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Let Q be a domain in R™ and W;(Q) a function space obtained by completing C§°(€2) in the usual
Sobolev norm. It is well known that spectral properties of the Dirichlet Laplacian on €, in particular the
discreteness of the spectrum, are related to the properties of Sobolev embeddings of the function spaces
Wf () into Ly (€2). It was noticed by Colin Clark in 1965 that the Sobolev embeddings can be compact not
only if the domain € is bounded but also if the domain is unbounded but sufficiently narrow at infinity,
cf. [4]. We refer to [1] and [9,10] for further discussion and references.

In [13] we considered the Besov and Triebel-Lizorkin spaces defined on a wide range of unbounded do-
mains, so-called uniformly E-porous domains. Based on a wavelet characterisation of the spaces we obtain
sufficient and necessary conditions for compactness of the Sobolev embeddings. The wavelet characterisa-
tion of the spaces is due to H. Triebel, cf. [14]. Moreover we prove the asymptotic behaviour of entropy
numbers of the compact embeddings in some cases. In this paper we continue investigation of the degree of
the compactness of the embeddings of the function spaces in terms of entropy numbers. The exact asymp-
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totic behaviour of the entropy numbers is calculated for the wide range of the quasi-bounded domains. In
particular for any quasi-bounded uniformly E-porous domain 2 C R™ we prove the following asymptotic
behaviour of entropy number of compact Sobolev embedding with p = ¢

(W51 (0) o (@) ~ 2 hbs 0 )

if k1—ko > 0. Here B denotes some function depending on the domain €2 and describing its quasi-boundedness
cf. Section 1.2 for the definition. We also prove the asymptotic behaviour in the case p # q.

The asymptotic estimates of entropy numbers in (1) imply the following estimates of eigenvalues
A1(—A) < Ay(—A) < ... of the Dirichlet Laplacian —A defined on

Ap(—A) ~ 22870 (2)

Here ap ~ by stands for cby < ap < Cbg, ¢,C > 0 being positive constants independent of k. Negative
spectrum of the corresponding Schédinger type operator is studied as well.

The paper is organized as follows. In the first section we recall the definitions and some properties of the
domains, the function spaces and their wavelet characterisation. In particular we recall the notion of box
packing constant introduced in [13] and the sufficient criteria for the compactness of the Sobolev embeddings
proved there. In Section 2 we prove the asymptotic behaviour of the entropy numbers in the case p; = ps.
Section 3 is devoted to the behaviour of entropy numbers in the case p; # ps2. In the last section we give
applications to spectral theory of elliptic operators.

1. Preliminary
1.1. Function spaces on arbitrary domains

Let ©Q be an open set in R™ such that 2 # R™. Such a set will be called an arbitrary domain. We
assume that the reader is familiar with definitions and basic facts concerning Besov spaces B,  (R™) and
Triebel-Lizorkin spaces F}; ,(R") defined on R™ as well as the Besov and Triebel-Lizorkin spaces, B, ()
and F; (), defined on © by restrictions. All we need can be found in the first chapter of [14]. We will use
the common notations. In particular we put

1

azn——l) and o zn(
p (p N P,q

1
4—1) ; 0<p,g< oo
.q) +

min(p
and A3 (R"), A (Q) with A=Bor A=F.
Definition 1. Let 2 be an arbitrary domain in R™ with 2 # R™ and let

0<p<oo, 0<q< o0, s € R,

with p < oo for the F-spaces.
(i) Let

p.q

A3 (Q) = {f €eD'(Q): f=glaforsomege A (R"), suppg C ﬁ},

147, ()] = inf[lg[ A7 ,(R™)]],

where the infimum is taken over all g € A5 (R") with suppg C Q and f = g|o.
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(ii) We define

Fp,(Q) if 0<p<oo, 0<g< 00, 5>0,,

FS () = F Q) if 1<p<oo, 1<g<o0,5s=0,
F5 () if 0<p<oo, 0<g<oo, s<0,

and

By Q) if 0<p<oo, 0<g<oo, s>o0,

B;q(Q)Z Bg)q(Q) if 1<p<oo,0<g<oo,s=0,
By () if 0<p<oo, 0<g<oo, s<0.

Following H. Triebel we introduce E-thick (exterior thick) and E-porous domains, cf. [14, Chapter 3]. We
start with the definition of porosity.

Definition 2. (i) A closed set I' C R™ is said to be porous if there exists a number 0 < 7 < 1 such that one
finds for any ball B(z,r) C R™ centred at x and of radius r with 0 < r < 1, a ball B(y,nr) with

B(y,nr) C B(z,r) and B(y,nr)NnT'=10.

(ii) A closed set I" C R™ is said to be uniformly porous if it is porous and there is a locally finite positive
Radon measure p on R™ such that I' = supp p and

w(B(y,7)) ~h(r), with ~yel, 0<r<1,

where h : [0,1] — R is a continuous strictly increasing function with 2(0) = 0 and k(1) = 1 (the equivalence
constants are independent of v and r).

Remark 1. The closed set I is called a d-set if there is a locally finite positive Radon measure x4 on R™ such
that T' = supp 4 and

w(B(y,r) ~r%,  with yel, 0<r<l1.
Naturally 0 < d < n. Any d-set with d < n is uniformly porous.

Definition 3. Let 2 be an open set in R™ such that 2 # R™ and I' = 002.
(i) The domain € is said to be E-thick if one can find for any interior cube Q* C  with

(Q) ~277, and dist(Q",T)~277, j>joeN
a complementing exterior cube Q¢ C R™ \  with
UQ%) ~277, and dist(Q°,T) ~dist(Q%, Q") ~277, j>jo€N.

Here Q' and Q¢ denote cubes in R” with sides parallel to the axes of coordinates. Moreover £(Q) denote a
side-length of the cube Q.

(ii) The domain € is said to be E-porous if there is a number n with 0 < 7 < 1 such that one finds for
any ball B(v,r) C R™ centred at v € I and of radius r with 0 < r < 1, a ball B(y, nr) with

B(y,nr) C B(y,r) and  B(y,nr)nQ=90.

(iii) The domain 2 is called uniformly E-porous if it is E-porous and T" is uniformly porous.
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Remark 2. If Q is E-porous, then  is E-thick and |T'| = 0. On the other hand, if Q is E-thick and T is a
d-set, then € is uniformly E-porous and n — 1 < d < n. If the domain is uniformly E-porous then one can
characterize A;’q(ﬂ) spaces in terms of wavelet expansion of the distributions. cf. Section 1.3 below.

Remark 3. Let 2 be a uniformly E-porous quasi-bounded domain in R™. Let Wf(Q), l<p<oo,k=12,...,
be the completion of the space C§°(€2) in the norm

AW @)l = > 10*FIL ()]

la|<k

Then Wf Q) = FﬁQ(Q) = FZIZZ (Q) and the corresponding norms are equivalent, cf. [14, Theorem 4.30]. We

put also WQ(Q) = L,(Q).
1.2. Quasi-bounded domains

We recall that an unbounded domain €2 in R™ is called quasi-bounded if

lim  dist(z,00Q) =0.
z€Q,|x| =00
An unbounded domain is not quasi-bounded if, and only if, it contains infinitely many pairwise disjoint
congruent balls, cf. [1], page 173. We will always assume in the paper that 2 in R™ is a quasi-bounded
uniformly E-porous domain. There are quasi-bounded domains that are not E-porous or even not E-thick,
cf. e.g. [1], page 176 for the example of quasi-bounded domain with empty exterior.

To formulate the properties of embedding of function spaces defined on quasi-bounded domains we need
some quantities describing quasi-boundedness of the domain. For that reason we introduced in [13] a boz
packing number b(€2) of an open set Q2. We recall the definition here.

Let Qj,m denote a dyadic cube in R™ with side-length 277, j € Ny, whose vertices are adjacent points of
the lattice 277m and m € Z". More precisely we put

Qjm =[0,27)" +279m,  meZ", jeN;.

Let Q C R™ be a non-empty open set 2 # R™. Let

k
b (Q) =sup {k: | Qjm, C 2, (3)
(=1

Q;,m, being dyadic cubes of side-length 2*j},

j =0,1,....If there is no dyadic cube of size 277 contained in £ we put b;(2) = 0. The following properties
of the sequence (b;(€2)) are obvious:

§=0,1,2,...
o There exists a constant jo = jo(2) € Ny such that for any j > jo we have
0 < 2n=30)p, (Q) < b; (). (4)
o If |Q] < 00, then

b (27" < Q. (5)
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It follows from (4) that if 0 < s < n, then lim;_, b; (2)279¢ = co. Moreover if 57 < so and the sequence
b;(€2)277%1 is bounded, then lim;_, b;(€2)27752 = 0. Thus there exists at most one number b € R such that
limsup;_, ., b;j(2)277% = oo if s < b and lim;_, b;(2)277% = 0 if s > b. We put

b(Q) = sup {t € Ry : limsupb;(2)277" = oo}. (6)
j—o0

Remark 4. For any non-empty open set 0 C R™ we have n < b(Q) < co. If Q is unbounded and not quasi-
bounded, then b(2) = co. But there are also quasi-bounded domains such that b(Q2) = oo, cf. Example 2
below. Moreover it follows from (4) and (5) that if the measure |Q| is finite, then b(2) = n.

Remark 5. Let again jo(2) = min{j : b;(2) > 0}. We define the function B : [0,00) — [0,00) by the
following conditions:

B(j) = b;(Q)  forany j=max(1,jo),

B(t) is linear on any of the intervals [j,7 + 1], j > max(1,jo),

B(t) is linear on the interval [0, max(1,jo)] and B(0)=0.

The function B is strictly increasing, cf. (4). Thus there exist the inverse function B~! to the function B
that is also strictly increasing and consequently b; < k < bj;1 implies j < B~!(k) < j+ 1 if j > max(1, jo).

We give simple examples of quasi-bounded uniformly E-porous domains.

Example 1. Let a > 0 and 8 > 0. We consider the open sets w,, w1 5 C R? defined as follows

wo ={(z,y) €R*: y| <2~ a>1},

wip = {(z,y) €R*: [y| <z (logz) ™", & > e}.
One can easily calculate that

20+ if 0<a<1,
bj(wa) ~ { 2% if a=1,
227 if a>1,

and

2% j1-F if B <1,
bj(wip) ~q 2% logj if B=1,
227 if 8>1.

In consequence

al+1 if 0<a<l,
b(wa) = .
2 if a>1.
Moreover the limit lim;_, b; (wa)Q*jb(“’a) is a positive finite number if o # 1. But if @ = 1, then the limit
equals infinity.
In the similar way b(w; g) = 2 for all 4 and lim;_, b; (wl,B)Q_jb(“’lvﬁ) =x0if0<pf<1.
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Example 2. Now we construct an example of a quasi-bounded domain in R™ with prescribed sequence b;(£2).
Let Qjm = [0,277)" + 277m be the usual dyadic cubes. Let {b;};, 7 = 0,1,2,..., be a sequence of
non-negative integers. We put a; = Z%;é 27b, and

Aj:{(ml,...,mn)EZ”: aj<27jm1Sa,j—|—27jﬁl;j,m2:...:mn:0}.

Please note that A; is empty if Ej = 0. At the end the domain 2 is defined in the following way

Q= ( U ﬁj)o where ﬁj = U C_Qj,m-

j€Ng meA;

The set €2 is an open proper connected subset of R"™. The cubes @, and Qi ., are disjoint if m € A;,
n € Ag and j # k. It follows by the construction that € is a uniformly E-porous domain. The cardinality
of the set A; equals b;, so b; = 2"b;_1 + b; with by = by. Thus

J
bi(Q) =) 2070mp,.
£=0

This finishes the construction.
Let conversely {o;}; be an any sequence of non-negative integers such that

n
2 gj §0j+1-

Then taking 50 = 0y and Zj = 0; —2"0;_1 in case j > 1 we can construct a quasi-bounded domain such
that b;(Q2) = o;. The case b(£2) = oo can be obtained for example in case o; = 2° B> 1.

For any domain € # R™ and any r > 0 we put
Q, ={z € Q: dist(z,00) > r}. (7)

The domain (2 is the union of domains €2,., moreover if the domain § is quasi-bounded then [€,.| < oo for
any r > 0.

Proposition 1. Let Q be a quasi-bounded domain in R™. Then

b(Q2) = n + limsup

r—0

log, |€2, |
logyr |

(8)

Proof. Step 1.1f |Q] is finite then b(€2) = n and identity (8) holds trivially. Let || be infinite. For simplicity
we assume that |€2,.| > 1 for any 0 < r < 1. The rest is the case of rescaling.
First we prove that

b(Q)) = lim sup M

Jj—o0

(9)

Let b =b(2) € R and s < b < t. Then lim;_, 277%b;(£2) = 0. In consequence for any £ > 0 there exists jo
such that

log, b; (2 1
082 b;() _y logse e s (10)

J - J
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In consequence

log, bj(Q)

<t. (11)

lim sup
j—o0

In the similar way one can find subsequence j such that

s < lim M (12)
k—o0 Jk

Taking the sequence s; — b, sy < b, we find sequences (j,(f))k that satisfy (12) with s, instead of s. We may
assume also that log, bj(e) )/ j,(f) > sy — 27¢ for any k. Then using the diagonal argument we find that
k

10g2 bjée) (Q)

b(2) < lim sup (13)
L (0
Now (11) and (13) imply
1 (Q
tim sup 1282500 _ gy (14)
j—o0
This proves (9) for b(Q2) € R. If b(€2) = oo then the proof is similar but easier.
Step 2. Let
Mij={mer":QmcCQ, and Q= |J Qm i=012... (15)
meM;
Then |(~2J| = 277"p;(2) and we have immediately from (9) that
log, b; (22 log, |
b(Q)) = lim sup LJ() =n+ limsup 0g27'|]|. (16)
J—o0 J Jj—o0
One can easily see that
0 < dist(9;,09) < 279v/n
and consequently
Q0 CcQ  with o =27n. (17)

Let k € N be fixed with 1 > 27T, /n. For each @, C € there exist always an open cube CNQm of side
length 277" with Q,, C @}, such that dist(Qy,, Q) > 27771 > 277=%,/n. In consequence

[, | <141 D0 27 |Qml <271, (18)
meM;
and
[logos|  1ogy [, _logy [9] _ mn  [logarjpn| 1085, (19)

J [logyrj| = J J J |logy 7| -
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Now (8) follows from the last inequalities and (16) at first for the special sequence (r;); and then for

general r. O

For a real number a we put a4 := max(a,0). We will use also the following abbreviations

1 (1 1) 1 (1 1)
— = == and — === .
p b2 P14 q Q2 41/

In the next theorem we recall the sufficient and necessary conditions for boundedness and compactness

of embeddings of the function spaces defined on a uniformly E-porous quasi-bounded domain. We refer to
[13] for the proof.

Theorem 1. Let Q be a uniformly E-porous quasi-bounded domain in R™ and let s > sa.

(i) If b(Q) = oo, then the embedding

Apla () = A 4, () (20)
is compact if, and only if, p1 < p2 and
S1— — — syt —>0. (21)
p1 P2
(ii) Let b(?) < oco. The embedding
Apa () = Ay, () (22)
is compact if
1 1 b(©2)
S1— 8 —n(———) > . 23
(Pl P2) * (23)
If the embedding (22) is compact and 1% =0, then s1 — s3 — n(pl1 - p%) > 0.
If the embedding (22) is compact and T% > 0, then s1 — s3 — n(pi1 - p%) > b;?).
Remark 6.
1. Using the same method one can prove that (23) is a sufficient and necessary condition for compactness

of the embeddings, except of the case limsup;_, bj(Q)2*jb(Q) =0 and :ﬁ > 0.
If the domain €2 is not quasi-bounded, then the embedding (22) is never compact, cf. [13].
If Q is a domain in R™ with finite Lebesgue measure, then the embedding (22) is compact if, and only
if,
n n

81—82—(])—1—1)—2)+>0,
cf. [13].
Thus for a set of finite Lebesgue measure we get the same conditions for compactness as for bounded
smooth domains. On the other hand if the domain is not quasi-bounded then the Sobolev embeddings
are never compact. So the most interesting case are the quasi-bounded domains with infinite measure. If
Q2 is such a domain, then all numbers b;(2) are finite. But in contrast to the domain with finite measure
the numbers b;(£2) are not asymptotically equivalent to 27".
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1.8. Admissible sequences

To estimate the entropy numbers of embeddings of the Besov spaces on quasi-bounded domains we used
in [13] the following rather strong condition

0 < lim inf b;(2)277° < limsup b;(2)277* < 0. (24)
J—00

Jj—o0
Now we weaken this condition. To do it we use the notion of admissible sequences.

Definition 4. A sequence 0 = (0;) en,, 0; > 0, is called an admissible sequence, if there are two constants
0 < dy =do(o) < dy =di(0) < oo such that

dp 0 < Oj+1 < dlaj for any j € Ng. (25)

Remark 7. M. Bricchi and S. Moura introduced in [2] the upper, respectively the lower, Boyd (Matuszewska—
Orlicz) index of a given admissible sequence as follows. First let

. gj .
0j:=sup—— and g, := inf itk 7 € Np.

k>0 Ok - k>0 o
Then the expressions

1 G- 1 g log, o log, o
ag::infM:hmM and [, :=sup g? J = lim g? J

JEN 3 jooo ) jeN ] Jjooo ]

are called the (upper and respectively lower) Boyd indices of the sequence o.

Remark 8. 1. Given an admissible sequence ¢ with Boyd indices o, and B, then it is possible to find for
any € > 0 a constant c. such that

71299 < g, < 2000 te) (26)

2. If Q is a quasi-bounded domain in R™ and the sequence b = (b;(2));en, defined by (3) is admissible
then it follows easily from (4), (9) and (26) that
log, b;(?)

0
n < By < liminf 82 < lim sup
J—0o0 Vi j—o00

108:85(Y _ 1) < . (27)

If the sequence (b;(€2)) satisfies the condition (24) then it is admissible and b(2) = o = 5. On the other
hand there are quasi-bounded domains such that the sequence (b;(£2)) is admissible but b(Q2) < ap. We
postpone the detail discussion to the end of Section 3.

3. Let n < b(2) < co. The assumption b(§2) < co implies that for any € > 0 we have

bk(ﬂ) < 2k(b(Q)+a)
at least for sufficiently large k. On the other hand (9) guarantees that there is a subsequence k; such that
ke (b(Q2)—¢) < by, Q).

Thus b(£2) says us that there is an increasing sequence of positive integers ky such that the domain Q
contains approximately 2¢*(%) dyadic cubes of size 275,
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Let j, k € No. Then b;(2) = 2”jbk(Q)—|—i)—k\;(Q), where l/);;(ﬂ) is a number of dyadic cubes of size 2~ (7+F)
contained in €2 but not in €y, cf. (15). The sequence (by,(£2)) is admissible if and only if there exists a positive
constant d; such that by, 1 (Q) < d b (Q). More generally, if (b ())) is admissible then for any k we have

by (Q) <djbe(Q),  with  d; =dj — 2"

On the other hand the definition of the upper Boyd index implies that for any step j there is an increasing
subsequence k¢, £ € N, such that

bke (Q) (2]’(0417—%) -2 — %) < bkeyj(Q) .

Let the sequence (b (2))r be admissible and let the step j be fixed. The meaning of the last formula is
the following. There is an 1ncrea51ng sequence (kg)¢, k¢ € No, such that the number of dyadic cubes of size
2~ (+ke) helonging to £ but not to Q;w is proportional to the number of cubes of the same size contained
in Qké Moreover the ratio of by, j( ) and by, (Q2) is approximately not smaller than 2/% — 2" So, roughly
speaking, the Boyd index ay, describes somehow the regularity of the process how the domain 2 becomes thin.

We will need also the following definition, cf. [12].

Definition 5. A sequence v = (;)jen, of positive real numbers is called almost strongly increasing if there
is a natural number kg such that

29; <, forall j and k with j+4+ro<Ek.
1.4. Wawvelet characterisation of function spaces on uniformly E-porous domains

Let 8 = {B;}32, be a sequence of positive numbers and let N; € N, j € Ny and N = NU {oc}. We will
work with the following sequence spaces

ly (6%“) = {A ={Nuwtie: Ak €C,

o N a/p\ V1
gq(ﬁjfﬁj)“ - <§ﬁ?<k2_olAj,k |”> ) <oo}

(usual modifications if p = oo and/or ¢ = 00). If N; = co then Eévj = 0.

Theorem 2. Let Q be a uniformly E-porous domain in R™, Q # R™. Let uw € Ny. Then there exists an
orthonormal basis

{®: jeNy r=1,...,N;}, ®leC*(Q), jeNg, r=1,...,N;

in Lo(QY), such that if u > max(s, o, — s) then f € D'(Q) is an element of B;,Q(Q) if, and only if, it can be
represented as
oo Nj
F=Y Y N el ae g, (P00, (28)
j=0r

=1

and the series is unconditionally convergent in D'(2).
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Furthermore, if f € B;q(Q)ﬁ, then the representation (28) is unique with X = A(f)

A=) =2 (@),

r

where (, ) is a dual pairing and
I B}, (Q)5 [ M(f) € 6, (2079e0)

is an isomorphism. If in addition max (p,q) < oo, then {®1} is an unconditional basis in B;’Q(Q).

There is a strict relation between the numbers N; used in the last theorems and the sequence b; ().
Namely it was proved in [13] that

bj—2(€2) < N; < b;(Q). (29)

Remark 9. The above theorem was proved by Hans Triebel, cf. [14, Theorem 3.23]. He used so-called
u-wavelet systems, cf. Chapter 2 of the above book for the construction of this wavelet system. The sketch
of the construction can be found in [13]. If we assume that the domain € is E-thick, then the theorem holds
for B; ,(€) with s # 0, cf. Theorem 3.13 ibidem. Similar results hold for F3 (€2) spaces.

2. Entropy numbers of the compact embeddings: the case p; = p»

First we recall the definition of entropy numbers.

Definition 6. Let T': X — Y be a bounded linear operator between complex quasi-Banach spaces, and let
k € N. Then the k-th entropy number of T is defined as

ex(T: X = Y):=inf{e > 0: T(Bx) can be covered by
281 halls in Y of radius €},

where By :={z € X : ||z]|x < 1} denotes the closed unit ball of X.

In particular, T': X — Y is compact if, and only if, limy_,~ ex(T") = 0. For details and basic properties
like multiplicativity, additivity, behaviour under interpolation and the relation to eigenvalues of the compact
operator we refer to the monographs [3,6,7].

Remark 10. Now our aim is to describe the asymptotic behaviour of entropy numbers of compact embed-
dings (20) and (22). It follows from Theorem 2 that this can be reduced to estimates of entropy numbers
of the corresponding embeddings of sequences spaces Eq(2j (S_%)Eé\/j ). Furthermore it follows from the in-
equalities (29) that the asymptotic behaviour of the entropy numbers of embeddings between the spaces
Zq(2j (57%)4,\]") is the same as the asymptotic behaviour of the entropy numbers of embeddings between the
spaces eq(2j<8‘%>£f,f(ﬂ)). Thus we can use Eq(2j(5_%)€2j(ﬂ)) instead of éq(2j(5‘%)£§,“).

If p1 = p2 then in both cases, b(2) = oo or b(f2) < oo, the embedding (20) is compact if and only
if s1 — s9 > 0. This simplified the estimation of the asymptotic behaviour of entropy numbers of the
embeddings. For convenience we use the function B related to the sequence b;(€2) introduced in Remark 5.

The result in the special case p; = p, holds for arbitrary sequences b;(§2) without any additional proper-
ties. The estimation is based on Lemma 1 and Corollary 1 from [12]. For convenience of the reader we recall
them bellow.



450 H.-G. Leopold, L. Skrzypczak / J. Math. Anal. Appl. 429 (2015) 439-460

Lemma 1. Let 0 < p1,p2,q1,q2 < 00 and § > 0. Let {b;(2)}32 be an arbitrary sequence defined by (3) and
let {279%b;(0) 52771 € 4.
(i) Then
_(a_ ) 5 b .
2710 (2b, ()75 7)< e o) (id = Ly, (27°051D) = Ly, (€551)) (30)

for all natural numbers L, where ¢ is positive constant independent of L.
(it) Denote for x € £, (ZZQ(Q)) the j-part id; x of idx by

idj xr = (6j,kxk,l)kGNo,l:L...,b] (Q) = (0, ey 0, xj,h ey ‘Tj,bj(ﬂ)a 0, .. ) .
Then

N
(id — Z idj)x | Ly, ( gb;(ﬂ))”
j=

< {27y (@) 52 Y5y bl [ | L, (2722 ). (31)

Theorem 3. Let Q be a uniformly E-porous quasi-bounded domain in R™. Let Af,qu () and A;?qz (Q) be the
function spaces defined in Definition 1. Let 6 = 81 — sg > 0. Then for k € N

e (431, (©) = Az, (0)) ~2m(rmB 8, (32)

p,q1 p,q2

Proof. Step 1. The estimation from below follows from the wavelet characterisation of the function spaces
given in Theorem 2, Remark 10 and Lemma 1.
Let by () <k <bny1(92) < 2by41(Q), then N <B~1(k) < N + 1 and by (30) we have

02_(N+1)6 S eQbN+1 (Zd : glh (2j6£zj (Q)) — ng (ggj(ﬂ)))
respectively
c29 9B (k)3 <eg(id: ¥l (Zj‘ségj(g)) — Ly, (ﬁgj(m)) .

Step 2. For the estimation in the opposite direction we can use some ideas and notations from the proof
of Theorem 3 in [12]. Without loss of generality we will assume by(€2) > 0.

Substep 2.1. The assumptions p = p; = p2 and § > 0 imply {2_j5};‘;0 € {4 and we obtain by Lemma 1

N
I(id =3 ids) @ | € (D) < 27V | £, (21|
§=0
and
N
1Gid — 3" idy) | £(0qu (€2(), £, (2585 < 277
§=0

Substep 2.2. Let p =min (1, p, q2), then £, (Ef,j(m) is a p-Banach space and we get

N
ef(id : Lg, (2005 ) = £, (€5 )) < 27NOP Ny " el (idy) (33)
j=0
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where

k=Y ki—(N+2).

=0

We consider the diagram

Eth (2j5€ZJ (Q)) —]> ggg (Q))

idjl lid(j)

b (Q d? @
U, (7)) —— 7',
and obtain

ex, (id;) < 2770 ey, (idY) : 5 (D) — (D) (34)

But in this case the estimation of the entropy numbers in finite dimensional ¢,-spaces, see for example |7,
Section 3.2.2] or [12], leads to

ex, (id;) < c279° ol i ki > 2b;(9). (35)
Substep 2.3. For arbitrary fixed € with 0 < e < n we put
kj = 2b;(Q)2V 9=
Then obviously k; > 2b;(€2) and
ef(id : g, (27705 V) — £, (€5 D))

N
< c27NO o NO N g (N=)dp g =25 (36)
j=0

The sum in (36) converges and can be estimated independently of N. So we obtain
ex(id : g, (27705 V)) — £, (£ P)) < /27N (37)
Moreover the inequality 2"b;(€2) < b;41(€2) and the choice of ¢ imply

N N
k=) (2b;())2N 77 < 2by (@) Y 2m VI tINTIE < ()
j=0 j=0

This together with (37) gives
o (id : b, (9067 D) = 04, (D)) < ¢ 27N
Substep 2.4. Let k € N be chosen in such a way that ¢’27%" < 1. Then we get

"bon_p <275y < by .
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For all k£ with by < k < by it follows that N < B~!(k) < N + 1 and

er(id = £g, (27205 D) — £, (15 D)) < eerpy_, (id : Ly (27005 D) — £, (£2 (D))

< 9 (N=K)§ o /o(kt1)s 2—153*1(1@)5.
Now the theorem follows from Remark 10 and the wavelet-characterisation, cf. Theorem 2. O
3. Entropy numbers of the compact embeddings: the case p; # p2

In [13] we proved

ex (A;;ql (Q) — A% (Q)) ~ kY (38)

P2,92

under the condition (24) where

81— 82 b(Q)—n/1 1
TE ) T e (p—l_p_2>'

But already Example 4.6 in [13] showed that this is a very restrictive one. Now we want to avoid this strong
condition (24). A general approach to estimation of entropy numbers of embeddings of the sequence spaces
Eq(ﬁjﬁgj) with the admissible almost strongly increasing indices 3; and b; was developed by one of the
authors in [12]. We follow this approach.

Lemma 2. If {b;(2)}; is an admissible sequence with upper Boyd index oy, and § > Tt then the sequence
{2990;(Q)~1/P*}; is almost strongly increasing.

Proof. The assumption § > % implies that ¢ > a;—i‘g for some suitable ¢ > 0 that will be fixed. There

*

exists an index k1, depending on ¢, such that

27%1(67(”;)71—6) < 1 10g2 6/’@1
— 2 )

< ap + ¢ and consequently Bm < omilavte),
R1

Let 7; := 27°b; /7", Then

;= 2j6bj—1/P* < 9—md (5n1)1/p*2(j+m1)5b;iéf* < Q—Hlég(m(ab-l-e))/p*,ijrm

apte 1 - b;
<27m0 5 )'Yj-&-m < 9 itk since br, = %
3

Taking 1 <1 < k1 — 1 we get
3y < 2y, = B <t Digples = 50y 1
< 91 =D)(6+n/p")

Vil < CryViHl

where ¢, = 2r1691#1/P"  Here we used 2"b; < bjtq.

Now for [ = mr1 +1,1 <1<k —1, m €N, we have

1 _ _
Vi <2 Vi+r1 <2 m’Yj—&-'rrml <2 mcfn')/j_t,_['
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At the end we choose m such that 27" ¢, < 1/2 and kg := mk;. Then
2 <= i k=j+1>j+ ko
So the sequence is almost strongly increasing. O

First we consider domains with b;() := 27%(%)4)(27) where 1 is a weak perturbation (slowly varying of
order zero) of the polynomial order. In particular

) 9J )
127kl < % <227k forall e>0andk,j. (39)

)

See also Example 1. In this case the identity a;, = b(Q2) holds.

Theorem 4. Let Q be a uniformly E-porous quasi-bounded domain in R™ with b;(Q) := 27°(2)(27) where
WY is a weak perturbation which fulfils (39). Let fl;}ql (Q) and A2, (Q) be the function spaces defined in

P,q2
Definition 1. Let 6 = s1 — 89 — ”(p% — p%) > %. Then for k € N
Ast () A2 (Q k= w6 (s = 50 o (50D ) 56D 0
€k P17Q1( ) — p27q2( ) ~ P2 Pt ¢( ) . ( )

Proof. Because of a; = b(Q2) the sequence {2j5b;1/ P*1, is admissible and almost strongly increasing by
Lemma 2. Of course the sequence b;(€2) is admissible too and so we can apply [12, Theorem 3 and Theorem 4].

This gives

. 1 1
ot (id : £g, (29955) s 0, (14 D)) ~ 27 L0y 72750, (41)

Because the sequence {b;(€)}; is admissible we have ¢1b; < bj41 < ¢2bj. Now we consider k with 2b;, <
k < 2br41. Then

en(id : £, (226 V) = Lo, (671)) < eap, (id = £g, (2770 V) = €4, (67 )
)

1 1

< bzmﬂﬁiﬁ ¢T§2>(2L) < ek w (o= w%m(kb_lfl))

The estimation from below is obtained in a similar way.
Now Remark 10 and the wavelet characterisation from Theorem 2 prove the theorem. O

Now we consider more general quasi-bounded domains 2 where {b;(2)}; is an admissible sequence with
upper Boyd index «ay — see also Example 2.

Theorem 5. Let Q be a uniformly E-porous quasi-bounded domain in R™ and {b;(Q2)}, is an admissible
sequence with upper Boyd index ay,. Let fl;}ql(Q) and AZ?%(Q) be the function spaces defined in Definition 1.
Let5:517527n(p%7p%) > %. Then for k € N

1 1

ex (A;;;ql(sz) < A (Q)) ~ 2 BT RSG5, (42)

P2,92

Here B! is the inverse function to the strongly increasing sequence {b;(Q)}; — see Remark 5.
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Proof. Let §; := 279 with § > %. Then the sequence {2j‘5b;/ P*1, is almost strongly increasing by Lemma 2
and we can apply again as above [12, Theorem 3 and Theorem 4]. This gives again

e (i £, (P01 ) =5 £, (L)) 27 P,
The sequence {27 ‘5b}/ P*1, is admissible and we have
ey 2700)/PF < 2UHDORITE < 0y 030pL/PE (43)
Let k with 2by < k < 2bp41. As in the previous proof we obtain

6k(id g, (2j54§j(9)) — Ly, (fﬁj(m)) ~ egp, (id : g, (2j5€gj(9)) — Ly, (fzj(m))

By g G,

Here we used substantial the property (43).
Again the theorem follows from Remark 10 and Theorem 2. 0O
In the case b(2) < ap the assumption § > ¢ is stronger than ¢ >
compact but only in the first one we can describe asymptotically the behaviour of the entropy numbers. One
can ask if there exist uniformly E-porous quasi-bounded domains with b(2) < a;. Due to the construction

in Example 2 we can reduce this question to the construction of the sequences {o;};.

b;s*z). In both cases the embedding is

Example 3. Let n < sg < s1. Consider a sequence j; = 2! and a sequence {0;}; defined by

Ojo = 2]&1%1
0j 1= Ojy 2(j—j21)50 j2l _ j < j2l+1
Ojorp1 = 2j21+1w
R 2 Joi+1 £ J < Jait2-

Then 7; = sup 2+t = 2951 and g, = inf Tk = 27% g0 a, = s and B, = sp, see also Remark 7. But an
y
J >0 ok J k>0 Ok ’ )

o; can be estimated in the following way

. 51+2sg -2s1+sq
3

27 3 SO'J'SQJ y

_ 2s1+
s0 b(Q)) = =250,
Example 4. Let n < s. Consider now a sequence j; = ! and a sequence {7,}, defined by

7j, = 1127 and 7y =7y, 207008 J<J<Jit1-

Then the sequence {7;}; is not admissible. Moreover, 7; = sup T"TJ;’“ = oo and «, does not exist. But all 7;
k>0

can be estimated by
278 <15 < j2i%,

consequently b(Q) = s and 1 = liminf;_, . 7;277° < limsup, ., 7,277 = co.
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Example 5. Let a sequence be defined by

vj = j! or by Uf =’ B>1.
These sequences are not admissible and in both cases b(2) = co, however the domain 2 defined by Example 2
is again uniformly E-porous and quasi-bounded.

Example 3 corresponds to Example 4.12 in [11] and shows that there exist uniformly E-porous quasi-
bounded domains with b(2) < ap. For another example we refer to Example 3 in [12] where o, = s+ 2 but
o) =s+1

Examples 4 and 5 lead to uniformly E-porous quasi-bounded domains for which we have the criterion for
compactness holds, cf. Theorem 1, but the asymptotic behaviour of the entropy numbers can be described
only in the case p; = ps, cf. Theorem 3.

4. Applications to spectral theory on unbounded domains

Let © be a uniformly E-porous quasi-bounded domain in R". Then B%’S(Q) = FF3(Q) = Wi™(Q),
m € N, cf. Remark 3.
Let

A(z,D) = Z g (z)0%

jal<2m

be a formally self-adjoint, uniformly strongly elliptic differential operator of order 2m, m € N, with real
valued coefficients a, € C°°(€2) which are uniformly bounded and uniformly continuous for |a| < 2m. Then
the operator A = A(x, D) with domain

D(A) = B33 (9)

is a closed linear operator with discrete spectrum o(A) of eigenvalues having no finite accumulation point,
cf. [4,9].
We assume that A is a positive self-adjoint operator in Ly (€2).

Theorem 6. Let Q) be a quasi-bounded uniformly E-porous domain in R™. Let A be the operator defined
above and let A1, Az, ... be eigenvalues of A ordered by their magnitude and counted according to their
multiplicities. Then

A\ ~ 215%’1(k)2m7 LeN.

Proof. The proof is standard. Since A is a positive self-adjoint operator with compact resolvent, \x is an
eigenvalue of A if, and only if, ux = )\,;1 is an eigenvalue of A~'. But A is a bounded operator mapping
B33(52) onto Ly(R2). So we can factorize A~! through the compact embedding B33 () < La(£2). Using
Carl’s inequality and Theorem 3 we get

i < 0272mIB*1(k).

This proves the estimates of A\ from below.
On the other hand let 9 be a smooth function such that suppty C (0,1)"™ and ||¢|L2(2)]] = 1. Let
Yi(x) = 20"2p(20x), j =1,2,..., and ¥ p(z) = ¥j(x — h), h € R™. If supp ¢, C Q, then
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C < |[g.n La(Q)* < [| A% La(QIH A7 b0 L) <
< Ol W™ (@) A 5l L2(Q)] < C2°™ A7 50| La(Q)].

By translations one can find b;(2) functions of the form #; ;, with pairwise disjoint supports contained in €.
So for any linear operator T of rank smaller than b;(£2) we can find 9} such that T'(¢; ) = 0. But this
implies
abj(g)(Afl) =inf{||A™" — T|L(Lo(Q)||, rank T < b;(Q)} > (44)
> [ A7y La(Q)]] > 2727

Now using the properties of approximation numbers a;(A~!) in Hilbert spaces and formula (44) we get

Abi(9) = (Mbj(g))_l = (Gb].(g) (14*1))_1 < (2mBT(6;()

If b;(2) < k < bj+1(€2) then one get easily

Me < Ny () < €227ET (o () < o g2m g2mETH(R),

since B~*(b;(2)) = j and the function B! is increasing. This finishes the proof. O
Remark 11. If |Q] < oo, then we have
A~ k5

This formula is well known for bounded regular domains and goes back to Hermann Weyl, cf. [15]. On
the other hand Hermann Konig considered a similar problem for so-called quasi-bounded full C{-domains,
£ > 0. He proved that

2m

4
Akwkjmn7

cf. [9,10]. Theorem 6 is more general as it is shown in the proof of the next theorem, cf. also Example 6
below.

Theorem 7. Let S : [0,00) — [1,00) be a non-negative strictly increasing and continuously differentiable
function with

0<—(s) <

2
a5 2 86) forall s>s9>0. (45)
ds n

s
Then there exists a quasi-bounded uniformly E-porous domain £ in R™ such that, if M\ (—A), A2(=A), ...

are eigenvalues of positive Dirichlet Laplacian —A defined on Q, ordered by their magnitude and counted
according to their multiplicities, then

A(—A) ~S(k), keN. (46)
Proof. Let D(s) = 1 log, S(s). Then D is a non-negative strictly increasing and continuously differentiable

function and

D 1 1
0<d—(s)§ %82€ 2 for all §>50>0. (47)
ds n s
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Let us denote by B(t) := D~1(t) the inverse function to the strictly increasing function D. Then by (47)
we have
dB
) >
dt log, e

B(1)

and this leads to

d(log, B)

o (t) >n forall t>ty:=D (5).

Consider the function log, B(t) and j > ¢y then we obtain

d(log, B)

loga B(j+1) — logy B(j) = 2= (7) 2 n.

Define

then the last inequality implies
Oj+1 Z 2" gj

and in the same way as in Example 2 we can construct a quasi-bounded domain 2 in R™ such that b;(2) = o;.
Now Theorem 6 implies for A = —A that

Ao~ 2B R) R eN.

But by construction we have D(o;) = B~!(0;) = j and consequently follows [B~*(k) — D(k)| < 1. O
Remark 12. 1. The equality in the right-hand inequality in (45) holds for S(s) = s%/™. This is the function
describing the asymptotic behaviour of eigenvalues of Dirichlet Laplace operator on bounded domains.
Boundedness of a domain is the most restrictive condition for the domains we take into account. Thus the
inequalities in (45) are natural bounds for the behaviour of derivative of S.

2. The last theorem holds also for a differential operator A of higher order than 2 if it satisfies the
following conditions:

— A is a uniformly strongly elliptic differential operator of order 2m, m € N, with real valued coefficients
aq € C*(Q) which are uniformly bounded and uniformly continuous for |a| < 2m,

~ is a positive self-adjoint operator in Ly(€2) with domain of definition W2™(€),

— S:[0,00) — [1,00) is again strictly increasing and continuously differentiable function with property
the following property:

ds 2m S
0<—(s)§—mﬂ forall s>s9>0.
ds n s
Then eigenvalues A1, A, ... of A, ordered by their magnitude and counted according to their multiplicities,

satisfied the following asymptotic estimates (46).

Example 6. Below we give examples of functions satisfying the assumptions of the last theorem and the
corresponding asymptotic behaviours of eigenvalues of —A:
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S
S

) S(s)
) S(s)
(i)  S(s) =
) S(s) =
) S(s) =

5) = (s +1)%°,
(

s) = (loga(s +1) +1)>, 7 >0,
(s +1)*b(logy(s + 1) +1)7, b > n, v € R,
(s +1)*"(logy(s +1) + 1)*, v <0,

log,( log28+l)—|—l)—|—1) , v>0.

S(s
S(s

(v
We can also perturb A by a multiplication operator f +— V2f, giving
Hof = Af —aV?2f, V(z) real valued on Q, a > 0,

and ask for the behaviour of the cardinality of the negative spectrum #{c(H,) N (—00,0]} as a — oo. This
is the usual question in the study of spectral properties of elliptic operators, cf. [6,7]. For the more results
on unbounded domains we refer to [8].

For 6 > 0 and 2 < r < oo we define a function s, in the following way:

2
ns.r(s) = 6B (s) + = logy s it s>0.
r

Please confer the definition of B and B~! in Remark 5. Thus 75, is strictly increasing with co-domain R.
Using Theorem 5 and the entropy version of the Birman—Schwinger principle, cf. [7], one can easily prove
the following theorem.

Theorem 8. Let Q C R™ be a quasi-bounded uniformly E-porous domain such that the sequence b;(€) is
admissible. Suppose that 2 <r < oo, mr >n and V € L.(Q). We assume that ||V|L.(Q)| = 1.
Let 6 =2m — 27" Then there exists ¢ > 0, which is independent of o and V', such that

#{o(Ha) N (00,01} < enyp(logy @), > 0. (48)

Remark 13. The estimate (48) is optimal in the following sense. There are positive constants ¢1,co > 0 and
a sequence of operators H, j = A — V7 with ||[V;|L,(Q)|| = 1, j > jo such that there are a; with

1 b;(Q) < nér(logQ a;) < c2b;(2) (49)
and
c1 5, (10gg aj) < #{o(Ha, ;) N (—00,01} < camy, (l0gy @) - (50)

Please note that the constants ¢y, co are independent of j.

We sketch the proof. For any a > 0 the operator H,, is self-adjoint, semibounded operator with compact
resolvent, therefore it has purely discrete spectrum and its eigenvectors form a complete orthonormal basis
in Ly(§2). Moreover if A1, Aa, ... are the eigenvalues of H, written in increasing order and repeated according
to their multiplicity then

A =inf{A\(L) : L C D(H,) and dim L =k},
where
ML) =sup{(Haf, f) : f € Land [|f[L2(Q)] = 1}

and L is any finite-dimensional subspaces of the domain of Hy, cf. [5, Theorem 4.5.1].
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Let 1 € C§°(R™) be supported in the cube Qg o and let [|1|Lo(Q)|| = 1. We put ¢, (z) = 29%/2¢(27z).
We consider an operator H,, ; with the potential V;(x) = 297 b; (Q)_%Xﬁj (z), where ﬁj is the sum of dyadic
cubes of size 277 contained in €2, cf. (15). Moreover we take a b, (Q)-dimensional subspace L; spanned by
the translates 9, ,,, of the function #; supported in the cubes Q;.m,, cf. (3). Now if f € L; then

S

(Hoyf, /) <0 if > a2 9p Q)7 (51)

where c4 is the constant depending of operator A. In consequence the negative spectrum of H,, ; contains for
these o at least b;(§2) eigenvalues. The condition for « in (51) is equivalent to log, o > logy ca +15,-(b;(€2)).
So we choose «; satisfying the identity logy a; = logy ca+1s.(b;(€2)) we get (49) and (50) since the sequence
b;(€) is admissible.

Remark 14. If r = oo then we do not need the assumption that the sequence b;(2) is admissible since we
can use Theorem 3 instead of Theorem 5. So in that case for any quasi-bounded uniformly E-porous domain
we get the estimates

for some ¢y > 0 which is independent of «.
If the sequence b;(12) is in addition admissible, we have for large o

where the constant ¢ > 0 is independent of «.
Moreover if we use Theorem 6, the example V(z) = 1 on  shows, that we cannot expect a better
estimation for general potentials V' € L. ().

Remark 15. For some domains we can prove the more explicit formula. In [13] we prove that

b(Q)r

#Ho(Ho) N (—o0, 0} Sea”s  where  p= 5T

if

0 < liminf b;(Q)277%) < limsup b; ()27 < o0

J—o0 j—o0
The last theorem generalizes this result. For example, if we take b;(2) = [2/%°], b > n, B € R (B >0
if b = n) then the sequence b;(f2) is admissible and B~*(s) ~ flogy(s + 1) — %logQ(logz(s +1)+1). In

consequence 7, (t) ~ o+ F G+ and

#{o(Hy) N (—00,0]} < ca’(logy a)®

where

B b()r
~2mr +2(b(Q) — n)

_ B(2mr —2n)
C2mr +2(6(Q) —n)’

and o

p
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