J. Math. Anal. Appl. 432 (2015) 1106-1118

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Nonlocal elliptic equations involving measures @ CrosiMatk

Guangying Lv#, Jingiao Duan "*, Jinchun He®

& Institute of Contemporary Mathematics, Henan University, Kaifeng, Henan 475001, China

b Department of Applied Mathematics, Illinois Institute of Technology, Chicago, IL 60616, United States
¢ School of Mathematics and Statistics, Huazhong University of Science and Technology,

Wuhan, 430074, China

ARTICLE INFO ABSTRACT
Article history: In this article, we study the existence of solution for the problem (—A)%u =
Received 25 November 2014 Af(u) +vin Q, v = 0 in RV\Q, where A > 0 is a parameter, o € (0,1) and

Available online 10 July 2015

' v is a Radon measure. A weak solution is obtained by using Schauder’s fixed point
Submitted by Y. Du

theorem. In the case where v is Dirac measure, the symmetry of the solution is
obtained by using the moving plane method.
© 2015 Elsevier Inc. All rights reserved.

Keywords:

Nonlocal Laplacian
Radon measure
Marcinkiewicz spaces
Green kernel

1. Introduction

In recent years, fractional (nonlocal) Laplacian operator has been extensively studied by many authors
[7,8,6,2,10,16,17,15]. It is well known that the corresponding Fokker—Planck equation to a stochastic differ-
ential equation with Brownian motion is the traditional diffusion equation. When the Brownian motion is
replaced by an a-stable Lévy motion (a non-Gaussian process) LY, a € (0, 2), the Fokker—Planck equation
becomes a nonlocal partial differential equation [1] with a fractional Laplacian operator (—A)?%. There are
many physical motivations to consider the fractional Laplacian operator, which appears in many models in
non-Newtonian fluids, in models of viscoelasticity such as Kelvin—Voigt models, various heat transfer pro-
cesses in fractal and disordered media and models of fluid flow and acoustic propagation in porous media
[3,13,14]. Interestingly, it has also been applied to pricing derivative securities in financial market, see [3]
for details.

Recently, Chen and Véron [8] considered the following problem:

(=A)*u+g(u)=v, t>0,2 €,
ulgc = O7

(1.1)
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where 0 C RY is an open bounded C? domain, « € (0,1), v is a Radon measure such that [, 67d|v| < oo
for some f € [0, a] and 6(z) = dist(z, 2¢). The nonlocal Laplacian (—A)® is defined by

(=A)%u(z) = lim(—A)Su(x),

el0

where for € > 0
o u(z) — u(y
(-8)2u(0) = e [ T e~ sl
RN

and

] 0, if z€]0,¢],
Xe(w) = { 1, if ©>e.

They proved that (1.1) admits a unique weak solution u under the condition that g : R — R is a continuous,
non-decreasing function, satisfying

g(r)r >0, Vr e R and /(g(s) —g(=s))s 17 Ferds < o0,
1

where
N N —2
, if 8 € [0, 24,
- N — 2« (1.2)
@B = N +a _fﬂe(N—2oz ] :
—_—— 1 _— .
N_—2a+8 N @

In their another paper [7], they obtained the existence of weak solution to (1.1), where g(u) was replaced
by eg(|]Vu|), € = £1. When the measure v is just a bounded function g(z), the existence of solutions to
(1.1) has been studied in [18] via variational methods.

Ros-Oton and Serra [16] studied the extremal solution for the following problem:

—A)*u = Af(u), in Q,
{; ) 0 f(u) (13)
Qe = U,
where A > 0 is a parameter, @ € (0,1) and f : [0,00) — R satisfies
t
f€C*, non-decreasing, f(0) >0, and . li? y = +o0. (1.4)
—+o0

Under the above assumptions, they proved that there exists A* € (0, 00) such that

(i) If 0 < A < A\*, problem (1.3) admits a minimal classical solution wy;
(ii) The family of functions {uy : 0 < A < A*} is increasing in A, and its pointwise limit u* = i}rlil* is a

weak solution of (1.3) with A = A*;
(iii) For A > A*, problem (1.3) admits no classical solution.
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It follows from (1.4) that f must satisfy f(u) > f(0) > 0, Yu > 0. Furthermore, they considered the
solutions wy and uy~ must be positive. Besides the above results, they also obtained the bounded domain
of the extremal solution wy«.

Motivated by papers [7,8,16], in this paper, we consider the following nonlocal elliptic equations involving
measure:

{ (=A)*u=Af(u) +v, inQ, (1.5)

u

choa

where A > 0 is a parameter, v € M (Q,6%). Here 6(z) = dist(z, 2°) and (€, §%) is the space of Radon
measures in ) satisfying

/55du < 00.
Q

The associated positive cones are denoted by 9 (€2, 67).
Our interest in this article is to investigate the existence of weak solutions to (1.5). Firstly, we remark

that if f(u) = uP, p > 0, then —f(r)r > 0, Vr € R will not hold, that is, the result in [7] does not contain

O

the case. Moreover, in paper [16], the authors assume that f(0) > 0 and tlim ! P oo. In this paper, we
— 00

only assume that
(H) f(-) : Ry — Ris a C! continuous non-negative function which satisfies
flu) < auP + b, Yu >0

for some p € (0, pa,s), where a > 0, b > 0 and p, g is defined in (1.6).

Secondly, it follows from [11] that the eigenvalues of (—A)* are different from those of (—A) in the
bounded domain. For n = 1, Kwasnicki [11] obtained the existence of eigenvalues of (—A)%*. When n > 2,
the problem was solved in papers [19,20]. However, in this paper, we will use a different method to prove
the existence of weak solutions to (1.5). Before stating our main theorem we make precise the notion of
weak solution used in this article. The following definition is used in [8].

Definition 1.1. We say that u is a weak solution of (1.5), if u € L*(Q), f(u) € L'(Q, 6%dx) and

/u(—A)avdx = /)\j“(u)valx—l-/vdv7 Yo € Xq,

Q Q Q

where X, C C(RY) is the space of functions v satisfying:

(i) supp(v) € O
(ii) (—A)%v(z) exists for all z € Q and |(—A)%v(x)| < C for some constant C' > 0;
(iii) there exist ¢ € L!(2,d%dz) and €y > 0 such that |(—=A)%v(z)| < ¢ a.e. in Q for all € € (0, ¢].

Our main result is the following.
Theorem 1.1. Assume that v € M, (Q, %) with B € [0,a], and f satisfies (H).

(i) If p € (0,1), then problem (1.5) admits a weak solution u;
(ii) If p=1 and X or a is small enough, then problem (1.5) admits a weak solution wu;
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(iii) Ifp € (1,pa,p), a and b+ ||v|lon, (o,68) > O fized, then there exists a positive number \* such that when
A € (0, \*], the problem (1.5) admits a non-negative weak solution u, when X\ > A\*, the problem (1.5)
will admit no non-negative weak solution if f(u) = auP +b. On the other hand, if A and a fized, and
b+ |[vllon, (@,68) > 0 is small enough, then the problem (1.5) admits a non-negative weak solution w.
Here

N

N-2aip (16)

Pa,p =

If f(u) > u, then there exists A > 0 such that when A > A, problem (1.5) admits no non-negative
solution.

Remark 1.1. 1. From Theorem 1.1, we say that the value of p can be less than 1, which does not satisfy
(1.4). On the other hand, we can let 3 = 0, then v € M (2, dx), that is, 0 < [, v(z)dx < co. In particular,
we can assume that v =1 or v(z) = g(z) > 0.

2. Although Theorem 1.1 is similar to Theorem 1.2 in [7], the authors in [7] considered the case Af(u)
replaced by g(|Vu|). Moreover, the value of p in Theorem 1.1 is different from that of Theorem 1.2 in [7].
What’s more, we take different work space from that in [7].

The rest of this paper is organized as follows. In Section 2, we will recall some known results and interpret
the difference between our work space and the ordinary fractional Sobolev space. Section 3 is concerned
with the proof of Theorem 1.1. In the last section, we consider a special case where v is Dirac measure and
obtain that the solution is symmetric by using the moving plane method.

2. Preliminaries

In this section, we first introduce our work space. Then we recall the estimate of Green function and
lastly we prove some properties of the work space.

We say (—A)? is a nonlocal operator because of its definition. Sometimes many authors call it fractional
Laplacian operator. Now we will interpret the difference between nonlocal and fractional operators. Firstly,
for a positive operator A on bounded domain 2. We can define the fractional operator of A in the following
way. Suppose 0 < A\; < A < --- < A, < .- are the eigenvalues of A and ¢1, ¢, -, Py, -+ are the
corresponding eigenfunctions of A. Then we define

APu=> "N (¢ u)pi, Vue L*(Q),
i=1

where ¢1,¢2,-+,Pp, -+ is an orthonormal basis of L?(f2). That is, /\f (i = 1,2,--+) are the eigenvalues
of AB. However, it follows from Theorem 1 of [11] that

Ap = (% - %)a +0(%),

where n =1,2,---, 2 =(0,1) and

(—A)%u = C, PV/| |1+ady, z€Q,andu=0in R\ Q.

It is well known that the eigenvalues of —A in (0,1) is A, = ZF. Thus the two operators are different,
see [12] for details.
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On the other hand, the work space of the two operators is different. For fractional operator, we can take
the classical fractional Sobolev space as its work space. But for nonlocal operator, we must take nonlocal
Sobolev space as its work space, see Remark 2.1 in [12]. Here nonlocal Sobolev space is the weight fractional
Sobolev space. More precisely, we define for 0 < s <1, p > 1,

WP (Q) = {u € W(Q): pla)u(z) € LY(Q)}

with the norm

ju() - uly)”
sy = [ Io@utoypas+ [ [ D= by
Q Q

Q

where p() ~ 52k, 6(z) = dist(x, 2°). Actually,
WP (Q) = {ue WPRY): u=0inRY\Q}
and

P _ [u(@) = u(y)I?
||uHW/§,p(RN) = / P dzdy,

RN RN
which coincides with that in [9,10]. It is easy to see that W P(2) C W*P(Q). There is another reason
why we introduce the nonlocal Sobolev space. It is well known that ||Au|lys.»q) = [|ul|ws+2rq). But for
nonlocal operator (—A)%, [[(=A)%ullws.»q) = [|ul|ws+20.r() will not hold. By using Fourier transform, we
have [|(—=A)%ullws»@y) = [[ullwsr2a.n@n), that is, [[(=A)ullwsr @) = [ullys+2er -
Next, we denote by G, the Green kernel of (—A)® in Q and by G the Green operator defined by

Glf)(x) = / G2 9) (v)dy.
Q

It follows from [5] that there exists a constant C' > 0 such that for any (z,y) € Q@ x Q with z # y

Gau,y)scmm{ 1 6°(x) 5°(y) }

[z —y[N=207 Jo —y[N=e" [z —y|N=

Guo(z,y) < Céa(x)f:glLN—a' (2.1)

From [4, Corollary 3.3], we have

1 1
’VIGa(x,y)‘ SNGa(x,y)maX{m, g} (22)
Combining with (2.1) and (2.2), we get
5% (y) 5O ()5 RS (1)
VGalry)| < C max{aa(:p)x—va’ o — y[Vo }

’VxGa(x,y)

|z —y|N—o’ |z — y| N«

o Loyl semnaze
5a(x)§0max{ O I e () <x>}.
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Consequently, the function [, G (z,y)dy may not belong to the Sobolev space W'1(Q). Hence we cannot
prove Theorem 1.1 by using the method in [7].
Now, we study the property of the solution of equation (1.5).

Lemma 2.1. Assume that Q@ C RN (n > 2) is an open bounded C* domain and v € M, (Q,5%) with

0< B <a. Then forpe (1, #a-%ﬂ)’ there exists C = C(p) such that for any v € L' (2, §°dx)

1G] lyze=r ) < ClvllLi@.s0de),
wherevzﬁ—i—g if >0 and v > % if =0, andp’:%.

Proof. Similar to [7, Proposition 2.5], we use Stampacchia’s duality method [21]. Let v = Glv], then
(=A)*u = v. For ¢ € C°(Q2), we have

‘/1/)(—A)°‘udx‘ = ‘/z/wdx‘ < /|1/J||V|dx
Q Q Q
< lles @ IvllLr (.08 dz)-
By Sobolev—Morrey embedding type theorem, we have for any p € (1, #{HB)
llleea < Clltllnm oy,

where p’ = S5, and v = ﬂ+p—]\f if 8 > 0. Noting that W,;Y’p/(Q) c WP () and wllyer @) < Cllull
(C only depends on §2), we have

/7
LR

| [o(-8)%uds| < Ol @y 3000
Q
< C|W||prp'(9) ”VHLI(Q,(SBda:),
which implies that the mapping ¢ — fQ Y(—A)%udz is continuous on W *p/(Q) and thus

[(=A)%ullyy~p ) < ClvliL @60 d0)-

Since (—A)® is an isomorphism from W2*~7?(Q) into W, 7?(Q), it follows that

[ullyyze-r ) < ClvliL@.s8da)-
This completes the proof. O

It follows from Lemma 2.1 that for v € L(Q,§%dx) with 0 < 8 < «, we have u € W2e=72(Q), where
(—=A)*u = v. Noting that

20—y, 2a—7y, compac
WZeTP(Q) C W2T1P(Q) e o L L), (2.3)

Np
> N—(2a—v)p

(—A)*u,, = v, and C does not depend on n. Additionally, when 8 > 0, using v =5+ N — %, we have

where ¢ € [1 ), we can obtain the compactness of the sequence {u,} if ||[vnlp1(0,60d0) < C,
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Np Np N

N—(za—y)p*N—(za—ﬂ—NJr%)p N —2a+43

N N
When ﬂ = 0, N*(Qapf’y)p = N—2a-

Before we end this section, we consider the following problem:

{ (=A)%u=f(u)+g, inQ,
(2.4)

u =0, in Q°.

Lemma 2.2. Assume that f € C°(R) N L>®(R) for 6 € (0,1] and g € C°(Q). The problem (2.4) admits a
unique classical solution u. Moreover, u > 0 if g+ f(0) > 0.

The proof of Lemma 2.2 is standard and omitted here, also see [7, Theorem 2.1] for similar proof.
3. Proof of Theorem 1.1

In this section, we prove Theorem 1.1 by using Schauder’s fixed point theorem.

Proof of Theorem 1.1. Let {r,,} C C*() be a sequence of non-negative functions such that v, — v in the
sense of duality with C5(Q) := {u € C(Q) : §Pu € C(Q)}, that is,

lim [ wpdx = /uz/dx, Yu € Cp().

n—oo

Q Q

By the Banach-Steinhaus Theorem, [|vy|lon, (0,65 is bounded independently of n. Let {f,} be a sequence
of C'! non-negative functions defined on R, such that

fngf'nrl»l §f7 Sup f’ﬂ(s):n’ hm an_fHL;’O‘;
SER, n—00

(®y) =0

Let po = p—ﬂé‘m €

satisfies (H), and

(P, Pa,p), where p, g is given by (1.6) and p < pop is the growth rate of f which

m
M) = /|v|p°dx .
Q

We assume that

[VnllLc,68az) < 21V L 6842

for all n. We divide the proof into two steps.
Step 1. We claim that for n > 1

{ (=A)%up = M (up) +vn,  inQ,

Uy =0, in Q¢

admits a non-negative solution u,, such that M (u,) < i, where i > 0 is independent of n.



G. Lv et al. / J. Math. Anal. Appl. 432 (2015) 1106-1118 1113

Define the operator T,, by
Tou=G[Afn(u)+vy], YueLP(Q).

Using (2.1), we have
[Tnullro @) < MGIAf(u)lllLro (@) + [Ga[vn]llLro ()
< Cr (Al fallzee @y + Ivnlle @) » (3.1)
where C1 = || [, Ga (-, y)dy| Lro (o) < 00. Actually, by using polar transform, we have

‘!‘Q/Ga(a?,y)dy’podx‘ SC’/‘/:U—;VV_QO‘dy

Po

d:c’

Po
<C’/‘ / |N T v e Y dx’
Br(z)
’ 1
<C|Q|/TN_2 N=1gp
0
< C|Q|R*,

where R > 0 and Q C Bg(x), Vo € Q. It follows from Lemma 2.1 that

Tolroey < CNTtlyzor gy = CUCIAfu(t) + billg ey
< Col[Afu(u) + vnll L1 (0,68 d2)
< GCQ)\||UP||L1(Q7§I3d;E) + 0O\ + 202“””93?4.(9,5’3)

1 1

p Pro
< aCaN il | [ 57
Q
+ bCQ)\+202||V||m+(Q,5ﬁ), (32)
which implies
M(Tnu) S an)\M(u)p + bCQ)\ + 2C2||V||m+(9753),
where C3 = Cy (fQ dro—r d:v) is independent of n.
Therefore, if we assume that M (u) < p, inequality (3.2) yields
M(Tnu) < an)\up + bCo3\ + 202||V||E)JT+(Q,55)'
Let iz > 0 be the largest root of the equation
aCsA\uP 4+ bCo\ + 202”1/”9n+(9)5ﬂ) = U. (3.3)

We have the following 4 cases:

(i) If p € (0,1), (3.3) admits a unique positive root;
(ii) If p =1 and aC3A < 1, (3.3) admits a unique positive root;
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(iii) If p € (1, pa,p) and bCoA + 2C2||v[lon, (,s5) is small enough, (3.3) admits two positive roots;

(iv) If p € (1,pa,p) and [|V||on, (q,56) fixed, there exists a constant A* > 0 such that when \ € (0, \*), (3.3)
admits two positive roots. When A = A*, (3.3) admits a unique positive root. (3.3) admits no positive
root when A > A\*.

If we suppose the one of the above 4 cases holds, the definition of i > 0 implies that it is the largest
1 > 0 such that

an)\up + bCQ)\ + 2CQHI/||9:)1+(Q765) § M.
For M (u) < fi, we obtain
M(Tyu) < aCsApP + bCoA + 2Cs ||V, (,58) = -

By the assumption of Theorem 1.1, i exists and it is larger than M (u,,), i.e.,

1
0]

/|Tnu|p°dx <.
Q

Thus T,, maps LP°(2) into itself. By the condition (H), if u,, — u in LP°(Q) as n — oo, then f(u,) — f(u)
in L}(2), and thus 7T is continuous. We claim that 7" is a compact operator. In fact, for u € LPo(Q), we
have f,,(u) + v, € L*(Q) and then, by Lemma 2.1, it implies that T,,u € W/)Q“_’Y’p(Q), where p € (1,pq.5)
and v € (M, 2a. — f3). Note that

N(p_n:N( _1)<N(1_L):2a-ﬁ.

p p Pao,p

Since the embedding Wp2°‘_’”’ (Q) — LPo(Q) is compact, T, is a compact operator.
Let

M ={ue LF(Q) : |[ullzro) < Cr (Ml fulloo®y) + vnllLe(e) and M(u) < ja},
which is a closed and convex set of LP°(€2). Combining with (3.1), we have
To(M) S M.

It follows by Schauder’s fixed point theorem that there exists some u,, € LP2(2) such that T,u, = u, and
M (u,) < fi, where i is independent of n. By Lemma 2.2, u,, belongs to C?**¢ locally in 2 (¢ > 0 small
enough) and

/un(—A)aqﬁdQs:!fn(un)¢dx+!¢undm, Vo € X,.

Q

Step 2. Taking limits.

Noting that M (u,,) < ji and using the condition (H), we have f,,(u,,) is uniformly bounded in L' (€2, §%dz).
By Lemma 2.1, {u,} is bounded in W>*~7?(Q), where p € (1,pa,g) and 0 < v < 2o — . By (2.3), there
exist a subsequence {u,, } and w such that w,, — w a.e. in Q and in LY(Q) for any ¢ € [1,ps). By
condition (H), fn, (un,) — f(u) in L}(2). Letting ny — oo, we have
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/u(fA)agbdx = Q/f(u)gbda:JrQ/gandx, Vo € X,

Q

Thus u is a weak solution of (1.5), which is non-negative as {u,} are non-negative.

Lastly, we prove that when f(u) > u, there exists A, > 0 such that when A > A,, problem (1.5) admits
no non-negative weak solution. We can verify it by using eigenvalue and eigenfunction. Let A\; > 0 be the
first eigenvalue of (—A)® in Q and ¢; > 0 the corresponding eigenfunction, that is,

(=A)%p1 = A\1¢1, in €,
¢1 >0, in Q,
1 =0, in RV \ Q.

The existence, simplicity, and boundedness of the first eigenvalue are proved in [19, Proposition 5] and [20,
Proposition 4]. Assume that u is a non-negative weak solution of (1.5). Then, taking ¢; as a test function

for problem (1.5), we get
At [upr = [ u(=A)%1 =X | f(u)dr + | ¢rdv

Q Q

> )\/f(u)¢1~

Q

Therefore, if f(u) > u > 0 and v # 0, we will get a contradiction when A\ > A;. Hence there exists A, > 0
such that when A > A,, problem (1.5) admits no non-negative weak solution. 0O

4. Symmetry of solution: the method of moving plane

In this section, we consider the symmetry of the solution to the following equation:

{ (=A)%u = f(u), = Br(0)\{0},
u=0, in Br(0)°,

where R > 0, f(-) : Ry — R is a non-decreasing function and « € (0, 1).

Theorem 4.1. Assume that f satisfies the condition (H). Then any non-negative solution to (4.1) is sym-
metric about the origin. Moreover, v > 0 in Br(0)\{0}.

In order to prove Theorem 4.1, we need the following lemmas.

Lemma 4.1. (See [2, Lemma 4.2].) Let Q C RY be a bounded domain. Suppose w : RNV — R, is continuous,
(=A)*w >0 on Q, and satisfies w =0 on Q°. Then either w =0 or w > 0 on Q.

Lemma 4.2. (See [2, Lemma /.3].) Let & C RN be open, w : RN — R, continuous with w = 0 on QF,
(—A)*w > 0 on Q, w not identically zero. Let xg € 0N satisfy an interior sphere condition, i.e., there exists
a ball B,(x1) with B,y(x1) N Q° = {x0}, and let v be an outward pointing unit vector at xo. Then

5}
aw(xo) <0

(in fact, leiﬁjl(w(xo) —w(zg —¢))/e = —00).
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Proof of Theorem 4.1. The existence of non-negative solutions follows from Theorem 1.1 with f = 0 and
v = §g, where &y is the Dirac measure at the origin.
We first prove v > 0 in Br(0)\{0}. Suppose u(zo) = mingep, o) u(x) = 0. Then

( ) 1’0 CNQ/ _y|N+2ady<0

And thus

0= (=A)%u(zo) — f(u(z0)) <0,

which yields a contradiction. On the other hand, it follows from Lemma 4.1 that either w =0 or w > 0 in
Br(0)\{0}. It follows from the above discussion that v > 0 in Br(0)\{0}.

Now, we apply the method of moving plane to prove the symmetry of the solution. Choose any direction
in RY, without loss of generality the x;-direction, and show that u is mirror symmetric with respect to
the hyperplane through the origin with this given direction as a normal vector. For this, let us define for
0<o<R,

Z:{mGBR x1 >0}, To={x € Br: 1 =0},

o2

and us(xz) = u(z?) for x € Y _, where 27 is the reflection of x with respect to the line z; = o, ie.,

o

x% = (20 — x1,22, "+, TN).

Set we(x) = uy(x) —u(z) for € Y~ . Then w, satisfies the following equation:
(—A)*ws = f(us) — f(u) +6(20,0), in)_,
wy >0, ond)

where 6(20,0) is the Dirac measure at the point (20, 0). Define

Suz{pE(O,R): wy > 0 in Z foraG(mR)},

. = inf
pu= Inf {p}.

First, we show that S, # 0. By Lemma 4.2 and u(z) > 0 in Bg\{0}, we have a%u(x) < 0 for |z| =
where v is the unit outer normal to dBg at z. In particular,

ug(z) = u(z?) > u(x) forze Z,

if o is sufficiently close to R. This shows that w, > 0 in ) _ if o is sufficiently close to R. Hence S, is
nonempty.
Next, we prove that p, = 0. Suppose this is not true. Then, by continuity, we have w,, (z) > 0in ) _.
By the non-decreasing of f, it is easy to see that
{ (_A)awpu > 5<207 0)? in Zo” (4.2)
wy, >0, in >, 6 UdY, .
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Thus, if wp, (z9) = 0 for some z¢ € >_, , then by Lemma 4.1, we have w,, = 0 in S .- However, this
contradicts the fact that w,, = u(2”) —u(z) = u(z) > 0forz € 03, \{z1 = pu}. Therefore, we obtain
that

wp, >0, for any EU\TM,

(4.3)
wp, =0, on >, NT,,.
By (4.2), (4.3) and Lemma 4.2, we obtain
0
3—xlwp" <0, on pz nNT,,. (4.4)

On the other hand, since p, > 0, there exists a positive sequence ¢ such that p, —ex > 0 and (p, —ex) = pu
as k — 0o. By the definition of p,,, for each €j, we obtain that w,, ., is non-positive somewhere in )
\T,,—c, and w,, ., =0o0n dY)

Pu—€k"

By the way, we have w,, ., >0on 0} N7T,,—c,. Hence, for

Pu—Ek Pu—Ek

each € there exists x; € Zpufsk such that

Wp, —ey (xk) <0, (4 5)
Vw,, -, (2r) = 0.

Since {z}} is a bounded sequence, there exists a convergence subsequence, we still denote it by zy, such
that xp — x¢. By (4.5), we obtain that

0> lim wy,_., (zx) = lm [w(@’* ") —u(xy)] = w(@f") — u(zo) = wp, (z0o).
k—oo k—oo

Hence, by the above inequality and (4.3), we conclude that zo € >, NT,, and, by (4.5),

u €& )
L Owpy, e, o Oufa ~ Qu(xy) _Ou L Ou ~ Ow,,
0= kILH;o 8:171 (mk) o khargo[ (9:E1 (xk) 8.%'1 (ill‘k)] o (9:131 (Z’O ) 8.1?1 (LL'() o (9271 (.’L‘o)

This contradicts (4.4). Thus p,, = 0 and w is radially symmetric. O
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