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1. Introduction and statement of main results

For more than fifty years now, there has been considerable interest in the fixed point theory of nonexpan-
sive (that is, 1-Lipschitz) mappings in metric and Banach spaces. See, for instance, the papers and books by
de Blasi and Myjak [2,3], Goebel and Kirk [4], Goebel and Reich [5], and Kirk [6], as well as the references
mentioned therein. This interest originates in Banach’s classical theorem [1] regarding the existence of a
unique fixed point for a strict contraction. Since that seminal result, many developments have taken place
in this area. We mention, for example, existence results for fixed points of nonexpansive mappings which
are not strictly contractive [4,5]. Such results were obtained for general nonexpansive mappings in special
Banach space, while for self-mappings of general complete metric spaces existence results were established
for, the so-called, contractive mappings [7]. For general nonexpansive mappings in general Banach spaces
the existence of a unique fixed point was established in the generic sense, using the Baire category approach
[2,3,11,14]. More precisely, in these works the space A of all nonexpansive self-mappings of a closed and
convex set K in a Banach space is endowed with the natural metric of uniform convergence on bounded
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subsets, and it is shown that there exists a subset A’ C A, which is a countable intersection of open and
everywhere dense subsets of A, such that every mapping in A’ has a unique fixed point. Note that in [2,3]
the set K was assumed to be bounded, while in [11] this assumption was removed.

As a matter of fact, it turns out that all these results are also true for nonexpansive self-mappings of
closed and convex sets in complete hyperbolic spaces, an important class of metric spaces the definition of
which we now recall.

Let (X, p) be a metric space and let R! denote the real line. We say that a mapping ¢ : R! — X is a
metric embedding of R! into X if p(c(s), c(t)) = |s —t| for all real s and ¢. The image of R! under a metric
embedding is called a metric line. The image of a real interval [a,b] = {t € R' : a < ¢t < b} under such a
mapping is called a metric segment.

Assume that (X, p) contains a family M of metric lines such that for each pair of distinct points  and
y in X, there is a unique metric line in M which passes through x and y. This metric line determines a
unique metric segment joining x and y. We denote this segment by [z,y]. For each 0 < ¢ < 1, there is a
unique point z in [z, y] such that

p(x,z) = tp(x,y) and p(z,y) = (1 —t)p(x,y).

This point will be denoted by (1 — ¢)x @ ty. We say that X, or more precisely (X, p, M), is a hyperbolic
space if

(1 ol 1 @1)<1( )
p(5e® 5y 52 ® 52) < 5oy 2

for all x, y and z in X. An equivalent requirement is that

1 11 1
P52 @ sy, swd 52) <

52D 5y 5w ® 5 (p(z,w) + p(y,2))

N =

for all x, y, z and w in X. This inequality, in its turn, implies that
p((l=tixdty, 1 —t)wdtz) < (1—t)p(z,w)+tp(y, 2)

for all z, y, z and w in X, and all 0 <t < 1.

A set K C X is called p-convez if [x,y] C K for all z and y in K.

It is clear that all normed linear spaces are hyperbolic in this sense. A discussion of more examples of
hyperbolic spaces and, in particular, of the Hilbert ball can be found, for example, in [5,8,9].

A property of elements of a complete metric space Z is said to be generic (typical) in Z if the set of all
elements of Z which possess this property contains an everywhere dense G5 subset of Z. In this case we
also say that the property holds for a generic (typical) element of Z or that a generic (typical) element of
Z has this property.

As we have already mentioned, a typical nonexpansive self-mapping of a bounded, closed and p-convex
subset of a complete hyperbolic metric space has a unique fixed points which is the uniform limit of all its
iterates. As a matter of fact, the subset of all those nonexpansive mappings which lack this property is small
not only in the sense of Baire category, but also in the sense of porosity, a concept which we now recall.

Let Z be a complete metric space. We denote by Bz(y,r) the closed ball of center y € Z and radius
r > 0. A subset E C Z is called porous in Z if there exist numbers « € (0,1) and r¢ > 0 such that for each
number r € (0,79] and each point y € Z, there exists a point z € Z for which

Bz(z,ar) C Bz(y,r) \ E.

A subset of the space Z is called o-porous in Z if it is a countable union of porous subsets of Z.
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Note that in the definition of a porous set we may assume that the point y belongs to E.

Other notions of porosity can be found in the literature. We use this rather strong concept of porosity
which has already found application in, for example, approximation theory, the calculus of variations and
nonlinear analysis. See, for example, [14,16] and the references mentioned therein.

Since porous sets are nowhere dense, all og-porous sets are of the first Baire category. If Z is a finite-
dimensional Euclidean space, then o-porous sets are also of Lebesgue measure zero. In fact, the class of
o-porous sets in such a space is much smaller than the class of sets which have Lebesgue measure zero and
are of the first Baire category.

Now let (X, p, M) be a complete hyperbolic metric space and let K be a nonempty, closed and p-convex
subset of X.

Fix a point 6§ € K. Denote by A the set of all mappings A : K — K such that

p(A(z), A(y)) < p(z,y) for all x,y € K. (1.1)
By (1.1), for each pair A, B € A and each z € K,

p(A(z), B(x)) < p(A(x), A(0)) + p(A(6), B(0)) + p(B(0), B(x))

<p
< p(,0) + p(A(6), B(9)) + p(,0)
and
p(A(z), B(z)) < 2p(x,0) + p(A(0), B(9)). (1.2)
For cach A, B € A, set
d(A,B) = inf{A > 0: p(A(z),B(z)) < Mp(z,0) + 1) for all z € K}. (1.3)
In view of (1.2) and (1.3), for each A, B € A, d(A, B) is well defined,
d(A, B) = sup{p(A(z), B(2))(p(z,0) +1)™" : z € K}, (1.4)

d: Ax A —[0,00) is a metric on A and the metric space (A, d) is complete. Clearly, the topology induced
by the metric d is stronger than the topology of uniform convergence on bounded sets, but weaker than the
topology of uniform convergence on all of K. It does not depend on the choice of 8. More precisely, if we
take 01 # 6, then we get Lipschitz-equivalent metrics. To see this, let §; € K \ {0} and for each A, B € A,
set

di(A, B) = sup{p(A(x), B(z))(p(z,01) + 1) : = € K}.
Let A, B € A. Then for each z € K,

p(A(z), B(x))

IN

(4, B)(p(x,0) +1)

d b
d(A, B)(p(x,01) + 1+ p(61,6)) < d(A, B)(p(z,01) + 1)(p(01,6) + 1)

IN

and
p(A(x), B(x))(p(x,61) + 1)~ < d(A, B)(p(61,6) +1).
This implies that
di(A,B) < d(A,B)(p(61,0) + 1),

as asserted.
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For each x € K and each r > 0, set
B(a,r)={y € K: p(z,y) <r}.

Let A € A and D be a nonempty subset of K. We say that the mapping A is contractive in the sense of
Rakotch on D [7] if there exists a decreasing function ¢ : [0,00) — [0, 1] such that

p(t) <1lforallt>0

and

p(A(z), A(y)) < d(p(z,y))p(x,y) for all z,y € D.

It is not difficult to see that A is Rakotch contractive on D if and only if for every § > 0,

sup{p(A(z), A(y)p(z,y) "+ 2,y € D and p(z,y) > f} < L

In previous papers of ours [10,12,13] we studied the space A in the case where the set K is bounded.
Using the Baire category approach and the notion of porosity, we show there that most elements of the
space A are Rakotch contractive. When the set K is unbounded, it is known [15] that our results no longer
hold. Nevertheless, in the present paper we prove a variant of our results for unbounded sets by showing
that most mappings in this space are Rakotch contractive on all bounded subsets.

More precisely, we establish in Sections 2 and 4 the following two theorems. An auxiliary result is proved
in Section 3.

Theorem 1.1. There exists a set F,. C A such that its complement A\ F, is o-porous in (A,d) and for each
A € F,, there exists My > 0 such that for each M > M4, we have the inclusion

A(B(8, M)) € B(6, M)

and the mapping A is Rakotch contractive on B(0, M).
In particular, each A € F, has a unique fized point in K. This fixed point is the limit of each sequence
of iterates of A.

Theorem 1.2. There exists a set G C A such that its complement A\ G is o-porous in (A,d) and each A € G
has the following two properties:

1. There exists a unique fized point xa € K of A, that is, A(xa) = xa;
2. There exists a decreasing function ¢ : [0,00) — [0,1] such that

o(t) <1 forallt >0

and

p(A(z),z4) < d(p(z,24))p(x,34) for all v € K.

In the sequel we assume without any loss of generality that the set K is not a singleton and we fix a
number x € (0,1) for which there exist two points u,v € K satisfying

p(u,v) > K.
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2. Proof of Theorem 1.1

Proposition 2.1. There exists a set F C A such that its complement A\ F is porous in (A,d) and each
A € F has the following property:

(P1) there exists My > 0 such that for each M > Ma,
U{B(A(2),1): z€ B(6,M)} C B(0, M).

Proof. Denote by F the set of all A € A for which (P1) holds. We claim that its complement A\ F is
porous in (A, d).

Fix
a—=8! (2.1)
Let
Ae A\ F and r € (0,1]. (2.2)
Fix a natural number n such that
p(0, A0)) <n, (2.3)
set
N =r/4 (2.4)
and
My =8(n+2)r % (2.5)
Define
Ay (z) == (1 —v)A(z) vA(0), z € K. (2.6)

By (1.1) and (2.6), for all z,y € K, we have

p(Ay (), Ay (y) = p((1 —7)A(x) @ vA(), (1 — ) A(y) © vA(6))
(1 =7)p(A(z), A(y)) < (1 = y)p(z,y). (2.7)

IN

In view of (1.1), (1.4) and (2.6), we also have

d(4, A,) = sup{p(A(), A, (2))(p(x.0) + )" : 2 € K}
< sup{yp(A(x), A0)) (p(a,0) + 1) : w € K} <. (2.8)

Assume now that C € A satisfies

d(C,Ay) < ar. (2.9)
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Then it follows from (2.1), (2.4), (2.8) and (2.9) that
d(C,A) <d(C,A)) +d(A,, A) <ar+~ <r/2.
Assume that
M > My, z€ B(0, M), u € B(C(z),1).
In view of (2.11),
p(0,u) < p(0,C(2)) + p(C(2),u) < p(0,C(2)) + 1.

By (1.4), (2.9) and (2.11),

IN

p(0,C(2)) < p(0, A(2)) + p(A4(2), C(2))
p(6, 4(2)) + d(C, A)(p(.0) + 1)
P\, Ay

(0,A,(2)) + ar(M +1).

IN

IN

It follows from (1.1), (2.3), (2.2) and (2.6) that

(0, Ay(2)) < p(0, A(0)) + p(A(6), A1(2))
<n+ p(A0), (1 —7)A(2) ©7A(6))
7)p(A(0), A(2))
7)p(0, 2).

<n+(1-
<n+(1-
By (2.1), (2.2), (2.4), (2.5) and (2.11)-(2.14),

p(0,u) <1+ar(M+1)+n+(1—7)p0,z)
<l4+ar+n+M(1—v+ar)
<24+n+M(1-~v/2)
<M+ 2+n)—yM/2
<MA42+n—(r/8)8n+2)r =M

and
p(0,u) < M.
Thus we have shown that (2.11) implies (2.15) and
B(C(z),1) c B(8, M) for all z € B(0, M).
Hence C' € F and when combined with (2.10), this implies that
{CeA: dlC,A) <ar} CFN{CeA: d(C,A) <r}.

Therefore the set A\ F is porous in (A, d). Proposition 2.1 is proved. O

1225
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Before proceeding, recall that in Section 1 we fixed a number x € (0,1) for which there exist two points
u,v € K satisfying

p(u,v) > k. (2.16)
We now choose and fix a natural number
ng > max{p(f,u), p(0,v)}. (2.17)
For each natural number n > ng, we denote by G,, the set of all mappings A € A such that
sup{p(A(z), A(y))p(z,y) "' : 2,y € B(0,n) and p(z,y) > kn~'} <1, (2.18)
Proposition 2.2. For each integer n > ng, the set A\ G, is porous in (A,d).

Proposition 2.2 follows from Lemma 3.1, which is proved in the next section.
Theorem 1.1 follows easily from Propositions 2.1 and 2.2.

3. Main lemma

Recall that u,v € K and k € (0,1) satisfy (2.16) and that the natural number ng satisfies (2.17). For
every natural number n > ng, denote by F,, the set of all mappings A € A such that

sup{p(A(z), A(y))p(z,y) ' : 2 € K, y € B(,n) and p(z,y) > kn "'} < 1. (3.1)
Evidently,
F,. C G, for all natural numbers n > nq. (3.2)
Lemma 3.1. For any integer n > nq, the set A\ F, is o-porous in (A,d).
Proof. For each natural number p, set
Ay i={A € A: p(9,A(6)) < p}. (3.3)
Let n > ng be an integer. Clearly,
AN\ Fr = Up2 (Ap \ F)- (3.4)
In order to complete the proof of the lemma it is sufficient to show that for any natural number p, the set
A, \ Fy, is porous in (A, d).
To this end, let p > 1 be an integer. Set
a = (64n2p) 'k, (3.5)
Assume that

Aec A\ F, and r € (0,1]. (3.6)
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Set

Define

By (1.1) and (3.8), for all z,y € K,

p(Ay(z), Ay (y)) = p((1 — 7)A(x) © 70, (1 — ) A(y) ®~0)
(1 =)p(A(z), A(y)) < (1 = y)p(z,y).

IN

In view of (1.1), (3.3), (3.6) and (3.8), for all z € K,

p(A(z), Ay(2)) = p((1 = 7)A(z) © 10, A(z))
< vp(A(z),0) < v(p(A(z), A(0)) + p(A(6),0))
< v(p(z,0) + p(A(6),0))
<(p(z,0) +p) < py(p(z,0) +1).

Relations (1.3), (3.7) and (3.10) imply that
d(A,A)) <py=r/4
Assume that B € A satisfies
d(B,A,) < ar.
It follows from (3.4), (3.11) and (3.12) that
d(B,A) <d(B,A,)+d(A,,A) <ar+r/d<r.
Assume that
re K, ye BO,n), p(x,y) > rn '

It follows from (1.4), (3.9), (3.12) and (3.14) that

p(B(x), B(y)) < p(B(z), Ay(z)) + p(A(2), Ay (y)) + p(A4(y), B(y))
<ar(p(z,0) +1) + (1 = y)p(z,y) + ar(p(y,0) + 1)
< ar(p(z,y) +p(y,0) + 1) + (1 = v)p(z,y) + ar(p(y,0) + 1)
=1 =)p(z,y) + ar(p(z,y) + 2p(y,0) + 2)
< (1 =y)p(z,y) +arp(z,y) + ar(2n + 2).

When combined with (3.4), (3.7) and (3.14), this implies that

1227
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p(B(x), B(y))p(w,y) ™' <1—7+ar+ar(2n+2)k"'n
<1l—y+ar2n®+2n+1)k!
<1l—y+ar@@®)k~t=1—(8p)~'r. (3.15)

Therefore (3.14) implies (3.15),
sup{p(B(z), B(y))p(z,y) " : x € K, y € B(0,n) and p(z,y) > kn~ '} <1 (8p)~'r
and in view of (3.1),
B e F,. (3.16)
Therefore (3.12) implies (3.13) and (3.16) and
{Be A: d(B,A,)<ar}C F,N{BeA: d(B,A) <r}.
Thus A, \ F, is indeed porous in (A, d). Lemma 3.1 is proved. O

Proposition 2.2 follows from Lemma 3.1 and (3.2).
4. Proof of Theorem 1.2

Recall that in Section 1 we fixed a number k € (0, 1) for which there exist two points u,v € K satisfying
p(u,v) > K. (4.1)
In Section 2 we also fixed a natural number
no > max{p(f,u), p(d,v)}. (4.2)
Recall that for every natural number n > ng, we denote by F,, the set of all mappings A € A such that
sup{p(A(z), A(y))p(z,y) "' : x € K, y € B(0,n) and p(x,y) > rkn '} <1

(see (3.1)).
Let the set F, be as guaranteed by Theorem 1.1. Define
G:=F.N(Ny2,, Fn). (4.3)

n=ng¥Y N

By (4.3), Theorem 1.1 and Lemma 3.1, A\ G is a o-porous set in (A, d).
Let

Aeg. (4.4)
In view of (4.3), (4.4) and Theorem 1.1, there exists a unique point 4 € K such that
A(za) = x4. (4.5)
Let a natural number n > ng satisfy

xa € B(0,n). (4.6)



S. Reich, A.J. Zaslavski / J. Math. Anal. Appl. 433 (2016) 1220-1229 1229

Since A € F,, it follows from (3.1), (4.5) and (4.4) that

1 > sup{p(A(x), A(y))p(z,y) ' : € K, y € B(0,n) and p(z,y) > kn~'}

> sup{p(A(z),z4)p(z,24)" ' : x € K and p(z,x4) > kn "1}

Since the above inequality holds for any integer n > ng, there exists a decreasing function ¢ : [0, 00) — [0, 1]
such that

o(t) <1lforalt>0
and
p(A(z),z4) < P(p(x,24))p(x,24) for all x € K.

This completes the proof of Theorem 1.2. O
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