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We prove the asymptotic behaviour of eigenvalues of elliptic self-adjoint differential 
operators defined on a wide class of quasi-bounded domains. The estimates are based 
on corresponding asymptotic behaviour of entropy numbers of Sobolev embeddings 
of Sobolev and Besov function spaces defined on the quasi-bounded domains. We 
consider also the inverse problem i.e. we identify the class of functions that can 
describe the asymptotic behaviour of eigenvalues of Dirichlet Laplacian of some 
quasi-bounded domain.

© 2015 Elsevier Inc. All rights reserved.

Let Ω be a domain in Rn and W̃ k
p (Ω) a function space obtained by completing C∞

0 (Ω) in the usual 
Sobolev norm. It is well known that spectral properties of the Dirichlet Laplacian on Ω, in particular the 
discreteness of the spectrum, are related to the properties of Sobolev embeddings of the function spaces 
W̃ k

p (Ω) into Lq(Ω). It was noticed by Colin Clark in 1965 that the Sobolev embeddings can be compact not 
only if the domain Ω is bounded but also if the domain is unbounded but sufficiently narrow at infinity, 
cf. [4]. We refer to [1] and [9,10] for further discussion and references.

In [13] we considered the Besov and Triebel–Lizorkin spaces defined on a wide range of unbounded do-
mains, so-called uniformly E-porous domains. Based on a wavelet characterisation of the spaces we obtain 
sufficient and necessary conditions for compactness of the Sobolev embeddings. The wavelet characterisa-
tion of the spaces is due to H. Triebel, cf. [14]. Moreover we prove the asymptotic behaviour of entropy 
numbers of the compact embeddings in some cases. In this paper we continue investigation of the degree of 
the compactness of the embeddings of the function spaces in terms of entropy numbers. The exact asymp-
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totic behaviour of the entropy numbers is calculated for the wide range of the quasi-bounded domains. In 
particular for any quasi-bounded uniformly E-porous domain Ω ⊂ R

n we prove the following asymptotic 
behaviour of entropy number of compact Sobolev embedding with p = q

ek

(
W̃ k1

p (Ω) ↪→ W̃ k2
p (Ω)

)
∼ 2−(k1−k2)B−1(k) (1)

if k1−k2 > 0. Here B denotes some function depending on the domain Ω and describing its quasi-boundedness 
cf. Section 1.2 for the definition. We also prove the asymptotic behaviour in the case p �= q.

The asymptotic estimates of entropy numbers in (1) imply the following estimates of eigenvalues 
λ1(−Δ) ≤ λ2(−Δ) ≤ . . . of the Dirichlet Laplacian −Δ defined on Ω

λk(−Δ) ∼ 22B−1(k) . (2)

Here ak ∼ bk stands for c bk ≤ ak ≤ Cbk, c, C > 0 being positive constants independent of k. Negative 
spectrum of the corresponding Schödinger type operator is studied as well.

The paper is organized as follows. In the first section we recall the definitions and some properties of the 
domains, the function spaces and their wavelet characterisation. In particular we recall the notion of box 
packing constant introduced in [13] and the sufficient criteria for the compactness of the Sobolev embeddings 
proved there. In Section 2 we prove the asymptotic behaviour of the entropy numbers in the case p1 = p2. 
Section 3 is devoted to the behaviour of entropy numbers in the case p1 �= p2. In the last section we give 
applications to spectral theory of elliptic operators.

1. Preliminary

1.1. Function spaces on arbitrary domains

Let Ω be an open set in Rn such that Ω �= R
n. Such a set will be called an arbitrary domain. We 

assume that the reader is familiar with definitions and basic facts concerning Besov spaces Bs
p,q(Rn) and 

Triebel–Lizorkin spaces F s
p,q(Rn) defined on Rn as well as the Besov and Triebel–Lizorkin spaces, Bs

p,q(Ω)
and F s

p,q(Ω), defined on Ω by restrictions. All we need can be found in the first chapter of [14]. We will use 
the common notations. In particular we put

σp = n
(1
p
− 1

)
+

and σp,q = n
( 1

min(p, q) − 1
)

+
, 0 < p, q ≤ ∞

and As
p,q(Rn), As

p,q(Ω) with A = B or A = F .

Definition 1. Let Ω be an arbitrary domain in Rn with Ω �= R
n and let

0 < p ≤ ∞, 0 < q ≤ ∞, s ∈ R,

with p < ∞ for the F-spaces.
(i) Let

Ãs
p,q(Ω) =

{
f ∈ D′(Ω) : f = g|Ω for some g ∈ As

p,q(Rn), supp g ⊂ Ω
}
,

‖f |Ãs
p,q(Ω)‖ = inf ‖g|As

p,q(Rn)‖,

where the infimum is taken over all g ∈ As
p,q(Rn) with supp g ⊂ Ω and f = g|Ω.
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(ii) We define

F̄ s
p,q(Ω) =

⎧⎪⎨⎪⎩
F̃ s
p,q(Ω) if 0 < p < ∞, 0 < q ≤ ∞, s > σp,q ,

F 0
p,q(Ω) if 1 < p < ∞, 1 ≤ q ≤ ∞, s = 0 ,

F s
p,q(Ω) if 0 < p < ∞, 0 < q ≤ ∞, s < 0 ,

and

B̄s
p,q(Ω) =

⎧⎪⎨⎪⎩
B̃s

p,q(Ω) if 0 < p ≤ ∞, 0 < q ≤ ∞, s > σp ,

B0
p,q(Ω) if 1 < p < ∞, 0 < q ≤ ∞, s = 0 ,

Bs
p,q(Ω) if 0 < p < ∞, 0 < q ≤ ∞, s < 0 .

Following H. Triebel we introduce E-thick (exterior thick) and E-porous domains, cf. [14, Chapter 3]. We 
start with the definition of porosity.

Definition 2. (i) A closed set Γ ⊂ R
n is said to be porous if there exists a number 0 < η < 1 such that one 

finds for any ball B(x, r) ⊂ R
n centred at x and of radius r with 0 < r < 1, a ball B(y, ηr) with

B(y, ηr) ⊂ B(x, r) and B(y, ηr) ∩ Γ = ∅ .

(ii) A closed set Γ ⊂ R
n is said to be uniformly porous if it is porous and there is a locally finite positive 

Radon measure μ on Rn such that Γ = suppμ and

μ(B(γ, r)) ∼ h(r) , with γ ∈ Γ, 0 < r < 1 ,

where h : [0, 1] → R is a continuous strictly increasing function with h(0) = 0 and h(1) = 1 (the equivalence 
constants are independent of γ and r).

Remark 1. The closed set Γ is called a d-set if there is a locally finite positive Radon measure μ on Rn such 
that Γ = suppμ and

μ(B(γ, r)) ∼ rd , with γ ∈ Γ, 0 < r < 1 .

Naturally 0 ≤ d ≤ n. Any d-set with d < n is uniformly porous.

Definition 3. Let Ω be an open set in Rn such that Ω �= R
n and Γ = ∂Ω.

(i) The domain Ω is said to be E-thick if one can find for any interior cube Qi ⊂ Ω with

�(Qi) ∼ 2−j , and dist(Qi,Γ) ∼ 2−j , j ≥ j0 ∈ N

a complementing exterior cube Qe ⊂ R
n \ Ω with

�(Qe) ∼ 2−j , and dist(Qe,Γ) ∼ dist(Qe, Qi) ∼ 2−j , j ≥ j0 ∈ N .

Here Qi and Qe denote cubes in Rn with sides parallel to the axes of coordinates. Moreover �(Q) denote a 
side-length of the cube Q.

(ii) The domain Ω is said to be E-porous if there is a number η with 0 < η < 1 such that one finds for 
any ball B(γ, r) ⊂ R

n centred at γ ∈ Γ and of radius r with 0 < r < 1, a ball B(y, ηr) with

B(y, ηr) ⊂ B(γ, r) and B(y, ηr) ∩ Ω = ∅ .

(iii) The domain Ω is called uniformly E-porous if it is E-porous and Γ is uniformly porous.
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Remark 2. If Ω is E-porous, then Ω is E-thick and |Γ| = 0. On the other hand, if Ω is E-thick and Γ is a 
d-set, then Ω is uniformly E-porous and n − 1 ≤ d < n. If the domain is uniformly E-porous then one can 
characterize Ās

p,q(Ω) spaces in terms of wavelet expansion of the distributions. cf. Section 1.3 below.

Remark 3. Let Ω be a uniformly E-porous quasi-bounded domain in Rn. Let W̃ k
p (Ω), 1 < p < ∞, k = 1, 2, . . . , 

be the completion of the space C∞
0 (Ω) in the norm

‖f |W̃ k
p (Ω)‖ =

∑
|α|≤k

‖∂αf |Lp(Ω)‖ .

Then W̃ k
p (Ω) = F̃ k

p,2(Ω) = F̄ k
p,2(Ω) and the corresponding norms are equivalent, cf. [14, Theorem 4.30]. We 

put also W̃ 0
p (Ω) = Lp(Ω).

1.2. Quasi-bounded domains

We recall that an unbounded domain Ω in Rn is called quasi-bounded if

lim
x∈Ω,|x|→∞

dist(x, ∂Ω) = 0 .

An unbounded domain is not quasi-bounded if, and only if, it contains infinitely many pairwise disjoint 
congruent balls, cf. [1], page 173. We will always assume in the paper that Ω in Rn is a quasi-bounded 
uniformly E-porous domain. There are quasi-bounded domains that are not E-porous or even not E-thick, 
cf. e.g. [1], page 176 for the example of quasi-bounded domain with empty exterior.

To formulate the properties of embedding of function spaces defined on quasi-bounded domains we need 
some quantities describing quasi-boundedness of the domain. For that reason we introduced in [13] a box 
packing number b(Ω) of an open set Ω. We recall the definition here.

Let Qj,m denote a dyadic cube in Rn with side-length 2−j , j ∈ N0, whose vertices are adjacent points of 
the lattice 2−jm and m ∈ Z

n. More precisely we put

Qj,m = [0, 2−j)n + 2−jm, m ∈ Z
n, j ∈ N0 .

Let Ω ⊂ R
n be a non-empty open set Ω �= R

n. Let

bj(Ω) = sup
{
k :

k⋃
�=1

Qj,m�
⊂ Ω , (3)

Qj,m�
being dyadic cubes of side-length 2−j

}
,

j = 0, 1, . . . . If there is no dyadic cube of size 2−j contained in Ω we put bj(Ω) = 0. The following properties 
of the sequence 

(
bj(Ω)

)
j=0,1,2,... are obvious:

• There exists a constant j0 = j0(Ω) ∈ N0 such that for any j ≥ j0 we have

0 < 2n(j−j0)bj0(Ω) ≤ bj(Ω). (4)

• If |Ω| < ∞, then

bj(Ω)2−jn ≤ |Ω| . (5)
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It follows from (4) that if 0 < s < n, then limj→∞ bj(Ω)2−js = ∞. Moreover if s1 < s2 and the sequence 
bj(Ω)2−js1 is bounded, then limj→∞ bj(Ω)2−js2 = 0. Thus there exists at most one number b ∈ R such that 
lim supj→∞ bj(Ω)2−js = ∞ if s < b and limj→∞ bj(Ω)2−js = 0 if s > b. We put

b(Ω) = sup
{
t ∈ R+ : lim sup

j→∞
bj(Ω)2−jt = ∞

}
. (6)

Remark 4. For any non-empty open set Ω ⊂ R
n we have n ≤ b(Ω) ≤ ∞. If Ω is unbounded and not quasi-

bounded, then b(Ω) = ∞. But there are also quasi-bounded domains such that b(Ω) = ∞, cf. Example 2
below. Moreover it follows from (4) and (5) that if the measure |Ω| is finite, then b(Ω) = n.

Remark 5. Let again j0(Ω) = min{j : bj(Ω) > 0}. We define the function B : [0, ∞) → [0, ∞) by the 
following conditions:

B(j) = bj(Ω) for any j ≥ max(1, j0),

B(t) is linear on any of the intervals [j, j + 1], j ≥ max(1, j0),

B(t) is linear on the interval [0,max(1, j0)] and B(0) = 0.

The function B is strictly increasing, cf. (4). Thus there exist the inverse function B−1 to the function B
that is also strictly increasing and consequently bj ≤ k < bj+1 implies j ≤ B

−1(k) < j + 1 if j ≥ max(1, j0).

We give simple examples of quasi-bounded uniformly E-porous domains.

Example 1. Let α > 0 and β > 0. We consider the open sets ωα, ω1,β ⊂ R
2 defined as follows

ωα = {(x, y) ∈ R
2 : |y| < x−α, x > 1} ,

ω1,β = {(x, y) ∈ R
2 : |y| < x−1(log x)−β , x > e}.

One can easily calculate that

bj(ωα) ∼

⎧⎨⎩ 2j(α−1+1) if 0 < α < 1 ,
j22j if α = 1 ,
22j if α > 1 ,

and

bj(ω1,β) ∼

⎧⎨⎩
22j j1−β if β < 1 ,
22j log j if β = 1 ,
22j if β > 1 .

In consequence

b(ωα) =
{
α−1 + 1 if 0 < α < 1 ,
2 if α ≥ 1 .

Moreover the limit limj→∞ bj(ωα)2−jb(ωα) is a positive finite number if α �= 1. But if α = 1, then the limit 
equals infinity.

In the similar way b(ω1,β) = 2 for all β and limj→∞ bj(ω1,β)2−jb(ω1,β) = ∞ if 0 < β ≤ 1.
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Example 2. Now we construct an example of a quasi-bounded domain in Rn with prescribed sequence bj(Ω).
Let Qj,m = [0, 2−j)n + 2−jm be the usual dyadic cubes. Let {b̃j}j , j = 0, 1, 2, . . . , be a sequence of 

non-negative integers. We put aj =
∑j−1

�=0 2−�b̃� and

Aj =
{
(m1, . . . ,mn) ∈ Z

n : aj < 2−jm1 ≤ aj + 2−j b̃j , m2 = . . . = mn = 0
}
.

Please note that Aj is empty if b̃j = 0. At the end the domain Ω is defined in the following way

Ω =
( ⋃
j∈N0

Ω̃j

)◦ where Ω̃j =
⋃

m∈Aj

Qj,m.

The set Ω is an open proper connected subset of Rn. The cubes Qj,m and Qk,n are disjoint if m ∈ Aj , 
n ∈ Ak and j �= k. It follows by the construction that Ω is a uniformly E-porous domain. The cardinality 
of the set Aj equals b̃j , so bj = 2nbj−1 + b̃j with b0 = b̃0. Thus

bj(Ω) =
j∑

�=0

2(j−�)nb̃� .

This finishes the construction.
Let conversely {σj}j be an any sequence of non-negative integers such that

2nσj ≤ σj+1 .

Then taking b̃0 = σ0 and b̃j = σj − 2nσj−1 in case j ≥ 1 we can construct a quasi-bounded domain such 
that bj(Ω) = σj . The case b(Ω) = ∞ can be obtained for example in case σj = 2jβ , β > 1.

For any domain Ω �= R
n and any r > 0 we put

Ωr = {x ∈ Ω : dist(x, ∂Ω) > r}. (7)

The domain Ω is the union of domains Ωr, moreover if the domain Ω is quasi-bounded then |Ωr| < ∞ for 
any r > 0.

Proposition 1. Let Ω be a quasi-bounded domain in Rn. Then

b(Ω) = n + lim sup
r→0

∣∣∣∣ log2 |Ωr|
log2 r

∣∣∣∣ . (8)

Proof. Step 1. If |Ω| is finite then b(Ω) = n and identity (8) holds trivially. Let |Ω| be infinite. For simplicity 
we assume that |Ωr| > 1 for any 0 < r < 1. The rest is the case of rescaling.

First we prove that

b(Ω) = lim sup
j→∞

log2 bj(Ω)
j

(9)

Let b = b(Ω) ∈ R and s < b < t. Then limj→∞ 2−jtbj(Ω) = 0. In consequence for any ε > 0 there exists j0
such that

log2 bj(Ω) ≤ t + log2 ε if j ≥ j0. (10)

j j
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In consequence

lim sup
j→∞

log2 bj(Ω)
j

≤ t . (11)

In the similar way one can find subsequence jk such that

s ≤ lim
k→∞

log2 bjk(Ω)
jk

. (12)

Taking the sequence s� → b, s� < b, we find sequences (j(�)
k )k that satisfy (12) with s� instead of s. We may 

assume also that log2 bj(�)k
(Ω)/j(�)

k > s� − 2−� for any k. Then using the diagonal argument we find that

b(Ω) ≤ lim sup
�→∞

log2 bj(�)�
(Ω)

j
(�)
�

. (13)

Now (11) and (13) imply

lim sup
j→∞

log2 bj(Ω)
j

= b(Ω) . (14)

This proves (9) for b(Ω) ∈ R. If b(Ω) = ∞ then the proof is similar but easier.
Step 2. Let

Mj = {m ∈ Z
n : Qj,m ⊂ Ω}, and Ω̃j =

⋃
m∈Mj

Qj,m, j = 0, 1, 2, . . . (15)

Then |Ω̃j | = 2−jnbj(Ω) and we have immediately from (9) that

b(Ω) = lim sup
j→∞

log2 bj(Ω)
j

= n + lim sup
j→∞

log2 |Ω̃j |
j

. (16)

One can easily see that

0 ≤ dist(Ω̃j , ∂Ω) ≤ 2−j
√
n

and consequently

Ωrj ⊂ Ω̃j with rj = 2−j
√
n . (17)

Let κ ∈ N be fixed with 1 > 2−κ+1√n. For each Qj,m ⊂ Ω there exist always an open cube Q̃m of side 
length 2−j−κ with Q̃m ⊂ Qj,m such that dist(Q̃m, ∂Ω) ≥ 2−j−1 ≥ 2−j−κ

√
n. In consequence

|Ωrj | ≤ |Ω̃j | ≤
∑

m∈Mj

2κn|Q̃m| ≤ 2κn|Ωrj+κ
| , (18)

and

| log2 rj | ·
log2 |Ωrj | ≤ log2 |Ω̃j | ≤ κn + | log2 rj+κ| ·

log2 |Ωrj+κ
|
. (19)
j | log2 rj | j j j | log2 rj+κ|
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Now (8) follows from the last inequalities and (16) at first for the special sequence (rj)j and then for 
general r. �

For a real number a we put a+ := max(a, 0). We will use also the following abbreviations

1
p∗

:=
(

1
p2

− 1
p1

)
+

and 1
q∗

:=
(

1
q2

− 1
q1

)
+
.

In the next theorem we recall the sufficient and necessary conditions for boundedness and compactness 
of embeddings of the function spaces defined on a uniformly E-porous quasi-bounded domain. We refer to 
[13] for the proof.

Theorem 1. Let Ω be a uniformly E-porous quasi-bounded domain in Rn and let s1 > s2.
(i) If b(Ω) = ∞, then the embedding

Ās1
p1,q1(Ω) ↪→ Ās2

p2,q2(Ω) (20)

is compact if, and only if, p1 ≤ p2 and

s1 −
n

p1
− s2 + n

p2
> 0 . (21)

(ii) Let b(Ω) < ∞. The embedding

Ās1
p1,q1(Ω) ↪→ Ās2

p2,q2(Ω) (22)

is compact if

s1 − s2 − n
( 1
p1

− 1
p2

)
>

b(Ω)
p∗

. (23)

If the embedding (22) is compact and 1
p∗ = 0, then s1 − s2 − n( 1

p1
− 1

p2
) > 0.

If the embedding (22) is compact and 1
p∗ > 0, then s1 − s2 − n( 1

p1
− 1

p2
) ≥ b(Ω)

p∗ .

Remark 6.
1. Using the same method one can prove that (23) is a sufficient and necessary condition for compactness 

of the embeddings, except of the case lim supj→∞ bj(Ω)2−jb(Ω) = 0 and 1
p∗ > 0.

2. If the domain Ω is not quasi-bounded, then the embedding (22) is never compact, cf. [13].
3. If Ω is a domain in Rn with finite Lebesgue measure, then the embedding (22) is compact if, and only 

if,

s1 − s2 −
( n

p1
− n

p2

)
+ > 0 ,

cf. [13].
4. Thus for a set of finite Lebesgue measure we get the same conditions for compactness as for bounded 

smooth domains. On the other hand if the domain is not quasi-bounded then the Sobolev embeddings 
are never compact. So the most interesting case are the quasi-bounded domains with infinite measure. If 
Ω is such a domain, then all numbers bj(Ω) are finite. But in contrast to the domain with finite measure 
the numbers bj(Ω) are not asymptotically equivalent to 2jn.
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1.3. Admissible sequences

To estimate the entropy numbers of embeddings of the Besov spaces on quasi-bounded domains we used 
in [13] the following rather strong condition

0 < lim inf
j→∞

bj(Ω)2−jb(Ω) ≤ lim sup
j→∞

bj(Ω)2−jb(Ω) < ∞ . (24)

Now we weaken this condition. To do it we use the notion of admissible sequences.

Definition 4. A sequence σ = (σj)j∈N0 , σj > 0, is called an admissible sequence, if there are two constants 
0 < d0 = d0(σ) ≤ d1 = d1(σ) < ∞ such that

d0 σj ≤ σj+1 ≤ d1σj for any j ∈ N0. (25)

Remark 7. M. Bricchi and S. Moura introduced in [2] the upper, respectively the lower, Boyd (Matuszewska–
Orlicz) index of a given admissible sequence as follows. First let

σj := sup
k≥0

σj+k

σk
and σj := inf

k≥0

σj+k

σk
j ∈ N0.

Then the expressions

ασ := inf
j∈N

log2 σj

j
= lim

j→∞

log2 σj

j
and βσ := sup

j∈N

log2 σj

j
= lim

j→∞

log2 σj

j

are called the (upper and respectively lower) Boyd indices of the sequence σ.

Remark 8. 1. Given an admissible sequence σ with Boyd indices ασ and βσ then it is possible to find for 
any ε > 0 a constant cε such that

c−1
ε 2j(βσ−ε) ≤ σj ≤ cε2j(ασ+ε) . (26)

2. If Ω is a quasi-bounded domain in Rn and the sequence b = (bj(Ω))j∈N0 defined by (3) is admissible 
then it follows easily from (4), (9) and (26) that

n ≤ βb ≤ lim inf
j→∞

log2 bj(Ω)
j

≤ lim sup
j→∞

log2 bj(Ω)
j

= b(Ω) ≤ αb. (27)

If the sequence (bj(Ω)) satisfies the condition (24) then it is admissible and b(Ω) = αb = βb. On the other 
hand there are quasi-bounded domains such that the sequence (bj(Ω)) is admissible but b(Ω) < αb. We 
postpone the detail discussion to the end of Section 3.

3. Let n < b(Ω) < ∞. The assumption b(Ω) < ∞ implies that for any ε > 0 we have

bk(Ω) ≤ 2k(b(Ω)+ε)

at least for sufficiently large k. On the other hand (9) guarantees that there is a subsequence k� such that

2k�(b(Ω)−ε) ≤ bk�
(Ω).

Thus b(Ω) says us that there is an increasing sequence of positive integers k� such that the domain Ω
contains approximately 2k�b(Ω) dyadic cubes of size 2−k� .
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Let j, k ∈ N0. Then bj+k(Ω) = 2njbk(Ω) +b̃k,j(Ω), where b̃k,j(Ω) is a number of dyadic cubes of size 2−(j+k)

contained in Ω but not in Ω̃k, cf. (15). The sequence (bk(Ω))k is admissible if and only if there exists a positive 
constant d̃1 such that b̃k,1(Ω) ≤ d̃1 bk(Ω). More generally, if (bk(Ω))k is admissible then for any k we have

b̃k,j(Ω) ≤ d̃j bk(Ω) , with d̃j = dj1 − 2jn .

On the other hand the definition of the upper Boyd index implies that for any step j there is an increasing
subsequence k�, � ∈ N, such that

bk�
(Ω)

(
2j(αb− 1

� ) − 2jn − 1
�

)
≤ b̃k�,j(Ω) .

Let the sequence (bk(Ω))k be admissible and let the step j be fixed. The meaning of the last formula is 
the following. There is an increasing sequence (k�)�, k� ∈ N0, such that the number of dyadic cubes of size 
2−(j+k�) belonging to Ω but not to Ω̃k�

is proportional to the number of cubes of the same size contained 
in Ω̃k�

. Moreover the ratio of b̃k�,j(Ω) and bk�
(Ω) is approximately not smaller than 2jαb − 2jn. So, roughly 

speaking, the Boyd index αb describes somehow the regularity of the process how the domain Ω becomes thin.

We will need also the following definition, cf. [12].

Definition 5. A sequence γ = (γj)j∈N0 of positive real numbers is called almost strongly increasing if there 
is a natural number κ0 such that

2γj ≤ γk for all j and k with j + κ0 ≤ k.

1.4. Wavelet characterisation of function spaces on uniformly E-porous domains

Let β = {βj}∞j=0 be a sequence of positive numbers and let Nj ∈ N, j ∈ N0 and N = N ∪ {∞}. We will 
work with the following sequence spaces

�q

(
βj�

Nj
p

)
:=

{
λ = {λj,k}j,k : λj,k ∈ C ,

∥∥∥λ ∣∣∣�q(βj�
Nj
p

)∥∥∥ =
( ∞∑

j=0
βq
j

( Nj∑
k=0

|λj,k |p
)q/p

)1/q

< ∞
}

(usual modifications if p = ∞ and/or q = ∞). If Nj = ∞ then �Nj
p = �p.

Theorem 2. Let Ω be a uniformly E-porous domain in Rn, Ω �= R
n. Let u ∈ N0. Then there exists an 

orthonormal basis{
Φj

r : j ∈ N0; r = 1, . . . , Nj

}
, Φj

r ∈ Cu(Ω), j ∈ N0, r = 1, . . . , Nj

in L2(Ω), such that if u > max(s, σp − s) then f ∈ D′(Ω) is an element of B̄s
p,q(Ω) if, and only if, it can be 

represented as

f =
∞∑
j=0

Nj∑
r=1

λj
r2−jn/2Φj

r, λ ∈ �q

(
2j(s−

n
p )�Nj

p

)
, (28)

and the series is unconditionally convergent in D′(Ω).
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Furthermore, if f ∈ B̄s
p,q(Ω)β, then the representation (28) is unique with λ = λ(f)

λj
r = λj

r(f) = 2jn/2(f,Φj
r),

where ( , ) is a dual pairing and

I : B̄s
p,q(Ω) � f �→ λ(f) ∈ �q

(
2j(s−

n
p )�Nj

p

)
is an isomorphism. If in addition max (p, q) < ∞, then 

{
Φj

r

}
is an unconditional basis in B̄s

p,q(Ω).

There is a strict relation between the numbers Nj used in the last theorems and the sequence bj(Ω). 
Namely it was proved in [13] that

bj−2(Ω) ≤ Nj ≤ bj(Ω) . (29)

Remark 9. The above theorem was proved by Hans Triebel, cf. [14, Theorem 3.23]. He used so-called
u-wavelet systems, cf. Chapter 2 of the above book for the construction of this wavelet system. The sketch 
of the construction can be found in [13]. If we assume that the domain Ω is E-thick, then the theorem holds 
for B̄s

p,q(Ω) with s �= 0, cf. Theorem 3.13 ibidem. Similar results hold for F̄ s
p,q(Ω) spaces.

2. Entropy numbers of the compact embeddings: the case p1 = p2

First we recall the definition of entropy numbers.

Definition 6. Let T : X → Y be a bounded linear operator between complex quasi-Banach spaces, and let 
k ∈ N. Then the k-th entropy number of T is defined as

ek(T : X → Y ) := inf{ε > 0 : T (BX) can be covered by

2k−1 balls in Y of radius ε} ,

where BX := {x ∈ X : ‖x‖X ≤ 1} denotes the closed unit ball of X.

In particular, T : X → Y is compact if, and only if, limk→∞ ek(T ) = 0. For details and basic properties 
like multiplicativity, additivity, behaviour under interpolation and the relation to eigenvalues of the compact 
operator we refer to the monographs [3,6,7].

Remark 10. Now our aim is to describe the asymptotic behaviour of entropy numbers of compact embed-
dings (20) and (22). It follows from Theorem 2 that this can be reduced to estimates of entropy numbers 
of the corresponding embeddings of sequences spaces �q(2j(s−

n
p )�

Nj
p ). Furthermore it follows from the in-

equalities (29) that the asymptotic behaviour of the entropy numbers of embeddings between the spaces 
�q(2j(s−

n
p )�

Nj
p ) is the same as the asymptotic behaviour of the entropy numbers of embeddings between the 

spaces �q(2j(s−
n
p )�

bj(Ω)
p ). Thus we can use �q(2j(s−

n
p )�

bj(Ω)
p ) instead of �q(2j(s−

n
p )�

Nj
p ).

If p1 = p2 then in both cases, b(Ω) = ∞ or b(Ω) < ∞, the embedding (20) is compact if and only 
if s1 − s2 > 0. This simplified the estimation of the asymptotic behaviour of entropy numbers of the 
embeddings. For convenience we use the function B related to the sequence bj(Ω) introduced in Remark 5.

The result in the special case p1 = p2 holds for arbitrary sequences bj(Ω) without any additional proper-
ties. The estimation is based on Lemma 1 and Corollary 1 from [12]. For convenience of the reader we recall 
them bellow.
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Lemma 1. Let 0 < p1, p2, q1, q2 ≤ ∞ and δ > 0. Let {bj(Ω)}∞j=0 be an arbitrary sequence defined by (3) and 

let 
{
2−jδbj(Ω)(

1
p2

− 1
p1

)+}∞
j=0 ∈ �q∗.

(i) Then

c 2−Lδ(2bL(Ω))−( 1
p1

− 1
p2

) ≤ e2bL(Ω)(id : �q1(2jδ�bj(Ω)
p1

) → �q2(�bj(Ω)
p2

)) (30)

for all natural numbers L, where c is positive constant independent of L.
(ii) Denote for x ∈ �q2(�

bj(Ω)
p2 ) the j-part idj x of id x by

idj x = (δj,kxk,l)k∈N0,l=1,...,bj(Ω) = (0, . . . , 0, xj,1, . . . , xj,bj(Ω), 0, . . .) .

Then

|| (id −
N∑
j=0

idj)x | �q2(�bj(Ω)
p2

)||

≤ ‖{2−jδbj(Ω)(
1
p2

− 1
p1

)+}∞j=N+1|�q∗‖ ||x | �q1(2jδ�bj(Ω)
p1

)|| . (31)

Theorem 3. Let Ω be a uniformly E-porous quasi-bounded domain in Rn. Let Ās1
p,q1(Ω) and Ās2

p,q2(Ω) be the 
function spaces defined in Definition 1. Let δ = s1 − s2 > 0. Then for k ∈ N

ek

(
Ās1

p,q1(Ω) ↪→ Ās2
p,q2(Ω)

)
∼ 2−(s1−s2)B−1(k). (32)

Proof. Step 1. The estimation from below follows from the wavelet characterisation of the function spaces 
given in Theorem 2, Remark 10 and Lemma 1.

Let bN (Ω) ≤ k ≤ bN+1(Ω) ≤ 2bN+1(Ω), then N ≤ B
−1(k) < N + 1 and by (30) we have

c 2−(N+1)δ ≤ e2bN+1(id : �q1(2jδ�bj(Ω)
p ) → �q2(�bj(Ω)

p ))

respectively

c 2−δ 2−B
−1(k)δ ≤ ek(id : �q1(2jδ�bj(Ω)

p ) → �q2(�bj(Ω)
p )) .

Step 2. For the estimation in the opposite direction we can use some ideas and notations from the proof 
of Theorem 3 in [12]. Without loss of generality we will assume b0(Ω) > 0.
Substep 2.1. The assumptions p = p1 = p2 and δ > 0 imply {2−jδ}∞j=0 ∈ �q∗ and we obtain by Lemma 1

||(id −
N∑
j=0

idj) x | �q2(�bj(Ω)
p )|| ≤ c 2−Nδ||x | �q1(2jδ�bj(Ω)

p )||

and

||(id −
N∑
j=0

idj) | L(�q2(�bj(Ω)
p ), �q1(2jδ�bj(Ω)

p ))|| ≤ c 2−Nδ .

Substep 2.2. Let ρ = min (1, p, q2), then �q2(�
bj(Ω)
p ) is a ρ-Banach space and we get

eρk(id : �q1(2jδ�bj(Ω)
p ) → �q2(�bj(Ω)

p )) ≤ c2−Nδρ +
N∑

eρkj
(idj) (33)
j=0
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where

k =
N∑
j=0

kj − (N + 2) .

We consider the diagram

�q1(2jδ�
bj(Ω)
p )

Tj

−−−−→ �
bj(Ω)
p )

idj

⏐⏐� ⏐⏐�id(j)

�q2(�
bj(Ω)
p )

ĩd
(j)

←−−−− �
bj(Ω)
p ,

and obtain

ekj
(idj) ≤ 2−jδ ekj

(id(j) : �bj(Ω)
p → �bj(Ω)

p ) . (34)

But in this case the estimation of the entropy numbers in finite dimensional �p-spaces, see for example [7, 
Section 3.2.2] or [12], leads to

ekj
(idj) ≤ c 2−jδ 2−

kj
2bj(Ω) if kj ≥ 2bj(Ω) . (35)

Substep 2.3. For arbitrary fixed ε with 0 < ε < n we put

kj := 2bj(Ω)2(N−j)ε .

Then obviously kj ≥ 2bj(Ω) and

eρk(id : �q1(2jδ�bj(Ω)
p ) → �q2(�bj(Ω)

p ))

≤ c 2−Nδρ + c 2−Nδρ
N∑
j=0

2(N−j)δρ 2−2(N−j)ερ . (36)

The sum in (36) converges and can be estimated independently of N . So we obtain

ek(id : �q1(2jδ�bj(Ω)
p ) → �q2(�bj(Ω)

p )) ≤ c′ 2−Nδ . (37)

Moreover the inequality 2nbj(Ω) ≤ bj+1(Ω) and the choice of ε imply

k =
N∑
j=0

(2bj(Ω))2(N−j)ε ≤ 2bN (Ω)
N∑
j=0

2−(N−j)n+(N−j)ε ≤ c′′bN (Ω) .

This together with (37) gives

ec′′bN (Ω)(id : �q1(2jδ�bj(Ω)
p ) → �q2(�bj(Ω)

p )) ≤ c′ 2−Nδ .

Substep 2.4. Let κ ∈ N be chosen in such a way that c′′2−κn ≤ 1. Then we get

c′′bN−κ ≤ c′′2−κnbN ≤ bN .
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For all k with bN ≤ k < bN+1 it follows that N ≤ B
−1(k) < N + 1 and

ek(id : �q1(2jδ�bj(Ω)
p ) → �q2(�bj(Ω)

p )) ≤ ec′′bN−κ
(id : �q1(2jδ�bj(Ω)

p ) → �q2(�bj(Ω)
p ))

≤ c′ 2−(N−κ)δ ≤ c′ 2(κ+1)δ 2−B
−1(k)δ .

Now the theorem follows from Remark 10 and the wavelet-characterisation, cf. Theorem 2. �
3. Entropy numbers of the compact embeddings: the case p1 �= p2

In [13] we proved

ek

(
Ās1

p1,q1(Ω) ↪→ Ās2
p2,q2(Ω)

)
∼ k−γ (38)

under the condition (24) where

γ = s1 − s2

b(Ω) + b(Ω) − n

b(Ω)

( 1
p1

− 1
p2

)
.

But already Example 4.6 in [13] showed that this is a very restrictive one. Now we want to avoid this strong 
condition (24). A general approach to estimation of entropy numbers of embeddings of the sequence spaces 
�q(βj�

bj
p ) with the admissible almost strongly increasing indices βj and bj was developed by one of the 

authors in [12]. We follow this approach.

Lemma 2. If {bj(Ω)}j is an admissible sequence with upper Boyd index αb and δ > αb

p∗ then the sequence 

{2jδbj(Ω)−1/p∗}j is almost strongly increasing.

Proof. The assumption δ > αb

p∗ implies that δ > αb+ε
p∗ for some suitable ε > 0 that will be fixed. There 

exists an index κ1, depending on ε, such that

2−κ1(δ−αb+ε

p∗ ) ≤ 1
2 ,

log2 bκ1

κ1
< αb + ε and consequently bκ1 < 2κ1(αb+ε).

Let γj := 2jδb−1/p∗
j . Then

γj = 2jδb−1/p∗
j ≤ 2−κ1δ (bκ1)1/p

∗
2(j+κ1)δb

−1/p∗
j+κ1

≤ 2−κ1δ2(κ1(αb+ε))/p∗
γj+κ1

≤ 2−κ1(δ−αb+ε

p∗ )γj+κ1 ≤ 1
2γj+κ1 since bκ1 ≥ bj+κ1

bj
.

Taking 1 ≤ l ≤ κ1 − 1 we get

2γj ≤ γj+κ1 = 2(j+κ1)δb
−1/p∗
j+κ1

≤ 2(κ1−l)δ2n(κ1−l)/p∗
2(j+l)δb

−1/p∗
j+l

≤ 2(κ1−l)(δ+n/p∗)γj+l ≤ cκ1γj+l

where cκ1 = 2κ1δ2nκ1/p
∗ . Here we used 2nbj ≤ bj+1.

Now for l̃ = mκ1 + l, 1 ≤ l ≤ κ1 − 1, m ∈ N, we have

γj ≤ 2−1γj+κ1 ≤ 2−mγj+mκ1 ≤ 2−mcκ1γj+l̃ .
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At the end we choose m such that 2−mcκ1 ≤ 1/2 and κ0 := mκ1. Then

2γj ≤ γj+l̃ = γk if k = j + l̃ ≥ j + κ0.

So the sequence is almost strongly increasing. �
First we consider domains with bj(Ω) := 2jb(Ω)ψ(2j) where ψ is a weak perturbation (slowly varying of 

order zero) of the polynomial order. In particular

cε,12−ε|j−k| ≤ ψ(2j)
ψ(2k) ≤ cε,22ε|j−k| for all ε > 0 and k, j . (39)

See also Example 1. In this case the identity αb = b(Ω) holds.

Theorem 4. Let Ω be a uniformly E-porous quasi-bounded domain in Rn with bj(Ω) := 2jb(Ω)ψ(2j) where 
ψ is a weak perturbation which fulfils (39). Let Ās1

p,q1(Ω) and Ās2
p,q2(Ω) be the function spaces defined in 

Definition 1. Let δ = s1 − s2 − n
( 1
p1

− 1
p2

)
> b(Ω)

p∗ . Then for k ∈ N

ek

(
Ās1

p1,q1(Ω) ↪→ Ās2
p2,q2(Ω)

)
∼ k−

δ
b(Ω)+( 1

p2
− 1

p1
)ψ(k

1
b(Ω) )

δ
b(Ω) . (40)

Proof. Because of αb = b(Ω) the sequence {2jδb−1/p∗
j }j is admissible and almost strongly increasing by 

Lemma 2. Of course the sequence bj(Ω) is admissible too and so we can apply [12, Theorem 3 and Theorem 4]. 
This gives

e2bL(id : �q1(2jδ�bj(Ω)
p ) → �q2(�bj(Ω)

p )) ∼ 2−Lδb
( 1
p2

− 1
p1

)
L . (41)

Because the sequence {bj(Ω)}j is admissible we have c1bj ≤ bj+1 ≤ c2bj . Now we consider k with 2bL ≤
k < 2bL+1. Then

ek(id : �q1(2jδ�bj(Ω)
p ) → �q2(�bj(Ω)

p )) ≤ e2bL(id : �q1(2jδ�bj(Ω)
p ) → �q2(�bj(Ω)

p ))

≤ b
− δ

b(Ω)+( 1
p2

− 1
p1

)
L ψ

δ
b(Ω) (2L) ≤ c k−

δ
b(Ω)+( 1

p2
− 1

p1
)ψ

δ
b(Ω) (k

1
b(Ω) ).

The estimation from below is obtained in a similar way.
Now Remark 10 and the wavelet characterisation from Theorem 2 prove the theorem. �
Now we consider more general quasi-bounded domains Ω where {bj(Ω)}j is an admissible sequence with 

upper Boyd index αb – see also Example 2.

Theorem 5. Let Ω be a uniformly E-porous quasi-bounded domain in Rn and {bj(Ω)}j is an admissible 
sequence with upper Boyd index αb. Let Ās1

p,q1(Ω) and Ās2
p,q2(Ω) be the function spaces defined in Definition 1. 

Let δ = s1 − s2 − n
( 1
p1

− 1
p2

)
> αb

p∗ . Then for k ∈ N

ek

(
Ās1

p1,q1(Ω) ↪→ Ās2
p2,q2(Ω)

)
∼ 2−B

−1(k)δk( 1
p2

− 1
p1

). (42)

Here B−1 is the inverse function to the strongly increasing sequence {bj(Ω)}j – see Remark 5.
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Proof. Let βj := 2jδ with δ > αb

p∗ . Then the sequence {2jδb1/p∗j }j is almost strongly increasing by Lemma 2
and we can apply again as above [12, Theorem 3 and Theorem 4]. This gives again

e2bL(id : �q1(2jδ�bj(Ω)
p ) → �q2(�bj(Ω)

p )) ∼ 2−Lδb
( 1
p2

− 1
p1

)
L .

The sequence {2jδb1/p∗j }j is admissible and we have

c1 2jδb1/p∗j ≤ 2(j+1)δb
1/p∗
j+1 ≤ c2 2jδb1/p∗j . (43)

Let k with 2bL ≤ k < 2bL+1. As in the previous proof we obtain

ek(id : �q1(2jδ�bj(Ω)
p ) → �q2(�bj(Ω)

p )) ∼ e2bL(id : �q1(2jδ�bj(Ω)
p ) → �q2(�bj(Ω)

p ))

∼ 2−Lδb
( 1
p2

− 1
p1

)
L ∼ 2−B

−1(k)δk( 1
p2

− 1
p1

) .

Here we used substantial the property (43).
Again the theorem follows from Remark 10 and Theorem 2. �
In the case b(Ω) < αb the assumption δ > αb

p∗ is stronger than δ > b(Ω)
p∗ . In both cases the embedding is 

compact but only in the first one we can describe asymptotically the behaviour of the entropy numbers. One 
can ask if there exist uniformly E-porous quasi-bounded domains with b(Ω) < αb. Due to the construction 
in Example 2 we can reduce this question to the construction of the sequences {σj}j .

Example 3. Let n ≤ s0 < s1. Consider a sequence jl = 2l and a sequence {σj}j defined by

σj2l := 2j2l
2s1+s0

3

σj := σj2l 2(j−j2l)s0 j2l ≤ j < j2l+1

σj2l+1 := 2j2l+1
s1+2s0

3

σj := σj2l+1 2(j−j2l+1)s1 j2l+1 ≤ j < j2l+2 .

Then σj = sup
k≥0

σj+k

σk
= 2js1 and σj = inf

k≥0
σj+k

σk
= 2js0 , so ασ = s1 and βσ = s0, see also Remark 7. But any 

σj can be estimated in the following way

2j
s1+2s0

3 ≤ σj ≤ 2j
2s1+s0

3 ,

so b(Ω) = 2s1+s0
3 .

Example 4. Let n ≤ s. Consider now a sequence jl = l! and a sequence {τj}j defined by

τjl := l! 2jls and τj := τjl 2(j−jl)s jl ≤ j < jl+1 .

Then the sequence {τj}j is not admissible. Moreover, τ j = sup
k≥0

τj+k

τk
= ∞ and ατ does not exist. But all τj

can be estimated by

2js ≤ τj ≤ j 2js ,

consequently b(Ω) = s and 1 = lim infj→∞ τj2−js ≤ lim supj→∞ τj2−js = ∞.
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Example 5. Let a sequence be defined by

υj := j! or by υβ
j := ej

β

β > 1 .

These sequences are not admissible and in both cases b(Ω) = ∞, however the domain Ω defined by Example 2
is again uniformly E-porous and quasi-bounded.

Example 3 corresponds to Example 4.12 in [11] and shows that there exist uniformly E-porous quasi-
bounded domains with b(Ω) < αb. For another example we refer to Example 3 in [12] where ασ = s + 2 but 
σ(Ω) = s + 1

Examples 4 and 5 lead to uniformly E-porous quasi-bounded domains for which we have the criterion for 
compactness holds, cf. Theorem 1, but the asymptotic behaviour of the entropy numbers can be described 
only in the case p1 = p2, cf. Theorem 3.

4. Applications to spectral theory on unbounded domains

Let Ω be a uniformly E-porous quasi-bounded domain in Rn. Then B̄2m
2,2 (Ω) = F̄ 2m

2,2 (Ω) = W̃ 2m
2 (Ω), 

m ∈ N, cf. Remark 3.
Let

A(x,D) =
∑

|α|≤2m

aα(x)∂α

be a formally self-adjoint, uniformly strongly elliptic differential operator of order 2m, m ∈ N, with real 
valued coefficients aα ∈ C∞(Ω) which are uniformly bounded and uniformly continuous for |α| ≤ 2m. Then 
the operator A = A(x, D) with domain

D(A) = B̄2m
2,2 (Ω)

is a closed linear operator with discrete spectrum σ(A) of eigenvalues having no finite accumulation point, 
cf. [4,9].

We assume that A is a positive self-adjoint operator in L2(Ω).

Theorem 6. Let Ω be a quasi-bounded uniformly E-porous domain in Rn. Let A be the operator defined 
above and let λ1, λ2, . . . be eigenvalues of A ordered by their magnitude and counted according to their 
multiplicities. Then

λk ∼ 2B
−1(k)2m , k ∈ N .

Proof. The proof is standard. Since A is a positive self-adjoint operator with compact resolvent, λk is an 
eigenvalue of A if, and only if, μk = λ−1

k is an eigenvalue of A−1. But A is a bounded operator mapping 
B̄2m

2,2 (Ω) onto L2(Ω). So we can factorize A−1 through the compact embedding B̄2m
2,2 (Ω) ↪→ L2(Ω). Using 

Carl’s inequality and Theorem 3 we get

μk ≤ C2−2mB
−1(k) .

This proves the estimates of λk from below.
On the other hand let ψ be a smooth function such that suppψ ⊂ (0, 1)n and ‖ψ|L2(Ω)‖ = 1. Let 

ψj(x) = 2jn/2ψ(2jx), j = 1, 2, . . . , and ψj,h(x) = ψj(x − h), h ∈ R
n. If suppψj,h ⊂ Ω, then
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C ≤ ‖ψj,h|L2(Ω)‖2 ≤ ‖Aψj,h|L2(Ω)‖ ‖A−1ψj,h|L2‖ ≤

≤ C ‖ψj,h|W̃ 2m
2 (Ω)‖ ‖A−1ψj,h|L2(Ω)‖ ≤ C 22mj ‖A−1ψj,h|L2(Ω)‖.

By translations one can find bj(Ω) functions of the form ψj,h with pairwise disjoint supports contained in Ω. 
So for any linear operator T of rank smaller than bj(Ω) we can find ψj,h such that T (ψj,h) = 0. But this 
implies

abj(Ω)(A−1) = inf{||A−1 − T |L(L2(Ω)|| , rankT < bj(Ω)} ≥ (44)

≥ ‖A−1ψj,h|L2(Ω)‖ ≥ c2−2mj .

Now using the properties of approximation numbers ak(A−1) in Hilbert spaces and formula (44) we get

λbj(Ω) =
(
μbj(Ω)

)−1
=

(
abj(Ω)(A−1)

)−1
≤ c22mB

−1(bj(Ω)) .

If bj(Ω) < k < bj+1(Ω) then one get easily

λk ≤ λbj+1(Ω) ≤ c 22mB
−1(bj+1(Ω)) ≤ c 22m 22mB

−1(k),

since B−1(bj(Ω)) = j and the function B−1 is increasing. This finishes the proof. �
Remark 11. If |Ω| < ∞, then we have

λk ∼ k
2m
n .

This formula is well known for bounded regular domains and goes back to Hermann Weyl, cf. [15]. On 
the other hand Hermann König considered a similar problem for so-called quasi-bounded full C�

1-domains, 
� > 0. He proved that

λk ∼ k
�

�+1
2m
n ,

cf. [9,10]. Theorem 6 is more general as it is shown in the proof of the next theorem, cf. also Example 6
below.

Theorem 7. Let S : [0, ∞) → [1, ∞) be a non-negative strictly increasing and continuously differentiable 
function with

0 <
dS

ds
(s) ≤ 2

n

S(s)
s

for all s ≥ s0 ≥ 0 . (45)

Then there exists a quasi-bounded uniformly E-porous domain Ω in Rn such that, if λ1(−Δ), λ2(−Δ), . . .
are eigenvalues of positive Dirichlet Laplacian −Δ defined on Ω, ordered by their magnitude and counted 
according to their multiplicities, then

λk(−Δ) ∼ S(k) , k ∈ N . (46)

Proof. Let D(s) = 1
2 log2 S(s). Then D is a non-negative strictly increasing and continuously differentiable 

function and

0 <
dD (s) ≤ log2 e 1 for all s ≥ s̃0 ≥ 0 . (47)

ds n s
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Let us denote by B(t) := D−1(t) the inverse function to the strictly increasing function D. Then by (47)
we have

dB

dt
(t) ≥ n

log2 e
B(t)

and this leads to

d(log2 B)
dt

(t) ≥ n for all t ≥ t0 := D−1(s̃0) .

Consider the function log2 B(t) and j ≥ t0 then we obtain

log2 B(j + 1) − log2 B(j) = d(log2 B)
dt

(τ) ≥ n .

Define

σj := B(j)

then the last inequality implies

σj+1 ≥ 2n σj

and in the same way as in Example 2 we can construct a quasi-bounded domain Ω in Rn such that bj(Ω) = σj .
Now Theorem 6 implies for A = −Δ that

λk ∼ 22B−1(k) , k ∈ N .

But by construction we have D(σj) = B
−1(σj) = j and consequently follows |B−1(k) −D(k)| ≤ 1. �

Remark 12. 1. The equality in the right-hand inequality in (45) holds for S(s) = s2/n. This is the function 
describing the asymptotic behaviour of eigenvalues of Dirichlet Laplace operator on bounded domains. 
Boundedness of a domain is the most restrictive condition for the domains we take into account. Thus the 
inequalities in (45) are natural bounds for the behaviour of derivative of S.

2. The last theorem holds also for a differential operator A of higher order than 2 if it satisfies the 
following conditions:

– A is a uniformly strongly elliptic differential operator of order 2m, m ∈ N, with real valued coefficients 
aα ∈ C∞(Ω) which are uniformly bounded and uniformly continuous for |α| ≤ 2m,

– is a positive self-adjoint operator in L2(Ω) with domain of definition W̃ 2m
2 (Ω),

– S : [0, ∞) → [1, ∞) is again strictly increasing and continuously differentiable function with property 
the following property:

0 <
dS

ds
(s) ≤ 2m

n

S(s)
s

for all s ≥ s0 ≥ 0 .

Then eigenvalues λ1, λ2, . . . of A, ordered by their magnitude and counted according to their multiplicities, 
satisfied the following asymptotic estimates (46).

Example 6. Below we give examples of functions satisfying the assumptions of the last theorem and the 
corresponding asymptotic behaviours of eigenvalues of −Δ:
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(i) S(s) = (s + 1)2/b,

(ii) S(s) = (log2(s + 1) + 1)2γ , γ > 0,

(iii) S(s) = (s + 1)2/b(log2(s + 1) + 1)2γ , b > n, γ ∈ R,

(iv) S(s) = (s + 1)2/n(log2(s + 1) + 1)2γ , γ ≤ 0,

(v) S(s) =
(
log2(log2(s + 1) + 1) + 1

)2γ
, γ > 0.

We can also perturb A by a multiplication operator f �→ V 2f , giving

Hαf = Af − αV 2f, V (x) real valued on Ω, α > 0 ,

and ask for the behaviour of the cardinality of the negative spectrum #{σ(Hα) ∩ (−∞, 0]} as α → ∞. This 
is the usual question in the study of spectral properties of elliptic operators, cf. [6,7]. For the more results 
on unbounded domains we refer to [8].

For δ > 0 and 2 < r < ∞ we define a function ηδ,r in the following way:

ηδ,r(s) = δB−1(s) + 2
r

log2 s if s > 0.

Please confer the definition of B and B−1 in Remark 5. Thus ηδ,r is strictly increasing with co-domain R.
Using Theorem 5 and the entropy version of the Birman–Schwinger principle, cf. [7], one can easily prove 

the following theorem.

Theorem 8. Let Ω ⊂ R
n be a quasi-bounded uniformly E-porous domain such that the sequence bj(Ω) is 

admissible. Suppose that 2 < r < ∞, mr > n and V ∈ Lr(Ω). We assume that ‖V |Lr(Ω)‖ = 1.
Let δ = 2m − 2n

r . Then there exists c > 0, which is independent of α and V , such that

#{σ(Hα) ∩ (−∞, 0]} ≤ c η−1
δ,r (log2 α), α > 0 . (48)

Remark 13. The estimate (48) is optimal in the following sense. There are positive constants c1, c2 > 0 and 
a sequence of operators Hα,j = A − αV 2

j with ‖Vj |Lr(Ω)‖ = 1, j ≥ j0 such that there are αj with

c1 bj(Ω) ≤ η−1
δ,r (log2 αj) ≤ c2 bj(Ω) (49)

and

c1 η
−1
δ,r (log2 αj) ≤ #{σ(Hαj ,j) ∩ (−∞, 0]} ≤ c2 η

−1
δ,r (log2 αj) . (50)

Please note that the constants c1, c2 are independent of j.
We sketch the proof. For any α ≥ 0 the operator Hα is self-adjoint, semibounded operator with compact 

resolvent, therefore it has purely discrete spectrum and its eigenvectors form a complete orthonormal basis 
in L2(Ω). Moreover if λ1, λ2, . . . are the eigenvalues of Hα written in increasing order and repeated according 
to their multiplicity then

λk = inf{λ(L) : L ⊂ D(Hα) and dimL = k} ,

where

λ(L) = sup{(Hαf, f) : f ∈ L and ‖f |L2(Ω)‖ = 1}

and L is any finite-dimensional subspaces of the domain of Hα, cf. [5, Theorem 4.5.1].
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Let ψ ∈ C∞
0 (Rn) be supported in the cube Q0,0 and let ‖ψ|L2(Ω)‖ = 1. We put ψj(x) = 2jn/2ψ(2jx). 

We consider an operator Hα,j with the potential Vj(x) = 2j n
r bj(Ω)− 1

rχΩ̃j
(x), where Ω̃j is the sum of dyadic 

cubes of size 2−j contained in Ω, cf. (15). Moreover we take a bj(Ω)-dimensional subspace Lj spanned by 
the translates ψj,m�

of the function ψj supported in the cubes Qj,m�
, cf. (3). Now if f ∈ Lj then

(Hα,jf, f) ≤ 0 if α ≥ cA22j(m−n
r )bj(Ω) 2

r , (51)

where cA is the constant depending of operator A. In consequence the negative spectrum of Hα,j contains for 
these α at least bj(Ω) eigenvalues. The condition for α in (51) is equivalent to log2 α ≥ log2 cA +ηδ,r(bj(Ω)). 
So we choose αj satisfying the identity log2 αj = log2 cA+ηδ,r(bj(Ω)) we get (49) and (50) since the sequence 
bj(Ω) is admissible.

Remark 14. If r = ∞ then we do not need the assumption that the sequence bj(Ω) is admissible since we 
can use Theorem 3 instead of Theorem 5. So in that case for any quasi-bounded uniformly E-porous domain 
we get the estimates

#{σ(Hα) ∩ (−∞, 0]} ≤ B

( log2 α

2m + c0

)
, α ≥ 1

for some c0 > 0 which is independent of α.
If the sequence bj(Ω) is in addition admissible, we have for large α

#{σ(Hα) ∩ (−∞, 0]} ≤ cB
( log2 α

2m

)
where the constant c > 0 is independent of α.

Moreover if we use Theorem 6, the example V (x) ≡ 1 on Ω shows, that we cannot expect a better 
estimation for general potentials V ∈ L∞(Ω).

Remark 15. For some domains we can prove the more explicit formula. In [13] we prove that

#{σ(Hα) ∩ (−∞, 0]} ≤ cαρ, where ρ = b(Ω)r
2mr + 2(b(Ω) − n) ,

if

0 < lim inf
j→∞

bj(Ω)2−jb(Ω) ≤ lim sup
j→∞

bj(Ω)2−jb(Ω) < ∞ .

The last theorem generalizes this result. For example, if we take bj(Ω) = [2jbjβ ], b ≥ n, β ∈ R (β ≥ 0
if b = n) then the sequence bj(Ω) is admissible and B−1(s) ∼ 1

b log2(s + 1) − β
b log2(log2(s + 1) + 1). In 

consequence η−1
δ,r (t) ∼ 2t( δ

b + 2
r )−1

t
βδ
b ( δ

b + 2
r )−1 and

#{σ(Hα) ∩ (−∞, 0]} ≤ cαρ(log2 α)σ

where

ρ = b(Ω)r
2mr + 2(b(Ω) − n) and σ = β(2mr − 2n)

2mr + 2(b(Ω) − n) .
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