx=/nvvt/|v|dx=/n(|v|)tdx=E”v(t)”L%,
R R R

we readily obtain

d _
a”v(t)H”7 :/b(u)n(sgnv)vxxdx—/a(x)n(sgnv)vxdx—i-/n(sgnv)Fdx. (50)
R R R

The linear terms are easily controlled thanks to the choice of the weight function . Indeed, integrate by parts twice! to
arrive at

/b(ﬁ)n(sgnv)vxxdx—fa(x)n(sgnv)vxdx:f((b(ﬁ)n)x—i—a(x)n)xlvldx
R R R
:f(P(x)lvldx:—2/|ﬂxllv|dx<0,
R R

in view of (19). Upon substitution
d _
al}v(t)HL;+2/|ux||v|dx=/n(sgnv)Fdx. (51)

R R

By estimate (10), the integral on the right-hand side can be written as

1;=/b’(ﬂ)n(sgnv)vxvxxdx—i—/n(sgnv)O(vﬁ)dx:: I+ 1.
R R

Integrate by parts and use (20) to estimate I as follows:

; 1
I :—Efnx(sgn\/)b/(ﬁ)v,%dx— E/Wb/(a)xvidx

R R
¢ e 2 1 /o= 2
<5 [l @]vidx+ o [ b @] vidx
R R
_ 2
< Callvall,,
n

1 We have used the short-cut (sgnv)y =0, a.e. Clearly, the argument leading to (51) can be made rigorous using Friedrichs’ mollifiers, but we omit it.
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2

where Cj = Csupyer{|b’'(@1)| + |b'(11)x|} > 0. Since we readily have I < C||vx||iz, we obtain that |I| is bounded by CHVx”sz
n n

for some C > 0. Substitute into (51) and integrate in (0, t) to arrive at

t t
vl +2//|ﬁx|yv(z)\dxdr <|vol, +c/Hvx(r)H§% dr.
0 R 0

If R(t) < €1 for all 0 <t < T, then we apply (47) to obtain the result. O

Remark 4.8. As a by-product of this estimation, which the reader may verify with no extra effort, the integrated operator L
generates a Cp-semigroup of contractions in the Banach space L}’ (see, e.g., [27] for the appropriate generating theorems).
Under the further assumption of smallness of the nonlinear terms we obtain a bound for ||v(t)||L}7 in terms of ||v(0)\|L]17mL%,

which is essential for the establishment of the decay rates.
The previous observations readily lead us to the following

Corollary 4.9. Let v € X;; (0, T) be a solution to (13), for some T > 0. If R(t) < €7 for all 0 <t < T, then v satisfies the decay rate
[vol}, < CER+070-17, (52)
with
Eo:= [v@]; + [vO) ;5 + [vO ;- (53)

Proof. Since R(t) < €1, we may apply Lemma 4.7 and Corollary 4.6 to conclude that properties (34) and (35) hold with
Co= (9(||v(0)||L}7 + ||v(0)||i2). Then, by Proposition 3.2 we obtain the desired decay rate (52). O
n

4.3. Higher order estimates

The LP estimates for the derivatives cannot be controlled as in the L2 case (where ||(|u|P/?)x|| is equivalent to |lux|| and
there is a natural way to construct a decreasing norm, see [21,26]). Thus, we follow the general method of [15] instead.
Differentiate equation (7) with respect to x, to obtain

vat = (b(@)Vxx), — (aX)vy), + Fr. (54)

We will use (11) and estimations of solutions to last equation in order to prove the following

Lemma 4.10. Suppose v € X;; p(0,T), 2 < p < +00, with 0 < T < 1 solves (13) (or, equivalently, (54)). Then there exists €3 > 0,
sufficiently small, such that if R(t) < €3 for 0 <t < T < 1, then there holds the estimate

t
1 A 2 _ _1l(p—
Et“(1+t)ﬁ||vx(r)||fp+cz / (1 + 0P ((vl’2) (0 | 3 dr < CEGE* P21 4+ p)f =271 (55)

0
for0 <t < T,where o, 8 > 0 satisfy

1
>p/2,  B>5(p-D, (56)
and C, €, > 0 are constants depending on p, €, ii, o and B. Moreover, for 0 < t < T there holds the decay rate
|vx(®)]”, < CERtP/2(1 4+ 1)~ 2#=D, (57)

Remark 4.11. The additional assumption T < 1 means no loss of generality, as the local existence time can be chosen as
To =min{1, To(€p)} > 0, with Tg(€g) as in Proposition 4.1.

Proof of Lemma 4.10. Multiply Eq. (54) by |vx|P~2vy; use (25) and integrate by parts in R to obtain

1d _ _ _
[|Vx|p_2Vxthdx = EaHvx(t)llfp =/val"‘zvx(b(U)vxx)de—[val" 2vx(a(><)vx)xclx+f|vx|” vy Fydx
R R R R

=11+ 1+ 1Is. (58)



876 R.G. Plaza /]. Math. Anal. Appl. 382 (2011) 864-882

The first integral contributes with the negative sign, a term upon which the small terms can be absorbed. Indeed,
integrate by parts and use (26) and (28) to estimate I as follows:

L= —/(|vx|p’2vx)xb(ﬁ)vxxdx

R

=—(p—1)fb(ﬁ)|vx|"‘2v,%xdx
R

=—(p—1)(4/p2)f"(ﬁ)I(lvxl"/z)xlzdx
R

_4p-1) 2
& [(lvxlP’?),[I> <o (59)

in view of boundedness of b(u) (see (42)). In order to estimate I, integrate by parts and make use of (25) and (28); the
result is

Ih= /(|vx|p_2vx)xa(x)vxdx
R

=(p—l)/a(X)valp‘zvxxvxdx
=(1- 1/p)fa(><)(|vx|p)xdx

=-( —1/P)/a @) val? dx < CllvillF, (60)

where C = (1 — 1/p) supyer |a'(x)| > 0. Now, in view of (11), I3 can be estimated as |I3]| < C(|l4| + I5 + Ig), where

tai= [B @122y,
R

Is :=f|vx|"|vx|dx,
R

. -1,2
Is .:/lvx|p Vi dX.
R

Assuming R(t) < €3, use |vyx| < ||Vxllo < Cé€2 and (26) to estimate

T L (e

Likewise, I5 < 62||vx||f,,. To estimate I4, integrate by parts and use (25) to get

14:—/b/(ﬁ)x|vx|pvxxdx_ /b @)|vx|P~ 2VxV dx.
R R

The first integral is bounded by

_ C
/Ib’(u)x||vx|"—2|vx||vx||vxx|dx<ezif|vx|P‘2(V§+v§x)dx<Cez(uvxnfp 1 (1vad?), 2.
R R

after having used (26). The second integral is estimated exactly as Ig. Combining all these estimates together we arrive at

1151 < Cea(llvallly + || (1vxIP72) |15). (61)
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for some C > 0. Upon substitution of (59), (60) and (61) into (58), we obtain

1d 4p—-1) 2 2
p e VOl + == 1 1vd??), 0 < v +Cea(va??), 0 (62)

The last term, of order O(€3) can be absorbed into the term or order O(1) on the left-hand side, provided e€; is
sufficiently small. Note, from the estimates above, that the generic constant C does not depend on €. We are left to
estimate the \|vx(t)||’L’p term. For that purpose choose auxiliary constants «, 8 > 0 satisfying (56); since « > p/2 > 1, then
11+ + 121 + 61 <2t 1 (1 + t)P. Whence,

d d
1+ 08— ve@ | > A+ 0P [va®] 1) = 2Ca ot A+ 0P vx® |1,

where Cqy g > 0. Multiply (62) by t*(1+ t)#, integrate in (0,t) and use last inequality to arrive at

t
1 d 4(p-1) 2
Et“(l +0f o 17 + e f (1 + 0P| (IvalP/?) (D)2 dT
0

t t

C
< —/r“—l(l+r)ﬁ||vx(r>||fpdf+C/f°‘<l+f)’3HVx<f)“fv dz
p 0 0
t

2
+Cez/r°‘(1 + 0P| (1vxIP’?), (D)2 dT
0
=17+ 13 + 19, (63)
for some C > 0 depending on « and B. Thanks to the assumption T < 1, then clearly Ig < Cl7, and I7 is estimated following
the method of [15]. The latter relies on the inequality

X”ié’/(p+2))(r—18—] ||v||ig/(p+2))

<CTU(1+ )P (/P (JvulP/?) |2 + Cpet P2 VIIE,),

1A+ P Yvallf, <CT*(A + )P (g (IvxIP/?)

where we have used the inequality (30) and Hélder’s inequality with p/(p + 2) +2/(p +2) = 1; here ¢ > 0 is arbitrary.
Choose ¢ := ef/(p”) to obtain the estimate

t
I=(C/p) / 7 1+ 0 v ], dT
0

t t
<Gpea [ 11+ D), st + e [P 140 oo
0 0

We now use the decay rate (52) (by taking €, < €1/2, small), to estimate
1l
”V(r)”fp < C“V(T)”fg < CEg(] +1) 31

and, consequently, to obtain
t
I7 < Cpe / T+ 0P| (1val??) (0) |22 dT + CCp e, ERt¥ P2 (1 4+ 0)f=3®~ D),
0
because § > %(p —1) and o > p/2. Since Ig < Cl7, substitute all these estimates into (63) to obtain
4p-1

t
%t““ “W%H vx® |7 + ( 2 562) / (140 (Ivl”/2) (0|2 d < CEG P2+ 7207,
p

for some ¢ depending on «, § and p, and some C > 0 depending on € as well; we may take €, > 0 sufficiently small such
that C, :=4(p —1)/(Cp?) — Cez > 0 to obtain (55). The decay estimate (57) follows immediately from (55) for t > 0. O
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We finally proceed with the establishment of the a priori estimates for the second derivatives. The proof is similar to that

of the previous lemma, so we gloss over some of the details.

Lemma 4.12. Suppose v € X; (0, T), 2 < p < 400, with0 < T < 1 solves (13). Then there exists €3 > 0, sufficiently small, such that

if R(t) < €3 for 0 <t < T <1, then there holds the estimate
. t
N 2 _ _ 1l
Et”(l +0° v |7 +C3/ry(1 + 1) H(|Vxx|p/2)x(r)||L%dt < CERtY—P(1 4£)%~ 2D
0

for0 <t < T,wherey,§ > 0 satisfy
1
Y >D, 8>5(p—1),
and C, C3 > 0 are constants depending on p, €3, u, y and 8. Moreover, for 0 < t < T there holds the decay rate
1
[vae (]} < CESEP (14157270,

Proof. Multiply Eq. (54) by |vxx|P~2Vxxx, use (25) and (28), and integrate by parts in R, to obtain

1
p(p—1)dt
=1+ 1+ 1.

Integrate by parts, and use (25), (26) and (42), to estimate I as follows:

I :_/b(ﬁ)|vxx|p_2v)2<xxdx_/b(ﬁ)x|vxx|p_2vxxxvxxdx
R R

:—(4/p2)/b(ﬁ)|(|vxx|p/2)x|2dx— (1/p)/b<a)x(|vxx|p)xdx
R R

<—(4/Cp)) (vaxlP’?) |52 + CpallvaelB,

d _
HVxx(t)pr = _/|Vxx|p72Vxxx(b(u)Vxx)xdx+/|Vxx|p72Vxxx(a(X)Vx)XdX_/|Vxx|p72VxxxedX
R R R

(64)

(65)

(67)

with Cp i = (1/p) supyeg |b(t)xx| > 0. This integral provides the negative term which will absorb the small terms, plus

a term of order Hvxxllfp. In the same fashion, integrate I, by parts, and use (25), (28) to obtain

12:(1/p)/a(x)(|vxx|p)xdx+/a/(x)|vxx|p72vxxxvxdx
R R

=—(1/p) f d®)|vilPdx+ (p— 1) / ' () (Vx| P72 Vi) Vi dx
R R

<Cpalvally —(@— 17! fa’(X)IVxxlde— (p—17" /a”(x)|vxx|p72‘/xxvxdx
R R

~ -1
< Cp,ﬁ”VXX”fp +Cp / [Vax|P~ vyl dx
R

~ p p p
< Cpallvaxlly + CpeP lvallpp + Cepllvaxllyp.

where we have used Hélder’s inequality with (p —1)/p +1/p =1, and for any arbitrary ¢ > 0. Choose ¢ = e;/p to get the

estimate

I <Cllvillls + Ceslivillh,.

In order to control the nonlinear terms, we proceed similarly. From (11), we may write I3 = Ig + I7 + Ig, with

. = —2..2
Ig = —/b/(u)|Vxx|p VixxVx dX,
R
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-2 2
17<C/|Vxx|p |Vxxx|deX,
R

-2 2
Ig < C/ |Vxx|p |Vxxx|Vxde-
R

Use (26) and |vx| < ||Vx]loo < Ce3 to get

Is < —(4/p%) / b @) val|(Jvael /), | dx < Ces| (IvaxlP’?), || 7o
R

an absorbable term. In the same fashion, use (26) and Hoélder inequality once again, now with (p —2)/p+2/p =1, to obtain

C _ _ _
I7 < E(eszxxw 2vpxl® + & 2/|vxx|p 2|vx|2dx>
R R

< Cpe?| (vl ™), 172 + Ce (0 = 20/p) 1vsxlZy + @/P) 1 vllEy )
< Cpes ”(|Vxx|p/2)fo2 + Cp,eg(”Vxx”fp + ||Vx||fp),

after putting £ = 3. Finally, we estimate Ig as follows

2 —2.,2 -2 2\ |12
Is < Ce [ Vi P2 VR dx + Ce 2 |lvaxllTy < Ces || (IvaxlP’2) [ 72 + Cpues vaxliTn-
R

Substitute back all estimates into (67) and multiply by p — 1 to arrive at

1d 4(p -1 ~ v
il @+ (T2 =20 )i, 0 < Ea(lva® I, + [0 1), (68

where C is independent of €3, but, unlike in the proof of the previous lemma, now the constant 663 depends upon €3

at order O(1/e3) (this comes from the estimates of I7, Ig and I,). Thus, we write 563 =: C/es. This poses no further
complications as we shall see.

To control the term ||vx,<(t)||f,, we proceed exactly as in the proof of the previous Lemma 4.10. First, let us choose

€3 < %62 so that estimate (57) holds. Now, choose the auxiliary constants y,d8 > 0 satisfying (65) and multiply (68) by

t¥(1+t)%; integrate in (0, t) to obtain

t
1 d 4p—-1) ~
—t7 (1 4+ 08 = v O17 + (—’f —C@)ffy(l+f>‘3H(IVxxl”/2)x(f>Hfz dr
p dt Cp?

0

-t _t
9 C
< G—/I’H(l +r)‘5||vxx(r)||fpdr+,6—/ry(1+r)‘5||vx(r)||fp dr, (69)
3 3
0 0

after having absorbed the [ ¥ (1+ r)5||vXX||f,, term under the assumption T < 1 as before.
The first term on the right-hand side of (69) is controlled (almost) exactly as in Lemma 4.10, yielding

t
/r”’l(l +1)° vxx('c)||fp dr

0
t

t
<s<P+2>/Pcp/rV(1 +r)5||(|vxx|P/2)x(r)||f2dr+cp,g/zy—1—1’/2(1+r)5||vx(r)||f,, dr
0 0
t

2 _ N .
<e§cp/rV(1+1)8\\(|VXX|P/2)X(r)\yLZdr+ccp,€3sgtV P(1+41t)y0—2P=D,
0

with the only difference that, here, we have chosen ¢ := egp [P+ o keep the first term absorbable, and we have used the
decay estimate (57) for vy, with y >p and 6 > (p —1)/2.
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In order to estimate the second term of the right-hand side of (69) we apply the decay estimate (57) directly. This yields,
t
/Ty(l 1) ||VX(T)||fp < CEg(l +r)5—%(1’—”ty_p/2+1.
0
Substituting these two estimates back into (69), we obtain

t

1 d 4p-1) - 2

Etl’(l +t)sa||vxx(t) 17, + <6p2 - C63> / 1+ 0| (lvalP?) (O | 2 dT
0

t
< CCpes / T (1 + 0 | (Ivael ) (0) |72 AT + CCpey EB(1 40P 3B (¢7 =P 4 (7 =P/24T)
0

Noticing that t¥—P > tY=P/2+1 for each 0 <t < T < 1, we merge the last two terms into the slowerAdecay rate. Tpe result
is estimate (64), where 0 < €3 < €/2 < €1 /4 is chosen sufficiently small such that C3 :=4(p — 1)/(Cp®) — (C + C)e3 > 0.
The decay estimate (66) follows directly from (64), for t > 0 and under assumption (65). This proves the lemma. 0O

5. Stability and proof of Theorem 1.5

Finally, in this section we apply the previous a priori estimates to obtain a global solution, leading to stability and the
proof of the main theorem.

5.1. Global existence

Here we perform the (almost) standard continuation argument to obtain global existence of solutions to the Cauchy
problem (13) and (14). We have to pay special attention to the fact that estimates for the derivatives (57) and (66) apply
only in time intervals of measure one and, thus, the proof deviates slightly from the standard argument. Notably, the energy
Eq does not involve norms of the derivatives, allowing us to extend the decay rates globally in time.

Theorem 5.1. Suppose vq € Z, p, with 2 < p < 4o00. Then there exists a positive constant € > 0 such that if lvollz,, < €, then the
Cauchy problem (13) and (14) has a unique global solution v € X; ,(0, 4+-00) which satisfies the following estimates

[v©l < MEo, (70)
[vo) ]y < MEo(1 +0)720-1), (71)
[vol,z < MEo(1+074, (72)
|va®) ], < MEot™2(146)=20=1/P), (73)
|vax®|] p < MEot ™' (1 +16)201/P), (74)

forall 0 <t < +o0, with some uniform constant M > 0, and where

Eo=|v v voll%.
o=l ollL;-f—II o||L5+|I oIIL%

Proof. Let € > 0 (to be chosen later) be such that € < %63, where €3 is the fixed constant of Lemma 4.12. The local
solution can be continued globally in time provided € is sufficiently small. By Proposition 4.1, for each € > 0 there exists
To = To(€) > 0 such that the solution exists in [0, To(€)]. Let us define To(e) = mm{l To(e)} <1, s0 that we can apply
estimates (57) and (66). Since € < €3, the short existence times clearly satisfy To := To(e3) < To(e) Therefore, we consider
the solution v(t) € X; ,(0, To), which, by Proposition 4.1, satisfies Iviollz,, < 26 <€3 < 162 < 461, for all t € [0, Tg]. Thus,
we can apply estimates (43), (49), (57) and (66). Hence, we have

[v@oly < Civollyy +Ivol),
”V(TO)”i;] < ||V0||fz,

[vTo < Ivollfy.
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with uniform C > 0. Since Tg < 1, we apply estimates (57) and (66). For instance, from (57) we get

|[ve(To)|}» < CEoTo_l/z(l +Tg)~20-1/P)

-1/2

i} 1
< (T, (||V0||L37+€3||Vo||g7+63 |
<C

v
| OHLZ)
C(e3)lvollz,,,»

wpere 5(63) > 0 is a uniform constant depending on €3, as To depends on €3. Similarly, from (66) we obtain Vs (To) e <
CC(e3)llvollz, -
This shows that there exists uniform constants C(€3), and C, > 0 independent of €3, such that

[vTo,, , < CClenlivoliz,, < CiCles)é. (75)

as ||vollz,, < €, by hypothesis. We now choose € > 0 such that

R . € € €
0<6<mm{1 3 3 3 } (76)

272, C(e3) 2C2C(e3)

The reason why we took the third bound will be clear later. In this fashion, we obtain HV(TO)HZW < %63. Henceforth, we

can apply Proposition 4.1 once again by taking t = To as the initial time, to obtain a solution on the interval [To, 2To], such
that [v(©)llz,, < €3 for all t € [Tg, 2Tg]. This shows that lvOllz,, <e€3 for all t € [0, 2Tg]. Let us define

ET) = [y + vl g + [y .

as the energy at each time step T > 0. Notice that estimates (43), (47) and (49) hold in [0, 2To]. This implies, in particular,
that E(2To) < CEo. In fact, we also have that E(nTo) < CEg, with the same uniform constant C > 0, for each n=1,2,...,
as long as lv)llz,, < €3 on the interval t € [0, nTg].

This will be achieved using estimates (57) and (66). They hold on the time interval [T, 2T¢] only, which has measure
less than one. For instance, from (57) we get

_ _ _ — 1 —_ ~
|vx@T0)|,» < CE@To)T0)"V/2(1 +2To)"21-VP < C2Eo Ty /? < C2C(e3)Ivollz, .

with the same uniform constants C > 0 and C(e3) > 0. Similarly we have ||[vxx(2To)llr < C26(63)||V0||vap. Thus, we obtain
the bound

_ A A . 1
[veTol,,, < CiCElivollz,, < CC(e3)é < Ses,

with the same uniform constants C, C(e3) as in (75), and by the choice of € in (76). )
Thus we can repeat the procedure to the interval [2To, 3Tol, yielding [[v(t)[z,, < €3 up to time t = 3To. Notice that,

since E(3Tg) < CEg with same constant C > 0, this yields again ||v(37_'0)||zw < Cié(63)||V0||zn.p < %63, with same uniform

constants C, and @(63). Henceforth, the procedure can be repeated successively on intervals [(n —1)Tg,nTgl, forn=1,2,...
in order to obtain a global solution.

Notice that estimates (43), (47) and (49) hold in every interval [0, nTg], for each n € N. This provides estimates (71), (72)
and (70) globally in time. In contrast, estimates (57) and (66) hold on each interval [(n — 1)To, nTo]. Thanks to the fact that
E(T) does not depend on the norms of the derivatives of v at previous time step, however, we can obtain the desired decay
rates. Indeed, since [|v(t)||z, , < €3 for each t € [(n — 1)To, nTo], there holds

[v2(®)]],p < CE((n = Do)t /2(1 4 6)~ 211D < C2Egt™12(1 4 1)~ 20-1/P),
[vax(®] ,» < CE( = DTo)e™ (1 4+ 07207 1/P) < C2Eot ™1 (1 4+ 072 0-1/P),

for all t € [(n — 1)Tg,nTg], and for each n=1,2,..., with the same uniform bound C2E, (depending only on p, €3 and
[Ivollz,,)- This shows that the estimates hold globally in time, providing the decay rates (73) and (74), for some uniform
constant M > 0. This completes the proof of the theorem. O

5.2. Proof of Theorem 1.5

The conclusions of Theorem 1.5 follow directly from the global existence Theorem 5.1. Indeed, under assumption (5)
we may define the antiderivative of the perturbation vg as (21). We then look at the equivalent Cauchy problem (13) and
(14) for v. Furthermore, if we suppose that ug satisfies vo € Z; p, take € > 0 just as in Theorem 5.1 to conclude that
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if ||v0||zw < €, then there exists a global solution v € Xn,p(0,400) to (13) and (14), satisfying estimates (70)-(74). As
v e Xy,p(0,400) and vy =u —u, then u — u € C([0, +00); W1P) and it is a solution to (1), as v solves (6).

Decay rates (22) follows directly from (73), whereas to obtain the L* estimate (23), apply the inequality of Sobolev-type
(29) to vy, together with (73) and (74) to obtain

-1 — — _bP_
vl < Cllvaelle lvllfy - < CMPESE™YV27P/2(1 4 1)=2071/P)

yielding (23). This completes the proof.
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