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1. Introduction

This paper studies local functionals of homogeneous random fields with long-range dependence, which
appear in various applications in signal processing, geophysics, telecommunications, hydrology, etc. The
reader can find more details about long-range dependent processes and fields in [7,10,12,16,37] and the
references therein. In particular, [7] discusses different definitions of long-range dependence in terms of the
autocorrelation function (the integral of the correlation function diverges) or the spectrum (the spectral
density has a singularity at zero). The case when the summands/integrands are functionals of a long-range
dependent Gaussian process is of great importance in the theory of limit theorems for sums/integrals of de-
pendent random variables. It was shown by Taqqu [32,33] and Dobrushin and Major [6] that, comparing with
the central limit theorem, long-range dependent summands can produce different normalizing coefficients
and non-Gaussian limits. The volumes [7] and [28] give excellent surveys of the field. For multidimensional
results of this type see [12,15,16]. Some most recent results can be found in [13,19,27].
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Despite recent progress in the non-central limit theory there has been remarkably little fundamental
theoretical study on rates of convergence in non-central limit theorems. The rate of convergence to the
Gaussian distribution for a local functional of Gaussian random fields with long-range dependence was first
obtained in [15]. This result was applied to investigate the convergence of random solutions of the multi-
dimensional Burgers equation in [21]. The only publications, which are known to the authors, on the rate
of convergence to non-Gaussian distributions in the non-central limit theorem are [4,17]. These publica-
tions investigate particular cases of stochastic processes. The Hermite power variations of a discrete-time
fractional Brownian motion were studied in [4]. The article [17] investigated the specific one-dimensional
case of the Cauchy stochastic process and some facts used in the paper require corrections. To the best of
our knowledge, the rate of convergence has never been studied in the general context of non-central limit
theorems for non-Gaussian limit distributions. This work was intended as an attempt to obtain first results
in this direction.

Our focus in this paper is on fine convergence properties of functionals of long-range dependent Gaussian
fields. The paper establishes the rate of convergence in limit theorems for random fields, which is also new
for the case of stochastic processes. It also generalizes the result of [17], which was obtained for a stochastic
process with a fixed Cauchy covariance function, to integral functionals of random fields over arbitrary
convex sets. In addition, the paper corrects some proofs in [17]. Specific important examples of the Cauchy,
generalized Linnik, and local-global distinguisher random processes and fields, which have been recently
used to separate a fractal dimension and the Hurst effect [10], are considered.

To estimate distances between distributions in the limit theorems for non-linear transformations of Gaus-
sian stochastic processes Nourdin and Peccati proposed an approach based on the Malliavin calculus and
Stein’s method, see [23,24] and the references therein. The cases of the standard normal distribution and
the centred Gamma distribution were considered and the limit theorems for the weakly dependent case
were obtained. In [4] the Malliavin calculus and Stein’s method were applied to obtain error bounds for
Hermite power variations of a fractional Brownian motion. Central and non-central limit theorems for the
Hermite variations of the anisotropic fractional Brownian sheet and the distance between a normal law and
another law were studied in [30] and extended to the multidimensional case in [3]. However, to the best of
our knowledge, there are no extensions of these results to more general classes of covariance functions in
the multidimensional case considered in this paper. In contrast we use direct analytical probability methods
to investigate the rate of convergence in the uniform (Kolmogorov) metric of long-range dependent random
fields to the Rosenblatt-type distributions.

The class of Rosenblatt-type distributions is contained in the wide class of non-Gaussian Hermite distri-
butions, which can be defined by its representation in the form of multiple Wiener—It6 stochastic integrals
with respect to the complex Gaussian white noise random measure. The Rosenblatt distribution is a specific
element from this class, which has been widely used recently in the probability theory and also appeared
in a statistical context as the asymptotic distribution of certain estimators. There are power series expres-
sions for the characteristic functions of the Rosenblatt distribution. For a comprehensive exposition of the
Rosenblatt distribution and process we refer the reader to [9,20,32,34-36]. The approach presented in the
present paper seems to be suitable even in more general situations of the Hermite limit distributions.

The results were obtained under assumptions similar to the standard ones in [31] and the references
therein. Rather general assumptions were chosen to describe various asymptotic scenarios for correlation
and spectral functions. Some simple sufficient conditions and examples of correlation models satisfying the
assumptions are discussed in Sections 5 and 6.

As a bonus, some other new results of independent interest in the paper are: the boundedness of prob-
ability densities of the Rosenblatt-type distributions, asymptotics at the origin of the spectral densities of
the Cauchy, generalized Linnik, and local-global distinguisher random processes and fields, and the repre-
sentation of the spectral density of the local-global distinguisher random processes.
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The article is organized as follows. In Section 2 we recall some basic definitions and formulae of the spectral
theory of random fields. Section 3 introduces the key assumptions and auxiliary results. The main result
is presented in Section 4 and its specifications to various important cases are demonstrated in Section 5.
Discussions and short conclusions are presented in Section 6.

Some computations in Examples 3 and 4 were performed by using Maple 15.0 of Waterloo Maple Inc.
and verified by Mathematica 9.0 of Wolfram Research, Inc.

2. Notations

In what follows |- | and || - || denote the Lebesgue measure and the Euclidean distance in R?, respectively.
We use the symbols C' and § to denote constants which are not important for our exposition. Moreover, the
same symbol may be used for different constants appearing in the same proof.

We consider a measurable mean square continuous zero-mean homogeneous isotropic real-valued random
field n(x), € R%, defined on a probability space (§2, F, P), with the covariance function

B(r) i= Cov(nfa),n(v)) = [ Ya(r2)dd(z), z.y < R
0
where r := ||z — y||, &(-) is the isotropic spectral measure, the function Yy(-) is defined by

_ d _
Ya(z) =21 2)/2F<§>J(d—2)/2(2)2(2 D220,

J(a—2)/2(+) is the Bessel function of the first kind of order (d — 2)/2.

Definition 1. The random field n(z), * € R?, as defined above is said to possess an absolutely continuous
spectrum if there exists a function f(-) such that

&(z) = 202" 1(d/2) /udilf(u) du, z>0, u f(u) € L1(Ry).
0

The function f(-) is called the isotropic spectral density function of the field n(z).

The field n(z) with an absolutely continuous spectrum has the isonormal spectral representation
) = [ FAN WY,
Rd

where W (-) is the complex Gaussian white noise random measure on R

Consider a Jordan-measurable convex bounded set A C R%, such that |A| > 0 and A contains the origin
in its interior. Let A(r),r > 0, be the homothetic image of the set A, with the centre of homothety at the
origin and the coefficient r > 0, that is |A(r)| = 7¢|A].

Consider the uniform distribution on A(r) with the probability density function (pdf) r=¢|A|™ xa () (2),
x € R where y(+) is the indicator function of a set A.

Definition 2. Let U and V be two random vectors which are independent and uniformly distributed inside
the set A(r). We denote by ¥a()(2), 2 > 0, the pdf of the distance |[U — V|| between U and V.
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Note that 1ay(2) = 0 if z > diam{A(r)}. Using the above notations, we obtain the representation

diam{A(r)}
Y(llz —yll) dedy = [APP*E T(|U - V) = [A]*r* / T(z) Ya)(z)dz, (1)
A(r) A(r) 0
where 7'(-) is an integrable Borel function.
Remark 1. If A(r) is the ball v(r) := {z € R?: ||z|| < 7}, then
d+1 1
Po(ry (2) = dr™ 2T (o <J2r7 2)7 0<2<2r,
where
+ h
Lip.q) == Fo s p ? /u’“ w)?tdu, pe(0,1], p>0, ¢>0,
0

is the incomplete beta function, see [12].

Remark 2. Let Hy(u), k > 0, u € R, be the Hermite polynomials, see [28]. If (§1,...,&2;) is 2p-dimensional
zero mean Gaussian vector with

1, ifk=y;
E &= ry, ifk=j+pand1 <5 <p,

0, otherwise,

then

EHHk (&) Hm, (§4p) = H‘Sm]k 'T

j=1

The Hermite polynomials form a complete orthogonal system in the Hilbert space
w?
La(® o) = {6 [ Glojpw dv <o}, otw) =T VIR
R
An arbitrary function G(w) € Ly(R, ¢(w)dw) admits the mean-square convergent expansion

G(w)Z@W, Cj = / G(w)H;(w)é(w) dw. (2)
7= R

By Parseval’s identity

N

C

> o = [ Gwdw)du. (3)
R

il

Definition 3. (See [32].) Let G(w) € L2(R, ¢(w)dw) and assume there exists an integer £ > 1 such that
C; =0,forall 0 <j <k—1, but Cy, # 0. Then « is called the Hermite rank of G(-) and denoted by
HrankG.
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Definition 4. (See [1].) A measurable function L : (0,00) — (0, 00) is called slowly varying at infinity if for
all t > 0,

lim w =1.

By the representation theorem [1, Theorem 1.3.1], there exists C' > 0 such that for all » > C the
function L(-) can be written in the form

[ Ga(u)
L(r) = exp (Cl(r) + | 2= du), (4)
=

where (3 () and (3(-) are such measurable and bounded functions that (5(r) — 0 and {3 (r) — Cy (|Co| < o0),
when r — oo.

If L(-) varies slowly and a > 0 then r*L(r) — oo, r~*L(r) — 0, when r — oo, see Proposition 1.3.6
in [1].

3. Assumptions and auxiliary results

In this section we list the main assumptions and some auxiliary results from [19] which will be used to
obtain the rate of convergence in non-central limit theorems. The detailed discussion of the main assumptions
is given in Section 6. We also prove the boundedness of the pdf of the Rosenblatt-type distributions.

Assumption 1. Let n(z), z € RY, be a homogeneous isotropic Gaussian random field with En(x) = 0 and
the covariance function B(x) such that

B(0)=1,  B(z)=EnO)(z) = [z~ L(||=[]),
where L(]| - ||) is a function slowly varying at infinity.

In this paper we restrict our consideration to « € (0,d/k), where x is the Hermite rank in Definition 3.
For such « the covariance function B(x) satisfying Assumption 1 is not integrable, which corresponds to
the case of long-range dependence.

Let us denote

K, ::/G(n(x))dx and K, ::%/H,Q(n(a:))dx,

A(r) A(r)

where C}; is defined by (2).

Theorem 1. (See [19].) Suppose that n(z), v € R%, satisfies Assumption 1 and Hrank G(-) = x > 1. If there
exists the limit distribution for at least one of the random variables

KT Krn
and :

Var K, ,/VarKnK,’

then the limit distribution of the other random variable exists too and the limit distributions coincide when
r — 00.



116 V. Anh et al. / J. Math. Anal. Appl. 425 (2015) 111-132

Remark 3. By the property lim,_,, Var K,./Var K,.,, = 1 (see [19]) Theorem 1 holds if the first random
variable is replaced by K,/ /Var K, ..

Assumption 2. The random field n(x), z € R?, has the spectral density

P = ex(d )2 () + (), )
where g(t) = t*~4L(1/t) - O(min(t?, 1)), as max(¢,1/t) — +oo,
ez
co(d, ) :== WQF()%)’

and L(|| - ||) is a function which is locally bounded slowly varying at infinity and satisfies for sufficiently
large r the condition

L(tr)
L(r)

‘1— <Ct/r, t>1, (6)

where v > 0, ¢ > 0, and v are constants.

Remark 4. For d =1 Assumption 2 is similar to the conditions employed in [31] and the references therein
to describe the asymptotic behaviour of the spectral density at zero. For example, the conditions (5) and (6)
are the equivalents of Assumptions 3 and 4 in [31]. Some sufficient conditions for Assumption 2 are discussed
in Remark 6 and [31].

Remark 5. For d > 1 the situation is more complex. Under some additional conditions (for example, mono-
tonicity and essential positivity) Assumptions 1 and 2 are linked by Abelian and Tauberian theorems.
However, they do not imply each other in general, consult [18,26]. Thus, to investigate the rate of conver-
gence we need both assumptions. Moreover, Assumption 2 provides more detailed information about the
asymptotic behaviour of the spectral density at zero than one can obtain from the corresponding Tauberian
theorem.

The following lemma shows that (6) can be replaced by a “stronger” condition.

Lemma 1. The condition (6) is equivalent to

L(tr)
L(r)

‘1— <C/ri, t>1, ¢>0. (7)

Proof. The condition (6) implies that, for each ¢t > 1, L(¢tr)/L(r)—1 = O(r~7), as r — oo, where O(r~9) may
be different for different values of ¢. Notice that »~7 has positive decrease because its upper Matuszewska
index (refer to Section 2.1.2 of [1]) is —¢ < 0. Then, by the representation theorem for slowly varying
functions with remainder, see Corollary 3.12.3 in [1],

L(r)=C(1+C(r)), asr— oo, (8)
where C(r) = O(r~7). Therefore, by (8)

L(tr)
L(r)

C(r)—C(t
:Supt21| (r) (T)|§€+sup ¢ —(’)(r‘q), r— oo,

1-—- =
1+C(r) re 4> (tr)9

sup
t>1

and the condition (6) can be replaced by (7). O
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Remark 6. An example of a sufficient condition for (6) is that L(-) is differentiable and its derivative satisfies
\L'(r)] = O(L(r)/r1+q), r — +00. 9)

Indeed, by Theorem 1.5.3 of [1], there exist 7o > 0 and C' > 0 such that for all 7 > rg it holds

L(t r(t —1)su L' (u U
‘1 ()] | = VswPueprrg V)| gy gy [H )
L(r) L(r) weleral £0)
s su ’LL_(SL U t1+5
X sup u—5~ pue[r,;t] = - et
welrrt] T T L(Y‘) rd

Notice, that (9) can be rewritten as | In’'(L(r))| = O(r=179), as r — +oc. Therefore, if the function (;(-)
is differentiable in (4) we obtain the sufficient condition

Ca(r)

r

G (r) +

=0(r 79, r—+c.

A few simple examples of functions satisfying the condition (6) for sufficiently large r are L(r) = ayo,
L(r) = (ap + a177 %)%, and L(r) = agexp(ai/r?), where ap > 0, a; and ay are constants. The function
L(r) = Inr does not satisfy the condition (6).

Remark 7. Note that Assumption 1 implies L(t) = O(t*), t — +0. Therefore, if Assumption 1 holds true
then the condition e(t) = t*~4L(1/t) - O(min(t’, 1)) is equivalent to e(t) = O(t~%), when ¢t — 4o0. Hence,
the condition (5) is equivalent to f([|A|]) = O(||A||7%), when ||A|| — +oo. Thus, if Assumption 1 is fulfilled
then for the case ||A|| — +oco one can use f([|A]]) = O(]|A||~¢) instead of the condition (5) in Assumption 2.

Let us denote the Fourier transform of the indicator function of the set A by
Ka(z) = /ei(m’“) du, = cR% (10)
A
Lemma 2. (See [19].) If 11, ..., T, k > 1, are such positive constants that Y, 7; < d, then

2 d)\ld)\,i
Ka(M+-+ M) < 0.
Rﬁ{| T

Theorem 2. (See [19].) Let n(x), x € R?, be a homogeneous isotropic Gaussian random field with En(x) = 0.
If Assumptions 1 and 2 hold, then for r — oo the finite-dimensional distributions of

Xy = p(Re)/2=d  =r/2 (1) / H,(n(z)) dz
A(r)
converge weakly to the finite-dimensional distributions of

W(dA) ... W(d\,)
@72 h @72

Xi(A) = CS/Q(d7 a)/IKA()\l + 4 )

Rdr

where fﬂédn denotes the multiple Wiener—Ité integral.
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Definition 5. The probability distribution of X5(A) will be called the Rosenblatt-type distribution.

It is a generalization of the Rosenblatt distribution to arbitrary set A. Consult [9,20,32,34-36] on various
properties and applications of the Rosenblatt distribution.

Lemma 3. The Rosenblatt-type distribution has a bounded probability density function:

il
sup px,(a)(z) = sup — p P(X2(A) < 2) < 4o0.
z€R z€R
Proof. By Theorem 1 in [5] (also consult [25] for some recent results) it follows that the probability distribu-
tion of X5(A) is absolutely continuous. To show that X5(A) has a bounded density we will use Theorem 2

of [5] which is valid for general measurable spaces. In our case it requires the existence of linearly independent
functions h1(-), ha(-) € La(R?) such that

KA<)\1 + )\2)h1<)\1)h1()\2)

dA; dA 1
([ Aq ]| (@=e)/2]| Ag | (d=er)/2 1dA2 >0, (11)
and
K = dA;
/ i (A1, A2y Az, Aa)ha (A1) ha(A2)ha(As)ha(Aa) | I W >0, 12)

R4d

where VK(/\h A2, Az, )\4) = KA(/\l + )\Q)KA(/\;J, + /\4) — KA(/\l + /\3)KA(>\2 + /\4)
Let us choose

/2 .
@-{A})d Jaj2 (N - €;{A}) (13)

hj(/\7 AO) = Xv(Ao)()‘)< o ||/\||a/2 ’

where Ay is a positive number, v(Ap) is the Euclidean ball of radius Ay, and ¢;{A} > 0, j = 1,2. For
convenience, we will also use the definition (13) in the case Ag = 400 assuming that x,(;0)(A) = 1.

We will need the following asymptotic properties of the Bessel function of the first kind, see (8.402) and
(8.451) in [11],

2 Zd/2
—cos(z —m(d+1)/4), z— oo, Jaj2(2) ~ = 2 —~ 0.

Jd/Q(Z)N s 2(1/2F(d/2+1)7

By the definition (13),

o h;(-,Ap) € L2(Rd)7 j = 1,2, are radial functions with compact supports for which fzj(/\,AO) —
IA[(@=D/2h (X, Ag) € Ly(RY) N Ly(RY), when Ag < +00;
o hj(\ Ap) € La(R?), when Ag = +oc.

Therefore, substituting (10) and (13) into (11) and (12) and legitimately changing the order of integration,

for Ay < 400 we get

KA(A 4+ A2)hi(A1, Ao)hi (A2, Ao)
[[A1][(d=2)/2]| Ng|(d=2)/2

i(A1+A2,u hl(AlvAO)hl()Q,Ao) ~ 9
/ / [ A1 ]| {@=2) 72| Xy || (d=e)/2 d)‘ld)\2dU=/(h1(u,Ao)) du, (14)

dA1dAs
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and similarly

4

dA;
Io(Ao) == / Vi (A1s Ao, Az, A (A, Ao)ha (A2, Ao)ha(As, Ao)ha(Ma, Ao) [ | XTL*)/?
R4d j=1 ” J”
. 2 2 2 2 2 2
= [ (hi(u, Ag)) du/(hz(U,Ao)) du — (/hl(ua Ao)hz(%Ao)dU) ; (15)
A A A

where /xzj(on) are the Fourier transforms of h;(-, Ag), j = 1,2.
Notice, that for Ay = +00 we get, see [26],

CAANY [ oo Jasa (NG 1A 5 ,
Xv(gj{A})(u) = ( ‘i}{%}> /ez(u,k)w d\ = h]‘(u, +OO), ] = 1,2. (16)

By the definition (13),
ilj()\, Ao) — iL]‘ ()\, -|—OO) in Lo (Rd), when AQ — +00.

Hence, (14), (15), and (16) yield
I(Ap) — /(?Ll(u, +oo))2du = /(Xv(zl{A})(U))QdU = ’v(ﬁl{A}) ﬂA|
A A

and
Io(Ag) = [v(€{A}) NA| - [u(ta{A}) N A| = [o(min(6{A}, £{A})) N A%,

when Ag — +oo.
If 61{A} := diam{A} and ¢2{A} is a such radius that |v(¢2{A}) N A| = |A|/2, then

I(Ag) = |A] >0 and In(Ag) — |A]*/4 > 0.
Hence, there exists Ag < 400 such that the conditions (11) and (12) are satisfied for h;(X) = hj(}, Ao),
j =1,2. Finally, we complete the proof noting that h;(A, Ag), j = 1,2, are linearly independent func-

tions. O

Definition 6. Let Y; and Y3 be arbitrary random variables. The uniform (Kolmogorov) metric for the
distributions of Y7 and Y5 is defined by the formula

p(Y1,Ys) = SU£|P(Y1 <z)—P(Y2 < z)|
zE

The following result follows from Lemma 1.8 of [29].
Lemma 4. If XY, and Z are arbitrary random variables, then for any e > 0:

p(X+Y,Z)<p(X,2)+p(Z +e,2)+ P(|Y| > ¢).
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4. Main result

In this paper we consider the case of Rosenblatt-type limit distributions, i.e. K = 2 and « € (0,d/2) in
Theorem 2. The main result describes the rate of convergence of K, to X3(A), when r — oo. To prove it
we use some techniques and facts from [2,17,19].

Theorem 3. If Assumptions 1 and 2 hold, ¢ < d/2 — «, and HrankG = 2, then for any » <

%min(%7%l)7

(2 ) ol ) v

where Cs is defined by (2) and

o 2 . 2 +1 -1
1 = min — .
! % d—2a d+1—2a v

Remark 8. The order of convergence » depends on the three parameters «, v, and ¢q. Recall the meaning

of these parameters: « is a long-range dependence parameter, g gives the order for the upper bound of the
slowly varying (with remainder) function L(-), and v describes the magnitude of deviations of the spectral
density from ca(d, @)||\|*9L(1/||A||) at the origin.

Proof. Since H rank G = 2, it follows that K, can be represented in the space of squared-integrable random
variables Lo({2) as

K, =K, 2+ 5, := % / H, (n(m)) dx + Z % / H; (n(x)) dz,

Alr) 323 7 Al

where C; are coefficients of the Hermite series (2) of the function G(-).
Notice that EK, 2 = ES, = EX3(A) =0, and

2K’r2
Xpo=—"7-""—.
27 Cord—aL(r)

It follows from Assumption 1 that |L(u)/u®| = |B(u)| < B(0) = 1. Thus, by the proof of Theorem 4
in [19],

diam{A}
C?
Var S, < |A]?r2d—3 Z —{ / 233 (r2)ha(2)dz

iz I

c diam{A} 2( ) ( )

j L*(rz) L(rz

—laptemy S [ a(2) de. (17)
L5 ) TR0 G

We represent the integral in (17) as the sum of two integrals I and I with the ranges of integration
[0,7=%1] and (r~P, diam{A}] respectively, where 8; € (0,1).
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It follows from Assumption 1 that |L(u)/u®| = |B(u)| < B(0) = 1 and we can estimate the first integral as

=51 A1

5/2 2
I < / z" LQ( )’I/JA( )dz < <Sup0f,§/§2r§(r)L(S)> / 270272 %YA(2) d2
0 0

L(r)

where ¢ is an arbitrary number in (0, min(a, d — 2a)).
By Assumption 1 the function L(-) is locally bounded. By Theorem 1.5.3 of [1], there exist ro > 0 and
C > 0 such that for all r > rq

SUPp< < s9/2L(5s)

<C.
rO/2L(r) -
Using (1) we obtain
r—F1 o c r—F1 R Or*ﬂl(deOzf&)
—5_—2a dz < — —20-1-6 4, — .
[ @iy [ *= @20 0)/A]
0 0
Applying Theorem 1.5.3 of [1] we get
diam{A}
or2
SUD,1-681 < s<r diamiar SO L7(8 L _
12 < p P < Sé d2 {A} ( ) . sup (S) . P (5+2a)¢A(z) dz
roL (’I“) rl=F1<s<r-diam{A} 5 0
<C- O(T*(afﬁ)(lfﬁl)%
when r is sufficiently large.
Notice that by (3)
2
Z —j / w) dw < +oo.
j=3 ] R

Hence, for sufficiently large r
Var 5, < O [2(r) (ra-208) 4 o(0=0)1-80))).
Choosing 81 = 7% to minimize the upper bound we get
2(d—a) 72(,.),— 2429 4§
Var S, < Cr Le(r)yr~ d-a .

It follows from Lemma 3 that

p(X2(A) +,X2(A)) < z—:sungQ(A)(z) <eC.
FAS

Applying Chebyshev’s inequality and Lemma 4 to X = X, 5, Y = % and Z = X5(A), we get
ymg y ) Cord=aL(

2k 28
=" X A = X’I’ 77“7)( A
P<02rd—aL(7‘)v 2( )) P( 2 T Cord—L(r) 2( )>
< p(Xo2, X2(A)) +Cle + 5—27”7%%)7

for sufficiently large 7.
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. _ a(d—2a) e .
Choosing € := r~ 3(@=2) to minimize the second term we obtain

2K,
— < o=t
p(CQTd—aL(r) ) X2(A)> < p(Xy2, X2(A)) 4+ Cr Eic=y (18)

Applying Lemma 4 once again to X = X3(A), Y = X, 2 — X2(A), and Z = X2(A) we obtain
p(XT’Q,Xg(A)) < E]_C-F P{‘Xr)g — XQ(A)‘ > 51} < 810+ 61_2 Var(an — XQ(A)) (19)

Below we show how to estimate Var(X, o — Xa(A)).
By the self-similarity of Gaussian white noise and formula (2.1) in [6]

W)W ()
P2 Aa][ =72

!
X2 2 5(d, ) / Ka( + 22)Qr (A1 Aa)
de

where

Qr(A1, A2) =1L (r) 5! (d, )|:||/\1||d W af<||,\1||)f<||/>_2||>]1/2

Notice that

W (dA)W (dAs)
Il 2] xg[d=72

XQ(A) = Cz(d, Oé)//KA()q + )\2)

By the isometry property of multiple stochastic integrals

E|Xr2 IKa(A1 + 2A2)2(Qr (A1, A2) — 1)2
d dA{dXs.
A=Az ]d= L

R, =

Let us rewrite the integral R, as the sum of two integrals I3 and I with the regions A(r) := {(A1, A2) €
R24 : max(||A1]], [[A2]]) < 77} and R2?\ A(r) respectively, where v € (0,1). Our intention is to use the
monotone equivalence property of regularly varying functions in the regions A(r).

First we consider the case of (A1, A2) € A(r). By Assumption 2 and the inequality |vab—1| < [1—a|+[1-b],
for sufficiently large 7, we obtain

@02 - 1] < 1 - ﬁ‘ H- M) | i) (Lt

L(r) L(r) L(r) r
L oMo (12l
L(r) r '
By Lemma 1, if ||A;|| € (1,77), j = 1,2, then for arbitrary B2 > 0 and sufficiently large r we get
DS v 0 DR vy A Y 1o N DS v DA [
L(r) L(r) L(H;jl\) - L(r) T4
< e Ille sy e (G o L)
rd rﬂ2 ( )

< ol supacon 22 L) ]l
- 74 rP2L(r) - re
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By Lemma 1 for ||A;]| <1, j =1,2, we obtain

Lipg)|_ ¢
Tl s )

Hence, by (20) and (21)

A 2v L2( Tl) A 2v L2( r2)
!Qr(Al,M)—lFéO(”;') -%4—0(”:”) RalliIe

+ Cr‘zq(||)\1||(”1+1)(q+52) + H)\2|‘(uz+1)(q+62))

for (A1, A2) € A(r) N B,,, where
B, = {(A,A2) € R* |\ <1, if gy = —1, and [|Aj]| > 1, if pj =1, j=1,2},

p = (p1,p2) € {—1,1}? is a binary vector of length 2.
By Lemma 2, for r > 1

24 / |KA(M1 + A2)[2 dArd)e < C

Al Al 4=

|

<
[\
s}

A(MNB(uy,-1)

when py € {—1,1}.
Similarly, by Lemma 2 we obtain

P24 / |KA(A1 4+ A2)[2 dArd)e - C
[Ar]|4=e || Ag||d-o—2a-262 = p2a’
A(r)NB(uy 1)

when py € {—1,1}, ¢ € (0,d/2 — ), a > 0, and s is sufficiently small.
By properties of slowly varying functions [1, Theorem 1.5.3]

LTSNS v DS s L O 1
r—»00 r=vL(r) r—»00 r=vL(r) ’

Hence, it holds for sufficiently large r that

v 2 T
I ) e
r L2(r) — ’

Therefore, by Lemma 2 we obtain for sufficiently large r

- |Ka(A1 + A2)|? dA1d Ay [ Ao |20 +H20

I3 < Cr21 / O swp Rl
ME{ZM}QA( - ‘)\1 |d a||)\2||d a—(p2+1)(g+82) pa€{—1,1} [ha||<r r2v

<Cr %4 Cr’2“(1*7)+6. (22)

It follows from Assumption 2 and the specification of the estimate (23) in the proof of Theorem 5 in [19]
for k = 2 that for each positive 0 there exists 7o > 0 such that for all 7 > 7o, (A1, X2) € B ,,), and
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w2 € {—1,1}, it holds

[Ka(u +2) QA d) =1 _ ClKau+ 0P, [Kaut+da)P
=2 Re o= B Y o [P VY ] P ey

Hence, we can estimate 14 as shown below

|Ka (A1 4 X2)2(Qr (A1, A2) — 1)2dA1d A,

I, <2
1= XAz
RE || A |[>r7
<C |KA(>\1+>\2)|2 dA1d)s
= A&l Az [
Ra || Aq]|>rY
L Z |Ka(A1 + A2)|? d\idr
[Ar o8| Ag[[d—a—rad 12

p2€{L =1 xg k2 >1 [ Arf|>r

[Ka(u)?
<C max d\idu
T meef{ol —1}/ / [Ar[[d=a=0u — Ay |[d—a—na8 =7

R [[Aq[|>r

_ / |Ka(u / d\;du
- MG{“—H [l 42— “2“)5 [Aall9=e=0 g — Aalldmamree”

u]
IALI>

Taking into account that for § € (0, min(«, d/2 — «))

dXy
sup / —— — <C,
uw€RI\ {0} 7, ||)\1Hd : SHW _ )\1||d p20

we obtain

K (w)]” / dArdu
I, <C e
<O, | e Pl g = Aaflaerss

llul[<ro [Ar[|>r=70

|Ka(u)|?du
C TR T Ry
* paef01—1) / [|u]|d=2e— (r2+1)d

[[ee]|>70

where v € (0,7).
By Lemma 2, there exists rg > 0 such that for all > rg the first summand is bounded by

Ea()?du / d\; < Op—(r—0)(d—20-28)
p2ef{0,1,—1} J  ||ul[d—20—(n2t1)d [ A |[2d—20—0—p20 =
Rd

[[A1]|>r7—70

Therefore, for sufficiently large r,

—(y=70)(d—2a—28 |Ka(u)]* du
I4 S Cr (r=70)( ) + C / W (23)
l|ul|>r0

By the spherical Lo-average decay rate of the Fourier transform [2] for § < d + 1 — 2« and sufficiently
large r we get the following estimate of the integral in (23)
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| Ea(u)]? du [Ka(zw)]?
/ ||qu Mo lld—2a—25 _C 1 20— 25 d dZ

l[uf>ro Z>r70 gd—1
<C o) (24)
= Hd4+2—20-28 ’
z2>r70

where S971 := {x € R?: ||z|| = 1} is a sphere of radius 1 in R%.
Combining estimates (18), (19), (22), (23), (24), and choosing &, := r~”, we obtain

p(c 3__1&( )’X2(A)) < C(r’%” 7B T2 HZEHS 20428
2T . T

4~ (r=0)(d—2a-26)+26 4 r—v<>(d+1—2a—2a)+2ﬁ)_

Therefore, for any 3¢ € (0,354) one can choose a sufficiently small § > 0 such that

2K, 5/ —eld—2a)
. —-r < d—a
”(oﬂd—aLu)’X“A)) < O 07, (25)

where

0= sup min (3, 2v(1 —v) — 26,2¢ — 23, (v —70)(d — 20) — 28,70 (d + 1 — 2a) — 263).
>
~v€(0,1)
Y0€(0,7)

Note, that for fixed v € (0,1)

) v(d—2a)(d+1—2a)
sup min((y —v0)(d — 2a),v(d + 1 —2a)) = ,
Y0 €(0,7) (( o) )l )) 2d+1 -4«

and

v<d2a><d+12a>):2(d = & 1)

: in( 2v(1 — v
sup mlﬂ( v(1 =), 2d+ 1 — 4o —204+d+1—204+v

v€(0,1)

Thus, s = supg~min(B3, s, — 28) = 51/3.
Finally, by (25) and 31 < 51 we obtain the statement of the theorem. O

Remark 9. The obtained results and the methods of [29, §5.5] provide a theoretical framework for general-
izations to non-uniform estimates of the remainder in the non-central limit theorem.

5. Examples

Theorem 3 was proven under rather general assumptions. In this section we present some examples and
specifications of the results of Sections 3 and 4.

Example 1. If A is the ball v(1) in R?, then

Kyy(x) = / @) dy = (2ﬂ)d/2W, z € RY,
v(1)
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and we obtain

"Japp(A+A2l)  W(dA)W (dA,)

_ d/2 a/2\[IM 2 1 2
X2(U(1)) = (2m)"Zea2(d, a)/ AL+ X[ 72 A @)/2]xg|[(@=)/2"
]RQd

Example 2. If A is the multidimensional rectangle [a,b] := {z € R? : z; € [a;,b;], j = 1,...,d} and
a; < 0< bj, 7 =1,...,d, then

. d eibja:]' _ ei(ljwj
K[a)b] (x) = / e @) dyy = H —_—

T
iy J
[a,b] J=1
and

; d (eibj()\lj+)\2j) 7e’iaj(}\1j+)\2j))W(dA1j)W(dA2j)

XQ([a7b]) = C2(d7 O() 7/()\1] + A2j)H)\lH(d_a)/2||A2||(d_a)/2 )

R2d Jj=1

where A, = (A1, ooy Ama), m = 1,2.

Example 3. Let us consider n(z), z € RY, with the covariance function of the form

B(”.TH) _ 1- ﬁ”xue’ ”‘/EH S 1’ (26)
wralzl™ el >1,

which was proposed as a local-global distinguisher model in [10]. It was shown in [10] that (26) is a valid
correlation function when o >0, 6 € (0,(3 —d)/2],d =1,2.

The local-global distinguisher model obviously satisfies Assumption 1 and the condition (6) with L(t) =
o, t> 1

In the case of long-memory stochastic processes, i.e. d = 1 and « € (0,1/2), taking the inverse Fourier

transform of B(-) we obtain

1 /sin(A]]) 0 _ 1 al
10 = 2 (T + e (@0 am (5 - 515

AP

_ %; T) + JA[|* sin(ma/2) (1 — a)>

e op(0 116 3 AP
G+1)0+a) " %\2 2727227 1

where 1 F5(a; by, be; ) is the generalized hypergeometric function [11, §9.14] defined by

1F2(a; by, b2;2) = Z ﬁzj

=5 74(01);(b2);

(a)j =I(a+j)/I'(a), j € Ng:=NU{0}, —a ¢ No.

The power series expansion of f(||\||) gives

ab
(14 0)(a—1)

0I'(1 — o) sin(mar/2)
(0 + «)

FAIM) = A+ +0(1)

0 a— a— -«
—ea(1,0) - g - INIT AT O(IN),

when ||| — 0. Hence, v =1 — a.
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0167 a(l—2a)
| ; T 3-3a
0.14

%
1

W=

0A12;
0410;
0.08;
0.06;
0.04;

0.02

0 T T T T )
0 0.1 0.2 0.3 0.4 0.5

o

Fig. 1. Graphs of /3 and %5=23 for d = 1.

Now we consider the case ||A|| = +o00. By the asymptotic expansion of 1 Fs(a; by, bs; 2) in trigonometric

form [38] we obtain

2 20-11(ar/2)

1 al3 o |A? vl §—“) o _
1F2<— ~ 3y 9T 2] > G IME=H @+ O(IAIT2) + o (IMT),
LR AL S A -1
F. — = = — — | = .

Therefore, % = sin(ra/2)I(1 — a) implies f(A]) = O1/|Al]), when ||| — -+oo. By

Remark 7, Assumption 2 holds true for the local-global distinguisher processes.

Example 4. Assume there exists ¢y > 0 such that L(t) = ag for all t > ¢y in Assumption 2.

Since the parameter ¢ is arbitrary in (6), the only condition on ¢ in Theorem 3 is ¢ € (0,d/2 — «). As
a consequence, taking g arbitrarily close to d/2 — o makes ¢ > (2(d — 2a)™! +2(d + 1 — 2a)7! + v71)7Y
because (2(d — 2a) 1 +2(d+1—-2a) " +v71)~! < d/2—a. Thus, we get in the definition of s¢; in Theorem 3

s =2(2(d—20) " +2(d+1-2a) " +o ) (27)
For instance, let us consider Example 3 with d =1 and v = 1 — «. Fig. 1 displays the graphs of a(d 20;)

and ¢ /3, plotted as functions of the variable «. In this case

Example 5. Let us consider 7(z), z € RY, with the covariance function of the form
-0
B(llzll) = (1+llz*) ", 6>0.

In geostatistics, it is known as the Cauchy covariance function [10,22,37].
The corresponding spectral density has the form, see [22, Proposition 2.4],

R

FAM) = ST g 4

gy Ko I); (28)

where K, (-) is the modified Bessel function of the second kind.



128 V. Anh et al. / J. Math. Anal. Appl. 425 (2015) 111-132

It follows from the representation B(||z||) = |lz|72°(1 + ||=||~2)~% that, in the notations of the paper,
a =20, L(t) = (1+t~2)7% and the Cauchy covariance function satisfies Assumption 1. The considered case
of long-range dependence corresponds to the region 0 < 6 < d/4. By Remark 6 the slowly varying function
L(-) satisfies the condition (6) for ¢ < min(2,d/2 — a).

To verify the condition (5) we note that

FUNI = e2(d 200 [AIPP = (L + [IA12) ™7 + e (1Al
where
(A1) = FUINI) = ex(d, 20)[INP =41+ A12) . (29)

We will use the asymptotic expansions of the functions (1 + ||A||2)~% and f(||A||) for ||A|| — 0. By the
binomial series expansion we get

1+ AP =Y (‘f) 27 =1 - e + 2Dy (30)
7=0

Note that the condition of long-range dependence 6 € (0,d/4) implies positivity of d/2 — 6. First we
consider the case d/2 — 6 ¢ N. By the asymptotic expansions of f(||A||) given in [22, Proposition 3.2] and
Euler’s reflection formula I'(2)I'(1 — z) = 7/sin (7z) we obtain

_ 1 o~ _(IAll/2)2+20=4 (||A]/2)%
F) = 2473 I(0) sin(w (2 — 0)) Z(ﬂf(j +60—942)  GIN(G+ 2 - 0))

j=0
_ 1 (UA/2)2~% (IAll/2)* 20 _ 1 _
 24x P 1(0) sin(x (2 — ) ( ro—52) r+o-52) T I(EZ ) )

_ 20— [Al12 20700 - 132) 2

= co(d, 20)||\||%° d<1+ sa 20— F(&Z g [ A[2=20 — ) (31)

Therefore, by the substitution of (30) and (31) into (29) for d/2 — 6 ¢ N we obtain &(t) = t2°=4L(1/t) -
O(tY), t — 0, where

v = min (2,d —20) =

d—20, ifd=1,2, ord=3and e (1/2,3/4);
{ ()
0<d/4

2, ifd>4, ord=3and 6 € (0,1/2).
Now we investigate the case | := d/2 — 6 € N. Proposition 3.2 in [22] implies
-1 . ;
(=5 = DIIAN/2)% 2
SN = S (Z(—l)ﬂ . + (-
j=0

1
2072 (% — g!

% Z PH/Q (2In([[Al/2) —w(j+1)—¢(z+j+1))>

Jj=

S S A e L AT ECU IS
‘msp(g_z)( e e et I e
_ " G (D)2 (A JAI> )
— ca(d, 20) || <1+2(2+20—d) T T s s TR

where 9(z) := I'"(z)/I'(z) is the digamma function.
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Hence, for d/2 — 0 € N we get

(33)

L2 it o=1/2 d=3
2, otherwise,

where § is an arbitrary non-negative number.

Now we consider the case ||\ = 4o00. By (28) and the asymptotic property K, (t) = O(e™"), t = 400,
see [11, (8.451.6)], we obtain f(||A]]) = O(||A]|7¢), when ||A|| = 4o0. Thus, by Remark 7, Assumption 2
holds true for the Cauchy model.

If d/2 — a < 2, then ¢ can be chosen close to d/2 — a and (27) holds. For ¢ = 2 it follows from (32) and
(33) that the inequality 2v(1 — v) — 28 < 2¢ — 2 holds true for all v. Hence, by the definition of 3¢, we
can choose s as in (27).

Example 6. Let us consider n(z), x € R%, with the covariance function of the form

B(lz]) = (1+[1z]7)"°, o €(0,2], §>0,

which is known as the generalized Linnik covariance function [8,14,22]. Cauchy and Linnik’s fields are
important particular cases of this model.

The Cauchy model with o = 2 was considered in Example 5. Therefore, we will only investigate the case
o € (0,2) and 0 > 0. Note, that the asymptotic expansion of f(||A||) for o € (0, 2) differs from the expansion
for 0 = 2. That is why we consider these two cases of the generalized Linnik model separately.

For o € (0,2) the spectral density has the form, see [22, Proposition 2.4],

o oo el

H>‘||Td /Kd2(|)\||u)u2 du
M= -——"— 1 z

f(” ||) 2d;2ﬂ_d+2 m (1+617r0/2u0)9

Analogously to the case of the Cauchy field, a = 6o, 0o < d/2, L(t) = (1 +t77)7% and the generalized
Linnik covariance function satisfies Assumption 1. By Remark 6 the condition (6) holds true with ¢ <
min(o, d/2 — ).

Note that
FUNI = ea(d, ) [AIP7 (1 + A7)~ 9+s<uA||)
() = f( AL — ealds ) [P (1 4 A7) ™
6(0
@I =1 - o + 2 e g o

By the asymptotic expansions of f(||\||), see [22, Proposition 3.9], we obtain
1 re)r=*) <||/\||)
All) = 1— 0+
10 = sirgr (CFem (51 - 0 xwsanton + )
DO+ D=2 (A
F(U(9+1)) 2

)= g A oo
((oeJlr?r—d)! ] F(( (::rll))) Xa-+2n, (00 + o) In (|| A]]) <H |> + ),

20($) (7%
UF—® + ...

ocb—d+o
) + o (1= xno(d/o — 0))

where d + 2Ny :={m: m =d +2j, j € No}.
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034 ..
0.8 - _ a(3—20)
. . a(2—2a) 9—-3a
0.7 - 6—3a o o1
.. 1 T4
3"
0.6 4
0.2 1
0.5 4
0.4 H
0.3 4
0.1 4
0.2 4
0.1 4
0 T T T T T 0 T T 1
0 0.2 0.4 0.6 0.8 1 0 0.5 1 1.5
o o

Fig. 2. Graphs of 3r1 /3 and o;((c[liiio;) for d = 2 and 3.

Therefore, e(t) = t20=2L(1/t) - O(tV), t — 0, when ¢ < d/2 and

d—o0, ifoe(d/(0+1),2), 0€(0,1), d=1,2,3;
v=qo—0, ifo=d/(0+1), 0¢c (max(0,d/2—-1),1), d=1,2,3; (34)
o, ifd>4, oroe(0,d/(0+1))and d=1,2,3,

where § is an arbitrary non-negative number.

Now we consider the case || A|| — +oo. By [22, Proposition 3.4] we get f(||A]]) = O(||A]|~47), ||A|| = +oc.
Hence, by Remark 7, Assumption 2 holds true for the generalized Linnik model.

If d/2 — o < o0, then g can be chosen close to d/2 — « and (27) holds. For ¢ = ¢ by (34) we obtain that
the inequality 2v(1 — ) — 28 < 2¢ — 2/ holds for all v. Hence, it follows from the definition of s¢ that s
can be given by (27).

Fig. 2 displays the graphs of %((62:2;;) and > /3ford=2,q=0=7/4,v=17/12,0 = 1/3, and d = 3,
q =v = o =1, plotted as functions of the variable @ = 6. Notice, that contrary to Example 4 and the case

O;’((Z:iog) for d = 3 and the values of « close to d/2.

d = 2 the order /3 is smaller than

Remark 10. Due to the strict inequality for > in Theorem 3 the constant d, appearing in expressions (33)
and (34) for v, can be chosen equal to zero.

6. Concluding remarks

We have investigated the rate of convergence to the Rosenblatt-type limit distributions in the non-central
limit theorem. The results were obtained under rather general assumptions allowing specifications for various
scenarios. In particular, special attention was devoted to the Cauchy, generalized Linnik, and local-global
distinguisher random processes and fields. We use direct analytical probabilistic methods which have, in our
view, an independent interest as an alternative to methods in [4,23,24]. The analysis and the approach to
the rate of convergence in non-central limit theorems are new and extend the investigations of the rate of
convergence in central limit theorems in the current literature.

In the one-dimensional case the rate of convergence of K, 3 obtained in the proof of Theorem 3 is analogous
to the result for the discrete fractional Gaussian noise in [4]. However, Theorem 3 additionally estimates
the rate of the term S, which allows to consider the class of all functions of Hermite rank 2. Moreover, the
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obtained results are valid for the multidimensional case and more general classes of covariance functions
and random processes.

It is possible to extend the results to wider classes of slowly varying functions with remainder, see
[1, §3.12], whose bounds are different from (6) (the detailed discussion on the condition (6) is given in
Remarks 6 and 7). However, for such classes the rate of convergence would be different (depending on the
remainder) from the following results. Assumption 2 was chosen to ensure a polynomial convergence rate.

Acknowledgment

This work was partly supported by La Trobe University DRP Grant in Mathematical and Computing
Sciences. The authors are also grateful for the referee’s careful reading of the paper and many detailed
comments and suggestions, which helped to improve the paper.

References

[1] N.H. Bingham, C.M. Goldie, J.L. Teugels, Regular Variation, Cambridge University Press, Cambridge, 1987.
[2] L. Brandolini, S. Hofmann, A. Iosevich, Sharp rate of average decay of the Fourier transform of a bounded set, Geom.
Funct. Anal. 13 (4) (2003) 671-680.
[3] J.-C. Breton, On the rate of convergence in non-central asymptotics of the Hermite variations of fractional Brownian sheet,
Probab. Math. Statist. 31 (2) (2011) 301-311.
[4] J.-C. Breton, I. Nourdin, Error bounds on the non-normal approximation of Hermite power variations of fractional Brow-
nian motion, Electron. Commun. Probab. 13 (2008) 482-493.
[5] Yu.A. Davydov, On distributions of multiple Wiener-It6 integrals, Theory Probab. Appl. 35 (1) (1990) 27-37.
[6] R.L. Dobrushin, P. Major, Non-central limit theorems for nonlinear functionals of Gaussian fields, Z. Wahrsch. Verw.
Gebiete 50 (1) (1979) 27-52.
[7] P. Doukhan, G. Oppenheim, M.S. Tagqu (Eds.), Long-Range Dependence: Theory and Applications, Birkhduser, Boston,
2003.
[8] M.B. Erdogan, I.V. Ostrovskii, Analytic and asymptotic properties of generalized Linnik probability densities, J. Math.
Anal. Appl. 217 (2) (1998) 555-578.
[9] J. Garzén, S. Torres, C.A. Tudor, A strong convergence to the Rosenblatt process, J. Math. Anal. Appl. 391 (2) (2012)
630—-647.
[10] T. Gneiting, M. Schlather, Stochastic models that separate fractal dimension and the Hurst effect, STAM Rev. 46 (2)
(2004) 269-282.
[11] I.S. Gradshteyn, I.M. Ryzhik, Table of Integrals, Series, and Products, Academic Press, New York, 2007.
[12] A.V. Ivanov, N.N. Leonenko, Statistical Analysis of Random Fields, Kluwer Academic Publishers, Dordrecht, 1989.
[13] A.V. Ivanov, N.N. Leonenko, M.D. Ruiz-Medina, I.N. Savich, Limit theorems for weighted non-linear transformations of
Gaussian processes with singular spectra, Ann. Probab. 41 (2) (2013) 1088-1114.
[14] S. Kotz, 1.V. Ostrovskii, A. Hayfavi, Analytic and asymptotic properties of Linnik’s probability densities. II, J. Math.
Anal. Appl. 193 (2) (1995) 497-521.
[15] N.N. Leonenko, Sharpness of the normal approximation of functionals of strongly correlated Gaussian random fields, Math.
Notes 43 (1-2) (1988) 161-171.
[16] N.N. Leonenko, Limit Theorems for Random Fields with Singular Spectrum, Kluwer Academic Publishers, Dordrecht,
1999.
[17] N.N. Leonenko, V. Anh, Rate of convergence to the Rosenblatt distribution for additive functionals of stochastic processes
with long-range dependence, J. Appl. Math. Stoch. Anal. 14 (1) (2001) 27-46.
[18] N. Leonenko, A. Olenko, Tauberian and Abelian theorems for long-range dependent random fields, Methodol. Comput.
Appl. Probab. 15 (4) (2013) 715-742.
[19] N. Leonenko, A. Olenko, Sojourn measures of Student and Fisher—Snedecor random fields, Bernoulli 20 (3) (2014)
1454-1483.
[20] N. Leonenko, E. Taufer, Weak convergence of functionals of stationary long memory processes to Rosenblatt-type distri-
butions, J. Statist. Plann. Inference 136 (4) (2006) 1220-1236.
[21] N.N. Leonenko, W.A. Woyczynski, Exact parabolic asymptotics for singular n-D Burgers’ random fields: Gaussian ap-
proximation, Stochastic Process. Appl. 76 (2) (1998) 141-165.
[22] S.C. Lim, L.P. Teo, Analytic and asymptotic properties of multivariate generalized Linnik’s probability densities, J. Fourier
Anal. Appl. 16 (2010) 715-747.
[23] I. Nourdin, G. Peccati, Stein’s method on Wiener chaos, Probab. Theory Related Fields 145 (1-2) (2009) 75-118.
[24] I. Nourdin, G. Peccati, Stein’s method and exact Berry—Esséen asymptotics for functionals of Gaussian fields, Ann. Probab.
37 (6) (2009) 2093-2498.
[25] I. Nourdin, G. Poly, Convergence in total variation on Wiener chaos, Stochastic Process. Appl. 123 (2) (2013) 651-674.
[26] A. Olenko, Tauberian theorems for random fields with an OR spectrum. II, Theory Probab. Math. Statist. 74 (2006)
81-97.


http://refhub.elsevier.com/S0022-247X(14)01138-X/bib62696Es1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib627261s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib627261s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib62726531s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib62726531s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib627265s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib627265s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib646176s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib646F62s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib646F62s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib646F7531s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib646F7531s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib657267s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib657267s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib676172s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib676172s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib676E65s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib676E65s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib677261s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6976s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib697631s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib697631s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6B6F74s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6B6F74s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6C656F30s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6C656F30s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6C656F31s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6C656F31s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib616E68s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib616E68s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6C656F6F6C65s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6C656F6F6C65s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6D696E6Bs1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6D696E6Bs1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6C656F746175s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6C656F746175s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6C656F32s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6C656F32s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6C696D31s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6C696D31s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6E6F72s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6E6F7231s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6E6F7231s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6E6F7232s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6F6C653132s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6F6C653132s1

132 V. Anh et al. / J. Math. Anal. Appl. 425 (2015) 111-132

[27] A. Olenko, Limit theorems for weighted functionals of cyclical long-range dependent random fields, Stoch. Anal. Appl.
31 (2) (2013) 199-213.

[28] G. Peccati, M.S. Tagqu, Wiener Chaos: Moments, Cumulants and Diagrams: A Survey with Computer Implementation,
Springer-Verlag, Berlin, 2011.

[29] V.V. Petrov, Limit Theorems of Probability Theory. Sequences of Independent Random Variables, Clarendon Press,
Oxford, 1995.

[30] A. Réveillac, M. Stauch, C.A. Tudor, Hermite variations of the fractional Brownian sheet, Stoch. Dyn. 12 (3) (2012)
1150021, 21 pp.

[31] P.M. Robinson, Rates of convergence and optimal spectral bandwidth for long range dependence, Probab. Theory Related
Fields 99 (3) (1994) 443-473.

[32] M.S. Taqqu, Weak convergence to fractional Brownian motion and to the Rosenblatt process, Z. Wahrsch. Verw. Gebiete
31 (1975) 287-302.

[33] M..S. Taqqu, Convergence of integrated processes of arbitrary Hermite rank, Z. Wahrsch. Verw. Gebiete 50 (1979) 53-83.

[34] M.S. Taqqu, The Rosenblatt process, in: R. Davis, L. Keh-Shin, D. Politis (Eds.), Selected Works of Murray Rosenblatt,
Springer-Verlag, New York, 2011, pp. 29-45.

[35] M.S. Taqqu, M. Veillette, Properties and numerical evaluation of the Rosenblatt distribution, Bernoulli 19 (3) (2013)
982-1005.

[36] C.A. Tudor, Analysis of the Rosenblatt process, ESAIM Probab. Stat. 12 (2008) 230-257.

[37] H. Wackernagel, Multivariate Geostatistics, Springer-Verlag, Berlin, 1998.

[38] Wolfram Function Site, HypergeometricPFQ, Asymptotic series expansions, available online from http://functions.
wolfram.com/07.22.06.0012.01 (accessed 20 August 2013).


http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6F6C6532s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib6F6C6532s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib706563s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib706563s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib706574s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib706574s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib726576s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib726576s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib726F62s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib726F62s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib746130s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib746130s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib746132s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib746131s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib746131s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib746133s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib746133s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib747564s1
http://refhub.elsevier.com/S0022-247X(14)01138-X/bib776163s1
http://functions.wolfram.com/07.22.06.0012.01
http://functions.wolfram.com/07.22.06.0012.01

	On the rate of convergence to Rosenblatt-type distribution
	1 Introduction
	2 Notations
	3 Assumptions and auxiliary results
	4 Main result
	5 Examples
	6 Concluding remarks
	Acknowledgment
	References


