J. Math. Anal. Appl. 428 (2015) 1209-1224

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

On super fixed point property and super weak compactness of @ Crosshark
convex subsets in Banach spaces

Lixin Cheng', Qingjin Cheng *?, Jichao Zhang

School of Mathematical Sciences, Xiamen University, Xiamen, 361005, China

ARTICLE INFO ABSTRACT
Article history: For a nonempty convex set C' of a Banach space X, a self-mapping on C is said to
Received 31 December 2014 a linear (respectively, affine) isometry if it is the restriction of a linear (respectively,

Available online 25 March 2015

' 5 affine) isometry defined on the whole space X . By means of super weakly compact set
Submitted by T. Dominguez

theory established in the recent years, in this paper, we first show that a nonempty

Benavides closed bounded convex set of a Banach space has super fixed point property for
Keywords: affine (or, equivalently, linear) isometries if and only if it is super weakly compact;
Super fixed point property and the super fixed point property and the super weak compactness coincide on
Linear isometry every closed bounded convex subset of a Banach space under equivalent renorming
Super weakly compact set sense. With the application of Fabian—Montesinos—Zizler’s renorming theorem, we
Banach space finally show that every strongly super weakly compact generated Banach space can

be renormed so that every weakly compact convex set has super fixed point property.
© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Speaking of fixed points for continuous mappings, the famous Brouwer fixed point theorem states that
every continuous mapping from a convex compact subset K of a Fuclidean space to K itself has a fixed
point. A more general form is known as Schauder fixed point theorem: Every continuous mapping from a
convex compact subset K of a locally convex space to K itself has a fixed point [30]. The converse version
of Schauder fixed point theorem in Banach spaces was proven by Lin and Sternfeld [27]: If a closed bounded
convex set K in a Banach space satisfies that every Lipschitz mapping from K to itself has a fixed point,
then K is necessarily compact. This theorem announces that we cannot extend the Schauder fixed point
theorem for general continuous self-mappings to a more general class of convex subsets. Combining with
Schauder fixed point theorem, Dominguez, Japon Pineda and Prus [11] characterized weak compactness of
a closed bounded convex subset in a Banach space by fixed point property for continuous affine mappings.
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The Banach fixed point theorem for contractive mappings says that every a-Lipschitz self-mapping with
0 < a < 1 defined on a closed convex subset of a Banach space has a unique fixed point. Since 60s of the
last century, mathematicians have focused on searching for fixed point theorems of non-expansive mappings
(i.e. 1-Lipschitz mappings) defined on a more general class of closed bounded convex sets of a Banach space:
A Banach space is said to have the fixed point property (FPP) provided every non-expansive self-mapping
defined on a bounded closed convex subset of the space has a fixed point. Recall that a closed convex
subset K of a Banach space X is said to have normal structure provided that for every bounded closed
convex subset C' C K with a positive diameter diam(C), there is z € C so that dc(x) = sup.co ||z — ¢ <
diam(C'). A remarkable result was proven by Kirk [20]: Every weakly compact convex set of a Banach space
with the normal structure has the fixed point property. (See, also, Belluce and Kirk [3].) Browder showed
independently that every uniformly convex Banach space has the fixed point property [5].

Mathematicians also often consider super fixed point property of Banach spaces. (See, for instance, [2,
21,32,33].) We say that a Banach space Y is finitely representable in another Banach space X, provided for
every € > 0 and for every subspace F' C Y of finite dimension, there is a finite dimension subspace F of X
such that the Banach-Mazur distance d(E, F') < 1+e. A Banach space X is said to have the super fixed point
property if every Banach space Y which is finitely representable in X, has the fixed point property. Maurey
(in one of his unpublished paper) first showed that every super reflexive Banach space has the super fixed
point property for isometries; Elton, Lin, Odell and Szarek [12] gave Maurey’s theorem a different proof.
van Dulst and Pach [31] showed the converse part is also true. Thus, the super reflexivity of a Banach space
can be characterized by the super fixed point property for isometries, instead of non-expansive mappings.
This characterization, Enflo’s renorming theorem of convexity [13] and Browder’s fixed point theorem [5]
together entail that a Banach space can be renormed to have the super fixed point property if and only if
X is super reflexive.

In the recent years, parallel to weak compactness of subsets in Banach spaces, a notion of super weakly
compact sets was introduced in [7] and further studied in [8,9]. A relatively super weakly compact set of a
Banach space acts much like a bounded subset of a super reflexive space. Therefore, super weak compactness
of subsets can be regarded as a localized setting of super reflexivity of Banach spaces. It is also shown in
[8] that the super weak compactness of a bounded convex set is equivalent to finite-slice-index property
(introduced by Raja [29]), and equivalent to finite-dual-index property (introduced by Fabian, Montesinos
and Zizler [15]).

By means of super weakly compact set theory, in this paper, we first show that a nonempty closed
bounded convex set of a Banach space has super fixed point property for linear isometries if and only if it
is super weakly compact. We verify then the super fixed point property and the super weak compactness
coincide on every closed bounded convex subset of a Banach space under equivalent renorming sense: For a
nonempty closed bounded convex set C' of a Banach space X, there is an equivalent norm on X such that C
has the super fixed point property with respect to the new norm if and only if C is super weakly compact.
With the application of Fabian—Montesinos—Zizler’s renorming theorem, we finally prove that every strongly
super weakly compact generated Banach space can be renormed to have super weak fixed point property.

In this paper, all notations are standard. The letter X will always be a real Banach space and X* its
dual. Bx and Sx denote the closed unit ball and the unit sphere of X, respectively. For a subset A C X,
A and co(A) present the closure and the convex hull of A, respectively.

2. Preliminaries

In this section, we shall present a series of notions and some properties concerning localized finite repre-
sentability, slicing indexes, super weak compactness, uniform convexity and smoothness which will be used
in Sections 3 and 4.
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Recall a Banach space Y is said to be finitely representable in another Banach space X provided for
every € > 0 and for every finite dimensional subspace F' of Y, there is a finite dimensional subspace E of
X such that the Banach—Mazur distance d(E, F') < 1 + . The notion of finite representability is localized
to convex subsets by substituting simplexes for finite dimensional subspaces in [7], then it is extended to
general subsets of Banach spaces in [8].

An n-simplex S of a linear space is the convex hull co(zg, 21, - -, z,) of n+1 affinely independent vectors
Xo, L1, Ty € X, le. 1 — g, -+, Ty — X are linearly independent. A 0-simplex is just a singleton {zq}. If
no confusion arises, we call an n-simplex simply “simplex”. We use aff(A) (co(A), resp.) to denote the affine
(convex, resp.) hull of A, i.e.

aff(A) :{Zajacj:xj SN ER,Zaj =1,1<j<n,neN}L
j=1 j=1

Definition 2.1. Let A C X and B C Y be two subsets of Banach spaces X and Y. We say that B is finitely
representable in A if for every € > 0 and for every simplex Sp with vertices in B there exist a simplex S
with vertices in A, and an affine mapping 7T : aff(Sp) — aff(S4) such that T'(Sp) = Sa and such that

(I =e)llz —yll < [Tz = Tyl < (X + &)z —yll, Va,y € aff(5p). (2.1)

Definition 2.2. A (weakly closed, resp.) subset A of a Banach space X is said to be relatively super weakly
compact (super weakly compact, resp.) provided every subset B of a Banach space Y which is finitely
representable in A is relatively weakly compact.

This concept incorporating of [8, Corollary 2.15] entails that in a Banach space X every compact set is
super weakly compact; X is super-reflexive if and only if its closed unit ball is super weakly compact; and
if X is super reflexive then every bounded set is relatively super weakly compact.

As we have well known, the weak closure of a subset in an infinite dimensional Banach space could be
much larger than the subset. Fortunately, we have the following property.

Theorem 2.3. (See [7, Proposition 3.10].) A subset of a Banach space is relatively super weakly compact is
equivalent to that the weak closure of the subset is super weakly compact.

To avoid difficulty of “weak closure”, we often use “relative super weak compactness”, instead of “super
weak compactness” in the following discussion.

Theorem 2.4. (See [7, Theorem J.1].) A subset A of a Banach space X is relatively super weakly compact if
(and only if) for every e > 0 there is a relatively super weakly compact set B such that A C B + eBx.

The slicing indices, as variants of the Szlenk index have found many applications in the geometric theory
of Banach spaces (see, e.g., [7,15,17,18,22-24,28 29]). The following notion of finite index property can be
found in Raja [29], and finite dual index property was introduced by Fabian, Montesinos and Zizler [15].

Let E be a normed space, FF C E* be a subspace and let B C E be a nonempty bounded set.
A o(E, F)-slice of B is a subset S C B of the form:

S=8(B,z",a)={zr € B:{(z",z) > a}, for some z* € F, a € R. (2.2)

In particular, a o(F, E*)-slice is simply called a slice, and a o(E*, E)-slice is said to be a w*-slice whenever
B C E*.
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Let ¢ be a seminorm defined on E. We denote by d,(B) the g-diameter of B. Given ¢ > 0, we define
o(E, F)—p—< (0(E, F)-¢, resp.)-dentability derivative [B]’(G(EJ,), o, o) Of B as follows:

[Bllo(r,F), o, ) = 1% € B :dy(S) > ¢,Vo(E, F)-slice S of B containing z}. (2.3)

We often omit the letter p in the notations above if it is the norm of E. Please note the three particular
cases:

(1) if o is the norm of E and F = E*, then we simply denote the o(E, E*)—p—e-dentability derivative
[Bl(o(2,5+), o, ¢) Y [Blt, and call it e-dentability derivative of B;

(2) if B C E* and g is the norm of E*, then we simply denote the o(E*, F)—p—e-dentability derivative
[B]’(U(E*,E), 0, ) DY [B]’(w*7 o> and call it w*-e-dentability derivative of B; and

(3) [Fabian et al. [15]] if B C E* and g is on E* generated by some bounded set A C F, i.e.

o(z*) = sup{|(z*,z)| : x € A}, for a* € E*, (2.4)

then we simply denote the o(E*, E)—p-e-dentability derivative [BMU(E‘*,E), 0, o) BY [B]Ew*, A, e and call it
w*—(A4, e)-dentability derivative of B.

Starting from [BJ(, g ) , o) We can successively define [B]EZzEF), o, o) for all n € N. B is said to have
finite-o(F, F')—p-index property provided for every € > 0 there exists n € N such that [B]EZEE F), 0 6) = 0.

We should emphasis that if (in Case (1)) for every £ > 0 there exists n € N such that [B]ﬁ") = (), then we
simply call the set B having finite-index property; and if (in Case (3)) B = Bx+ and for every € > 0 there
exists n € N such that [B]EZ)) A o) = (), then we call the set A having finite-dual-index property.

Clearly, the finite-index property and the finite-dual-index property of a bounded set are inherited by its
subsets. The dual-index property is also inherited by its absolute closed convex hull, but the finite-index

property is not inherited by its convex hull [7, Example 5.5].

Theorem 2.5. (See [7, Theorem 5.6].) For a bounded closed convex set of a Banach space, the finite-index
property, the finite-dual-index property and the super weak compactness are equivalent.

Definition 2.6. (See Fabian et al. [15].) Let M be a nonempty bounded subset of a Banach space X. We say
that the norm || - || on X is M-uniformly Gateaux smooth if

lim |27, — yy v = lim sup (27, —y)| =0 (2.5)
n " ozeM
whenever z .y’ € Sx+ with ||z} +y}| — 2. Or, equivalently,

I lz+tyll +llz -ty =2
im sup =
t10,2€8x ,yEM t

0. (2.6)

Theorem 2.7. (See Fabian et al. [15].) Let X be a Banach space and M be a nonempty bounded subset of X .
Then the following assertions are equivalent:

(i) X admits an equivalent M-uniformly Gdteauz smooth norm;

(ii) M has finite-dual-index property.

The following notions about localized uniform convexity were used in [7-9].

Definition 2.8. A convex function f defined on a convex set C in a Banach space X is said to be uniformly
convex provided for every € > 0 there is a § > 0 such that

Tty
2

v,y €C, |z —yl| > = f(x)+ f(y) —2f( ) > 6. (2.7)
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The set C' is called uniformly convex if for each xzg € C,
the function f = || - —x]|? is uniformly convex on C. (2.8)

We say that the set C'is uniformly convexifiable if there is an equivalent norm on X such that C' is uniformly
convex with respect to the new norm.

Theorem 2.9. (See [8, Theorem J.12].) A bounded closed convex set of a Banach space is super weakly
compact if and only if it is uniformly convezifiable.

For a convex set C of a Banach space X, xg € C, 0 < r < diam(C) and € > 0, let

S(C,xo,m,6) ={(z,y) € O x C: |l — ol [ly — woll < 7 [z =yl = &}, (2.9)
and
1, if S(C,xg,r,e) = 0;
dc (o, €) = {inf{l — L2 — x| ¢ (z,y) € S(C,zo,7,€)}, otherwise. (2.10)
We define convexity modulus of C' as follows:
dc(xo,e) = inf{dc(xg,r,€) : ¥ > 0}, a0 € C. (2.11)

It is not difficult to observe that a Banach space X is uniformly convex if and only if d¢(zg,€) > 0 for all
ro € Bx and € > 0.

Remark 2.10. A similar (but different) notion of convexity modulus was introduced and discussed in [10].

Theorem 2.11. Suppose that C is a bounded convex set containing at least two points in a Banach space X.
Then it is uniformly convez if and only if §c(xo,e) > 0 for all xg € C and € > 0.

Proof. We first note that for any fixed 2o, 2,y € C the function 1 — ||ZF% — || is increasing in 7 > 0, and
that ||z — xo|| <7, |ly — zo|| < r entail r > 4/ w = ro(z,y). Definition of dc (o, ) implies

1 Tr+y
l——
TO(x7y) 2

dc(zo,€) = inf{l — —xoll :z,y € C, |z —y|| > e} (2.12)

Given € > 0, 2o, z,y € C with ||z —y|| > ¢, write ro = ro(x,y). Then

e =l -

ro > —
.
(R 2 =9

(2.13)

Sufficiency. Suppose dc(zo,€) > 0. Then by (2.12) and (2.13),

1 x4+
0 < bc(o,2) < dc(wo,e) [1+ — |22 — o]
0 2
1 x+y 1 z+y
R (REN Sl
< ol —woll] |1+ 2 1175~ — ol
! : 5 =l
=1- —T
lz = @l +lly —zo2 2 7
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1 y

= = [le = @0l + lly - @o]? - xou?}
0

4 2 2 2

< 5 [l = woll® + ly o] ~aoll?].

Therefore,

2

ty_ x| > %50(%,5) =6>0,

|z = zoll* + [ly — @ol|?

i.e. C is uniformly convex.
Necessity. Assume that C' is uniformly convex. Then there is § = §(¢) > 0 such that

a:+y
§ < |lz — mol* + lly — zoll® — 2| — xo]?

= 2181 - 1Y - o]
=2r3_1——|\“y ool [1+ ol
<1~ 1752 ~ ol
< 4[diam(C))? {1 - _Hx—i—y - 550”]7
i.e.
x-i-y 4

1——H

> .
~ 2l > Hamee
This and inequality (2.12) further imply

0

dc(xo,8) > Tdam ()2 O

Let copo = {z : N — R with finite support}. Now, we conclude this section by the following theorem,
which can be found in Brunel and Sucheston [6].

Theorem 2.12. Every bounded sequence (z,) in a Banach space X contains a subsequence (ey) with the
following property: For each a € cyo there exists a number L(a) such that for every e > 0, there is ng € N
such that

’” Z(h@n,

‘ <e, for all integers njwith ng < np < ng < ---. (2.14)

Thus,

= L(a) (2.15)

00
1.1/{/1’1 H Z QAi€n;
i=1

is well-defined for all a € coo, where N denotes the net consisting of all properly increasing subsequence (n;)
of N ordered by

N=(n)>M=(m;) < n; >m; forallieN.
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3. Super fixed point property and super weak compactness

In this section, we shall show that for a nonempty closed bounded convex set C' of a Banach space X,
it has the super fixed point property for self-affine (or, equivalently, linear) isometries if and only if it is
super weakly compact. To begin with, we first recall the notion of (linear, affine, resp.) isometry defined on
a convex set of a real Banach space.

Definition 3.1. Let C C X, D C Y be two nonempty convex subsets of Banach spaces X,Y,and T : C — D
be a mapping.

(1) T is said to be an isometry (a linear isometry, resp.) on C' if there is an isometry (a linear isometry,
resp.) T : X — Y so that T|¢c = T;

(2) We call T is affine (continuously affine, resp.) on C if there is an affine (a continuously affine, resp.)
mapping T : X — Y so that T|¢c =T.
Remark 3.2. Please note the distinction between these notions and “isometry”, “linear isometry” and “affine
mapping” defined on a subset in the usual sense. Since, in the usual sense, an isometry (linear isometry,
affine mapping, continuous affine mapping, resp.) defined on a subset needs not be the restriction of an
isometry (linear isometry, affine mapping, continuously affine mapping, resp.) defined on the whole space,
the notions defined above are in the strongest sense.

Definition 3.3. Let C' be a bounded closed convex set of a Banach space X, and M(C) be a class of
self-mappings defined on C. We say that C has the fixed point property for M(C) if every T € M(C) has
a fixed point.

There are many possibilities, but the following are of main interest to us: (i) M(C) ={T : C — C'is
nonexpansive}; in this case, we say that C has the fixed point property. (ii) M(C) = {T : C — C is an
isometry}; in this case, C' has the fixed point property for isometries. (iii) M (C) = {T : C — C is continuous
affine}; in this case, C is called to have the fixed point property for affine mappings. And (iv) M(C) ={T :
C — C is a linear isometry}; in this case, C is said to have the fixed point property for linear isometries.

Definition 3.4. Let C' be a nonempty bounded closed convex set of a Banach space X, D also a nonempty
bounded closed convex of an arbitrary Banach space Y, and M(D) be a specific class of self-mappings
defined on D. We say that C has the super fixed point property for M(D) if D has the fixed point property
for M(D) whenever D is finitely representable in C. In particular, if M (D) = {T : D — D is nonexpansive},
then C is said to have the super fixed point property.

The following lemma is a core component for showing the main result of this section. The proof is a
simplified refinement and generalization of the techniques related to the notion of the so-called spreading
model invented by A. Brunel and L. Sucheston [6].

Lemma 3.5. Suppose that C is a nonempty bounded closed convex subset of a Banach space X. If it is not
weakly compact, then there is a convex set D of a Banach space Y such that

(1) Y is finitely representable in X, and D is finitely representable in C;

(2) D does not have the fixed point property for linear isometries.

Proof. Since C' C X is not weakly compact, by James’ theorem [19], there exist & > 0 and two sequences
(x) C C and (x}) C Bx~ such that

a 1< <) < oo
HED R I ’ 3.1
(@) {07 A, (3.
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According to Theorem 2.12, there exists a subsequence (e, ) of (z,) such that for every a € cyo there
exists a number L(a) satisfying for every € > 0, there is ng € N so that

‘H Zaiem | — L(a)’ <eg, for all integers n; with ng <mnj <ng < ---. (3.2)
i=1

Let (e}) C («}) be the subsequence corresponding to the subsequence (ey). Thus, it also fulfills

% _)a, 1<i<j<oo
<ei,e]>—{0, S 3.)
Now, let E = span(e,) and ||| - ||| : £ — R* be defined by
1> anenlll = L(a), for all a = (an) € coo. (3.4)
n=1
It is easy to observe that ||| - ||| is a seminorm on E with |||e,||| = ||ex|| for all n € N. ||| - ||| is actually a norm.
In fact, assume = > ane, € F for some a = (a,) € coo such that |||z|| = L(a) = 0. Then definition of

L(a) entails that for every € > 0, there is n. € N such that || ), a;e,, || < € for all sequence (n;) C N with
ne <n; <ng < ---. Let m € N be the largest number such that a,, # 0. It follows from (3.3)

<eg, foralll<j<m. (3.5)

m
’E aa;

=7

Consequently, |a;| < 2¢/a for all ¢ € N. Arbitrariness of € implies a,, = 0 for all n € N, i.e. © = 0. Therefore,
(E, ||| - |Il) is a normed space and B = co(e,) is a bounded convex set of (E, ||| - |||)-
We define a mapping T': E — E for ) ane, by

T(Z aneén) = Z pCnit- (3.6)

Clearly, T is a linear isometry on (E, ||| - |||), and its restriction T'|p to B is a self-mapping.

Let Y be a completion of (E,|| - ||), D = B C Y and T be the natural extension of T from E to Y.
Then U = T|p is also a self-mapping. We claim that U has no fixed point in D. Suppose, to the contrary,
that x € D satisfies U(x) = x. Then x € N2, D,,, where D,, = &0.j(€;);>n- Let (my) C N be a properly
increasing sequence, and

Mn
Tn = Anjej € co(ej)jzn (3.7)
Jj=n
so that x, — « in the norm || - |||-topology. Then ||z, — .||l = 0 as n — oo. Therefore, for every

a/2 > e > 0 and for all sufficiently large n € N, we obtain |||z, — /., ||| < €. Now, for each fixed such
n € N, there is n. € N so that

My Mmy, 41 My Mmy 41
’||| Z An.j€j — Z )\mn+1,jej||| —| Z Anj€j4n. — Z )\mn+17jej+ne || <E.
j=n J=Mnpt1 j=n J=Mn+t1
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Consequently,
My Mmy 41
| EAn,jejJrns - Z Ampir,j€ian. || < 26 <o (3.8)
j J=Mnp41

On the other hand, by letting k = my,,., + n. and applying (3.3), we obtain

My, m""n+1
>k
2e > ‘(e,C7 E An,j€jtn. — E Ami1,i€i4ne)| = @ (3.9)
j=n J=Mn 41

This contradiction says that the linear isometry U has no fixed point on B.

It remains to show that (1) (D, ||| - |||) is finitely representable in (C, || - ||), and (2) (Y, ]| - |||) is finitely
representable in (X, || - ||). Note that (1) yields (2). It suffices to prove (1). Density of B in D allows us to
verify only that (B, ||| - |||) is finitely representable in (C, || - ||).

Given € > 0, let S(B) = co(yo, - *,yn) C B be an n-simplex, where y; = Z;’Zl Aijej, Aij > 0 with

Z;;l Aij =1for i =0,---,n; and let F' = span(y; — yo)i—,. Since (F, || - |||) is isomorphic to ¢7, there is

B > 0 such that

BZ Jai] < |||Za1 yi = o)l for all (ar, -~ an) € £ (3.10)
Fix
0<d< ﬂE/ (1 + diam”.H(C) + diamm.m(D)). (3.11)

Let F = (CL’“)ZL:1 C Ser be a finite 6-net of Syn. Then there exist a positive integer ns € N such that

13" a0~ wll — 1Y s — )| <8, Forall 1< k<, (312)
j= i=1
where Y, 4i = Z?Zl Aijens+j and 0 <4 < n. Since y; —yo (¢ = 1,2,---,n) are linearly independent, we can
choose § small enough so that yn,+i — yns; (1 =1,2,---,n) are hnearly 1ndependent

Set S(C) = co(Yns, s Yns+n). We want to show that the affine mapping V : S(B) — S(C) defined by
T3, aiyi) = >; QiYns+i is a (1 + ¢)-affine embedding. It is clear that V' is surjective.

Given

n n
z=Y ayi#y=» BiyicS(B)
j=1 j=1
for some a;, 3; > 0 with >0 o, =1=>"" | B, let
ti Z laj = Bjl), s= Z la; — Bj.

Then (t1,---,t,) € Ser, and consequently, there exist a* = (af,---,ak) € F so that 31" | |aF — ;] < 4.
Hence, (3.10)-(3.12) together imply
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IV(@) =Vl = llz - yll| = I Z = B3) (Ui = Uns)| |||Z — o)1l
= I3 s = ) |||Zt — o)l
i=1
n
< s (I3 s = 1)l = 13 0 s = )|
1=1 i=1
n n
1Y @b st = )| = 11D @k = wo)l|
i=1 i=1
n
I ki = o |||—|||Zt o))
i=1

n

< s+ (DIt — abjaiamy  (€) + 0+ Z laf — tifdiamy (1))

i=1 i=1

< s (1 + diam”.”(C) + diam. (B)) < Pes

=e(B-) laj = Bil) <ellz - ylll.
Therefore,

A =e)llz —yll < IV(z) =Vl < (L +e)llz—yll,
and which completes our proof. 0O

Theorem 3.6. Suppose that C' is a nonempty closed bounded conver subset of a Banach space X. Then the
following statements are equivalent.

i) C has the super fized point property for linear isometries;

it) C has the super fixed point property for affine isometries;

i11) C is super weakly compact.

Proof. i) = iii). Suppose, to the contrary, that C is not super weakly compact. Then there is a bounded,
non-weakly compact, closed and convex subset B of a Banach space Y, which is finitely representable in C'.
By Lemma 3.5, there is a nonempty closed bounded convex set D of a Banach space Z such that (1) D is
finitely representable in B; and (2) there is a self-linear isometry V : D — D which fails to have a fixed
point. Since B is finitely representable in C' and since D is finitely representable in B, D is necessarily
finitely representable in C. Thus, C does not admit the super fixed point property for linear isometries.

iii) = ii). This is a consequence of Schauder’s fixed point theorem [30]. Indeed, since C' is super weakly
compact, every bounded closed convex subset D of a Banach space is weakly compact if it is finitely
representable in C. Since every affine isometry is necessarily weak-to-weak continuous, by Schauder’s fixed
point theorem, every such mapping has a fixed point.

il) = i). It is clearly trivial. O

Corollary 3.7. A Banach space is super reflexive if and only if it has the super fized point property for affine
isometries.

Proof. By Theorem 3.6, it suffices to note that a Banach space is super reflexive if and only if its closed
unit ball is super weakly compact [8, Corollary 2.15]. O



L. Cheng et al. / J. Math. Anal. Appl. 428 (2015) 1209-122} 1219

Remark 3.8. Maurey’s fixed point theorem states that every closed bounded convex subset of a super
reflexive Banach space has the super fixed point property for isometries. The super weak compactness of
a closed bounded convex subset of a general Banach space cannot guarantee even the fixed point property
for isometries though the theorem above says that it is true for affine isometries. Perhaps, this is one of
the greatest difference between a bounded closed convex set in a super reflexive Banach space and a convex
super weakly compact set in a general Banach space. We use the following Alspach’s counterexample [1] to
explain what happens.

Let C ={f € L1]0,1]: 0 < f <2 a.e.}. Then C is weakly compact and there is an isometry U : C — C,
which does not have a fixed point [1]. On the other hand, since L4 [0, 1] is strongly super reflexive generated
[16], i.e. there is a super reflexive space Z and a bounded linear mapping T : Z — L1[0, 1] such that for all
e > 0 and for every weakly compact set K, there exists n € N so that K C nT(Bz) + By, [o,1]- Since Z is
super reflexive, By is super weakly compact [8, Corollary 2.15], and further T'(By) is super weakly compact
in L1[0,1] [8, Proposition 3.10]. Consequently, K (hence, C') is super weakly compact [7, Theorem 4.1].

Remark 3.9. Compared with a recent theorem of Lin [25] which asserts that ¢; can be renormed to have the
fixed point property (See, also [26].), Theorem 3.6 indicates a big difference between the super fixed point
property and the fixed point properties: There exists a bounded closed convex set of a Banach space which
can be renormed to admit the fixed point property, but it can never have the super fixed point property
even if just for linearly isometric self-mappings.

4. Super fixed point property under renormings

In this section, we discuss the super fixed point property of bounded closed convex sets of Banach spaces
in renorming sense. We shall show that for a bounded closed convex set C of a Banach space X there is an
equivalent norm ||| - ||| on X such that C has the super fixed point property with respect to the new norm if
and only if it is super weakly compact; and a strongly super weakly compact generated Banach space always
admits an equivalent norm so that every weakly compact convex set has the super fixed point property.

A filter F is a collection of subsets of a set {2 satisfying i) § ¢ F; ii) A, B € F implies AN B € F; iii)
Ae Fand AC B C Qentail B € F. A filter F is said to be free if "{F € F} = (. A filter U is called an
ultrafilter if for any A C €, either A € U, or, 2\ A € U. Let K be a topological space, and f: Q — K a
function. We say f is convergent to some k € K with respect to a filter F if for every neighborhood U of k,
we have f~1(U) € F; in this case, we denote limr f = k.

We will recall the definition of an ultraproduct (ultrapower) of Banach spaces. For a nonempty set 2, let
(X, : w € Q) be a collection of Banach spaces. Then their ultraproduct is defined by

1z

weN

limy, ||z, || = 0 means for all € > 0, {w € Q : ||zy| < e} € U. Please note that the ultraproduct is a quotient
of the {o-sum of (X,,), so its elements are classes of the respective equivalences relation, not the generalized
sequences itself. We will use in the sequel the notations [(z)], or, * = [(z(w))], to denote the equivalence
class of (z,). Thus, for a collection (A, C X,, : w € Q) of subsets, its ultraproduct is

HA‘*’ ={[(zw)] : (zu) € (@ X))o, Ty € Ay, for w e Q}. (4.2)
u

weN

In particular, if X, = X, and A, = A C X for all w € Q, then we denote by Ay = [],, A, the U-ultrapower
of A.
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Proposition 4.1. Suppose that X is a Banach space, C C X is a nonempty bounded convex set and that U
s a free ultrafilter.

(1) If C is uniformly convez, then Cy is also uniformly convex in Xy ;

(2) If the norm || - || of X is C-uniformly Gateaux differentiable, then the norm | - || of Xy is also
Cy-uniformly Gateauz differentiable.

Proof. (1). Givene > 0, let x = [(z(w))], y = [(y(w))] € Cy, with || —yllzs > €. Then for all representative
elements (x(w)) of  and (y(w)) of y, we have

U=s{we:|zw) —yw)| >ce} €elU. (4.3)

Uniform convexity of C' (Definition 2.8) entails that there exists ¢ > 0 such that for all (z(w)) C C we have

folx(W)) + fuly(w)) — QfW(M) > 0, whenever w € U, (4.4)

where f, = || - —z(w)||?* for all w € Q. Therefore, f;y = | - —z|| is uniformly convex on Cy for all
z = [(#(w)] € Cy. Consequently, Cy; is uniformly convex.
(2). Recall that the smoothness modulus s¢ of C' is defined by

lz + 7yl + [z = 7y
2

sc (1) = sup{ —1l:2z€Sx,yeC}, (4.5)
for all 7 > 0, and the norm || - || is C-uniformly Gateaux differentiable if and only if s¢(7)/7 — 0, as 7 — 0.
(See, for instance, [14].)

Note

_ 2 + 7yl + |z — Tyllu
= supq

9 —lszSXu,yGCu},

sy (T)
and note for each ¢ € Sx,,, and y € Cy, we can choose representative elements (z,)uecn C Sx of  and
(Yuw)wen C C of y for all w € Q such that ¢ = [(z,)] and y = [(y,)]. It is not difficult to observe s¢,, (7) <
sc(7). On the other hand, C C Cy and Sx C Sx,, imply sc(7) < s, (7). Therefore, s¢(7) = s¢, (1), and
which further entails that the norm || - ||z; of Xy is also Cy-uniformly Géteaux differentiable. 0O

Theorem 4.2. A bounded closed convex subset C' of a Banach space X can be renormed to have the super
fized point property if and only if it is super weakly compact.

Proof. Sufficiency. Since C' is super weakly compact, by Theorem 2.9, there exists an equivalent norm ||| - ||
on X such that (C, ||| - |II) is uniformly convex. We first show that (C, ||| - |||) has normal structure.

Without loss of generality we can assume that C' is symmetric; otherwise, by [8, Corollary 3.11], we
substitute ¢o(C' U —C') for C. Let D be a convex subset of C' with dp = diam(D) > 0, and choose any
0 < e <dp. Given any zg, z,y € D with ||z — y|| > ¢, let dp(x0,dp, ) be defined as (2.10). Then

1 z+y

1

— CC()H > (5D($0,dD7E> > 520(0,dD,5) =a>0.

Therefore,

||J:+y

— 20| < adp. (4.6)
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The inequality above and arbitrariness of xg together imply that z = % € D is a non-diameter point of D.
Hence, C' has normal structure.

To show that C has super normal structure, let G be a bounded convex set of a Banach space Y. Without
loss of generality, we assume that G is not contained in a finite dimensional affine subspace of Y. Therefore,
there is a dense subset H of GG, which consists of linearly independent vectors. If G is finitely representable
in C, then there exist a free ultrafilter & and an affine isometry T from H to Cy [7, Proposition 2.4].
Density of H in G and continuity of 7" imply T is an affine isometry from G to Cy. By Proposition 4.1, G
is also uniformly convex, and consequently, G has again normal structure. Thus, super weak compactness
and super normal structure together guarantee that C' has super fixed point property.

Necessity. This is a direct consequence of Theorem 3.6, since super weak compactness is invariant under
equivalent renormings. O

Definition 4.3. A Banach space X is said to be (strongly, resp.) super weakly compact generated if there is
a convex super weakly compact set C' C X such that span(C') is dense in X (for every weakly compact set
K C X and for every € > 0 there is n € N so that K C nC + By, resp.). In particular, if there is a super
reflexive Banach space Z and a bounded linear operator T : Z — X such that C = T(By), then we say
that X is super reflexive generated (strongly super reflexive generated, resp.). For example, for any finite
measure space (2,3, ), the space Li(u) = L1 (2,3, p) is strongly super reflexive generated [16].

Proposition 4.4. Every weakly compact subset K of a strongly super weakly compact generated Banach space
X is super weakly compact.

Proof. Let X be strongly generated by a super weakly compact convex set C, i.e. for every weakly compact
set K C X, there isn € N so that K C nC +eBx. It suffices to note the definition and that K satisfies that
for every € > 0 there exists a super weakly compact set G so that K C G+ eBx if and only K is relatively
super weakly compact [7, Theorem 4.1]. O

The following theorem was motivated by Fabian et al. [16, Theorem 7|, in which the authors have shown
that a strongly super reflexive generated Banach space can be renormed so that it is M-uniformly Gateaux
differentiable with respect to every weakly compact set M of X.

Theorem 4.5. A strongly super weakly compact generated Banach space X has an equivalent norm || - || such
that it is M -uniformly Gateaux differentiable with respect to every weakly compact set M of X.

Proof. Suppose that C' is a super weakly compact convex subset of X such that for every weakly compact
set M C X and for every € > 0, there exists m € N so that M C mC + Bx. Since C is super weakly
compact if and only if it has finite-dual-index property ([7, Theorem 5.6]; See, also Theorem 2.5), and since
X has an equivalent norm which is M-uniformly Gateaux differentiable with respect to a set M if and
only if M has finite-dual-index property [15, Theorem 5], X has an equivalent norm || - || such that it is
C-uniformly Gateaux differentiable, i.e. for any two sequences (z7), (%) C Sx» with ||z + v || — 2, we
have |z}, — yi|c = sup,co [(z) —yh, x)| — 0, as n — oco.

In the following we show that for any weakly compact set M C X, the norm || - || is also M-uniformly
Gateaux differentiable. Given weakly compact set M C X and € > 0, let m € N so that M C mC + ¢Bx.
Then,

limsup |z), — yn|m = lim sup |(z), — y5, z)| < limsup |z}, — Y |mo+eByx < 2€, (4.7)
n " zeM n

whenever (x}), (y) C Sx~ with ||z + y%|| — 2. Arbitrariness of € implies limsup,, |z} — y:|a;r = 0, i.e. the
norm || - || is M-uniformly Gateaux differentiable. 0O
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Theorem 4.6. A strongly super weakly compact generated Banach space can be renormed so that every weakly
compact convex set has super fixed point property.

Proof. By Theorem 4.5, X has an equivalent norm || - || such that it is M-uniformly Gateaux differentiable
with respect to every weakly compact set M of X. Given a nonempty convex weakly compact C' C X, we
shall show that C' has normal structure. We can assume that C' is symmetric. Suppose, to the contrary, that
there is nonempty closed convex set D C C' with diam(D) > 0 such that

o(z) = sup |z — y|| = diam(D) =dp, forallz € D. (4.8)
yeD

Then by Brodskii-Milman’s characterization of normal structure property [4], there exists a diametral
sequence (z,,) C D such that

lim dist(2n41,c0(x;54 <n)) =dp. (4.9)

n—oo

Without loss of generality we can assume that (z,,) is weakly convergent to some point z, € D. It is easy
to observe that for each z € K = ¢o(xy,),

lim ||z, — z| = dp. (4.10)
In particular,

lim ||z, — 20| = dp. (4.11)

Let £ =¢co(DU—D)(C C). Then convexity and symmetry of the function |‘m+7y‘|+|2‘z_Ty‘|_2

the smoothness modules sp of D (defined as (4.5)) equals the smoothness modulus sg of E.
Given 7 € (0,1), m #n € Nand y € E, we have

in y entail that

T

).

1
B [”(xn = Zm) F Y|+ (@0 — 2m) = TYll| = |20 — 2| < |l2n — xm”SE(Hx

n_xm”

Note (Zoo — Tm)/2 € E. Then

%[”(xn = Tm) + T(Too — Tm) /2] + (T — ) — T(Too — ) /2|

< |l — zm]| (1 + se( ) <dp-(1+ sg( ). (4.12)

Zn — Zmll |Zn — Tml|

On the other hand, by (4.11) we obtain
[0 = Zm = T(Too = 2m) /2|l = ||2n = [(7/2)20 + (1 = 7/2)2m][| = dp, (4.13)

as n — oo. This, weak lower semicontinuity of the norm, continuity of the smoothness modulus sg, incor-
porating of (4.12) and (4.13) together entail

(1 7/2)dp = Tim [|(1+7/2)0c — (14 7/2)20]

< Timinf lim i _ B
< lgllglof llnrr_l)loléf I(@n — Zm) + T(Xoo — Tm)/2]|
)

< dp - liminf lim inf {1+28E(” . I
Ty — Ty

m—o0 n—oo

=dp HQSE(é)] (4.14)
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Therefore,
1/4 < SE(L)/T, for all 7 € (0,1).
dp
This contradicts to the assumption that the norm | - || is C-uniformly Gateaux smooth.
We have shown that C' has normal structure if the norm || - || is C-uniformly Gateaux smooth. To show

that C has super normal structure, it suffices to note every infinite dimensional convex set which is finitely
representable in C' can be regarded as a subset of Cy; for some free ultrafilter U (by an argument similar
to the proof of the sufficiency part of Theorem 4.2), and the norm of the ultraproduct space X, is again
Cy-uniformly Gateaux smooth (Proposition 4.1). O

Corollary 4.7. For any finite measure space (2, ", 1), L1(p) = L1(Q, 2, 1) can be renormed such that every
weakly compact convex set of L1(p) has super fized point property.

Proof. By Theorem 4.6, it suffices to note that Lq(u) is strongly super reflexive generated. 0O

Remark 4.8. The converse version of Theorem 4.6 is not true, i.e. a Banach space satisfying that every
weakly compact convex set has the super fixed point property is not necessarily a strongly super weakly
generated. For example, for any uncountable set T', the space ¢;(T") satisfies that every weakly compact
convex set of it has the super fixed point property, since every weakly compact set in ¢1(I") is necessarily
compact. However, ¢1(T") is weakly compact generated if and only if " is countable.
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