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0. Introduction

We shall start by introducing our result for the most elementary self-similar settings; the interval [0, 1]. The interval
[0, 1] = X can be regarded as the Banach fixed point for the mapping T on the compact sets K of the real line defined as

T(K) = ¥1(K) U ¥2(K),

where V1 (x) = % Yo (x) = % + % The standard one dimensional Lebesgue length A on [0, 1], can also be seen as the
invariant measure induced by the IFS ¥ = {1, ¥ }. In fact, X is the fixed point of the mapping S on the Borel probabilities
i on [0, 1] defined by

1 1
SGE) = Sn (v '(®) + SH (v 1(B)),

for E a Borel subset of X.

The system ¥ = {1, ¥} is by no means the only IFS producing [0, 1] as the self-similar set and A as the invariant
measure. Let us write Ty and Sy to denote the mappings T and S introduced above to emphasize its dependence on ¥. The
system @ = {¢1, ¢} with ¢p1(x) = V() = % and ¢,(x) = 1 — % (see Fig. 1), induces the mappings T4 and S changing
Y by ¢;. The fixed points for T and S, are, again, [0, 1] and X. It is easy to realize that the system & has some advantages
over the system ¥ from the, let us say, analytical point of view. In fact, if u is absolutely continuous with respect to A with
density w, i.e. du(x) = w(x)dx, it is easy to check that Sy () is also absolutely continuous and that its Radon-Nikodym
derivative is given by

wowf1 on Xj,
Wy = -1
w o Y, on Xs,
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Fig. 2. Densities for Sy (1) and Sg ().

where X; = v¥;(X) = ¥;([0, 1]). Of course S (1) has the density

wod)]_l on Xy,
We = -1
wo @, on X;.

It is easy to see that @ is continuity preserving but ¥ is not, in the sense that w¢ (x) if continuous if w is. The function
wy (x), instead, is generically discontinuous for w continuous.

Not only continuity is preserved by ¢ but also some precise quantitative integral properties such as the Muckenhoupt
conditions. Take u to be an absolutely continuous measure on [0, 1] with a density belonging to a Muckenhoupt class. To
fix ideas, take du(x) = %w(x)dx, with w(x) = x~ /2. Hence p is a Borel probability measure on [0, 1]. Moreover, y is
doubling. In other words, regarding X = [0, 1] as a metric space with the restriction of the usual distance, we easily see that
u(B(x,2r)) < 4u(B(x,r)) for every x € X and every r > 0. Here B(y, s) is the open ball in [0, 1] centered at y € X with
radius s > 0. Precisely, B(y,s) = (y — s,y + s) N [0, 1]. Actually the doubling property can be deduced from the fact that
w(x) is an A, Muckenhoupt weight. We shall introduce later these classes of densities. Notice that while wy is no longer
doubling, we is. In fact

x"1? ifo <x<1/2,

2V2 wy (x) = (x B 1)‘”2
2

if1/2 <x <1,

(see Fig. 2), and

2V2we () = {

x~1/2 ifo <x < 1/2,
1-x""2 if1/2<x<1.

For our purposes, two facts deserve to be emphasized. First, these behaviors persist along the iterations S, of Sy and S},
of S¢ (see Fig. 3). Second, the densities associated to the measures S}, () are all A,-Muckenhoupt weights. Moreover, the A,
constants are bounded uniformly with respect to n.

After the original work by Benjamin Muckenhoupt contained in [1] (see also [2,3]) it is well known that the Muckenhoupt
condition on a density w reflects the behavior of the Hardy-Littlewood maximal operator on the spaces L”(u) with
du(x) = w(x)dx. Hence, it looks natural to ask whether the above observed behavior of S;(u) can be predicted from the
analysis of Hardy-Littlewood maximal functions.
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Fig. 3. Densities for S2 (1) and S2 (i).

To state our result in the setting defined by the IFS @ on X = [0, 1], we start by some basic notation. For any Borel
measurable function f on X and any x € X, set

1
Mf (x Ty I—— dy,
f( ) r>0 )\,(B(X T)) B(x,r) |f(y)| Y
to denote the standard centered Hardy-Littlewood maximal function on X. Here, as before, A denotes the one dimensional
Lebesgue measureon X and B(x,7) = (x —r,x+r)NX,x € X.

For a given (large) positive integer N, we may regard the set Iy = {1, 2, ..., N} with the counting measure and the
usual distance inherited from R, as a metric measure space. In such a setting the Hardy-Littlewood maximal operator is
well defined. In fact, for g a real function (finite sequence) defined on Iy and let i € Iy, the Hardy-Littlewood maximal
function is given by

Mg (i) = sup lgG)l,
>0 card(j(l r))JE;r)
where J(i,r) = ({i—r,i+71r)NIy.
It is easy to see directly by the standard covering arguments or to deduce from the general setting of spaces of

homogeneous type, that the operators 9ty are uniformly of weak type (1, 1) and hence uniformly bounded on each
LP(Iy, card) for 1 < p < oo.

Notice that for each n € N and for each j = 1 2,3, , 2" there exists one and only one sequence {«q, ..., a,} with
a; € {1, 2} such that ¢, o - - 0 ¢, ([0, 1]) = [, & ]. In fact it is enough to take o; = B; + 1, where ;i =1, ..., n, are

the n first terms in the binary expansion of any number in [ J ) This fact allows us to write

on s N

2n . 2n
[0’11=U[2n zn] UX"‘Q%”(X)» with ¢ = g, 0 -+ 0 u,.
_]:

=1

To simplify our statement, let us introduce the following notation. For a given Borel measurable f on [0, 1] and a fixed
z € [0, 1], we write M(f o ¢")(z) to denote the sequence g,(j) = M(f o ¢>}1)(z), forje o ={1,2,3,...,2"}.

Theorem 1. There exists a constant C such that the inequality
(Mf)(¢{'(2)) < CMnm[M(f 0 ") (2)](D) (0.1)
holds foreveryi= 1,2, 3, ...,2" every n € N, every measurable function f defined on [0, 1] and every z € [0, 1].

Inequality (0.1) reads, somehow more explicitly

1 n
(M)(@]'@)) = Csup WE;) M(f o ¢])(@).

Let us show here how to use (0.1) to prove that the Muckenhoupt classes are preserved along the Hutchinson orbits.
Following [1] (see also [3]) we say that a non-negative integrable function w defined on [0, 1] is an A, = A, ([0, 1])
Muckenhoupt weight, with 1 < p < o0, if there exists a constant C such that the inequality

1 p-1
(/ w(y) dY> (/ w P (y) dy) < C(A(B(x, 1))’
B(x,r) B(x,r)

holds for every x € X and r > 0. Here B(x, r) and A have the same meaning as in the definition of the operator M.
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Corollary 2. If w € A,([0, 1]) and dv = w(x)dx, then there exists a constant C such that

/ IMf P dv, < C/ [f1P dvy, (0.2)
[0,1] [0,1]

for every n € N and every measurable function f, where v, = S, (v). Hence vy, is absolutely continuous with respect to dx and its
Radon-Nikodym derivative belongs uniformly to A, ([0, 1]).

Proof. Notice first that with the above notation we have that dv,(x) = ws(x)dx with w, = w o (qu")‘1 on [1;] J ] for

21 0 on
everyj =1, ..., 2". Hence for a given measurable function h we have
2n 1 2n
[ niv =3 [ nwen @z = 53 [ ey b 03)
[0.1] i—1 JX! 2 =1 /X

To prove (0.2) we apply (0.3), (0.1), the uniform L boundedness of 9,» with the counting measure, the L” (wdx) boundedness
of M and (0.3) again, as follows.

1 &
MfPP dv, = — MF (6" () Pw(x) d.
/M| P dv 2";/[0,”' F (@10 Pw(x) dx

IA

c &
272/ | Do [M(f 0 p" 1) | wx) dx
i=1 Y[0,1]

c 2"
= o (Z | [M(f o¢">(x)](i)}”> wx) dx
.11 \=
< C 2z |M n }P d
=2 Jo ; o[ | we) dx

c &
= o Zf IM(f o ¢! (®)|” w(x) dx
i=1 “10.1]

IA

c &
72/ |(f o )" w(x) dx
i=1 7[0.1]

C IfIP dvy,.
[0,1]

The constant C may change from line to line. The absolute continuity of v, and the uniform Muckenhoupt condition for its
Radon-Nikodym derivative follows from Muckenhoupt’s theorem and the fact that the constant C in the above inequality
doesnotdepend onnandf. O

We shall obtain Theorem 1 as a consequence of the more general result contained in Theorem 3 which we state and
prove, after some notation, in Section 1. In Section 2 we generalize Corollary 2, and in Section 3 we exhibit examples of the
general results applied to some classical situations.

1. The main result

We shall describe the general setting from a somehow axiomatic point of view. The approach allows us to state and prove
the main result in a concise and quite general form containing many classical situations.

(A) The underlying space (X, d, ). Let (X, d) be a compact metric space with diameter 1. Let i be a Borel probability on X
such that the functions of r € (0, 1] defined by uy(r) = uw(B(x, r)), x € X, are uniformly equivalent to a positive power
of r. Precisely, there exist constants Ky, K; and y > 0 such that the inequalities

K7 < px(r) < Kor?”

hold for every x € X and r € (0, 1]. Sometimes this property is called Ahlfors condition or is described by saying that
(X, d, w) is a normal space of dimension y. In fact y is the Hausdorff dimension of each ball in X. It is easy to see that if
(X, d, w) is a normal space, then (X, d, ) is a space of homogeneous type. This means that there exists a constant A > 1
(called doubling constant) such that 0 < uy(2r) < Aux(r) < oo for every x € X and every r > 0.
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(B) The family & of similitudes. A finite set ® = {¢; : X — X,i = 1,2, ..., H} of contractive similitudes with the same
contraction rate is given. Precisely, each ¢; satisfies

d(@i(x), $i(y)) = Bd(x,y)
for every x,y € X and some constant0 < 8 < 1.Forn € N,set 3" = {1,2,...,H}". Giveni = (i, ip, ..., 1,) € 7",
we denote with @] the composition ¢, o ¢;_, o --- o ¢;, o ¢;,. Then for any subset E of X we have ¢;(E) =
(¢,—n o, 000 ¢>i1) (E). Set X]' = ¢{(X) and X" = [ J;,n X]'. We shall assume that @ satisfies:
(B1) Open Set Condition (0SC). There exists a non-empty open set U C X such that
H

_U¢>,-(U> cu,

i=1
and ¢;(U) N ¢;(U) = P if i # j. We shall say that U is a set for the OSC for @.
(B2) Adjacency. There exists a positive constant ¢ such that the inclusion
B(¢i(2),1) N X{' € B(¢j'(2), cr) N X'
holds for every n € N, every i,j € 3", everyr > 0 and every z € X.
To avoid dilations for the statement of the general result, we only remark at this point that the setting X = [0, 1] with the
usual distance and length,and @ = {¢1(x) = % dr(x) =1— %} presented in the introduction satisfies all these properties.

Notice also that the system ¥ = {Ip] x) = % Ya(x) = % + % } satisfies all the above properties except (B2), which does not
hold if n = 1withi = 1,j = 2,z = 1 and r small. That is why we call it the “adjacency” property of the system.

We proceed to define precisely the three maximal operators involved. Let h be an integrable real function defined on X.
The Hardy-Littlewood centered maximal function associated to h is given by

1
MR = S0 B ) Sy
To define a discrete version of the Hardy-Littlewood maximal operator, let us fix X, € U and for i, j € J" define
ddi,j) = d(¢; (x0), ¢}’(x0)). Forn € N,i € 3"andr > 0, set B(i, r) to denote the d-ball of radius r in (3", d). More
precisely, 8(i,r) = {j € 7" : d(¢} (o), ¢J’7(x0)) < r}. As our second operator, we shall consider a Hardy-Littlewood type
maximal function defined using the family 8B (i, r). Precisely, given a real function g defined on 3",

o 1 .
Mg (@) = sup e o k;r) 1gG)I-

We have to point out that d and hence the 9,’s depend on xo € U, but we shall fix it from now on.
To introduce the third Hardy-Littlewood maximal operator considered in this note, we shall make use of the natural
“uniformly distributed” probability measure induced by p on X" given by

1 -1
WE) = > (@) (B)
jean
for E a Borel set in X". In other words, u" = H™" jean ,u,]’?, with u]f‘(E) =u ((¢]’?)‘1(E)). The third maximal operator

involved in our main result is the Hardy-Littlewood operator on the space (X", d, u"). Precisely, for a Borel measurable
function f on X" we define, for v € X",

1
M,f (v) = sup ——— FIdu" ).
r>0 " (B(v, 1)) Jpw.n
Here B(v, 1) is the d-ball in X", Notice that My = M under the standard assumption X° = X and u° = u.

Theorem 3. There exists a geometric constant C such that the inequality
Mof (9} (2)) < Cy (M(f 0 ™) (2)) (i)
holds for every f € L'(X", u"),z € X,i € 3" andn € N, where M(f o ¢")(z) denotes the function g on 3" defined by
g() = M(f o ¢;)(2).
Before proving Theorem 3 we shall collect in the next lemma some elementary properties of a system ((X, d, u), @)

satisfying (A) and (B) above. Item (1) in Lemma 4 is contained in [4, Theorem 2.1(III)], and Item (2b) is contained in [5,
Lemma 2.4]. The proofs of (2a), (3)-(5) are given after the proof of Theorem 3.

Lemma4. (1) The sequence {X",d, u™) : n € N}is a uniform family of spaces of homogeneous type. In other words, there
exists a constant A such that
0 < pu"(B(x, 2r)) < Au"(B(x, 1))
foreveryr > 0,x € X"andn € N.
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(2) Let xo € U be fixed, and for each n € N we consider the set A, = {qSJ'?(xO) 1je 3”}. Then
(a) forevery n € N we have that A, is a § B"-disperse set, with § = dist(xg, dU). This means that d(¢]’f’ (%0), P} (x0)) = 88"
foreveryi #jinJ";
(b) {(Ay, d, card) : n € N} is a sequence of spaces of homogeneous type with a uniform doubling constant A.
(3) Given a > 0, there exists a constant N = N(a) such that card(B(i, af")) < N foreveryi € 3" and everyn € N.
(4) For each n € N we have that

WBo. ) =
Mz

forevery0 <r < B8"/2andeveryy € X".
(5) If his an integrable real function on (X, ) then for eachn € N andj € 3" the function h o ¢JV is integrable on (X].”, M;) and

/hoqﬁl'?du:/ hdy;.
X Xt

Proof of Theorem 3. Fixn € N,z € X andi € J". Notice that since @] (z) € X", Muf (¢} (z)) is well defined for any
measurable function f on X". We shall estimate a general mean of the form

1
m B(¢} (2).1)

for 0 < r < 1.Recall the fact that B(¢} (z), r) is to be understood as the d-ball on X", or in an equivalent way one may think
that is the d-ball on X since u" is supported on X" C X. Let us divide our analysis in two cases depending on the relative
sizes of r and B".

Assume first that r < 38". Let us start by estimating p" (B(¢;] (z), r)). Notice that

fWldu" ),

C1
Hr grn

< w"(B(¢i (@), 1)),

for some constant c;. In fact, to estimate " (B(} (z), r)) we use property (4) in Lemma 4 whenr < ’Sz—n If ‘32—'1 <r <387
the estimates are trivial since

K
g g = W B@1@).1/6) = W (B@E). ).

Then the desired inequality holds with c; = min [Kl, g—; }
To estimate fB(¢;‘(z),r) If )| du™(y) we shall use the adjacency property for @. Ifj’(]i,z,r) denotes the set of those j in 3" for

which Xj” intersects B(¢} (z), r), we have that

1
— IfF W)l duj ()
H* 2 ) /B<¢;?<z)<,r> £

Py
lej(i.z,r

/ F O ")
B($} (2),1)

1
o f If ) dpaf ).
B¢} (2).r)NX]'

J€%Gi2.m)

Using the adjacency property (B2) of @ for the domain of integration in the above integral, we get that

n 1 n
Folduy) < — F )] dif @)
B(@}'(2).r) H = B(¢] (2),cr)nX]
Let us estimate any of the integrals in the last sum by “changing variables” in the sense of property (5) in Lemma 4. For
je j?i,z’r) we have that

() = [ Xaggoo IO o)
X

J

= [ Xaggicn @) |7 045) @] duw

= [ Areelde
B(z,crp=m)

/B(d)]’? (z),cr)ﬂxj"
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Hence
1 n 1 ﬁy"f "
d — - Y| d
FERD gy [P = Cljé;) = B(ZY%)!(fqu,)\ "
Csz

> M(E o) @).

i€ 2m)

C1

Notice now that J; ,

d(¢!(z),y) < r.Hence

d(¢} (%), $! (x0)) < (@} (x0). $}(2) + d($} @), y) + d(¥. $} (x0))
< ,3n+r+ﬂn
< 58".

C B(i,58™). In fact, if j € 3" is such that B(¢} (z), r) N Xj" # (), then there exists y € Xj“ such that

From property (3) in Lemma 4 we also have that card(8(i, 58")) < N for some constant N. So that

1 Nc”K,

W B@ @), 1) du"(y) < —— M(f o ¢
W' (B(¢(2), 1)) B} (2).1) F»Idu’0) < cicard(B(i, 58™)) Z (fod))@)

JjeB(i.58M)

IA

;' KoNO, (M(f 0 ™) (2)) (D).
Assume next that r > 38". Again we have to provide an adequate estimate for the mean value

1
m B(¢} (2).r)

Let us first get a lower bound for " (B(¢} (z), r)). From the definition of 1" we see that

FWIdu" ).

1
W'B@@.N) = > (@) B@@).1)

jeon
1 .
> mcard (i €9": X' S B¢} (2).1)}).
Let us observe that the dispersion property given in (2a) in Lemma 4 allows to regard the uniform homogeneity contained

in (2b) of this lemma, as equivalent to the uniform homogeneity of the sequence (3", d, card). Now, since in this case
B(i,r/3) € {j € 3" : X' € B(¢j(2), 1)}, we get that

1 1
W' (B(#}(2),1)) = rcard(B(@i,1/3)) = 5 card(B(i, 2r).
On the other hand
n ] n
FOld"®) = o Y7 f ) df )
B@} 2).1) jers , JBg @y
1
< ) / FO)] dial )
jgj?i,z,r) X]
1
i 2 [ redjian
jejr(li,z,r)
l n
= o Z M(f o ¢])(2).
J€G 21
So that, since 3'(1i,z,r) C B(i, 2r), we have
1 L R — VTP
YN 2 S o oy o Q;
w'(B(9; (2), 1)) Je@ra).n) card(B(i, 2r)) ; g5, !

< A, (M(fo¢"(2) (). O
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Proof of Lemma 4. As we already said the proof of (1) is contained in [4], and the proof of (2b) in [5].
Let us prove that the OSC implies (2a). In fact, takej, i € {1, ..., H}" withj # i, and set xj’? = ¢}1(x0) and x] = ¢} (o).
Since U is an open set, we have that B(xq, §) € U, with § = d(xg, dU). Then
B(!, 88") = ¢! (B(xo. ) € $}(U),
B(xi, 8p") = ¢} (B(xo, 8)) < ¢; (U),
and since ¢}‘(U) and ¢} (U) are disjoint, we have B(xj”, 8B™ NB(x{!, §8™) = . This implies that d(xj’?, x) > 6p"

The estimate in (3) is an immediate consequence of the results in [6]. Since the spaces (A, d, card) are uniformly of
homogeneous type and the set A, is § 8"-disperse, every d-ball of radius bounded above by a constant times 8" has at most
N elements of A,, where N is independent of n and of the center of the given ball. In other words, there exists a constant
N = N(a) such that

card(8(i, ap™)) <N
uniformly inn andi € J".

To prove (4), fixn € Nand takey € X". Leti € 3" be such thaty € X}. Since (¢})~'(B(y,r)) = B (((b?)_l(v), ﬁ%) we

have that

1
WBE.T) = Y (@) B )

jean

1
> (B <<¢?>-1(y>, é))
K] 24
Hr grn°

The identity in (5) is a consequence of the fact that when h is the indicator function of a measurable set E, we have

=

/ Xe (8) di(0) = 1 () (B)) = ul(E) = / Xedu!. O
X xn

J

2. On the stability of Muckenhoupt classes

In the next result our setting is as in Section 1, in other words (X, d, u) satisfies (A) and @ = {¢} : i € 3", n € N} satisfies
(B). Given a Borel measure v on X, we define for eachn € N

ss0E =3 v (6D ®).

iejn
Theorem 5. If w € A,(X, d, w) and dv = w dp, then there exists a constant C such that

/ IMnflpdV"SC/ P v, 2.1)
Xn xn

for every n € N and every measurable function f in X", where v" = Sg(v). Hence v" is absolutely continuous with respect to "
and its Radon-Nikodym derivative belongs uniformly to A, (X", d, u™).

Proof. Notice first that
1
) = g 2 [ e 0 $D@wE du)
iegn /X
Hence
/X gdv" = Hl 23) /X (P @) w(z) du(z).

Then, using the above remark, Theorem 3, the uniform L boundedness of 9,» with the counting measure and the L (wdu)
boundedness of M we obtain

[ omra = 23 [ Mg @) we due)

iejn
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C
f;ﬁEZAFWMMUO¢%&»®Fw@nm@)

iejn

IA

C
i | M e g duce
X

iejn

IA

C n
E/XZVO@ Pw(z) du(z)

iejn
=C [ IfIPdv".
XTI

Since from (1) in Lemma 4 we have that the spaces (X", d, u") are uniformly spaces of homogeneous type, we can
conclude that v" is absolutely continuous with respect to n" and its Radon-Nikodym derivative belongs uniformly to
AyX" d, ™). O

3. Some examples

In this section we show how some classical fractals can be obtained through somehow non-standard IFSs satisfying the
adjacency property (B2).

The classical Sierpinski IFSs can be slightly modified in order to preserve the adjacency. For the Sierpinski gasket, the
usual [FSis ¥ = {iq, ¥, ¥}, with

V3
2 2 )

1 1 1 1
‘ﬁl(X,J’)=5(X,Y), wz(X,Y)=§(X+1,J’), 1#3(X,J’)=2<X+,J’+
defined on the triangle X with vertices ata = (0, 0), b = (1/2, ﬁ/Z) and c = (1, 0).
If py denotes the rotation of 6 radians about the origin of R? in the positive sense, we have that the IFS given by

@ = {p1, ¢2. ¢3}, where

1
@wwzimw,

1
ha(x,y) = 5(,04:1/3(?(, ) +v,

1
@@J%=;mmudh+w

44
Property (B2) for @ follows from the following lemma, which can be applied also to some other fractals like the Sierpinski
carpet after a redefinition of the IFS preserving adjacency.

withv = ( 3 ﬁ), satisfies the adjacency property, the OSC and gives rise to the standard Sierpinski triangle (see Fig. 4).

Lemma 6. Let @ = {¢1, ..., ¢u} be a finite family of contractive similitudes on X with the same contraction rate B. Let us
assume that @ satisfies the following properties:

(1) if x € Xy N X; then d(x, ¢i(z)) = d(x, ¢j(2)) foreveryz € X and every i,j € {1, ..., H};

(2) forevery z € X and every r < B" such that B(¢} (z), r) ﬂXj” # {J, we have that X{' N Xj” NB(¢}(z), 1) # 0.

Then for every i,j € 3" and every n € N, we have that

(i) if x € X' N X" then there exists xo € X such that x = @} (xo) = ¢} (Xo);
(ii) if x € X;' N X" then d(x, ¢! (2)) = d(x, ¢J’?(z))for everyz € X;
(iii) B(¢;(2), 1) N X} € B(@j (2), 3r) N X]' forevery z € X.

Proof. Let us prove (i) by induction on n. For n = 1, let us assume that x = ¢;(xo) = ¢;(x1) for some x¢, x; € X. Applying
hypothesis (1) with z = x; we have that d(x, ¢i(x1)) = d(x, ¢;j(x1)) = 0. Then x = ¢;(x1), and we have ¢;(x1) = x = ¢i(xo).
Since ¢; is one to one we conclude that X, = x;. Let us now show that if (i) holds for n then also holds for n + 1. In fact,
take x € Xg*' N X;*". Then there existi,j € 3", k, £ € {1,...,H} and X1, X, € X such that x = ¢ (¢ (x1)) = ¢} (¢¢(x2)).
Since we are assuming (i) for n, there exists xo € X such that x = @} (xo) = ¢; (xo). Since ¢; and ¢;' are one to one, we
have that xo = ¢r(x1) = ¢¢(x2). Then X, € X N X, so that there exists X € X such that xo = ¢ (X) = ¢,(X). Hence
x = ¢} (#r(X)) = ¢j (¢¢(X)), which proves (i).

To prove (ii) we shall use (i) and the similarity condition of the IFS. Let us fixz € X and x € X]' N Xj". Let xo € X such that
x = ¢; (x0) = ¢; (xo). Then

d(x, $; (2)) = d(¢; (x0), $; (2)) = B"d(xo, 2),
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v3 1
2
c
X
a b
T
1
)\ P
v3l v3l
2 2
c b
¥3(X) $3(X)
a b c a
c c c a
¥1(X) Pa(X) #1(X) $2(X)
a bN\/a b a b\/b c
1 1
(a) ¥: usual IFS (b) ®: new IFS

Fig.4. X' =2, i) = UL, (%)
and
d(x, ] (2)) = d(¢] (x0), $; (2)) = B"d(x0, 2),

so that d(x, ¢} (z)) = d(x, ¢J’7 (2)), and we prove (ii).

To prove (iii), let us assume that B(¢}(z),r) N X].” # (. 1f r > B~ the inclusion holds since diam(Xj”) = g
implies B(¢J’?(z), 3r) N Xj” = Xj”, so that we can assume r < B~ Fixy € B(¢](z),r) N Xj". From (2) there exists
x € X' N X' N B(; (2), ), and from (i) we have that d(¢; (z), x) = d(x, ¢} (z)). Then

d(y, ¢} (2)) < d(y, ¢{(2)) + d(¢](2), x) + d(x, ¢} (2))

d(y, ¢ (2)) + d(¢; (), x) + d(x, ¢; (2))
<r4r+r
=3r. O

With this lemma, in order to prove that @ satisfies the required properties to apply Theorem 3 to the Sierpinski gasket, we
only need to check (1) and (2). Property (1) follows immediately. To verify (2) we only have to observe that forr < 27", ifa

ball intersects two components of X" and it is centered in one of them, then these two components share a vertex belonging
to that ball.

Let us finally observe and depict an illustration of Theorem 5 for the Sierpinski carpet. Let @ be the classical IFS for the
Sierpinski carpet, and let @ = {¢; : 1 < i < 8} be given by
P1(x,y) = %(x, Ve o ey =T; (S2(h1(x, 1)),
b3, y) =Tz o (1% 1)), Pax,y) =T 2 (S1(¢1(x, 1)),
$5(x,9) =Tz 3G (X)), Bsxy) =Ty 2 (h1(x. Y)),
G y) =Tz 25 (1. 9))), ¢, ) = T3 2(¢1(x, ),

defined on the unit square X of R? with vertices (0, 0), (1, 0), (1, 1) and (0, 1), where T,,(x,¥) = (x + a,y + b),
Si1(x,y) = (x, —y) and S,(x, y) = (—x, y). The basic weight function considered is w(x, y) = (x* + y?)~"/* and the basic
measure is du = dxdy. The following figure illustrate the Radon-Nikodym derivatives w}, and w}, of v}, and v}.
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(A) w(z,y) on X (B) wi(z,y) on X1 (¢) wk(z,y) on X!
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