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1. Introduction
In this paper, we consider the following Schrédinger—Poisson equation:

—Au+u+ K(x)p(x)u = a(x)|ulP~2u +u’, in R3,

(1.1)
—A¢ = K(x)u?, in R3,
where p € (4,6). Eq. (1.1) or the more general one
—Au+V(z)u+ K(z)pu = f(z,u), in R3 12
1.2

—A¢ = K(x)u?, in R3,

arises while looking for the existence of standing waves for the Schrédinger equation interacting with an
electrostatic field. For a more physical background of the problem, the reader may see [4] and the references
therein.
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After the work of [4], many papers have been devoted to the existence of solutions for (1.2) under various
assumptions on V, K and f. If V(z) = 1, K(z) = 1 and f(x,u) = |u|[P"?u, problem (1.2) has been
studied sufficiently as p varies. For the case 4 < p < 6, the existence of radial and non-radial solutions
is considered in [8,9] and [11] respectively. For the case p < 2 or p > 6, the authors in [10] proved that
(1.2) has no nontrivial solutions. In [20], the existence and non-existence of nontrivial solutions are also
considered for the case 2 < p < 6. The problem of finding ground state solutions is a very classical problem.
Recall that u is a ground state solution of (1.2) if and only if u solves (1.2) and minimizes the functional
associated with (1.2) among all nontrivial solutions. In [2], the authors obtained the existence of ground
state solutions for the case 3 < p < 6. The critical case was also considered if f(z,u) = |u[P~2u + u5 with
4 < p < 6. In [23], we extended the work of [2] to a more general nonlinearity with critical growth. If
V(z) is not a constant, K(z) = 1 and f(z,u) = |u|P~2u, the existence of ground state solutions for (1.2) is
obtained in [2] for 4 < p < 6 and in [24] for 3 < p < 4 respectively. The authors in [2] also considered the
critical case. If V(z) = 1, K(z) is not a constant and f(z,u) = a(z)|u[P~2u with 4 < p < 6, by requiring
suitable assumptions on K (x) and a(x), the existence of ground state solutions and high energy solutions
is investigated in [6]. For other results on the existence and multiplicity of solutions for the problem (1.2),
the reader may see [3,5,16-18,21,26] for the subcritical case and [13,25] for the critical case. However, in all
these papers mentioned above, nodal solutions are not considered. Recently, the authors in [14] obtained
the existence of nodal solutions in the critical case.

One aim of this paper is to consider the existence of ground state solutions for (1.1) in the critical
case. The critical exponential growth makes the problem complicated due to the lack of compactness. More
important, since the functions K(z) and a(x) are not radial symmetric, it is impossible to work in the
radial symmetric space. We need to investigate the influence of the interaction of K(x) and a(x) on the
existence of ground state solutions. In this paper, we also consider the existence of nodal solutions for (1.1).
Problem (1.1) is rather different from that of [14]. We use a different method to deal with the problem. In
order to obtain the existence of ground state and nodal solutions, we introduce the following hypotheses on
K(x) and a(z):

) There exist C; > 0 and a > 0 such that 0 < K(z) < Cre ! for all z € R3;
) K(x) € L*(R?) N L®(R?), K(x) > 0 and lim|;_,o K(z) = 0;

a1) a(z) € C(R?) and lim|;| o0 a(x) = ase > 0;
) there exist Cy > 0 and b > 0 such that a(z) > as + Coe™tl?l for all x € R?;
) a(z) > as for all x € R? and meas{z € R?;a(z) > an} > 0.

Firstly, we consider the existence of ground state solutions.

Theorem 1.1. Assume (K1) and (a1)—(a2) with 0 < b < a < 2. Then problem (1.1) admits a positive ground
state solution.

Theorem 1.2. Assume (Ks3), (a1) and (a3). Then problem (1.1) admits a positive ground state solution for
| K|z small enough.

Remark 1.1. In Theorem 1.1, the decay rate assumptions (K7) and (az) are the key to the energy estimate.
In Theorem 1.2, without any decay rate assumption, we still obtain a ground state solution by requiring
|l ||2 small enough. It is remarkable that (K2) and (a3) are more general than (K7) and (az).

Now we consider the existence of nodal solutions.

Theorem 1.3. Assume (K1) and (a1)—(az) with 0 < b < a < 1. Then problem (1.1) admits a positive ground
state solution and a nodal solution.
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The outline of this paper is as follows: in Section 2, we establish some important lemmas. In Section 3,
we prove Theorems 1.1-1.2. In Section 4, we prove Theorem 1.3.

Notations:
1
o Jlulls == (Jfgs luldz)®, 2 < s < 0.
e Let H'(R?) be the Hilbert space with the norm [Juf|? := [5s(|Vu|* + u?)dz.
e Let D'2(R%) := {ue LS5(R®);Vue L?*(R®)} be the Sobolev space with the norm |lul%,. :=
Jgs [Vul?da.

C denotes a universal positive constant.

B, (y) denotes the open ball centered at y with radius r > 0.
S denotes the best Sobolev constant:

fRs |Vu|?>d

S:= in e IVHL R
uweD2(R3)\{0} (f]R3 |u|6dx)§

2. Preliminary lemmas

In this section, we assume (K5), (a;) and (a3). By the Lax-Milgram theorem, for every u € H'(R?),
there exists a unique ¢, € DV?(R3) satisfying —A¢, = K (z)u?. Similar to the argument in [20], we can
derive that the function ¢, has the following properties.

Lemma 2.1. For any u € H*(R3), we have

(Z) ¢u > 0;
(”) ¢tu = t2¢u7 v t> 07'
(iit) [gs K(x)pyuidz < Cllul|s, where a = 2.

For simplicity, we may assume ao, = 1. Denote H = H'(R?). The functional associated with (1.1) is

1 1 1 1
1) = Ll + /K(m)g{)uude _ ;/a(m)|u|pdm -2 / lufSdz, (2.1)
R3 R3

R3

where u € H. It is easy to check that I : H — R is of class C! and (u,$) € H x D%?(R?) is a solution of
(1.1) if and only if uw € H is a critical point of I and ¢ = ¢,,.

Lemma 2.2. There is a sequence {u,} C H such that {u,} is bounded in H, I(u,) — c € (0, %S%) and
I'(up) — 0.

Proof. From (a1) and (as), V € > 0, there exists C(¢) > 0 such that

1 1
Ea(x)htlp + 6|U\6 < elul® + C(e)]ul®. (2.2)

By (2.2) and Sobolev embedding theorem, we can conclude that there exists rg > 0 such that I(u) > ¢o > 0
for |lul| = ro. Set ¢ € H such that ¢ > 0, ¢ # 0. By Lemma 2.1(#), we have lim;_, o I(tp) = —oo. We
also have I(0) = 0. Define

= inf I(y(t
¢ = Inf max (v(®))s
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where T' = {y € C([0,1], H);(0) = 0,I(v(1)) < 0}. The mountain pass in [1] implies that there is a

sequence {u,} C H satisfying I(u,) — ¢ > ¢o and I'(u,) — 0. Similar to Lemma 2.5 in [23], we have
c< éSz. By I(up) — c and I'(u,) — 0,

1 1
e+ o(Dllunll = I(un) = 3 (I'(un), un) > 7 llunl?,
which implies that {u,} is bounded in H. O

Define the functional

1 1 1
I°(u) = §||u\|2 — I—)/|u|pdx ~ % / luldz, we H.
R3 R3

Lemma 2.3. Let {u,} C H be a sequence such that ||u,|| is bounded, I(u,) — ¢ € (O, %S%) and I' (up,) — 0.

Then there exists a subsequence of {uy}, still denoted by {u,}, an integer k € NU{0}, v* € H for1 <i<k
satisfying

(1) wn — u weakly in H with I'(u) =0,
(i) vi £ 0 and I (v)) = 0 for 1 <i <k,
(iii) ¢ = I(u) + 31_, I°(v7),

where we agree that in the case k = 0, the above holds without v'.

Proof. From [lu,| is bounded, we know u, — u weakly in H up to a subsequence. Then I'(u) = 0 and
() holds.
Set v} = u,, — u. By the Brezis-Lieb lemma in [22], we obtain that

lvnll* = lunl® = [lull* + o(1)
/|vn\6dx—/|un|6dx—/|u|6dx+0

/ a(z)|vl Pdz = / () P — / a(@)|ulPdz + o(1). (2.3)

R3 R3 R3
Combining (a1), v; — 0 in LP (R?) and third equality of (2.3), we have
/ 0} [Pda = / () [un Pl — / a(@)[ulPdz + o(1). (2.4)
R3 R3 R3

Lemma 2.2 in [24] implies that
/K(m)qﬁvh (v})2dx = /K(az)qbunuidx - /K(w)¢uu2dm +o(1).
R3 R3 R3

By lim;| 00 K(7) = 0, we have V € > 0, there exists R(e) > 0 such that

K(2)¢y3 (v,) dz < e.

|| >R()
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We also have

lim / K(z)p,1 (v})?da

n—oo
lz|<R(e)
1 5
6 6
< lim C / o1 |Oda / wlFdz | =o0.
n—00 "
21<R() 2I<R(e)
Thus,
/K(z)qf)unuidx — /K(:c)¢>uu2dx =o(1). (2.5)
R3 R3
Combining (2.3)-(2.5), there holds
c—I(u) =I®(}) +o(1). (2.6)

On the other hand, by elliptic estimates in [12], we get u € L>°(R?). Since the proof is standard, we omit
it here. Then from Lemma 8.9 in [22], we have

[ = = 1)) is| = o)l Ve B 1)

3

Similar to Lemma 8.9 in [22], we also have

/a(x)(|un\p’2un = [ulP 2w — [op [P0y )pda| = o(D)lell, V¢ € H.

3

The condition (a;) implies that

/ (a(z) — DIl P2ukpde| = o) g, Vo€ H.

Then
/ [a(@) (Jun P~ 2up = [ulP~2u) = |v, [P0, ] @dz| = o(D)]l¢ll, V¢ € H. (2.8)
3

By lim|;| 0 K () = 0, we can derive that

/ K(@)dovhodz| = o(D)gl, Vo< H.
3

Lemma 2.2 in [24] implies that

/K(m) [gbunun — Gy — qﬁv}lvi] edx| =o(1)|lell, V¢e€H.

Please cite this article in press as: J. Zhang, On ground state and nodal solutions of Schrédinger—Poisson equations with critical
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Thus,

/ K(2) [fu, tn — du] odz| = o(D)llgll, V¢ € H. (2.9)

Combining (2.7)—(2.9), there holds

|1 () = ' (), ) = (1 (@), )| = o(Dllgll, ¥ € H,
which implies that
1% (v}) = o(1). (2.10)

We will consider two cases.
Case 1. lim;, 00 SUP cRs fBl(y) |vl2dz = 0.
Applying the Lions lemma, we obtain that

vl -0 in LY(R3), Vte(26). (2.11)

» Yn 2
o ll? = fgs [vp]®da = o(1). We assume that ||v},||* — 1. Now we prove [ = 0. In fact, if [ > 0, then Sobolev
embedding theorem implies that [ > S2. By I'(u) = 0, we have I(u) > 0. Then ¢ > ¢ — I(u) = 3> %S%,
a contradiction with ¢ < %S%. From [ = 0, we have ¢ = I(u).
Case 2. There exists «; > 0 such that

Combining (2.6), (2.11) and (IOO/ (v}) vl) = 0(1), there holds ¢ — I'(u) = 3[[v} [ — & Jgs [vh]®da +o(1) and

lim sup / lvp|2de > 1 > 0.

n—oo y€R3
B1(y)

In this case, there exists y! € R® with |yl| — oo such that fBl(yl) lvp[2de > 4 > 0, from which we
derive that vl (. +yl) — v! # 0 weakly in H and

¢ I(u) = I (w} (. + 1)) + o(1),
1% (03 (. + 42)) = o(1). (2.12)

Then I°°' (v!) = 0. Set v2 = v} (. +y}) —v'. We also have [|[v2 |2 = ||v}||? — [[v!]|? + o(1). Together with the
first equality of (2.3), there holds

loall® = llunl® = [lull® = [[o1]* + o(1). (2.13)
Similar to the prove of (2.6) and (2.10), we can derive that

c—I(u) —I®(") + o(1) = I (v2),

I (v2) = o(1). (2.14)
Note that either
lim sup / [v2|2dx = 0, (2.15)
n— oo yER3
B1(y)
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or there exists o > 0 such that

lim sup / [v2|2dx > 9 > 0. (2.16)

n— oo y€R3
B1(y)

If (2.15) holds, similar to the argument of Case 1, we have ¢ = I(u) + I°°(v!). So we may assume (2.16)
holds. Then there exists y2 € R? with |y2| — oo such that v2(. + y2) — v® # 0 weakly in H, I°' (v2) = 0
and

¢ —I(u) — I®(0h) — I°(0?) = I®(v3) + o(1),
1 (v3) = o(1),
02112 = lun | = llull® = [[oH|? = [[0?]|? + o(1),

where v3 = v2(. + y2) — v2. Continuing this process, we obtain v, € H, y! € R? with |y’ | — oo such that

Vi (4 yh) = v’ # 0 weakly in H, I°®'(v') = 0 and

c—I(w) = > I°(’) = I®()") + o(1),
i=1
1 (o} t) = o(1)

i
log P12 = Jlunll? = Jull® = > 10"]* + o(1), (2.17)
i=1

where v/ Tt = vJ (. +yl) — 9, j € N. From (I‘X’l(vi),vi> = 0, (2.2) and Sobolev embedding theorem,
we can derive that there exists 8 > 0 independent of i such that |[v?|> > 8 > 0. Then by the third

equality of (2.17), we know vJ*! — 0 at some j = k. Together with the first equality of (2.17), we have
c=1I(u)+ X, I®(0). D

3. Proof of Theorems 1.1-1.2

Let Mmoo = infuen_ I°°(u), where Ny = {u € H \ {0}; (I°° (u),u) = 0}. Similar to the proof of Theo-
rem 1.7 in [2], we can prove there exists uo, € H \ {0} satisfying I°°(toe) = Moo and I (us) = 0. Since
Uso 18 NOt sign-changing, we may assume us, > 0 in H. The Maximum Principle implies that u., is positive.

Lemma 3.1. For any ¢ € (0,1), there exists C = C(8) > 0 such that
oo (2) < Ce™ (170l

Proof. By elliptic estimates in [12], we can derive that u., € L®(R3) and us.(z) — 0 as |z| — oo. Since
the proof is standard, we omit it here. Then for any ¢ > 0, there exists R = R(§) > 0 such that for
|z| > R, 1 —uBs% —ud > (1 —6)% Thus, we have —Aus + (1 — 6)%use < 0 for |z| > R and there exists
M = M(8) > 0 such that us(z) < M for |z| = R. Let v(z) = Me~(1~9U2I=F) Direct calculation can
derive that —Av+(1—4)?v > 0 for z # 0. From the Maximum Principle, we have uq,(z) < Me~(1=9)(2I=F)
for |x| > R. Then Lemma 3.1 follows easily. O

Proof of Theorem 1.1. From Lemma 2.2, we know there is a bounded sequence {u,} C H satisfying
I(up) — c € (07 %S%) and I'(u,) — 0. From Lemma 2.3, we can derive that I satisfies the Palais—Smale
condition at ¢ € (0,ms). Then if ¢ € (0, M), we have u, — w in H, I(u) = ¢ and I'(u) = 0.

Please cite this article in press as: J. Zhang, On ground state and nodal solutions of Schrédinger—Poisson equations with critical
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Now we prove ¢ < mqo. Let v = (1,0,0) be a fixed unit vector in R3. By the definition of ¢, we have
¢ < supy>g I (tuoo (z — Ry)). From (az), Lemma 2.1(ii) and Sobolev embedding theorem,

1 1 1
1) < gl + Cll = 5 [ 1ude = & [ ul*d. (3.1)
R3 R3

Then there exists ¢’ € (0,1) such that

sup I(tuce(z — Ry)) < It Pllus|® + CI|*lluce[l* < mec (3.2)
o<t<t!

independent of R > 0. From (3.1), we also have that there exists ¢’ > 0 such that

sup I (tuco(z — RY)) < Moo (3.3)
>t

independent of R > 0. Observe that
I(tu) = I*(tu) /K Ypuuldr — tp/( (z) — 1)|ulPdz
p

t4
< I*°(tu) + T /|d>u|6dx /K )8 |u| % da
3

6

117 _ ulPdx
-t /(a(x) 1)[ulPdz.

R3

By (K1) and (a2),

5
6
I(tuse(z — Ry)) < I™®(tus) + Ct* /e FletBaly |7 da
3
— Qt”/e_blﬂRVHudex.
p
R3
Set I(t) = I*°(tuco), where t € (0,00). Note that [(¢t) has a unique critical point corresponding to its

maximum. Since I'(1) = 0, this critical point should be achieved at ¢ = 1. Then sup;~q 1(t) = I (too) = Moo.
Choose 6 € (0,1 — §). By Lemma 3.1, we have

6

/ |x+R7|\u | T dx <C ([R/ BRI - (1-9)lel gy < Ce R,
3

We also have

/efb‘z+R7‘|uoo|pdx > e 0 / ety |Pdz > Ce b,

R3 lz|<1

Please cite this article in press as: J. Zhang, On ground state and nodal solutions of Schrédinger—Poisson equations with critical
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Thus,
sup I (tuoo(z — RB)) < Mo + Ce R — Ce PR, (3.4)
t/StSt//

Choose R large enough, we have sup, ;< I (ttuoo(z — RB)) < Meo. Combining (3.2)—(3.4), we get ¢ < M.

Let m = inf{I(v);v € H,v # 0,I'(v) = 0}. Since I'(u) = 0, we have 0 < m < I(u) < mu. By the
definition of m, there exists {v,} C H such that v, # 0, I(v,) — m and I'(v,) = 0. From (I'(v,),v,) = 0,
(2.2) and Sobolev embedding theorem, we can derive that there exists 5 > 0 independent of n such that
ol > 8. Thus,

m = 1(02) = 3 (I(00), va) + 0(1) > Flonl* + (1) > 15>+ o(1),

which implies that m > 0. Since I satisfies the Palais—Smale condition at ¢ € (0, m), we have v,, = v #0
in H and m is attained by v. It is clear that v is not sign-changing. Thus, we may assume v > 0 in H. The
Maximum Principle implies that v is positive. O

Now we prove Theorem 1.2. Similar argument as Proposition 4.2 in [15] can derive the following result.

Lemma 3.2. There exists v € C([0,1], H) such that v(0) = 0, I*°(y(1)) < 0, us € ~([0,1]) and
max;epo,1] I (7(t)) = I (tos) = Moo Moreover, 0 ¢ v((0,1]).

Define the functional

1 1 1
3w = 5l - - /a(:c)|u|pdx -z / uffdz, ue H. (3.5)
R3 R3

Lemma 3.3. The functional J admits a nontrivial critical point w € H satisfying J(w) € (0,ms) and
ful? < 222001
p—2

Proof. From Lemma 2.2, we know that there is a sequence {w,} C H satisfying w, — w weakly
in H, J(w,) — ¢ € (O,%S%) and J'(w,) — 0, where ¢ = inf,crmax;cpo1J(7(t)) with T' = {y €
C([0,1],H);v(0) = 0,J(y(1)) < 0}. Lemma 2.3 implies that J satisfies the Palais—Smale condition at
¢ € (0,mq). Now we claim ¢ € (0, ms). From Lemma 3.2, we know there exists v € C([0, 1], H) such that
7(0) = 0, I*°((1)) < 0, 0 & 7((0,1]) and max;e(o,1) [*°(V(t)) = Moo. It is clear that v € T'. By (a3), we
have ¢ < maxe(o,1] J(7(t)) < maxepo,1] I°(Y(t)) = Moo Thus, we have w, — w in H, J(w) = ¢ € (0,m)
and J'(w) = 0. From

we get [|w]]? < %(;”). O
Proof of Theorem 1.2. By Lemma 2.2, there is a bounded sequence {u,} C H satisfying I(u,) — ¢ €
(0, %S%> and I'(u,) — 0. We claim that ¢ < meo. In fact, from the definition of ¢, we only need to prove
¢ < supysq [ (tw) < Mmoo, where w is obtained in Lemma 3.3.

Set h(t) = I(tw), where t € (0,00). It is obvious that h(t) attains its maximum at tg € (0,00). Then
R'(to) = 0, which implies that

2 2 p p 6 6

tollw|® < to/a(x)|w| dx+t0/|w\ dz. (3.6)
R3 R3

Please cite this article in press as: J. Zhang, On ground state and nodal solutions of Schrédinger—Poisson equations with critical
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We claim that ¢y > 1. In fact, if ¢y € (0,1), then by (3.6) and (J'(w),w) = 0, we have

ﬁWW<£(Jawmmm+/mﬂm — t3ul?,
3 R3

a contradiction with tg € (0,1). Then to > 1. From ¢y > 1, h'(to) = 0 and (J'(w),w) = 0, we have
1 1 1 1
h(ty) = Zt(2)||w||2 + (4 - p> tg/a(o:)|w|pdl‘ + Etﬁ / |w|Cdx
R3 RS

g%(ﬂ@—iUhmwozﬁﬂm.

We also have

té Hw||2—|—/K(x)¢u,w2dx

R3

> t%||wH2+t§/K(z)¢ww2d:c :tg/a(z)|w|pdx+t8/|w|6dx
RS RS

RS
> /a(:c)|w\pdx+/|w|6dx — w2,
3 R3

g 2
which implies that £ 4 < 1 4 fe K@owwTdr ‘o

flwll?

1+ f]Ra K(l’)d)wadI) =2 J(w) (37)

hto) < t5J (w) < ( I

Observe that

wmms/w%ﬁm:/mw%wm
R3 R3

1
< K2l wllslwll < 1K l2l¢wllsllwl?,

which implies that ||¢w |6 < gz [ K||2]lw|/?. Thus,

1
[ E@suuds < KBl (38)

R3
Combining (3.7)-(3.8) and Lemma 3.3, we have

6

p—4

1
ntto) < (1+ g IKIBI0l?) ™ ) <

for || K||2 small enough. The rest of the proof is similar to the proof of Theorem 1.1, we omit it here. O
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4. Proof of Theorem 1.3

In this section, we consider the existence of nodal solutions for (1.1). We use an idea of [7]. Denote
ut = max{u, 0}, v~ = max{—u,0}. Define the functional f(u) on H by

f]]@ a($)|u|pd:c+fm3 |u|6dac
f(u) = lull2+ fzs K (z)dpuu?dz u 7é 0,

0, u = 0.

Then we define
N*={ue H; f(u") = fu")=1}

and

U{uGH;f(ui)1|<%}.

By (a1)—(a2), we know there exists D > 0 such that 0 < a(z) < D. Then for u € U, we have

1
Sl < [a@lutpas+ [utfde < O + e,
R3 R3 R3

t|?

Note that for p € (4,6), there hold lim;_q % = 0 and limy_ 4 |t—6 = 0. Then V £ > 0, there exist

0 < ri(e) < ra(e) such that [t|P < e(t? + t9) for [t| € [0,71(¢)] U [r2(g), +00). Since |t|P < %tﬁ for
[t| € [ri(e),ra(e)], we derive [t|P < et? + (E—l- %) t%. Hence, we obtain that V € > 0, there exists
C(e) > 0 such that

1
§\|ui|\2 §6/|ui\2dx+0(€)/|ui|6dx.
R3 R3

Set € < % By Sobolev embedding theorem, we have

(R/|ui|6dx SC’/|ui|6dm.
3 R3

Thus, for u € U, there exists ¢ > 0 such that f]R3 |uT|6dx > 0 > 0.

wl=

Lemma 4.1. Assume m < meo. If {u,} C U be a sequence such that ||uyl|| is bounded, I(u,) — ¢ €
(0,m + meo) and I'(uy,) — 0, then u, — u in H.

Proof. From ||u,]| is bounded, we know u,, — u weakly in H and I'(u) = 0. Set v,, = u,, — u. Similar to the
proof of Lemma 2.3, we have

c=1I(u)+ I*®(v,) + o(1) (4.1)
and

I (v,) = o(1). (4.2)
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If v,, — 0 strongly in H, then Lemma 4.1 holds. So we may assume v,, converges weakly (and not strongly)
to 0 in H. Then either v," converges weakly (and not strongly) to 0 in H, or v,, converges weakly (and not
strongly) to 0 in H. We will consider three cases.

Case 1. v," converges weakly (and not strongly) to 0 in H, v,, — 0 strongly in H.

We claim that u, — u # 0 weakly in H. In fact, if u,, — 0 weakly in H, then u, = v, — 0 strongly
in H, a contradiction with [, |u,, |®dz > 0> 0. So u, — u # 0 weakly in H. From (4.2), we have

w12 = /|v:{|pdx + / v, 1%dx + o(1). (4.3)
RS RS
Observe that there exists ;7 € (0,00) such that ¢ v;" € Ny. Then

(2 P = & [ 1ot pde+ (6)° [ 1o}z, (1.4
3 3

Now we prove that ¢ — 1. Up to a subsequence, we may assume lim, . ||o;} || and lim, o0 [ps [0, [Oda
exist. From (4.3), we know V € > 0, there exists C'(¢) > 0 such that

o2 < s/ lo |2 da 4+ C(e /|vJr bdz + o(1).
Choose € > 0 small enough, we have

WHFSC/wm%w+dU

Since v;} converges weakly (and not strongly) to 0 in L5(R?), we can derive that lim, . [5s [0, |®dz > 0.

Then by (4.4), we have (£})* < wil® from which we get ;" is bounded. Without loss of generality, we

— jRg |1),J[|6dx’

may assume £, — tT > 0. By (4.3)-(4.4),
[(E5)P2 — /\U+|de+ ()" /|v 8dz = o(1).
If t+ # 1, then

[(tF)P~2 —1] hm /|v+|pdm+ ()" —1] hm /|v+|6dx—0

a contradiction with lim, o [ps [v;f[°dz > 0. Then ¢} — 1. Thus, by (4.1) and t} — 1, we have

¢ = I(u) + I (v) + o(1)
= I(u) + I®(ttv}) + o(1)
>m+ meo + o(1),
a contradiction with ¢ < m + myo.

Case 2. v’ — 0 strongly in H, v, converges weakly (and not strongly) to 0 in H.
The proof is similar to Case 1, we omit it.
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Case 3. v,} converges weakly (and not strongly) to 0 in H, v,, converges weakly (and not strongly) to 0
in H.

Similar to the proof of Case 1, we can derive that there exists s € (0,00) such that stv¥ € N, and
st — 1. Then by (4.1),

c>I%(vy,) +o(1)
=I°}) +I®(v,) + o(1)
= I%(spvy) +I1%(s,v,) +o(1)
> 2Meoo + 0(1) > m + me + 0(1),

a contradiction with ¢ < m + my,. O

Following the idea of [7], we give some definitions. Denote P the cone of non-negative functions in H.
Let Q = [0,1] x [0,1]. Define

Y={oeC(Q,H); o(t,0)=0,0(0,s) € P,o(1,s) € =P,
I(o(t,1)) <0, f(o(t, 1)) > 2,V ¢,s €[0,1]}.

Choose u € H such that u® # 0. Let o(t,s) = ks(1 — t)ut — kstu™, where k > 0, t, s € [0, 1]. It is easy to
check that o € ¥ for k > 0 large enough.

Lemma 4.2. inf,en- [(u) = infoes sup,eq(g) [ (u)-
Proof. From the definition of ¥, we have Vo € ¥,V s € [0, 1],
F(@(0,5)) = f(e7(0,5)) = f(67(0,5)) > 0
and
flo(1,5)) = flo™(L,s)) = —f(o™ (1,5)) < 0.
On the other hand, from the definition of ¥, we also have V o € X, V ¢ € [0, 1],
fe™(t,0)) + f(o™(t,0)) —2=-2<0
and
fle (1)) + f(o(t,1)) =2 = f(o(t,1)) =2 > 0.

Then from Miranda’s theorem in [19], we know V o € 3, there exists (¢, 5) € Q such that

f(o™(t,5) = flo™(£,5)) =0 = f(o7(£,5)) + f(o™(t,5)) — 2,
which implies that o(t,5) € N*. Thus,

;relg u:;l(p@) I(u) > ulen]\fl I(u). (4.5)
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Conversely, V u € N*, choose & € ¥ such that 7(Q) C {au™ — Bua";a > 0,8 > 0}. Set g(t) = I(tu*), where
t € (0,00). Tt is easy to check that g(t) has a unique critical point t* corresponding to its maximum. From
% € N*, we have ¢’(1) = 0, which implies that t* = 1. Thus, V & € N*,

I(w)=I(a") +I(u")

=sup [(au™) +sup I(Bu")
a>0 B>0

> sup [I(ou™)+I(Bu")]
«,3>0

= sup I(aut — pu)
a,3>0

> sup I(u) > inf sup I(u),
ues(Q) 7€E ueo(Q)

which implies that

i > i . .
ulenj\f]* I(u) > ;gfz u:(ljl(p@)](u) (4.6)

From (4.5)-(4.6), we know Lemma 4.2 holds. O
Lemma 4.3. There is a sequence {un} C U such that I(uy,) — ¢* = inf, ey~ I(u) and I'(u,) — 0.

Proof. From Lemma 4.2 and the proof of (4.6), we know there is a sequence {u,} C N* and 7, € ¥ such
that

lim max I(u) = lim I(a,)=c". (4.7

n—00 uEF,(Q) n— 00

Standard argument can derive that there exists {u,,} C H such that
I(uy) — ¢*, I'(up) — 0 and dist(un,5,(Q)) — 0. (4.8)

The reader may see [7] for the details of the proof. Now we only need to prove {u,} C U for n large enough.
By (4.7)—(4.8), there exists a sequence v,, = a,nu;, — Byu, € 0,(Q) such that

I(v,) = ¢ and ||vy, — up| — 0. (4.9)
Note that for 4, € N* C U, we have [, [a£|®dz > o> 0. Then

!

1) = 1) - : 5%t

T 1
(0" (), ) > 2 gl >

=] =

Thus, we may assume [(u}) — ¢f > 0 and I(u,) — ¢4 = ¢* —c¢f > 0. By u, € N*, we also have
I(u}) > Iayut) = I(v)) and I(a,) > I(Byu,) = I(v,, ). Thus,

¢ = lim I(i,) = lm [I(@})+ I(a;)]

> T + -\ — T _
> lim [I(v,) + I(v,)] = lim I(v,) = ¢,
from which we have lim, oo I(v;)) = lim, oo [(w}) = ¢ and lim, oo I(v,) = lim, oo I(U,;) = c5.

By (4.9), we get [Jvf —uX| — 0. Thus, we have lim,, o I(u}) = ¢; and lim,, oo I(u;;) = ¢, which implies
that ut # 0. Together with (I'(u),u) = o(1), we have {u,} C U for n large enough. O

r N
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Proof of Theorem 1.3. Tt is obvious that Theorem 1.1 holds. Thus, problem (1.1) admits a positive ground
state solution u1. Now we prove (1.1) admits a nodal solution. From Lemma 4.3, there is a sequence {u,} C U
such that I(u,) — ¢* = infyen+ I(u) and I'(u,) — 0. By {u, } C U, we have [5, |[uif|®da > ¢ > 0. Thus, if
un — win H, then I'(u) = 0 and [y, [u*|®dz > 0, which implies that u is a nodal solution of (1.1). Now
we prove u, — % in H. From Lemmas 4.1-4.2, we only need to prove

sup  I(auy + Puce(. — Ry)) < m+ mso (4.10)
a>0,8€R

for R large enough, where v = (1,0,0) is the fixed unit vector in R®. By elliptic estimates in [12], we
can derive u € L*(R3). Since the proof is standard, we omit it here. Denote v(z) = us (z — Ry). Direct
calculation can derive that

I(auy + pv) = I{auy) + I%°(Bv) — Mgpp /(a(x) — 1)|vPdx
R3
— = [ ata) (faws + B ~ s P = 13017 — paslur P *ure) da
R3
— % / (Jaus + Bv|® — oy |8 — |Bu|® - 6aﬂ|u1|4u1v) dx
R3

+i /K(x)¢au1+ﬁv(au1 +Bv)2dw - /K(x)qbozul (au1)2d$
3 R3
—aﬂ/K(az)qﬁululvdx
R3

< I{owr) + I°°(Buns) — @ /(a(m) 1) [o|Pda

R3

+ % /K(x)¢au1+gv(au1 + Bv)?dz — /K(z)d)(wl(aul)2
3 R3

—oz,B/K(x)gbululvd:E. (4.11)

R3

From (K1), (a2) and Lemma 2.1(4),
I(au; + Bv) < I(auy) + I°°(Bus) + Cllauy + Bo||* + Clap. (4.12)
By (4.12), we can derive that there exists M > 0 large enough such that

sup  I(au; + fv) <m+ me (4.13)
leef+8]=M

independent of R > 0. From (K1), u; € L*®(R3) and Lemma 3.1, we have

sup laB] /K(ff)quuwdx

0<a<M,|B|<M
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5
6

< M|, o / K(2)f (mo)fdz

oo

<0 /ef%a\erRv\ef%(lfé)lw\dx
3

5
6

<C /e‘gaRe[ga_g(l_‘smmldx . (4.14)
3
Choose ¢ € (0,1 — a), there holds
sup laf] /K(m)qﬁululvdx < Ce R, (4.15)
0<a<M,|8|<M |

Set

=1 | [ K@saussantom +07de — [ K)o am)?
3 R3

Then

L=af | K(z)pou, vivdz + af | K(z)pg,uivde
/ /

5 [ K@oa(eoide s 5 [ K@oan (ofds
RS R3

K(z)u (z)v() K (y)u (y)v(y)

—|—a2ﬂ2
|z —y

R3 R3

dzdy.

Now we estimate L. Observe that

/ K(z)ui (x)v(x) K (y)ua (y)v(y)
|z

| dzdy = /¢WK(x)ulvdx.
-y
R3

R3 R3

Thus, similar to (4.14)-(4.15), we have

z — vyl

sup 0?2 / K(2z)uy (z)v(2) K (y)ui(y)v(y) drdy < Ce—oF,
0<a<M,|B|<M \
R3 R3

sup || /K(x)¢au1ulvdx < Ce R,
oa<Mlpl<m )

0<a<M,|B|<M

sup te%51 /K(x)qﬁgvulvdx < Ce R, (4.16)
R3
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Similar to the estimate of fRS K (x)¢,u?dz in the proof of Theorem 1.1, we also have

0<a<M,|B|<M

sup /K(x)(b,gv(ﬁv)de < Ce
R3

0<a<M,|BI<M

sup /K(az)qﬁau1 (Bv)?da| < Ce™ . (4.17)
R3

Combining (4.11) and (4.15)—(4.17),

p
I{auy + Bv) < I(auy) + I (Bv) — 16 /(a(:c) — 1)|vPdz + Ce™ R, (4.18)
b e
Since u; is a ground state solution of (1.1), we have sup,>q/(cqui) = I(u;) = m. Thus, by (4.18) and
a(x) > 1, we derive that there exists || € (0, M) small enough and R; > 0 large enough such that for
R > Rl,

sup I{au; 4+ Bv) < m+ Meo. (4.19)
|BI<|Bollal+|B|<M

We also have supgeg 1°(Bv) = I%°(us) = Moo Thus, there exist ap € (0, M) small enough and Ry > 0
such that for R > R»,

sup I{ouy + fv) <m+ meo. (4.20)
0<a<a,|al+|B|<M

In view of (4.13) and (4.19)-(4.20), we only need to prove

sup I{auy + fv) < m+ meo (4.21)
ag<alM,|Bo|<|B|ISM

for R large enough. Similar to the proof of Theorem 1.1, we have

sup _1BP /(a(a:) — 1)jvPdz

Bol<iBl<M P,

P
< fw/e*b‘ﬂm’uuo@wdm < —Ce R, (4.22)
p A
Combining (4.18) and (4.22),
sup I(ouy + Bo) < sup I(awy) + sup I°(Bus ) + Ce B — Ce bE
ao<a<M,|Bo|<|BI<M a>0 BER

= I(u1) 4+ I°°(uso) + Ce 8 — Ce™bF

=m+ me + Ce 2 — Ce bR,
Choose R > max{R1, Ro} large enough, we know (4.21) holds. Thus, Theorem 1.3 is proved. O
Acknowledgments

The authors are grateful to the anonymous reference for some valuable comments and suggestions.

Please cite this article in press as: J. Zhang, On ground state and nodal solutions of Schrédinger—Poisson equations with critical
growth, J. Math. Anal. Appl. (2015), http://dx.doi.org/10.1016/j.jmaa.2015.03.032




ARTICLE IN PRE

18 J. Zhang / J. Math. Anal. Appl. e e e (e eee) e o e—0oee

References

[1] A. Ambrosetti, P.H. Rabinowitz, Dual variational methods in critical point theory and applications, J. Funct. Anal. 14
(1973) 349-381.
[2] A. Azzollini, A. Pomponio, Ground state solutions for the nonlinear Schrédinger—Maxwell equations, J. Math. Anal. Appl.
345 (2008) 90-108.
[3] A. Azzollini, P. d’Avenia, A. Pomponio, On the Schrédinger-Maxwell equations under the effect of a general nonlinear
term, Ann. Inst. H. Poincaré Anal. Non Linéaire 27 (2010) 779-791.
[4] V. Benci, D. Fortunato, An eigenvalue problem for the Schrédinger—Maxwell equations, Nonlinear Anal. 11 (1998) 283-293.
[5] V. Benci, D. Fortunato, Solitary waves of the nonlinear Klein-Gordon equation coupled with Maxwell equations, Rev.
Math. Phys. 14 (2002) 409-420.
[6] G. Cerami, G. Vaira, Positive solutions for some non-autonomous Schrédinger—Poisson systems, J. Differential Equations
248 (2010) 521-543.
[7] G. Cerami, S. Solimini, M. Struwe, Some existence results for superlinear elliptic boundary value problems involving
critical exponents, J. Funct. Anal. 69 (1986) 289-306.
[8] G.M. Coclite, A multiplicity result for the nonlinear Schrédinger—Maxwell equations, Commun. Appl. Anal. 7 (2003)
417-423.
[9] T. D’Aprile, D. Mugnai, Solitary waves for nonlinear Klein-Gordon-Maxwell and Schrodinger—-Maxwell equations, Proc.
Roy. Soc. Edinburgh Sect. A 134 (2004) 893-906.
[10] T. D’Aprile, D. Mugnai, Non-existence results for the coupled Klein-Gordon-Maxwell equations, Adv. Nonlinear Stud. 4
(2004) 307-322.
[11] P. d’Avenia, Non-radially symmetric solution of the nonlinear Schréodinger equation coupled with Maxwell equations, Adv.
Nonlinear Stud. 2 (2002) 177-192.
[12] D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer-Verlag, New York, 1998.
[13] X. He, W. Zou, Existence and concentration of ground states for Schrédinger—Poisson equations with critical growth,
J. Math. Phys. 53 (2012) 023702.
[14] L. Huang, E. Rocha, J. Chen, Positive and sign-changing solutions of a Schrédinger—Poisson system involving a critical
nonlinearity, J. Math. Anal. Appl. 408 (2013) 55-69.
[15] L. Jeanjean, K. Tanaka, A positive solution for asymptotically linear elliptic problem on RY autonomous at infinity,
ESAIM Control Optim. Calc. Var. 7 (2002) 597-614.
[16] Y. Jiang, H. Zhou, Schrédinger—Poisson system with steep potential well, J. Differential Equations 251 (2011) 582-608.
[17] H. Kikuchi, On the existence of a solution for elliptic system related to the Maxwell-Schrédinger equations, Nonlinear
Anal. 67 (2007) 1445-1456.
[18] H. Kikuchi, Existence and stability of standing waves for Schrédinger—Poisson—Slater equation, Adv. Nonlinear Stud. 7
(2007) 407-437.
[19] C. Miranda, Un’osservazione sul teorema di Brouwer, Boll. Unione Mat. Ital. 19 (1940) 5-7.
[20] D. Ruiz, The Schrédinger—Poisson equation under the effect of a nonlinear local term, J. Funct. Anal. 237 (2006) 655-674.
[21] Z. Wang, H. Zhou, Positive solution for a nonlinear stationary Schrédinger—Poisson system in R?, Discrete Contin. Dyn.
Syst. 18 (2007) 809-816.
[22] M. Willem, Minimax Theorems, Birkhduser, Boston, 1996.
[23] J. Zhang, On the Schrédinger—Poisson equations with a general nonlinearity in the critical growth, Nonlinear Anal. 75
(2012) 6391-6401.
[24] L. Zhao, F. Zhao, On the existence of solutions for the Schrodinger—Poisson equations, J. Math. Anal. Appl. 346 (2008)
155-169.
[25] L. Zhao, F. Zhao, Positive solutions for Schrédinger—Poisson equations with a critical exponent, Nonlinear Anal. 70 (2009)
2150-2164.
[26] L. Zhao, H. Liu, F. Zhao, Existence and concentration of solutions for the Schrédinger—Poisson equations with steep well
potential, J. Differential Equations 255 (2013) 1-23.


http://refhub.elsevier.com/S0022-247X(15)00256-5/bib52s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib52s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib417A7A6F6C6C696E6932s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib417A7A6F6C6C696E6932s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib417A7A6F6C6C696E6931s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib417A7A6F6C6C696E6931s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib42656E636931s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib42656E636932s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib42656E636932s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib436572616D69s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib436572616D69s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib435353s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib435353s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib436F636C697465s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib436F636C697465s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib417072696C6531s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib417072696C6531s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib417072696C6532s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib417072696C6532s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib4176656E6961s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib4176656E6961s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib4454s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib5A6F75s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib5A6F75s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib4368656Es1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib4368656Es1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib4A65616Es1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib4A65616Es1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib5A686F7531s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib4B31s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib4B31s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib4B32s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib4B32s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib4Ds1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib5275697As1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib5A686F7532s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib5A686F7532s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib57696C6C656Ds1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib5A6831s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib5A6831s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib5A68616F32s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib5A68616F32s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib5A68616F31s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib5A68616F31s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib5A68616F33s1
http://refhub.elsevier.com/S0022-247X(15)00256-5/bib5A68616F33s1

	On ground state and nodal solutions of Schrödinger-Poisson equations with critical growth
	1 Introduction
	2 Preliminary lemmas
	3 Proof of Theorems 1.1-1.2
	4 Proof of Theorem 1.3
	Acknowledgments
	References


